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Math 5707 Spring 2017 (Darij Grinberg): homework set 1

See the lecture notes for relevant material. If you reference results from the
lecture notes, please mention the date and time of the version of the notes you are
using (as the numbering changes during updates).

Proofs need to be provided unless explicitly not required. An answer without
proof is usually worth at most a little part of the score. Proofs should be writ-
ten with the amount of rigor typical for advanced mathematics; it is OK to use
metaphor and visualization, but the actual logical argument behind it should al-
ways be clear. Details can be omitted when they are easy to fill in, not when they
are hard to properly explain. (In case of doubt, err on the side of more details
and more rigor. See various books referenced in the notes, e.g., the Bondy/Murty
book from 2008, or the Lehman/Leighton/Meyer notes, for examples of written-up
proofs in graph theory.)

Exercise 1. Let G be a simple graph. A triangle in G means a set {a, b, c} of
three distinct vertices a, b and c of G such that ab, bc and ca are edges of G. An
anti-triangle in G means a set {a, b, c} of three distinct vertices a, b and c of G
such that none of ab, bc and ca is an edge of G. A triangle-or-anti-triangle in G is
a set that is either a triangle or an anti-triangle. (Of the three words I have just
introduced, only “triangle” is standard.)

(a) Assume that |V (G)| ≥ 6. Prove that G has at least two triangle-or-anti-
triangles. (For comparison: We proved in our first lecture that G has at least one
triangle-or-anti-triangle.)

(b) Assume that |V (G)| = m + 6 for some m ∈ N. Prove that G has at least
m + 1 triangle-or-anti-triangles.

Exercise 2. Let G be a simple graph. Let n = |V (G)| be the number of vertices of
G. Assume that |E (G)| < n (n− 2) /4. (In other words, assume that G has less
than n (n− 2) /4 edges.) Prove that there exist three distinct vertices a, b and c
of G such that none of ab, bc and ca are edges of G.

Exercise 3. Let G be a simple graph. Let w be a path in G. Prove that the edges
of w are distinct. (This may look obvious when you can point to a picture; but
we ask you to give a rigorous proof!)

Exercise 4. Let n ∈ N. What is the smallest possible size of a dominating set of
the cycle graph C3n ?

Definition 0.1. Let A be a logical statement. Then, an element [A] ∈ {0, 1} is

defined as follows: We set [A] =
{

1, if A is true;
0, if A is false

. This element [A] is called

the truth value of A. (For example, [1 + 1 = 2] = 1 and [1 + 1 = 3] = 0.) The
notation [A] for the truth value of A is known as the Iverson bracket notation.

http://www.cip.ifi.lmu.de/~grinberg/t/17s/nogra.pdf
https://www.classes.cs.uchicago.edu/archive/2016/spring/27500-1/hw3.pdf
https://www.classes.cs.uchicago.edu/archive/2016/spring/27500-1/hw3.pdf
https://courses.csail.mit.edu/6.042/spring18/mcs.pdf
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Truth values satisfy certain simple rules:

Proposition 0.2. (a) If A and B are two equivalent logical statements, then [A] =
[B].

(b) If A is any logical statement, then [not A] = 1− [A].
(c) If A and B are two logical statements, then [A∧ B] = [A] [B].
(d) If A and B are two logical statements, then [A∨ B] = [A] + [B]− [A] [B].

Proposition 0.3. Let P be a finite set. Let Q be a subset of P.
(a) Then, |Q| = ∑

p∈P
[p ∈ Q].

(b) For each p ∈ P, let ap be a number (for example, a real number). Then,
∑

p∈P
[p ∈ Q] ap = ∑

p∈Q
ap.

(c) For each p ∈ P, let ap be a number (for example, a real number). Let q ∈ P.
Then, ∑

p∈P
[p = q] ap = aq.

Exercise 5. (a) Prove Proposition 0.2. (It is okay to be brief here, just saying
that the proof is straightforward in each of the possible cases; but you should
correctly identify the cases.)

(b) Prove Proposition 0.3.
Now, let G be a simple graph.
(c) Prove that deg v = ∑

u∈V(G)
[uv ∈ E (G)] for each vertex v of G.

(d) Prove that 2 |E (G)| = ∑
u∈V(G)

∑
v∈V(G)

[uv ∈ E (G)].

Exercise 6. Let k be a positive integer. Let G be a graph. A subset U of V (G) will
be called k-path-dominating if for every v ∈ V (G), there exists a path of length
≤ k from v to some element of U.

Prove that the number of all k-path-dominating subsets of V (G) is odd.

Exercise 7. Let G be a simple graph with V (G) 6= ∅. Show that the following
two statements are equivalent:

• Statement 1: The graph G is connected.

• Statement 2: For every two nonempty subsets A and B of V (G) satisfying
A ∩ B = ∅ and A ∪ B = V (G), there exist a ∈ A and b ∈ B such that ab ∈
E (G). (In other words: Whenever we subdivide the vertex set V (G) of G
into two nonempty subsets, there will be at least one edge of G connecting
a vertex in one subset to a vertex in another.)
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Exercise 8. Let V be a nonempty finite set. Let G and H be two simple graphs
such that V (G) = V (H) = V. Assume that for each u ∈ V and v ∈ V, there
exists a path from u to v in G or a path from u to v in H. Prove that at least one
of the graphs G and H is connected.

Exercise 9. Let G = (V, E) be a simple graph. The complement graph G of G is
defined to be the simple graph (V,P2 (V) \ E). (Thus, two distinct vertices u and
v in V are adjacent in G if and only if they are not adjacent in G.)

Prove that at least one of the following two statements holds:

• Statement 1: For each u ∈ V and v ∈ V, there exists a path from u to v in G
of length ≤ 3.

• Statement 2: For each u ∈ V and v ∈ V, there exists a path from u to v in G
of length ≤ 2.


