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Math 701 Fall 2026, Lecture 5: Schur polynomials

website: https://www.cip.ifi.lmu.de/ “grinberg/t/26fs/
(GPT-6 was used to create some of the examples below.)

We will soon see more examples. First, two notations:

Convention 1.5.5. The length of a partition A is denoted by ¢(A). As we
recall, this is the number of nonzero entries of A.

For instance, ¢ ((2,2,1)) = 3.

Convention 1.5.6. We add and subtract N-tuples of integers entrywise. That
is, if & = (ag,a2,...,an) € ZN and B = (B1, B2, ---, BN) € ZN, then we set

a+p:=(a1+ B, a2+ B2, ..., an + BN) and
0(—‘312 (ocl—ﬁl,ocz—ﬁz,...,ocN—‘BN).

Of course, if « € NV and B € NV, then a + B belongs to NN as well (but
« — B does not always).

Recall that an N-partition is a weakly decreasing N-tuple of nonnegative inte-
gers. Recall furthermore that p is the specific N-partition (N —1,N —2,...,1,0).

Lemma 1.5.7. If A € NV is an N-partition, then A + p is a strictly decreasing
N-tuple of nonnegative integers.

Conversely, if « € INY is a strictly decreasing N-tuple of nonnegative inte-
gers, then & — p is an N-partition.

Thus, we obtain a bijection

{N-partitions} — {strictly decreasing N-tuples a € NV } ,
A= A+p

(with inverse map given by & — a — p).

Proof. We shall only prove the “Conversely” claim, since the rest is (even more)
trivial.

So let & € NN be a strictly decreasing N-tuple of nonnegative integers. Write
aas o = (ag,a,...,aN); thus, &g > ap > -+ > ay > 0. Likewise, write p as
o = (p1,02,---,PN), so that p; = N —i for each i € [N].

We WLOG assume that N > 0 (else, the claim is trivial).

Now, let i € [N —1]. Then, (& — p); :oq—\pi/ =a;—(N—i)=wa;—N+i

1
=N—i
and likewise (&« —p);,q = ajp1 — N+ (i+1). Buta; > ap > --- > ay, so that
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a; > w11, and therefore a; > a1 + 1 (since «; and ;1 are integers). Hence,

(0 —p);= a —N+i
>y +1
>aip1+1-N+i=wai—N+(i+1)=(x—p); -
We have proved this for each i € [N — 1]. In other words,

(@=phrz(@=p)=-=(a—p)y-.
Since we furthermore have (« —p)y = any — pny = an > 0, we thus obtain
jnry
(@=p)y 2 (@=p)y =22 (a—p)y =0

Hence, a« — p is a weakly decreasing N-tuple of nonnegative integers, i.e., an
N-partition. This proves the “Conversely” claim. O

Example 1.5.8. Assume that N > 0. Example from Lecture 4 showed
that
A1y =p- (X1 +x2+ -+ xN).

(Keep in mind that we identify partitions of length < N with N-partitions,
so that (1) = (1,0,0,...,0) with N — 1 many zeroes. The N-tuple a from
Example is what we now call (1) + p.) Thus,

a(1)+p/ap =X1+XxX2+- -+ XN-

And of course,
a(y1o/0p = 1.

More generally, it can be shown that
A(n)+o/ Ao = hn for each n € IN

(this can be derived, e.g., by Laplace expansion from [Nica22, Theorem 1]).
Furthermore, using the shorthand (1") for the n-tuple (1,1,...,1), we have

a(lan/uP:en foreachn € {0,1,...,N}

(see [Prasol94, 1.15] for a particularly nice proof).
For another example, assume that N > 3. Then, it can be shown that

_ 2., 2 vy
a01)+p/ Op = Z <xi Xj+ xlx]-> +2. kalx]xk
i<j i<j<

J/

-

=m,1) =Mm(1,1,1)

= Mp,1) +2Mm(11,1).-

Do we see any patterns here? How can we generalize this?
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Today we shall give a general answer to “what is a,,,/4,, combinatorially?”.
In the next few lectures, we will prove this and more.

1.5.2. Young diagrams, Young tableaux and Schur polynomials

We first define some combinatorial notions. In [21s, Chapter 7], they are defined
for N-partitions; here we define them for partitions (of arbitrary length) instead,
thus avoiding an unnecessary dependence on N. Recall that [k] denotes the set
{1,2,...,k} whenever k is an integer.

Definition 1.5.9. Let A = (A1, A2, A3,...) be a partition (written as an infinite
sequence by inserting infinitely many zeroes at its end).
The Young diagram of A is defined to be the finite set

{G,j) | i€{1,2,3,...} andje [A]} C{1,2,3,...}7,

that is, the set of all pairs (i, ) of positive integers i and j satisfying j < A;.

We visualize each pair (i,j) € Z? as a square of size 1 in the plane, centered
at the point with matrix coordinates (i,j). Matrix coordinates are Cartesian
coordinates where the x-axis runs top-to-bottom and the y-axis runs left-to-
right. (This is the coordinate system used to index the entries of a matrix: the
usual way to write down a matrix puts its (i, j)-th entry at matrix coordinates
(i, /).

So a Young diagram is a set of squares, which are called its cells or boxes.
It looks like a table of left-aligned rows, with the i-th row (counted from the
top) having A; boxes. (By definition, it has infinitely many rows, but only
finitely many of them are nonempty.) Formally speaking, a cell (aka box) is
just a pair (i,j) of integers.

We denote the Young diagram of A by Y (A). It contains |A| boxes.

Example 1.5.10. Here are some partitions A and (underneath them) their
Young diagrams Y (A) (visualized):

A (3) (1,1,1) | (2,1) (4,2,2,1) (3,2,1)

Y (A)

Formally speaking,

Y(3)={11, (1,2), (1,3)},
Y((1,1,1)={11), 21, 31},
Y((21)={11), 1,2), (21)},
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| and so on. Note that Y (()) is the empty set @.

Definition 1.5.11. Let A be a partition.

A Young tableau of shape Y (A) meansamap T : Y (A) — {1,2,3,...}.
We visualize it as a way of filling the boxes of the Young diagram Y (A)
with positive integers (one integer per box), simply by writing into each box
¢ € Y (M) the corresponding value T (c).

We often omit the word “Young” in “Young tableau” (so we just speak of
“a tableau”). We furthermore write “of shape A” instead of “of shape Y (A)”.

The plural of the word “tableau” is “tableaux”.

Warning 1.5.12. In [21s, Chapter 7], I define Young tableaux only for N-
partitions A (not for all partitions A), and I require their entries to belong to
[N] (see [21s, Definition 7.3.5]). Here I do not impose this requirement, since
it would limit us too much.

Example 1.5.13. Here is a Young tableau of shape (4,3,3):

51118 |2
3113
41515

Formally speaking, this is a map Y ((4,3,3)) — {1,2,3,...} sending (1,1) to
5, sending (1,2) to 11 and so on.

The visual interpretation of a tableau as a Young diagram filled with numbers
suggests some rather natural concepts to define:

e The entry of a tableau T in a cell (i, j) means the value T (i, f).

¢ The u-th row of a tableau T means the sequence of all entries of T in the
cells (i,j) with i = u, read from left to right.

¢ The v-th column of a tableau T means the sequence of all entries of T in
the cells (i, j) with j = v, read from top to bottom.

e The boxes (or cells) of a tableau T are just the boxes of its shape Y (7).

* Two boxes are said to be adjacent if they have an edge in common in the
picture, i.e., if one of them has the form (i,j) and the other has the form
(i+1,j)or (i,j+1).

* The words “north”, “west”, etc. mean what they would mean in the
picture: e.g., the box (2,4) lies one step north and three steps west of
(3,7).
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Some Young tableaux are nicer than others:

Definition 1.5.14. Let A be a partition.
A Young tableau T of shape A is said to be semistandard if its entries

* increase weakly along each row from left to right (i.e., we have T (7, j) <
T (i,j + 1) whenever (i,j) and (i,j + 1) belong to Y (1)), and

* increase strictly down each column from top to bottom (i.e., we have
T(i,j) < T(i+1,j) whenever (i,j) and (i + 1, ) belong to Y (7A)).

We let SSYT (A) denote the set of all semistandard Young tableaux of shape
A. Furthermore, for any k € IN, we let SSYT (A, k) denote the set of all
semistandard Young tableaux of shape A whose entries belong to [k]. We
also abbreviate the word “semistandard Young tableau” as “SSYT”.

Definition 1.5.15. Furthermore, a Young tableau T of shape A is said to be
standard if it is semistandard and its entries are 1,2,..., |Y (A)| with no rep-
etition. (Keep in mind: |Y (A)| is the number of boxes in Y (A).)

Example 1.5.16. Here are five tableaux of shape (3,2):

1132 1123 1112 1124 11214
214 212 213 316 315
T T T3 Ty Ts

(a) The tableaux T; and T, are not semistandard. In Tj, the first row de-
creases from 3 to 2 (although the columns increase strictly). In T, the
rows increase weakly, but the second column has equal entries.

(b) The tableaux T3 and T, are semistandard but not standard. Their rows
increase weakly and their columns increase strictly. However, T3 has
repeated entries, while Ty has entries 1,2,3,4,6 instead of 1,2,3,4,5.
Thus, distinct entries alone do not make a semistandard tableau stan-
dard.

(c) The tableau Ts is standard: it is semistandard and contains each of
1,2,3,4,5 exactly once.

Definition 1.5.17. Let T be a Young tableau of shape A whose entries belong
to [N]. Then, we define the corresponding monomial

N

o _ . (#ofk’'sinT)

Xt = I ey = 1 xrap=11%
cisacell of Y(A) (i,j)eY(A) k=1
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in the indeterminates x1,xy,...,xy. (Of course, “# of k’s in T” means the
number of boxes of T with a k in them.)

Example 1.5.18. Let N = 3. Consider the tableau

1(1]3
213

T =

with corresponding monomial x1 = x1x1x3x2x3 = X%XQJC%.

The rows increase weakly and the columns increase strictly, so this tableau
of shape (3,2) is semistandard. It is not standard, since some entries repeat.

Definition 1.5.19. Let A be a partition. Then, the Schur polynomial s, € P
is defined by

S) = Z XT.
TeSSYT(A,N)

Example 1.5.20.
(a) Assume that N > 0. Let n € IN. Then,
S(n) = Mtns

because an SSYT of shape (1) with entries in [N] is just a weakly in-
creasing n-tuple of elements of [N] (the entries of its single row).

(b) Letn € {0,1,...,N}. Then,
S(ln) = €y,

because an SSYT of shape (1") with entries in [N] is just a strictly in-
creasing n-tuple of elements of [N] (the entries of its single column).

(c) Assume that N > 3. An SSYT of shape (2,1) with entries in [N] is a
tableau of the form

i|j withi,j,k € [N], i<jandi<k.
k

Thus, we have

) B 2 o where all summation indices are
1) = Lotttk understood to belong to [N]
i<j; i<k
= Z XiXjXg + Z XiXjX
i<j; i<k; i<j; i<k;

j<k >k
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here, we have split the sum
according to whether j < korj > k

= Z XiXjXyk + 2 XiXjXk

i<j<k i<k<j
= Z XiXjXk + Z XiXjXk + Z XiXjXyk + Z XiXjXg
i<j<k i=j<k i<k<j i<k=j

here, we have split the second sum
according to whether k < jor k = j,
and the first sum according to
whetheri <jori=j

= Z XuXoXw + Z xﬁxv + Z Xy XeXy + Z xuxzzj

u<o<w u<v u<o<w =% Xp X u<v
2 2
=2 ) XuXoXe+ Y XpXo+ Y XuX5
u<o<w u<v u<v
=MmMa,1.0) =Mm)

= 2m(11,1) + M2,1).-

Example 1.5.21. Let N = 3, and write x, y, z for x1, xp, x3. The eight tableaux
T € SSYT ((2,1),3) are shown below, with their respective monomials xr

underneath:
1|1 11 1(2 13
2 3 2 3
x%y x%z xy? xz?
2 213 1|2 1(3
3 3 3 2
yzz yzz xXyz xXyz
Hence,

521) = X2y + x°z + xy® + x2° + y*z + yz2® + 2xyz.

In particular, the xyz-coefficient 2 comes from the two different semistan-
dard tableaux that use 1,2,3 exactly once. These are precisely the standard
tableaux of shape (2,1).

These examples seem to suggest that s, is always symmetric. Not only that,
but it also resembles the a,,/a, that we have seen above. Both of these are
true, and we will prove them next week:
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Theorem 1.5.22. Let A be a partition. Then:
(a) The polynomial s, is symmetric.
(b) If /(A) < N (that is, if A is an N-partition), then
Arx+p = dp * S)

(where A + p is the entrywise sum of the two N-partitions A, p € NN C
ZN).

In particular, Conjecture from Lecture 4 will follow from this, since s,
obviously has nonnegative coefficients.

We will prove Theorem (a) soon; but first we will generalize our Schur
polynomials s, to the skew Schur polynomials s /.
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