
UMTYMP Advanced Topics Dr. Lynn

Plan For today
( just For today )

-

c- Books !
I

. Cartesian products + relations

2. equivalence relations

BREAK

3. equivalence classes + partitions

4. induction l iftime )

For each topic ,
I 'll give a brief introduction

,

then you'll work through examples in groups



§l : Cartesian products and relations
-

Suppose we have two sets
,
X and Y

.

EI X={ 0,1 } 4={1,2/3,4}

We define the Cartesian product of X and Y
to be the set of ordered pairs ( x. y ) where XEX
and yeY .

We denote this set by XXY
.

So
,

X×Y={ ( x. y ) I XTX
, yell }

EI X×Yt{ ( 0,1 ) ,
( 0,21

,
( 0,3 ) ,

( 0,4 )
,

( 1,1 )
,
11,2)

, 11,3 ) , 11,4 ) }



Question Have you seen this anywhere before ?

E± 1122=112×112 = { ( a ,
b) / Ae IR

,
be IR }



Things to pay attention to :
11,21+11×4

,
FYXX

• order matters - 11×4=14×11 if X and Y
are different sets

• X and Y Could be anysetsthey could
be completely unrelated

,
or they could be

the same set
.

• order ready matters - XXIYXZ ) # 1 Xx 4) xz

( X , ,
( y , it , ) ) ( ( × , , y ,

)
,
z , )

bisection 1 later )



In Mathematics
,

we often want to talk about how two

objects are related to each other

EI • a number a equals a numberb.
a number a is less than a number b

• an integer a is a divisor of

an
integer b

• a line L
,
is parallel to a line Lz

• a line L ,
is a graph of a linear Function

• a Function F is an anti derivative of a Function F



Cartesian products give vs a way to make this idea

rigorous :

A relation between sets X and Y is a subset of
XXY .

EI • a number a equals a number b IR

R = { ( a
,
a ) I ae IR } c 112×112

. a number a is less than a number b

R={ ( a , b) 1 a < b } c 112×112

• an integer a is a divisor of

an
integer b

R={ 1 a , b) / b = ha for some integer n }
• a line L

,
is parallel to a line Lz

R={ ( Li
,
Lz ) 1 same slope } or dot product , cross pr .

• a line L ,
is a graph of a linear Function

• a Function F is an anti derivative of a Function F



Thinking about relations this way is cumbersome
and not very enlightening -

so we usually don't
. ×~y

We typically use notation like xRy if ( X. y ) ER

,c××4
Ex . a number a equals a number b

a = b.a number a is less than a number b

a < b

• an integer a is a divisor of

an
integer b

a / b

• a line L
,
is parallel to a line Lz

L , HLZ



§2:Egvivalencerelati=

One of the most common types of relations in
mathematics is defining what it means For two

objects to be "
the same

"

.

EI • a number a equals a number b

• a triangle A is congruent to a triangle B

. a Function F equals a Function g

1 & less obvious examples ,
in group work )



Determining when two objects are the same

motivates the definition of an equivalence relation :

A relation ~ on a set X is an equivalence
relation if :

• it is reflexive
,

× ~ × For all XEX

. it is symmetric ,

IF X~y ,
then y~×

. and it is transitive
.

IF ×~y and y~z ,
then ×~z

EI • a number a equals a number b



53_Egvivaenecaesandpa_t.tn

Once we have defined an equivalence relation
,

we want to think about equivalent objects
as a single unit

,
called an equivalence class :

Suppose ~ is an equivalence relation on a set X
.

For an element XEX
,
the equivalence class of X

is E×={ ye X I x~y }
( the set of elements equivalent to × )

t# Let X=Z
, X~y if × and y have the same

remainder when divided by 3 .

Eo = { . . . ,
0,3

,
6

,
9

,
... } = Ez =E6= Eg

E
,

= { . . . ,

1
, 4,7 ,

10
, ... } = Ey

Ez =
{

. .

,
2

, 5,8
,
11

, ... }



E± Let X=R
, ×~y if × and y have the same

remainder when divided by 3 .

Eo = { . . .

,
-3,0 ,

3
,
6,9 , ... } = Ez = Eu . . .

E
,

= { . . .

,
-2

,
I
, 4,7 , 10 , ... }

Ez=
{

. .

,
-1,2

,
5,8 ,

11
,

... }

So our relation
"

partitions
"

the set 12 into three

disjoint subsets .

Note . different equivalence classes are disjoint .

IF Ext Ey ,
then Exney = 0

° Every element in X is in an equivalence class .

xt Ex



A partition of a set X is a collection P of

nonempty subsets of X st
.

°

every element × is in some AEP

• For any A. BEP ,
either A=B or An 13=0

1 every element is in exactly one subset )

E±X={1,2 , 3,4 } Which are partitions ?

• { { 1 } ,
{ 23

,
{ 3 }

,
{ 4 } } ✓$1,2, 3,43 } ×

. { { }
,
{ 1,2}

,
{ 3,4 } } ×

. { { 1 }
,
{ 2. 3,4 } } ✓

• { { I }
,
{ 1,23

,
{ 3 } } ×



thm Consider a set X
.

1) IF ~ is an equivalence relation on X
,

the equivalence classes Form a partition
of X .

2) IF P is a partition of X
,
the relation

×~y ←→ x. y are in the same set in P

is an equivalence relation
.

IF group work !



New groups !

you can't be in the same group as

anyone you were just in a group with .

start by comparing grids



ssllilhduction

Claim n ! > 2
"

For n >, 4

IF IF n=4
,

n !=4!=24 > 16--24=2 "

,
so true .

Assume n ! > Zn
,

want to show ( nil ) ! > 2
" "

( nil ) !=( ni - 1) n !

> ( ht 1) 2
" ( by assumption )

> 2. zn ( since n > 4)

= zntl

( htl ) ! > znti
:

n !
.

> zn



Basicstructoreto
show Pln ) is true For all he IN

,

• show P ( 1 ) is true

• assume

Pln
) is true

,
show

Pln
+1) is true .

Things to watch For :

• make sure your base case is clear

1=1 ✓ ( not good)

• don't start with what you're trying to prove !



Strongman
To show Pln ) is true For all he IN

,

• show P ( I ) is true

• assume Plk ) is true For all k< n
,
show Pln )

is true

( examples in group work )



HWEGUNClasses + Partitions # 4

Induction # 2,3 ,
4 )

a. part 2 : Hint : IF EXNEYF 0 ,
show E×=Ey

assets


