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1 EXERCISE 1: SUMS OF POWERS OF DIVISORS

1.1 PROBLEM

Let n be a positive integer. Let k£ € N. Prove that

de _ H (pOk +p1k 4. +pvp(n)k) '

dn p prime

Here, the summation sign “>” means a sum over all positive divisors d of n.
dn

1.2 SOLUTION

See the class notes, where this is Exercise 2.18.1 (b). (The numbering may shift; it is one
of the exercises in the “Counting divisors” section.)
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2 EXERCISE 2: ANOTHER VERSION OF JACOBI’S
TWO-SQUARES THEOREM

2.1 PROBLEM
Let n be a positive integer. Prove that
(the number of pairs (z,y) € Z* such that n = z* + y°)

= 4 (the number of positive divisors d of n such that d =1 mod 4)
— 4 (the number of positive divisors d of n such that d =3 mod 4).

[Hint: The formula for the left hand side that we proved in class can be freely used.|

2.2 SOLUTION SKETCH
Let

z = (the number of positive divisors d of n such that d =1 mod 4)

— (the number of positive divisors d of n such that d =3 mod 4). (1)

We shall prove that

(the number of pairs (z,y) € Z* such that n = 2 + y*) = 4z. (2)

First, we recall some results from the class notes.
Exercise 2.18.2 in the class notesﬂ says the following:

Claim 1: (a) If there exists a prime p satisfying p = 3mod4 and v, (n) =
1mod 2, then z = 0.

(b) If there exists no prime p satisfying p = 3mod 4 and v, (n) = 1 mod 2, then

z= H (vp(n)+1).

p prime;
p=1mod 4

On the other hand, a result we proved in class (currently Theorem 4.2.62 in the class
notes, but this is likely to shift) states the following:

Claim 2: (a) If there is at least one prime p = 3mod 4 such that v, (n) is odd,
then there is no pair (z,y) € Z? such that n = 22 + 3.

(b) Assume that for each prime p = 3mod 4, the number v, (n) is even. Then,

(the number of pairs (z,y) € Z* such that n = 2° + ¢y*) = 4 H (vp (n)+1).

p prime;
p=1mod 4

Now, we are in one of the following two cases:
Case 1: There exists a prime p satisfying p = 3mod4 and v, (n) = 1 mod 2.
Case 2: There exists no prime p satisfying p = 3mod4 and v, (n) = 1 mod 2.

!The numbering may shift; it is one of the exercises in the “Counting divisors” section.
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Let us first consider Case 1. In this case, there exists a prime p satisfying p = 3mod 4
and v, (n) = 1 mod 2. In other words, there is at least one prime p = 3mod 4 such that v, (n)
is odd. Thus, Claim 2 (a) shows that there is no pair (z,y) € Z? such that n = 2 + y%.
Hence,

(the number of pairs (z,y) € Z* such that n = 2 + y*) = 0. (3)

On the other hand, Claim 1 (a) yields z = 0, so that 4z = 0. Comparing this with (3)), we
obtain
(the number of pairs (x,y) € Z* such that n = 2 + y2) =4z.

Hence, is proven in Case 1.

Let us next consider Case 2. In this case, there exists no prime p satisfying p = 3mod 4
and v, (n) = 1mod 2. In other words, there exists no prime p = 3mod4 for which v, (n) is
odd. In other words, for each prime p = 3mod4, the number v, (n) is even. Hence, Claim
2 (b) shows that

(the number of pairs (z,y) € Z* such that n =2 + y*) = 4- H (vp(n)+1).

p prime;
p=1mod 4
On the other hand,
4 2 =4 J[ w®+1).
— 1 p prime;
ppgi[me; (vp(m)+1) p=1mod4
p=1mod4

(by Claim 1 (b))
Comparing these two equalities, we obtain
(the number of pairs (x,y) € Z? such that n = 2 + yQ) =4z.

Hence, is proven in Case 2.
We have now proven ([2]) in each of the two Cases 1 and 2. Thus, always holds.
Now, becomes

(the number of pairs (z,y) € Z* such that n = z* + y2)
=4z
= 4 ((the number of positive divisors d of n such that d =1 mod 4)
— (the number of positive divisors d of n such that d =3 mod 4))

(by (@)

4 (the number of positive divisors d of n such that d=1 mod 4)

— 4 (the number of positive divisors d of n such that d =3 mod 4).

This solves the exercise.

2.3 REMARK

For some completely different solutions of the above exercise (using formal power series
instead of Gaussian integers), see Hirschhorn’s [Hirsch85, Theorem 1| and [Hirsch17, Chapter
2]. See also [UspHea39, Chapter XIII| for related results.
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3 EXERCISE 3: CHARACTERIZING GAUSSIAN PRIMES

3.1 PROBLEM

Let m be a Gaussian prime.
Prove the following:

(a) If 7 is unit-equivalent to an integer, then 7 is unit-equivalent to a primeﬂ of Type 3.

(Recall that a prime p is said to be of Type 3 if it is congruent to 3 modulo 4.)
Assume, from now on, that 7 is not unit-equivalent to any integer. Let (p1,po, ..., k)
be a prime factorization of the positive integer N (7). (Thus, py, pe,. .., px are primes such

that N () = pip2 - pi.)
(b) Prove that 7 | p; for some i € {1,2,...,k}.
Fix an i € {1,2,...,k} such that 7 | p;.
(c) Prove that p; = #7.

(d) Prove that p; is a prime of Type 1 or of Type 2.

(Recall that a prime p is said to be of Type 1 if it is congruent to 1 modulo 4, and is said
to be of Type 2 if it equals 2.)

3.2 REMARK

This exercise yields that the Gaussian primes are the primes of Type 3 and the Gaussian
prime divisors of the primes of Types 1 and 2 (up to unit-equivalence). Conversely, any of
the latter are indeed Gaussian primes (as we proved in class). This completes the charac-
terization of Gaussian primes. See also [ConradG, Theorem 9.9] for a different proof of this
fact.

3.3 SOLUTION SKETCH

First, we notice that 7 is neither zero nor a unit (since 7 is a Gaussian prime); thus, N (7)
is neither 0 nor 1. Hence, N (7) > 1 (since N (7) € N). In particular, N (7) is a positive
integer and N (7) # 1.

(a) Assume that 7 is unit-equivalent to an integer. In other words, 7 ~ ¢ for some
g € Z. Consider this g.

We have m ~ g ~ —g. Thus, 7 is unit-equivalent to both g and —¢g. Hence, we can
WLOG assume that g > 0 (since otherwise, we can simply replace g by —g). Assume this.

The integer ¢ is a Gaussian integer; it is unit-equivalent to a Gaussian prime (namely,
to m), and thus itself is a Gaussian primeﬂ. Thus, each Gaussian divisor of g is either a unit
or unit-equivalent to g (by the definition of a Gaussian prime).

We know from class (Proposition 4.2.15 in the class notes) that unit-equivalent Gaussian
integers have equal norms. Hence, from m ~ g, we obtain N (1) = N(g) = ¢* (since
g € Z CR). Thus, g> = N(7) > 1, so that g > 1 (since g > 0).

2The unqualified word “prime” always means a prime in the original sense, i.e., an integer p > 1 whose
only positive divisors are 1 and p.
3because any Gaussian integer that is unit-equivalent to a Gaussian prime must itself be a Gaussian prime
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Hence, if ¢ was not a prime, then g would have a positive divisor other than 1 and g.
This positive divisor would then be a Gaussian divisor of g, but it would not be a unit (since
it is a positive integer distinct from 1); therefore, it would be unit-equivalent to g (since each
Gaussian divisor of g is either a unit or unit-equivalent to ¢g). But this would contradict
the fact that its norm is smaller than the norm of ¢ (indeed, it is a positive integer smaller
than g, so that its norm is smaller than the norm of g), whereas unit-equivalent Gaussian
integers must have equal norms. Hence, we would obtain a contradiction. This shows that
g must be a prime.

But we know (from what is currently Theorem 4.2.42 (d) in the class notes) that if p is
a prime of Type 2 or Type 1, then p is not a Gaussian prime. Hence, g cannot be a prime
of Type 2 or Type 1 (because g is a Gaussian prime). Thus, g must be a prime of Type 3
(since g is a prime). Thus, 7 is unit-equivalent to a prime of Type 3 (namely, to g). This
solves part (a) of the exercise.

(b) We have N (1) = p1ps - - - pg (since (p1,pa, ..., D) is a prime factorization of N (7)).
But N (7) = 7. Hence, 7 | 77 = N (7) = p1p2 - - - Dx-

Proposition 2.13.7 in the class notes says that if a prime p divides a product aas - - - az of
k integers aq, as, . . . , ax, then p must divide (at least) one of these integers aq, as, . .., a;. The
same argument can be used to prove the analogous fact about Gaussian primes: Namely,
if a Gaussian prime v divides a product ajas - - -y of k Gaussian integers aq, s, . .., oy,
then ¢ must divide (at least) one of these Gaussian integers oy, as, ..., ag. Applying this
to ¥ = m and «; = p;, we conclude that 7 must divide (at least) one of these Gaussian
integers p1, pa, ..., pr (since w divides their product pips---px). In other words, 7 | p; for
some i € {1,2,...,k}. This solves part (b) of the exercise.

(c) We have 7 | p;. Thus, p; = ma for some Gaussian integer a. Consider this a. From
p; = ma, we obtain N (p;) = N (7)) = N (7) N (@), so that N (7) N (a) = N (p;) = p? (since
p; € Z C R). Thus, p? = N(7)N (a), so that N () | p?. Hence, N (r) is a positive divisor
of p? (since N (7) is a positive integer).

We assumed that 7 is not unit-equivalent to any integer. Thus, in particular, 7 is not
unit-equivalent to p;. In other words, we don’t have © ~ p;. In other words, we don’t have
pi ~ .

If we had N (a) = 1, then a would be a unit, and thus we would have p; ~ 7 (since
p; = ma); but this would contradict the fact that we don’t have p; ~ m. Hence, we don’t
have N (o) = 1. Thus, N (a) # 1.

If we had N (7) = p?, then we would have p? = wN (a) = p? N () and thus N (o) =

=p?
1, which would contradict N («) # 1. Hence, we have N (7) # p2.

But the positive divisors of p? are 1, p; and p? (since p; is a prime). Hence, N (7) must
be either 1 or p; or p? (since N () is a positive divisor of p?). Since N (7) cannot be 1 or
p? (because N (1) # 1 and N (1) # p?), we thus have N (r) = p;. Hence, p; = N () = 7.
This solves part (c) of the exercise.

(d) Assume the contrary. Thus, p; is a prime of Type 3 (since p; is a prime). Hence,
p; = 3mod 4.

However, write the Gaussian integer m as 7 = (a,b) with a,b € Z. Part (c) of this
exercise yields p; = 77 = N (1) = a® + b* (since 7 = (a,b)). Thus, a® + V* = p; = 3mod 4.

But recall that no two integers z and y satisfy z* + y*> = 3mod4 (by Exercise 2.7.2
(c) in the class notes). This contradicts the fact that the two integers a and b do satisfy
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a® +b?> = 3mod 4. This contradiction shows that our assumption was wrong. This solves
part (d) of the exercise.

4 BEXERCISE 4: GAUSSIAN INTEGERS MODULO A (GAUSSIAN
INTEGER

4.1 PROBLEM

For any Gaussian integer 7, we let = be the binary relation on Z [i] defined by

(azﬁ) <— (a=pf modrT).

T

It is straightforward to see (just as in the case of integers) that this relation = is an equiv-

~
alence relation. (You don’t need to prove this.) We shall refer to the equivalence classes of

this relation = as the Gaussian residue classes modulo 7; let Z[i] /T be the set of all these

classes.
Let n be a nonzero integer.
Prove that the equivalence classes of the relation = (on Z [i]) are the n? classes [a + bi]
n

s

for a,b € {0,1,...,|n| — 1}, and that these n* classes are all distinct.

4.2 REMARK

This exercise yields |Z[i] /n| = n? = N(n) for any nonzero integer n. This is [ConradGl,
Lemma 7.15]. (Conrad proves this “by example”; you can follow the argument but you
should write it up in full generality.)

More generally, |Z[i] /7| = N (7) for any nonzero Gaussian integer 7. This is proven in
[ConradGl Theorem 7.14] (using the above exercise as a stepping stone).

4.3 SOLUTION SKETCH
We shall use the following fact (which is Exercise 4.2.11 (b) in the class notes):

Claim 1: Let n be a positive integer. Then, the equivalence classes of the relation
= (on Z[i]) are the n? classes [a + bi]_ for a,b € {0,1,...,n — 1}, and these n?

n

classes are all distinct.

Claim 1 is precisely the statement of our exercise in the case when n is positive (because
in this case, we have |n| = n). Thus, the exercise is solved in this case. Hence, for the rest
of this solution, we WLOG assume that n is not positive. Hence, n is negative (since n is
nonzero). Thus, —n is positive, and |n| = —n.

We notice that the relations = (on Z[i]) and = (on Z[i]) are identical’, But Claim

1 (applied to —n instead of n) shows that the equivalence classes of the relation = (on

3

4 Proof. In order to see this, we merely need to check that for any two Gaussian integers a and 3, the two

statements (a = B) and (o = B) are equivalent. Let us do this now: Let o and 8 be two Gaussian
n —n
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Z[i]) are the (—n)* classes [a 4 bi] _ for a,b € {0,1,...,(—n) — 1}, and these (—n)* classes

—-n

are all distinct. In view of (—n)®> = n? and (—n)—1 = |n| — 1, this rewrites as follows:
~——

=[n]
The equivalence classes of the relation = (on Z [i]) are the n? classes [a + bi] _ for a,b €

{0,1,...,|n| — 1}, and these n? classes are all distinct. Since the relations = (c;n Zi]) and

= (on Z[i]) are identical, we can further rewrite this as follows: The equivalence classes of

the relation = (on Z [i]) are the n? classes [a + bi]_ for a,b € {0,1,...,|n| — 1}, and these

n

n? classes are all distinct. This solves the exercise.

5 EXERCISE 5: A FIBONACCI DIVISIBILITY

5.1 PROBLEM

1++5 1-+5
2

Let ¢ = 5 and ¢ = be the two (real) roots of the polynomial z? —x —1. (The

number ¢ is known as the golden ratio.) It is easy to see that ¢ +¢ =1 and ¢ - ¢ = —1.
Let Z [¢] be the set of all reals of the form a + bp with a,b € Z.

(a) Prove that any «, 8 € Z [¢] satisfy o+ f € Z[¢p] and o — B € Z [¢p] and o € Z [¢].
(In the terminology of abstract algebra, this is saying that Z [¢] is a subring of R.)

(b) Prove that every element of Z [¢] can be written as a + b¢ for a unique pair (a,b) of
integers. (In other words, if four integers a, b, ¢, d satisfy a + b = ¢ + d¢, then a = ¢
and b= d.)

Given two elements a and [ of Z[¢], we say that « | § in Z][¢] if and only if there
exists some v € Z [¢] such that 8 = ay. Thus, we have defined divisibility in Z [¢]. Basic
properties of divisibility of integers (such as Proposition 2.2.4) still apply to divisibility in
Z[¢] (with the same proofs).

integers. We have the logical implication (n |« — 8) = (—n|a — ) (because if we have n | a — f3,
then —n | n | & — B) and the logical implication (—n|a—8) = (n|a— ) (because if we have
—n | a— B, then n | —n | @ — B). Combining these two implications, we obtain the equivalence
(nla—B) < (—n|a-§).

Now, we have the following chain of equivalences:

< (o= pFmodn) (by the definition of the relation E)
<~ (n]|a—p) (by the definition of congruence)

= (-nla—p)

<~ (o =pFmod—n) (by the definition of congruence)
= (a = > <by the definition of the relation > .

—n

In other words, the two statements (a = ﬁ) and (a = ﬁ) are equivalent. Qed.
n
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(c) If a and b are two elements of Z such that a | b in Z [¢], then prove that a | b in Z.

Let (fo, f1, f2,- - .) be the sequence of nonnegative integers defined recursively by
fOZOa f1:17 and fn:fn—1+fn—2 for all n > 2.

This is the so-called Fibonacci sequence (and continues with fo =1, fs =2, f4 =3, fs =5
ete.).
It is well-known (Binet’s formula) that
¢n o wn
n=——— for all n > 0. 4
f 7 (4)

You don’t need to prove this; there is a completely straightforward proof by induction on
)

(d) Prove that fy | fan for any nonnegative integers d and n.

[Hint: Lemma 2.10.11 (a) holds not just for integers.|

5.2 REMARK

This exercise (specifically its part (d)) is an example of how a property of integers (here,
fa | fan) can often be proved by working in a larger domain (in our case, Z [¢]). Another
example is our study of sums of two perfect squares using Gaussian integers (done in class).
There are various others. While part (d) of this exercise has fairly simple solutions using
integer arithmetic alone, some other properties of Fibonacci numbers are best understood
by means of working in Z [¢]. For example, if p # 5 is a prime, then one of the two Fibonacci
numbers f,_; and f,; is divisible by p, while the other is =1 mod p.

5.3 SOLUTION SKETCH

(a) This solution will be very similar to the solution of Exercise 4 (a) on homework set #4.
The main difference is that v/2 gets replaced by ¢, which behaves slightly differently when
being squared.

It is easy to see (from the definition of ¢) that ¢* = ¢ + 1.

Let a, 5 € Z[¢]. We must prove that a + 5 € Z[¢] and o — 8 € Z [¢] and aff € Z [¢).

We have a € Z[¢]. In other words, a is a real of the form a + bp with a,b € Z (by the
definition of Z [¢]). In other words, there exist two integers 1, x5 € Z such that o = x;+22¢.
Similarly, there exist two integers yi,y» € Z such that § = y; + y2¢. Consider these four
integers x1, 2, Y1, Y-

We have

N \’; = (21 +220) + (11 + 120) = (21 + y1) + (22 + 2) @

=THe2d =y typ

Hence, a + 3 is a real of the form a + b¢ with a,b € Z (namely, with a = x; + y; and
b= x5+ y2). In other words, o + 5 € Z [¢] (by the definition of Z [¢]).
We have

NP \5/ = (21 +220) — (Y1 + 120) = (21 — 1) + (T2 — ¥2) -

=r1t220 =y 4yog
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Hence, o — (3 is a real of the form a + b¢ with a,b € Z (namely, with a« = x; — y; and
b= 129 — y2). In other words, a« — 5 € Z [¢] (by the definition of Z [¢)]).
We have

N B = (14 220) (Y1 + ¥20) = T1y1 + T1Y20 + T20Y1 + T20Y20

=T1+220 =y 4459
= T1Y1 + T1Y2® + T2 QY1 +T2 QY2 @
~~~ ~~~
=y1¢ =y2¢
= T1Y1 + T1Y2® + oY1 @ + Taya OO
-~
=p2=¢+1
= T1Y1 + 2120 + Tt @ + ayo (¢ + 1)
= (1191 + 2y2) + (T1y2 + D2y1 + T2y2) @ (5)

Hence, af is a real of the form a + b¢ with a,b € Z (namely, with a = 21y, + z2y, and
b = 21ys + x2y1 + X2y2). In other words, aff € Z [¢] (by the definition of Z [¢]).

We have now shown that a 4+ 5 € Z[¢] and a — § € Z[¢] and off € Z[¢p]. This solves
part (a) of the exercise.

(b) This solution will be very similar to the solution of Exercise 4 (b) on homework set
44, The main difference is that v/2 gets replaced by ¢, which has a slightly different reason
to be irrational.

Let « be an element of Z [¢]. We must prove that a can be written as a + b¢ for a
unique pair (a, b) of integers.

Clearly, o can be written as a + bg for at least one pair (a,b) of integers (because this
is what it means for « to belong to Z [¢]). Thus, it remains to prove that o can be written as
a+ b¢ for at most one pair (a,b) of integers. In other words, we must prove that if (a, by)
and (as, be) are two pairs (a, b) of integers such that o = a + b¢, then (a1, b;) = (ag, bs).

Let us prove this. Let (aj,b;) and (ag,by) be two pairs (a,b) of integers such that
a = a+ bp. We must show that (a1, b)) = (ag, by).

Assume the contrary. Thus, (ay,b) # (az, by).

It is easy to check that 5 is not a perfect squareﬂ Exercise 2.10.15 (a) in the class notes
shows that if a positive integer u is not a perfect square, then /u is irrational. Applying
this to u = 5, we conclude that /5 is irrational (since 5 is not a perfect square).

1 bt
From ¢ = +2\/_, we obtain 2¢ = 1 + /5, so that v/5 = 2¢ — 1. Hence, if the number

¢ was rational, then /5 would be rational as well, which would contradict the fact that /5
is irrational. Hence, the number ¢ cannot be rational. In other words, ¢ is irrational.

But (aq,b;) is a pair (a, b) of integers such that & = a + b¢. In other words, (a1, b;) is a
pair of integers and satisfies & = a; +by¢. Similarly, (as, b2) is a pair of integers and satisfies
a = as + byop. Hence, as + Do = o = ay + b1 ¢, so that

ay — ay = b1 — bao = (b1 — b) ¢. (6)

5 Proof. Assume the contrary. Thus, 5 is a perfect square. In other words, 5 = u? for some u € Z. Consider
this u. If we had |u| > 3, then we would have |u|® > 3% = 9 > 5, which would contradict |u|> = u® = 5.
Hence, we cannot have |u| > 3. Thus, |u| < 3, so that u € {—2,—1,0, 1,2} (since u is an integer). Hence,
u? € {(—2)2 L (=1)%,02,12, 22} ={4,1,0,1,4}. This contradicts u?> = 5. This contradiction shows that

our assumption was false, qed.
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If we had by = by, then this would yield ay — a; = (by — b2) ¢ = 0, which would lead to
——

=0
(since b1=b2)

a1 = ap and therefore | a; , by = (ag, by); but this would contradict (aq,b) # (ag, bs).
—~~

—ay =by
Hence, we cannot have by = by. Thus, we have by # by. In other words, by — by # 0. Hence,

we can divide both sides of the equality (ﬁ} by b, — bs. We thus obtain 22 —a ¢. Hence,

1— by
a2 —

the number is irrational (since ¢ is irrational). But this contradicts the fact that

1= 02
a9 — Ay
by — by
that our assumption was wrong. Hence, (a1,b1) = (ag,by) is proven. This completes our
solution of part (b) of the exercise.

is rational (which is clear, since ay, as, by, by are integers). This contradiction shows

(c) Let a and b be two elements of Z such that a | b in Z[¢]. We must prove that a | b
in Z.

We WLOG assume that b # 0, since otherwise this follows trivially from b =0 = a - 0.

We have a | b in Z [¢]. In other words, there exists some v € Z [¢] such that b = ay (by
the definition of divisibility in Z [¢]). Consider this v. From ay = b # 0, we obtain a # 0.

We have v € Z[¢]. In other words, v is a real of the form x1 + x9¢ with z1, 25 € Z (by
the definition of Z[¢]). Consider these x; and zo. We have

b=a v =a(r+x20)=az + aryp.
~—
=x1+220
— aly .

b
If we had axy # 0, then we could solve this equality for ¢ and obtain ¢ = ; this
axo

would yield that ¢ is rational (since b, a,x, 25 are integers), and this would contradict the
fact that ¢ is irrational (as we have shown in our above solution to part (b) of this exercise).
Hence, we cannot have axs # 0. Thus, we have axy = 0. Since a # 0, this leads to x5 = 0.
Hence, v = 2, +\:c/2_/¢ = x1 € Z. Thus, from b = a7y, we obtain a | b in Z. This solves part

—0
(c) of the exercise.

(d) We have ¢ +1 =1, thus ) =1 — ¢ =1+ (—1) ¢. Hence, ¢ € Z|[4)].

In part (a) of this exercise, we have shown that the product of two elements of Z [¢]
belongs to Z [¢]| again. Thus, by induction, we can easily see that a product of any (finite)
number of elements of Z [¢] belongs to Z [¢] again. Hence, in particular, if o € Z[¢] and
k € N, then o* € Z[¢]. Thus, the powers ¢, ¢, 1% and 1" belong to Z[¢] (since ¢ and
¥ belong to Z [¢]).

We recall the following fact (Lemma 2.10.11 (a) in the class notes):

Claim 1: Let d € N. Let x and y be integers. Then, z —y | ¢ — 3.
This fact has an analogue for elements of Z [¢] instead of integers:

Claim 2: Let d € N. Let z and y be elements of Z [¢]. Then, z —y | z¢ — y? in
Z¢].
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[Proof of Claim 2: Both proofs we gave for Claim 1 in the class notes can be modified
in an obvious way to yield proofs of Claim 2.]
Now, let d and n be nonnegative integers. We must prove that fy | fan-
Applying to d instead of n, we find
¢? — 1

fa= 7

Multiplying both sides of this equality with v/5, we obtain

Vo fa=¢' =yt (7)
The same argument (applied to dn instead of n) yields
V5 fan = ¢ — ™. (8)

Now, ¢ and ¢ are elements of Z [¢] (as we know). Hence, Claim 2 (applied to n, ¢?
and ¢ instead of d, z and y) yields ¢? — 9 | (qbd)n — (wd)n in Z [¢]. In view of

¢ = =V5- fy (by (@)

and
(¢d)n_(wd)n:¢dn_¢dn:¢g.fdn (by )7

this rewrites as /5 - f4 | V/5 - fan in Z[¢]. In other words, there exists a § € Z [¢] such that
V5 fan = V5 f1-0 (by the definition of divisibility in Z[¢]). Consider this 6. Cancelling
V/5 from the equation v/5- f4, = V/5- f4-0, we obtain fz, = f4-8. Since § € Z[¢], this shows
that fy | fan in Z [¢] (by the definition of divisibility in Z [¢]). Thus, part (c) of this exercise
(applied to a = f; and b = fy,) shows that fy | fan in Z (since f; and fg, are elements of
7). This solves part (d) of the exercise.

6 EXERCISE 6: NON-UNIQUE FACTORIZATION IN Z [\/—3]

6.1 PROBLEM

We let /=3 denote the complex number v/3i.

Let Z [\/—_3] be the set of all complex numbers of the form a 4+ by/—3 with a,b € Z.
These complex numbers are called the 3-Gaussian integers.

It is easy to see that the set Z [\/—_3] is closed under addition, subtraction and multi-
plication (i.e., that any «, € Z [\/—_3] satisfy a+ (0 € Z [\/—_3] anda— (B €Z [\/—_3] and
af € Z [\/—_3}) (In the terminology of abstract algebra, this is saying that Z [\/—_3} is a
subring of C.)

It is also easy to see that each element of Z [\/—_3] can be written as a + by/—3 for a
unique pair (a,b) of integers.

(a) Prove that each 3-Gaussian integer « satisfies N (o) € N and N (a) # 2 mod 3.
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(Recall that N (a) is defined for every complex number «, and thus for every 3-Gaussian
integer «, since 3-Gaussian integers are complex numbers.)

Given two elements o and [ of 7Z [\/—_3}, we say that « | § in Z [\/—_3} if and only if
there exists some v € Z [\/—_3] such that 8 = a7. Thus, we have defined divisibility in
Z [\/—_3] Basic properties of divisibility of integers (such as Proposition 2.2.4) still apply
to divisibility in Z [v/=3] (with the same proofs).

If o € Z [\/—_3], then a 3-Gaussian divisor of o shall mean a 3 € Z [\/—_3} such that
B |lainZ [\/—_3}

We define the notions of “inverse”, “unit” and “unit-equivalent” for 3-Gaussian integers
as we did for Gaussian integers.

A nonzero 3-Gaussian integer m that is not a unit is called a 3-Gaussian prime if each
3-Gaussian divisor of 7 is either a unit or unit-equivalent to 7.

(b) List all the 3-Gaussian integers having norms < 4.

(c) List all units in Z [v/=3].
(d) Prove that 2, 1+ +/—3 and 1 — y/—3 are 3-Gaussian primes.

(e) Prove that 2-2 = (1++/=3) - (1 —+/=3).

(f) Define two 3-Gaussian integers a and 3 by a = 2 and = 1+ +/—3. Prove that there
exist no 3-Gaussian integers v and p such that « = v + p and N (p) < N (5).

[Hint: Your list in part (b) should contain 5 entries. Your list in part (c) should contain
2 entries: Unlike the ring Z [i] with its 4 units, the ring Z [\/—3} has only 2 units.
For (d), discuss the norm of any possible 3-Gaussian divisor.|

6.2 REMARK

Parts (d) and (e) of this exercise show that unique factorization into primes is not auto-
matically preserved when we extend a number system. Neither is division with remainder,
as part (f) illustrates (though we already have seen the geometric reason for this in class).
(Neither is the existence of a well-behaved greatest common divisor.)

6.3 SOLUTION SKETCH

(a) Let a be a 3-Gaussian integer. Thus, a = a+bv/—3 for some a, b € Z (by the definition of
a 3-Gaussian integer). Consider these a and b. We have a = a+b+v/—3 = a+bv/3i = (a, b\/§)
=3
(regarded as a complex number). Hence, the definition of the norm of a complex number
2
yields N (a) = a® + <b\/§) = a® + 30? € N (since a? and b* are squares of integers and

2
=3b
therefore belong to N). It remains to prove that N (a) Z 2 mod 3.

Corollary 2.6.9 (a) in the class notes (applied to u = a and n = 3) shows that a%3 €
{0,1,...,3—1} and a%3 = a mod 3. Thus, a%3 € {0,1,...,3—1} = {0, 1,2}, so that
a%3 is either 0 or 1 or 2. Thus, we are in one of the following three cases:

Case 1: We have a%3 = 0.

Case 2: We have a%3 = 1.

Case 3: We have a%3 = 2.
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Let us first consider Case 3. In this case, we have a%3 = 2. But we Can take the
congruence a%3 = a mod 3 to the 2-nd power thus we obtal (a%3)* = a? mod 3. In
view of a%3 = 2, this rewrltes as 22 = a®> mod 3. Hence, a® = 2 = 4 mod 3. Now,
N (a) =a?®+ ébj/ =a?>=4%#2 mod 3. Thus, our claim N (a) # 2 mod 3 is proven in

=0 mod 3
Case 3.

Similarly, this claim can be proven in Case 1 and in Case 2. Thus, the claim is proven
in all cases. This completes the solution of part (a) of this exercise.

(b) We claim that:

e The only 3-Gaussian integer having norm 0 is 0.
e The only 3-Gaussian integers having norm 1 are 1 and —1.
e There are no 3-Gaussian integers having norm 2.

e The only 3-Gaussian integers having norm 3 are /—3 and —+/—3.

More generally: If N is a nonnegative integer, then we can find all 3-Gaussian inte-
gers « having norm N by a straightforward exhaustive check of all possible cases. In-
deed, if « is a 3-Gaussian integer having norm N, then we can write o in the form
a = a + by/=3 for some a,b € Z (since « is a 3-Gaussian integer), and then we have
N = N () = a® + 3b* (as we have seen in the solution to part (a) of this exercise); but this
entails that both integers a and b lie between —v/N and v'N (since N = a® 4 3 \bi/ > g2

>0
_ 2 2 2 _ 2 2 2 : : il
and N = NP +3b° > 3b° =2 \b/ +b* > b*), and this leaves only finitely many possibili-

>0 >0
ties for a and b, which can all be directly checked. Thus our above four claims can be proven.

(c) We claim that the units in Z [v/=3] are 1 and —1.

| Proof. 1t is clear that 1 and —1 are units in Z [\/—3] (since each of the numbers 1 and
—1 is its own inverse, and thus has an inverse in Z [\/—_3], which means that it is a unit
in Z [\/—_3}) Thus, it remains to show that there are no other units. In other words, it
remains to show that each unit in Z [\/—_3} is either 1 or —1. In other words, it remains to
show that if « is a unit in Z [\/—_3}, then a =1 or a = —1.

So let o be a unit in Z [\/—_3] We must show that « =1 or « = —1.

We know that « is a unit in Z [\/—_3] In other words, a has an inverse in Z [m
Consider this inverse a~! € Z [\/—_3} Thus, o~ ! is a 3-Gaussian integer.

Part (a) of this exercise yields N («) € N. The same argument (applied to o' instead
of a) yields N (a™1) € N (since a™! is a 3-Gaussian integer).

But aa™ = 1 and thus N(aa™) = N(1) = 12 = 1, so that 1 = N(aa™!) =
N (a) - N(a™!). This leads to N (a) | 1 (since N (a~!) € N). Therefore, N (a) = 1 (since
N (a) € N). In other words, « is a 3-Gaussian integer having norm 1. Since we already
know (from our solution to part (b) of this exercise) that the only 3-Gaussian integers hav-
ing norm 1 are 1 and —1, we thus conclude that « is either 1 or —1 E] In other words,

6Here is a simpler way of proving this: We know that « is a 3-Gaussian integer. Thus, o = a+by/—3 for some
a,b € Z (by the definition of a 3-Gaussian integer). Consider these a and b. We have N («) = a®+3b? (as
we have already shown when solving part (a) of this exercise), so that a?+3b? = N (a) = 1. If the integer
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a =1 or @« = —1. This completes our proof.|

(d) Let us first prove that 2 is a 3-Gaussian prime:
Claim 1: The 3-Gaussian integer 2 is a 3-Gaussian prime.

[Proof of Claim 1: Indeed, 2 is clearly a nonzero 3-Gaussian integer that is not a unitﬂ.
Thus, in order to prove Claim 1, we only need to check that each 3-Gaussian divisor of 2 is
either a unit or unit-equivalent to 2.

So let us prove this. Let 0 be a 3-Gaussian divisor of 2. We must prove that ¢ is either
a unit or unit-equivalent to 2.

We have seen (in the solution to part (c) of this exercise) that the only 3-Gaussian
integers having norm 1 are 1 and —1. Thus, all 3-Gaussian integers having norm 1 are units
(since 1 and —1 are units).

We know that ¢§ is a 3-Gaussian divisor of 2. In other words, there exists a 3-Gaussian
integer 7 such that 2 = 0. Consider this v. From 2 = v, we obtain N (2) = N (§vy) =
N (8) - N(v), so that N (6) - N (y) = N (2) = 22 = 4.

Part (a) of this exercise (applied to o = §) yields N (§) € N and N (6) # 2 mod 3. The
same argument (applied to 7 instead of 0) yields N (y) € N and N (y) # 2 mod 3. Now,
the equality N (4) - N () = 4 leads to N (d) | 4 (since N () € N). Thus, N (§) must be 1, 2
or 4 (since the only divisors of 4 in N are 1, 2 and 4). Since N (0) # 2 (because N (§) # 2
mod 3), the second of these three possibilities is ruled out; thus, N (6) must be 1 or 4. So
we must be in one of the following two cases:

Case 1: We have N (0) = 1.

Case 2: We have N (0) = 4.

Let us first consider Case 1. In this case, we have N (§) = 1. In other words, § has norm
1. Hence, 0 is a unit (since all 3-Gaussian integers having norm 1 are units). Thus, our
claim (that § is either a unit or unit-equivalent to 2) is proven in Case 1.

Let us now consider Case 2. In this case, we have N (§) = 4. Comparing N (0)-N (y) =4
with w N (y) =4-N(v), we obtain 4 - N (v) = 4, so that N () = 1. Thus, v has norm

=4
1, and therefore 7 is a unit (since all 3-Gaussian integers having norm 1 are units). Hence,
2 is unit-equivalent to 0 (since 2 = éy = 7J). In other words, ¢ is unit-equivalent to 2
(since unit-equivalence is an equivalence relation). Thus, our claim (that § is either a unit
or unit-equivalent to 2) is proven in Case 2.

We have now proven (in both Cases 1 and 2) that § is either a unit or unit-equivalent
to 2. As we know, this completes the proof of Claim 1.]

Thus, we have proven that 2 is a 3-Gaussian prime. The same argument can be used to
show that 14 +/—3 and 1 — /=3 are 3-Gaussian primes (since both 1+ V=3 and 1 —+/-3
have norm 4). Thus, part (d) of the exercise is solved.

b was nonzero, then its square b> would be > 1 (since the square of a nonzero integer is always > 1),
and thus we would have a? +3 b> >0+3-1= 3> 1, which would contradict a® + 3b% = 1. Hence, b
~— ~—
>0 >1
cannot be nonzero. In other words, b = 0. Hence a? + 3b% = a® + 3 - 0% = a2, so that a®> = a® + 3b%> = 1.
Thus, a is either 1 or —1. But @ =a+ _b +/—3 = a. Thus, « is either 1 or —1 (since a is either 1 or
=0
—1).
"Indeed, in part (c) of this exercise, we have seen what the units are; 2 is clearly none of them.
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(e) This is a straightforward computation.

(f) Assume the contrary. Thus, there exist 3-Gaussian integers v and p such that
a =76+ pand N(p) < N(8). Consider these v and p. Solving the equation a = v3 + p

—r (since 8 # 0).

A straightforward computation reveals that N () = 4. Hence, N (p) < N () = 4. Thus,
p is a 3-Gaussian integer having norm < 4. But in part (b) of this exercise, we have found
all such 3-Gaussian integers; namely, they are 0, 1, —1, v/—3 and —v/—3. Thus, p must be
one of the numbers 0, 1, —1, /—3 and —+/—3. This gives five possible cases to check. In
each of these five cases, we can compute v from v = a-r We thus obtain the following

8

a
for v, we obtain v =

table of values of ~:

p 0 1 ~1 V=3 —V/=3

—1
AL -ia| b

N =
N | —
I
I

(We have used the standard strategy of rationalizing denominators in order to compute these
values of 7.) This table makes it clear that (in each of the five cases) v can be written in the
form v = a+by/—3 with some numbers a, b € Q that are not both integers. But we also know
that v can be written in the form y = a+ by/—3 with some a, b € Z (because v € Z [\/=3]).
Thus, there are (at least) two different ways to write 7 in the form v = a + by/—3 with
some numbers a,b € Q Ff] But this is impossible, since each element z of C can be
uniquely written as z = a + by/—3 with a,b € R (namely, a = Rez and b = Im z//3).
This contradiction shows that our assumption was false. Hence, part (f) of the exercise is
solved.
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