
American Mathematical Monthly Problem 11422 by Christopher Hillar,
Berkeley, CA.

Let H be a real symmetric n×n matrix whose eigenvalues are pairwise distinct. Let
A be a n×n real matrix. Let H0 = H, let H1 = AH0−H0A and let H2 = AH1−H1A.
Assume that the matrices H1 and H2 are symmetric. Prove that AAt = AtA (in other
words, prove that the matrix A is normal).

Solution by Darij Grinberg.

Denote G = A + At. We have H1 = AH0 − H0A. Thus, AH0 − H0A is sym-
metric (since H1 is symmetric). In other words, AH0 − H0A = (AH0 −H0A)t . But
(AH0 −H0A)t = H t

0A
t−AtH t

0 = H0A
t−AtH0 (since H0 = H t

0, as H0 = H is symmet-
ric). Thus, AH0 −H0A = (AH0 −H0A)t becomes AH0 −H0A = H0A

t − AtH0, what
rewrites as (A + At) H0 = H0 (A + At) . In other words, GH0 = H0G.

So we have used the symmetry of H0 and H1 to conclude that GH0 = H0G. Simi-
larly, we use the symmetry of H1 and H2 to conclude that GH1 = H1G.

Our goal is to show that AAt = AtA. This is equivalent to AG = GA (since
AAt = A (A + At)− A2 = AG− A2 and AtA = (A + At) A− A2 = GA− A2).

Let us recapitulate: We have three n × n real matrices H, A and G. Real n × n
matrices are a particular case of complex n× n matrices, and complex n× n matrices
correspond to linear maps Cn → Cn, so we can consider H, A and G as linear maps
Cn → Cn. We know that the map H has all its eigenvalues distinct. Besides, we have
defined H0 = H and H1 = AH0 − H0A, and we have GH0 = H0G and GH1 = H1G.
Our goal is to prove AG = GA.

Thus, in order to solve the problem, it remains to verify the following lemma:

Lemma 1. Let H, A and G be linear maps Cn → Cn such that the map
H has all its eigenvalues distinct. Let H0 = H and let H1 = AH0 −H0A.
Assume that GH0 = H0G and GH1 = H1G. Then, AG = GA.

So we can now forget about the problem and try to prove Lemma 1. This will be
easier than directly solving the problem, because Lemma 1 is a coordinate-free (and
thus, basis-independent) assertion about three linear maps H, A and G, so we can
consider these linear maps as matrices with respect to any basis we wish, and not just
with respect to the standard basis (while the original problem, with its assumption
that H, H1 and H2 are symmetric, was not invariant under change of basis). So let
us consider these maps as matrices with respect to a particular basis - one which
diagonalizes H.

Proof of Lemma 1. The map H has all its eigenvalues distinct. Thus, the Jordan
form of H has no nontrivial Jordan blocks; i. e., the matrix H is diagonalizable. In
other words, there exists a basis of Cn in which H = diag (h1, h2, ..., hn) for some
complex numbers h1, h2, ..., hn. From now on, we consider all three maps H, A and G
and the derivate maps H0 and H1 as matrices with respect to this basis.

Notice that GH0 = H0G simply means GH = HG.
Since H = diag (h1, h2, ..., hn) , the numbers h1, h2, ..., hn are the eigenvalues of H,

and therefore all distinct (by a condition of Lemma 1). Now, let G = (gi,j)1≤i≤n, 1≤j≤n .
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Due to this and to H = diag (h1, h2, ..., hn) , the equation GH = HG rewrites as
(gi,jhj)1≤i≤n, 1≤j≤n = (higi,j)1≤i≤n, 1≤j≤n , whence gi,jhj = higi,j for any (i, j) ∈ {1, 2, ..., n}2 .
Therefore, gi,j = 0 for i 6= j (since hi 6= hj for i 6= j, since h1, h2, ..., hn are distinct com-
plex numbers). Thus, the matrix G is diagonal, so we can set G = diag (g1, g2, ..., gn)
for some complex numbers g1, g2, ..., gn.

Now, let A = (ai,j)1≤i≤n, 1≤j≤n . Then,

H1 = AH0 −H0A = AH −HA = (ai,j)1≤i≤n, 1≤j≤n diag (h1, h2, ..., hn)− diag (h1, h2, ..., hn) (ai,j)1≤i≤n, 1≤j≤n

= (ai,jhj)1≤i≤n, 1≤j≤n − (hiai,j)1≤i≤n, 1≤j≤n = (ai,j (hj − hi))1≤i≤n, 1≤j≤n .

Due to this and to G = diag (g1, g2, ..., gn) , the equation GH1 = H1G rewrites as
(giai,j (hj − hi))1≤i≤n, 1≤j≤n = (ai,j (hj − hi) gj)1≤i≤n, 1≤j≤n , whence giai,j (hj − hi) =

ai,j (hj − hi) gj for any (i, j) ∈ {1, 2, ..., n}2 . This is equivalent to giai,j = ai,jgj for any
(i, j) ∈ {1, 2, ..., n}2 (in fact, for i = j, this equivalence is obvious as both equations are
tautologies, while for i 6= j this equivalence follows from hj − hi 6= 0, which is because
hi 6= hj for i 6= j). Thus, (giai,j)1≤i≤n, 1≤j≤n = (ai,jgj)1≤i≤n, 1≤j≤n . But this rewrites
as GA = AG (since G = diag (g1, g2, ..., gn) and A = (ai,j)1≤i≤n, 1≤j≤n). This proves
Lemma 1, and consequently solves the problem.
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