
American Mathematical Monthly Problem 11452 by Donald Knuth,
Stanford, CA.

Let n be a positive integer.
We identify every permutation π ∈ Sn with the n-letter string π (1) π (2) ...π (n)

over the alphabet {1, 2, ..., n}. Let us say that two permutations a1a2...ak−1akak+1...an

and akak−1...a2a1ak+1...an (written as n-letter strings) are pre-equivalent when k = n
or when ak+1 exceeds all of a1, a2, ..., ak. Also we say that two permutations in Sn are
equivalent whenever they can be obtained from each other by a sequence of such flips
(i. e., we define the relation ”equivalent” to be the reflexive, symmetric and transitive
closure of the relation ”pre-equivalent”). For example, 321 ≡ 123 ≡ 213 ≡ 312 and
132 ≡ 231 in S3.

Show that the number of equivalence classes of permutations in Sn is equal to the n-
th Euler secant-and-tangent number for every n. (The n-th Euler secant-and-tangent
number is defined as the number of ”up-down” permutations of length n, by which
we mean permutations like 25341 (written as strings) that alternately rise and fall
beginning with a rise.)

Solution by Darij Grinberg.

In the statement of the problem, a permutation of the set {1, 2, ..., n} is (somewhat
sloppily) identified with an n-letter string which contains every letter from the alphabet
{1, 2, ..., n} once and only once. More precisely, any permutation π of the set {1, 2, ..., n}
is identified with the n-letter string π (1) π (2) ...π (n). We extend this identification
even further: A map π from {1, 2, ..., n} to a set U is identified with the n-letter string
π (1) π (2) ...π (n) on the alphabet U . When U is {1, 2, ..., n}, we therefore identify
every map from {1, 2, ..., n} to {1, 2, ..., n} with an n-letter string on the alphabet
{1, 2, ..., n}. Some of these strings correspond to permutations (namely, all those strings
which contain every letter once and only once); we denote the set of such strings (or
the corresponding permutations) by Sn.

We will also identify one-letter strings with letters, and we abbreviate the concate-
nation of two strings a and b by ab. (This is okay, since the string π (1) π (2) ...π (n) is
really the concatenation of the one-letter strings π (1) , π (2) , ..., π (n) . However, we
are not allowed any more to denote the composition of two maps a and b by ab, because
we have identified maps with strings, and the concatenation of two strings does not
correspond to the composition of maps!)

The operation that replaces a string a1a2...an by (akak−1...a2a1) (ak+1ak+2...an) will
be called a k-flip. This k-flip is said to be allowed for the string a1a2...an if k = n or
if ak+1 exceeds all of a1, a2, ..., ak. Two strings are said to be equivalent if and only if
they can be obtained from each other by a sequence of allowed flips. (It is clear that
this equivalence is a symmetric relation1.)

LetK (n) be the number of equivalence classes of permutations in Sn with respect to
this equivalence. (Although we have defined the equivalence not only for permutations
in Sn, but also for arbitrary strings, it is clear that still the equivalence class of a

1In fact, if a k-flip is allowed for the permutation a1a2...an, then it is also allowed for the image
(akak−1...a2a1) (ak+1ak+2...an) of this permutation, and, when performed, reverts it back to a1a2...an.
Thus, every allowed k-flip can be reversed by an allowed k-flip.
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permutation in Sn consists solely of permutations in Sn.) Our goal is to show that
K (n) is the n-th Euler secant-and-tangent number for all n ∈ N.

For every string π, let πT denote the string π (n)π (n− 1) ...π (1). We call πT the

reversal of the string π. Clearly,
(
πT

)T
= π.

For every string π, let length π denote the length of π.
For every string π, we denote by π the equivalence class of π. The Generalized

Burnside Lemma2 yields that

K (n) =
∑
π∈Sn

1

|π|
. (1)

Note also that πT is equivalent to π for every string π (because the lengthπ-flip is always
allowed for the string π), and thus πT = π. This also shows that every equivalence
class is closed under reversal; in other words, π = πT for every string π.

Every permutation π ∈ Sn can be uniquely written in the form π = π1nπ2, where
π1 and π2 are two strings such that π1π2 ∈ Sn−1. (This is pretty much obvious - just
write π as a string, and let π1 be the part of π that comes before the occurence of n,
and π2 be the part of π that comes after the occurence of n.) Conversely, for any two
strings π1 and π2 satisfying π1π2 ∈ Sn−1, the string π1nπ2 is a permutation in Sn.

We now claim that every π ∈ Sn satisfies π = π1nπ2 ∪ π2nπ1. In fact, let us first
show that π1nπ2 ∪ π2nπ1 ⊆ π:

Clearly, π1nπ2 ⊆ π (because any sequence of k-flips that is allowed for π1 is also
allowed for π = π1nπ2). Thus, πT

2 nπ1
T ⊆ π as well (because the n-flip is allowed for

any n-letter string, and the n-flip maps π1nπ2 onto πT
2 nπ1

T ). Hence, πT
2 nπ1

T ⊆ π

(since any sequence of k-flips that is allowed for πT
2 is also allowed for πT

2 nπ1
T ). Since

π1
T = π1 and πT

2 = π2, this becomes π2nπ1 ⊆ π. Thus, π1
Tnπ2

T ⊆ π as well (because
the n-flip is allowed for any n-letter string, and the n-flip maps π2nπ1 onto π1

Tnπ2
T ).

This means π1nπ2 ⊆ π, because π1
T = π1 and π2

T = π2. Hence, π1nπ2 ∪ π2nπ1 ⊆ π
(because π1nπ2 ⊆ π and π2nπ1 ⊆ π).

Now, it is easy to see that the set π1nπ2 ∪ π2nπ1 is closed under allowed flips. (In
fact, the only flips that are allowed for a string in π1nπ2 are k-flips with k ≤ lengthπ1

and the n-flip; all of these flips map our string to some string in π1nπ2 ∪ π2nπ1
3.

Similarly, the same holds for any string in π2nπ1. Thus, the set π1nπ2∪π2nπ1 is closed
under allowed flips.) Hence, this set π1nπ2∪π2nπ1 contains the whole equivalence class
π of π (because it contains π, since π = π1nπ2 ∈ π1nπ2).

Altogether, we know that π1nπ2∪π2nπ1 ⊇ π and π1nπ2∪π2nπ1 ⊆ π. Consequently,
π1nπ2 ∪ π2nπ1 = π.

Now, assume that n > 1. Then, the two sets π1nπ2 and π2nπ1 are disjoint4.

2This lemma states that if S is a finite set, and ∼ is an equivalence relation on S, then the number

of equivalence classes of the set S with respect to ∼ is
∑
s∈S

1
|s|

, where s is the equivalence class of s for

every s ∈ S.
In our case, we apply this lemma to S = Sn.
3In fact, any k-flip with k ≤ lengthπ1 maps our string to another string in π1nπ2, while the n-flip

maps our string to a string in π2
T nπ1

T = π2nπ1.
4In fact, π1nπ2 = π ∈ Sn. Hence, the set of letters of the string π1 is disjoint from the set of letters

of the string π2, and both of these sets are disjoint from {n}. Thus, the sets π1nπ2 and π2nπ1 are
disjoint (since every string in π1nπ2 starts with a letter of the string π1 or n, while every string in
π2nπ1 starts with a letter of the string π2 or n, and therefore the two strings can be equal only if both
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Combined with π1nπ2 ∪ π2nπ1 = π, this yields that |π| = |π1nπ2| + |π2nπ1|. Clearly,
|π1nπ2| = |π1| · |π2| (since every element of π1nπ2 can be uniquely written in the form
αnβ with α ∈ π1 and β ∈ π2) and |π2nπ1| = |π2| · |π1| (for a similar reason), so that

|π| = |π1nπ2|+ |π2nπ1| = |π1| · |π2|+ |π2| · |π1| = 2 · |π1| · |π2| . (2)

Now, we need some further notation. We call a string injective if every letter occurs
at most once in it. (Of course, this agrees with our string-map identification: A string
is injective if and only if the corresponding map is injective.)

Now, for every injective k-letter string ψ over the alphabet {1, 2, ..., n} (or, equiv-
alently, for every injective map ψ : {1, 2, ..., k} → {1, 2, ..., n}), we denote by setψ the
set of all letters of the string ψ (or, equivalently, the image of ψ, if ψ is seen as a map
from {1, 2, ..., k} to {1, 2, ..., n}), and we define a k-letter string ordψ over the alphabet
{1, 2, ..., k} (in other words, a map ordψ : {1, 2, ..., k} → {1, 2, ..., k}) as follows: Let
setψ = {i1, i2, ..., ik} with i1 < i2 < ... < ik. Then, ordψ is the outcome of replacing
the letter i1 by 1, the letter i2 by 2, ..., the letter ik by k in the string ψ. It is clear
that setψ is a k-element subset of {1, 2, ..., n}, while ordψ is a permutation of the set
{1, 2, ..., k} (that is, an element of Sk). Besides, the map

{injective k-letter strings over the alphabet {1, 2, ..., n}} → {k-element subsets of {1, 2, ..., n}} × Sk,

ψ 7→ (setψ, ordψ)

is bijective, and
∣∣ψ∣∣ =

∣∣ordψ
∣∣ for every injective string ψ (since equivalence of strings

does not change if we rename their letters, provided that the new letters are ordered
in the same way as the old ones).

It is easy to see that

Sn →
n−1⋃
k=0

{k-element subsets of {1, 2, ..., n− 1}} × Sk × Sn−1−k,

π 7→ (set π1, ord π1, ord π2) (3)

is a bijection. In fact, every permutation π ∈ Sn can be uniquely written in the form
π = π1nπ2, where π1 and π2 are two strings such that π1π2 ∈ Sn−1. The string π1 can
be uniquely reconstructed from setπ1 and ord π1, and the string π2 can be uniquely
reconstructed from setπ2 and ord π2, where setπ2 is obtained through the formula
set π2 = {1, 2, ..., n− 1} \ set π1.

start with n, which means that length π1 = 0 and length π2 = 0 and therefore n = 1, contradicting to
n > 1).
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Now, (1) becomes

K (n) =
∑
π∈Sn

1

|π|
=

∑
π∈Sn

1

2 · |π1| · |π2|
(by (2))

=
∑
π∈Sn

1

2 ·
∣∣ord π1

∣∣ · ∣∣ord π2

∣∣ (
since

∣∣ψ∣∣ =
∣∣ordψ

∣∣ for every injective string ψ
)

=
n−1∑
k=0

∑
T is a k-element subset

of {1,2,...,n−1}

∑
α∈Sk

∑
β∈Sn−1−k

1

2 · |α| ·
∣∣β∣∣

 since the map (3) is a bijection, and since the union
n⋃

k=0

{k-element subsets of {1, 2, ..., n− 1}} × Sk × Sn−1−k is a disjoint union


=

n−1∑
k=0

(
n− 1

k

) ∑
α∈Sk

∑
β∈Sn−1−k

1

2 · |α| ·
∣∣β∣∣(

since the number of all k-element subsets of {1, 2, ..., n− 1} is

(
n− 1

k

))
=

1

2

n−1∑
k=0

(
n− 1

k

) ∑
α∈Sk

1

|α|︸ ︷︷ ︸
=K(k)
by (1)

·
∑

β∈Sn−1−k

1∣∣β∣∣︸ ︷︷ ︸
=K(n−1−k)

by (1)

=
1

2

n−1∑
k=0

(
n− 1

k

)
K (k)K (n− 1− k) .

This recurrence equation for K (n) (for n > 1) coincides with a well-known recurrence
equation for the n-th Euler secant-and-tangent number. The same can be said about
the starting values K (0) = 1 and K (1) = 1. Consequently, by induction, it follows
that K (n) is the n-th Euler secant-and-tangent number for every n ∈ N. This solves
the problem.
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