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Math 701 Fall 2026, Lecture 3: The classical
families ¢, h, p

website: https://www.cip.ifi.lmu.de/ grinberg/t/26fs/
We continue where we left off in Lecture 2.

Proof of the identity (1) from Lecture 2. Parts (a) and (c) of Proposition yield

N

(1—tx;) = Y, (=1)"t", and
i=1 nelN
- T
= t"h,
i el =N

in the power series ring P [[t]]. Multiplying these two equalities, we find[|

1= (Z (—1)"t”en> <Z t”hn>
nelN nelN

= (Z (—1)itie,-> (Z t]h]>
ieN jEIN

= Y Y (-1) detln
N——

iEN jEN od
N—— =€ih]‘i’l+]
=Y X
nelN (i,j)€N2;
i+j=n
= 2 2 (—1)161'7/1]' tiJrj
~—
i+j=n (since i+j=n)

=Y | Y (—Dien|t
nelN (1',]')611\]2;
i+j=n

LAll our manipulations with power series, such as expanding products of infinite sums or
interchanging summation signs, are justified by the coefficientwise topology on the ring of
formal power series. This is the topology with respect to which a sequence (fy, f1, f2,--.)
(or, more generally, a net (f;),.p) of power series converges to a power series f if and only
if for each n € IN, all sufficiently high d € IN (or, in the case of a net, all sufficiently high
d € D) satisfy [t"] f; = [t"] f (where [t"] ¢ denotes the t"-coefficient of a power series g).
The “sufficiently high” here can depend on n. All our sums converge with respect to this
topology. For a more elementary explanation of this, see [21s, Chapter 3] (for the univariate
case).
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Comparing t"-coefficients, we see that each n € IN satisfies

1, ifn=0; !
. = Z Z el n—i
{O, ifn>0 (i,j)eIN2 =0
i+j=n
(since the pairs (i,j) € IN? satisfying i +j = n are simply the pairs (i,n — i)
fori € {0,1,...,n}). If n is a positive integer, then the left-hand side of this
equality is simply 0, so the whole equality rewrites as

O:Z( ehnlzz e]n]

Thus, (1)) is proved. O

The proofs of the other two Newton—-Girard identities (that is, and (3))
rely on the notion of the logarithmic derivative of an FP

Definition 1.2.4. For any FPS f € K|[[t]] with constant term 1, define the
logarithmic derivative loder f of f by

loder f = ]; e K[[t].

(As we recall, f' denotes the derivative of f with respect to t. Division by f
is allowed since f has constant term 1.)

Proposition 1.2.5 (rules for logarithmic derivatives). Logarithmic derivatives
satisfy the following rules:

(@) For any two FPSs f and g with constant terms 1, we have

loder (fg) = loder f + loder g.

(b) For any k FPSs f1, f5,..., fr with constant terms 1, we have
k k
loder (H f1> =) _loder f;.
i=1 i=1

(c) For any FPS f with constant term 1, we have

loder% = —loder f.

2The abbreviation “FPS” means “formal power series”.
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(d) If K is a commutative Q-algebra, then any FPS f with constant term 1

satisfies
loder f = (log f)'.

Here, logf denotes the composition of the FPSs log(l1+t) =
_1 n—1
o (1

n>1 n
log is denoted by Log).

t" and f — 1 (for details, see [21s, Definition 3.7.6], where

Proof. (a) By the definition of a logarithmic derivative, we have

(f9)" _ f's+fg
f8 f8
f g
= — + _—
oL
=loder f =loderg

loder (fg) = (by the product rule)

= loder f + loder g.

This proves part (a).

(b) Induct on k. The base case (k = 0) is just saying loder 1 = 0, which is clear
(since 1’ = 0). The induction step uses part (a).

(c) Part (a) shows that loder is a group morphism from the multiplicative
group of FPSs with constant term 1 to the additive group of all FPSs. But

group morphisms respect inverses. So loder — = —loder f.

f

(d) Quick and dirty argument: the chain rule yields

(logf)/:l\clg”_j:-f’:%-f’zj%:loderf.
1

f

“But wait”, you may say, “is this allowed when log is not an actual FPS?”. And
indeed, this calculation is not quite kosher for this exact reason; instead, we
have to decompose log f as the composition of the actual FPSs log (1 +t) and
f — 1 and then apply the chain rule to these two FPSs. You are invited to make
this change yourself, or look up the proof in [21s, Proposition 3.7.13]. O

Proof of (3) from Lecture 2. We shall apply Proposition with P in place of
K.
Proposition (c) in Lecture 2 says that

N1

_ n
Hl—txi_ Zthn

i=1 nelN
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Applying the logarithmic derivative to this equality, we obtain

!/
N ( Y t"hn> Y nt"1p,
loderH = loder Z t”hn> — el — >0 ,
!/
since the definition of a derivative yields ( Yy t”hn) =Y nt"1h,. Thus,
nelN n>0
Y. nt"1n, N
>0 loderH 1
nelN
N
=) loder T ix (by Proposition (b))

: — tx;

:loder( (1ftx,v)71)
=—loder(1—tx;)
(by Proposition ()

N N _x
= — loder (1 — tx;) = —
Lo loder(l—tx) ==}

(-t)  —x
B 1—tx1~ _1—txl-

N
— i —
—2 1—txi N

i:

X <1~|—txi—|—(txi)2+~-->

s

I
—_

J/

1

—_

N o’
=x; (1+tx+(tx;) 4+ )
(by the geometric series formula)

=xj+tx? 12204
=t0x] a2 1203+t -
N
i=1

N N N N
:tOinl—i—tl2x?+t22x?+t32x?+~~
i=1 i=1 i=1 i=1

=1+ tp+ Pps+Ppat-- =Y " lp,

n>0

(toxi1 + tlxiz + tzx? + t3x§1 + - )
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That is,

Y nt"thy, = (Z t”_lpn) (Z t”hn> = (Z:tj_lp]) (Z t%,-)
n>0 n>0 nelN >0 ieN
=Y YV pthi=) Y T =3 ) T 17’jhn—j
1

j>0 iEN~——~— >0 ieN >0 n>j -
=¢itj- 1P]'hi ——
n
=X X
n>0 j=1

(here, we substituted n — j for 7 in the inner sum)
n
:ZZ P]n] Z(Zp]n]>tn1
n>0 j=1 n>0

Comparing "~ !-coefficients, we get

n n
nhy =) piltn—j =Y hajpj-
=1 =1

This is precisely the 3rd Newton-Girard identity (3). O

The proof of the 2nd Newton-Girard identity (2) is similar: a bit easier since it
does not require Proposition (c), but a bit messier since signs appear. Note
that all three Newton—Girard identities can also be proved combinatorially or
by induction (this is a homework problem).

The Newton-Girard identities can be used to express the ¢’s, the h’s and the
p’s in terms of each other; you just need to solve the identities recursively for
each respective sequence. The only wrinkle is that to express the e’s or the h’s
in terms of the p’s, you need to divide by positive integers, i.e., you need K to
be a Q-algebra.

Example 1.2.6.

(@) Let us write the p’s in terms of the e’s. The Newton—Girard identity

€n—1P1 — €n—2P2 +€y_3P3 —€y_aps -+ (—1)n_1 ey pn = ney
-1

can be solved for p, to give
(—1)’171 Pn = nep —ey—1pP1 + €n—2P2 — €n—3p3
tenapst-— (=1)" erpui.

Thus, if we know ey, ey,...,e;, and py,p2, ..., pn—1, then this formula
gives us p,. Thus we find, recursively,

pP1 = €1,




Math 701, Fall 2026, Lecture 3, version October 9, 2026 page 6

(b)

(c)

then
—p2 = 2ey —e1p1 = 26y —e1e] = 2ep — e%,
so that
p2 = e% — 2ep;
then

ps = 3e3 —eap1 +e1p2
= 3e3 —ere1 + €1 (e% — 2€2>
= ei’ — 3eq1er + 3e3;
and likewise
ps = e% — 46%62 + 2@% + 4eqe3 — 4ey.

Thus, by recursion, we find a formula for each p, in terms of
e1,6,...,6,. Note that e, = 0 for all i > N; thus, we will not have
to deal with an ever-growing number of e’s as 1 increases.

Similarly, we can express the p’s in terms of the h’s:

p1=hi;

p2 = —hi +2hy;

p3 = hj — 3hihy + 3hs;

py = —hi + 4h3hy — 213 — 4hyhs + 4hy.
These are the same formulas as for the p’s in terms of the e’s, but with
different signs! We will soon see that this is no coincidence.

Note, however, that this algorithm expresses each p, in terms of
hy,hs, ..., h,, not in terms of hy, ho,...,hy. And since h; does not be-
come 0 when i > N, the formulas will keep increasing in complexity
with rising n.

Assume that K is a Q-algebra. Then, recursively applying the second
Newton-Girard formula in the opposite direction, we find

€1 = P1s
1, 1
2 — Zpl 2p2’

U TNE
3= 6P1 2P1P2 3P3,

I P U U S|
4 — 24;91 4p1p2 8P2 3p1p3 4p4’

and so on.

All the coefficients in the above expressions have combinatorial meanings,
which we will see later.
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The following theorem — at least its part (a) — was originally proved by Gauss,
and has since become fundamental in many places in algebra. We will prove it
in the next lecture.

Theorem 1.2.7 (Fundamental Theorem of Symmetric Polynomials).

(@) The elementary symmetric polynomials ey, e, ...,en are algebraically
independent (over K) and generate the K-algebra S. In other words,
each f € S can be uniquely written as a polynomial in ey, e, ...,eN. In
yet other words, the map

K [yllyZI- . ,]/N] — 8/

a polynomial ring
in N variables

g—g(ep ez ... eN)
is a K-algebra isomorphism.

(b) The complete homogeneous symmetric polynomials hy, hy, ..., hy are
algebraically independent (over K) and generate the K-algebra S. In
other words, each f € S can be uniquely written as a polynomial in
hi,hy, ..., hy. In yet other words, the map

K [yllyZI' . /yN] — Sl

a polynomial ring
in N variables

g g(hl,hz,. . .,hN)
is a K-algebra isomorphism.

(c) Assume that K is a Q-algebra. Then, the power sums p1, p2, ..., pn are
algebraically independent (over K) and generate the K-algebra S. In
other words, each f € S can be uniquely written as a polynomial in
p1,P2,--.,pN- In yet other words, the map

{< [yllyZI- . /]/N] — S/

a polynomial ring
in N variables

g g(pup2,---,PN)

is a K-algebra isomorphism.

Example 1.2.8. Theorem (b) tells us that each h, with n > N is a poly-
nomial in the hy, hy, ..., hy. For example, for N = 3, we have

hy = h} — 3h3hy + h3 + 2hyh3.
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Theorem (a) tells us that every symmetric polynomial in three vari-
ables x,y,z can be written as a polynomial in ey, e, e3. For example,

((x =) (y —2) (z — x))* = e3¢5 — 4¢3 — 4cBes + 18eqep05 — 2763,
As we said, Theorem will be proved later. For now, let us notice a simple

criterion for proving that a polynomial is symmetric:

Lemma 1.2.9. For each i € [N — 1], we let s; be the simple transposition in
the symmetric group Sy that swaps i with i + 1 (and leaves all remaining
elements of [N] unchanged). Let f € P. Assume that

sk f=f foreach k € [N —1]. (1)

Then, f is symmetric.

Proof. A classical result in permutation combinatorics (see, e.g., [21s, Theorem
5.3.17]) says that any permutation in Sy can be written as a composition of
simple transpositions (i.e., of some of sq,sy,...,5ny-1). Thus, for any ¢ € Sy,
we can write 0 as 0 = s;;s;, - - *Si, 5Si, 1Siys and then we have

= Sll 512 cee e Sip—z . Sip,l . Sip f
=f
(by @)
(since we have a group action of Sy on P)
:Sil.siz.....sipiz.sipil.f
~—
=f
(by (@)
:Si1'si2""'sip72'f

=f.

Thus, f is symmetric. O

For example, a polynomial f € K|x,y,z| is symmetric if and only if

f(y,x,z) = fand f(x,zy) = f.
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