UNIVERSITY OF MINNESOTA, SCHOOL OF MATHEMATICS

Math 4281: Introduction to Modern Algebra,
Spring 2019: Homework 1

Darij Grinberg
May 15, 2019

due date: Friday, 8 February 2019 at the beginning of class,

or before that by email or canvas.
Please solve at most 4 of the 6 exercises!

1 EXERCISE 1: MUTUAL DIVISIBILITY IS RARE

1.1 PROBLEM

Let a and b be two integers such that a | b and b | a. Prove that |a| = |b|.

1.2 SOLUTION
[.]

2 EXERCISE 2: CONGRUENCE MEANS EQUAL REMAINDERS

2.1 PROBLEM

Let n be a positive integer. Let v and v be two integers. Prove that « = v mod n if and
only if u%n = v%n.
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2.2 SOLUTION
[.]

3 EXERCISE 3: EVEN AND ODD

3.1 PROBLEM
Let u be an integer.
(a) Prove that u is even if and only if u%2 = 0.
(b) Prove that w is odd if and only if u%2 = 1.
(c) Prove that u is even if and only if u =0 mod 2.
(d) Prove that u is odd if and only if u =1 mod 2.
(e) Prove that u is odd if and only if u + 1 is even.
(f) Prove that exactly one of the two numbers v and u + 1 is even.
(g) Prove that u(u+1) =0 mod 2.

(h) Prove that u?> = —u =« mod 2.

3.2 SOLUTION
[.]

4 EXERCISE 4: FACTORIALS 102

4.1 PROBLEM

(a) Prove that

.20 ... (2n)!
- (2n) —9n. J:ll ((20 — 1)1 for each n € N.
(b) Prove that
§ (— N [ ——— f h .
> T TD 2 or ecachn e N
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4.2 SOLUTION
[.]

5 EXERCISE 5: BINOMIAL COEFFICIENTS 102

5.1 PROBLEM

n 1 (Y

Prove that

for all a € N and all positive integers b.

5.2 SOLUTION
]

6 EXERCISE 6: BINOMIAL COEFFICIENTS AND COPRIMALITY

6.1 PROBLEM

It is well-known (see, e.g., |Grinbel9, Proposition 3.20]) that (Z) € Z for all n € Z and

k € N. (This is not at all clear from the definition of (Z), it is saying that the product of

any k consecutive integers is divisible by k!. The case of k = 2 is the statement of Exercise 3
(g).) Thus, we can study the divisibility of binomial coefficients by various integers. There
are hundreds of theorems about this; this exercise is about one of them.

Let a and b be two coprime positive integers.

b b—1 b b b—1
(a) Prove that ooy (e and R I :
a+b\ a a—1 a+b\ a b—1
(b) Prove that if h € Q satisfies ah € Z and bh € Z, then h € Z. (This is where the
coprimality of @ and b comes into play.)

a

b
(c) Prove that a +b | (a+ )

(d) Find a counterexample to the claim of part (c) if a and b are allowed to not be coprime.

6.2 SOLUTION
]
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