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1 EXERCISE 1: THE CHINESE REMAINDER THEOREM FOR. k
MODULI

1.1 PROBLEM

Let my, mo, ..., mi be k mutually coprime integers. Let ay,as,...,ar € Z.
Prove the following;:

(a) There exists an integer x such that

(x =a; mod my for all i € {1,2,...,k}).

(b) If z1 and x5 are two such integers z, then 1 = x5 mod mymy - - - my.

[Note: This is stated without proof in the lecture notes; you cannot just cite that
statement. |

1.2 SOLUTION

See the class notes, where this is Theorem 2.12.4. (The numbering may shift; it is one of
the theorems in the “The Chinese remainder theorem (elementary form)” section.)



http://www.cip.ifi.lmu.de/~grinberg/t/19s/notes.pdf

Solutions to homework set #3 page 2 of E]

2 EXERCISE 2: MORE PRODUCTS OF GCDS

2.1 PROBLEM
Let a, b, c be three integers.
(a) Prove that ged (a,b) ged (a, ¢) = ged (ag, be), where g = ged (a, b, ¢).

(b) Assume that b L c¢. Prove that ged (a,b) ged (a, ¢) = ged (a, be).

2.2 SOLUTION

See the class notes, where this is Exercise 2.10.11. (The numbering may shift; it is one of
the exercises in the “Coprime integers” section.)

3 EXERCISE 3: GCDS AND ROOTS

3.1 PROBLEM
Prove the following:
(a) If two integers a and b are not both zero, and if g = ged (a,b), then a/g L b/g.
(b) If a and b are two integers, then ged (a¥, b*) = ged (a, b)* for each k € N.
(c) If r € Q, then there exist two coprime integers a and b satisfying r = a/b.
(d) If a positive integer u is not a perfect squareﬂ then /u is irrational.
(e) If u and v are two positive integers, then \/u + /v is irrational, unless both u and v

are perfect squares.

3.2 SOLUTION

See the class notes, where this is Exercises 2.10.12, 2.10.13, 2.10.14 and 2.10.15. (The
numbering may shift; all four of these exercises are in the “Coprime integers” section.)

4 EXERCISE 4: BASIC BINOMIAL CONGRUENCES

4.1 PROBLEM
Let p be a prime. Let k € {0,1,...,p — 1}. Prove the following:

(a) We have k! L p.

LA perfect square means a square of an integer.
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v

(b) If u and v are two integers such that u = v mod p, then <Z) = (k:

) mod p.
(c) We have (p; 1) = (—=1)" mod p.
4.2 SOLUTION

This is proven in [Grinbel8, Section 5|. (Specifically, part (a) is |Grinbel8, Lemma 5.2];
part (b) is [Grinbel8| Proposition 5.5]; part (c) is [Grinbel8), Proposition 3.1].)

5 EXERCISE 5: ¢ (n) IS EVEN

5.1 PROBLEM

Let n € N satisfy n > 2. Recall that ¢ denotes the Euler totient function. Prove that ¢ (n)
is even.

[Hint: Is there a way to pair up the numbers i € {1,2,...,n} coprime to n?|

5.2 SOLUTION

See the class notes, where this is Exercise 2.14.4. (The numbering may shift; the exercise is
in the “Euler’s totient function (¢-function)” section.)

6 EXERCISE 6: ¢ (p")

6.1 PROBLEM

Let p be a prime. Let k be a positive integer. Prove that ¢ (p¥) = (p — 1) p*~L.

6.2 SOLUTION

See the class notes, where this is Exercise 2.14.1. (The numbering may shift; the exercise is
in the “Euler’s totient function (¢-function)” section.)
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