UNIVERSITY OF MINNESOTA, SCHOOL OF MATHEMATICS

Math 4281: Introduction to Modern Algebra,
Spring 2019: Homework 3

Darij Grinberg
May 15, 2019

due date: Wednesday, 20 February 2019 at the beginning of class,

or before that by email or canvas.
Please solve at most 3 of the 6 exercises!

1 EXERCISE 1: THE CHINESE REMAINDER THEOREM FOR k
MODULI

1.1 PROBLEM

Let mq, mo, ..., mi be k mutually coprime integers. Let ay,as,...,ar € Z.
Prove the following:

(a) There exists an integer  such that
(r=a; modm;  forallie{1,2,...,k}).
(b) If z1 and 5 are two such integers z, then x1 = x5 mod mymy - - - my.

[Note: This is stated without proof in the lecture notes; you cannot just cite that
statement. |
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1.2 SOLUTION
[.]

2 EXERCISE 2: MORE PRODUCTS OF GCDS

2.1 PROBLEM
Let a, b, c be three integers.
(a) Prove that ged (a,b) ged (a, ¢) = ged (ag, be), where g = ged (a, b, ¢).
(b) Assume that b L ¢. Prove that ged (a,b) ged (a, ¢) = ged (a, be).

2.2 SOLUTION
[.]

3 EXERCISE 3: GCDS AND ROOTS

3.1 PROBLEM
Prove the following:
(a) If two integers a and b are not both zero, and if g = ged (a,b), then a/g L b/g.
(b) If a and b are two integers, then ged (a¥, b*) = ged (a, b)* for each k € N.
(c) If r € Q, then there exist two coprime integers a and b satisfying r = a/b.
(d) If a positive integer u is not a perfect squareE], then /u is irrational.
(e) If u and v are two positive integers, then \/u + /v is irrational, unless both u and v

are perfect squares.

3.2 SOLUTION

LA perfect square means a square of an integer.
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4 EXERCISE 4: BASIC BINOMIAL CONGRUENCES

4.1 PROBLEM
Let p be a prime. Let k € {0,1,...,p — 1}. Prove the following:

(a) We have k! L p.

(b) If u and v are two integers such that u = v mod p, then (Z) = (Z) mod p.

(c) We have (p; 1) = (=1)* mod p.

4.2 SOLUTION
[...]

5 EXERCISE 5: ¢ (n) IS EVEN

5.1 PROBLEM

Let n € N satisfy n > 2. Recall that ¢ denotes the Euler totient function. Prove that ¢ (n)
is even.
[Hint: Is there a way to pair up the numbers i € {1,2,...,n} coprime to n?|

5.2 SOLUTION

6 EXERCISE 6: ¢ (p")

6.1 PROBLEM

Let p be a prime. Let k be a positive integer. Prove that ¢ (pk) =(p—1)p1L

6.2 SOLUTION
[.]
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