UMTYMP Advanced Topics . Dr. Lynn
Plan for todoy (s o oy
|. Covtesian products + ve\o\-iong_\ Books!
2. eguivalence velations
BREMK
3. eguivalence classes + povhitions
4. induction (iF time)

for each topic, I'll give a brief introduction,
Hen you'l wore thvsugh examples in ayoups



3\ : Cortesion produtts and yelations

Suppose we have +wo sers, X and M.

B X=20,1f  4=21,23,4%
We defire the Covtesian product of X and M
o be the set of ordered poirs (x.y) Where xeX
ond yeY. We denote this ser by~ KxY.
So, XxY=30(x,u) | xe¥X, yeU3

Ex  Xx4=3(0,1),(0,2),(0,3),(0,4),

(L), 1G2), (43, (,4) 5



Question Hove UoL seen this anywheve befove ?
Bx R=RxR=%(ab) | ae®R, beR]



Things o pay oftenfion to: (21X, 47X

« ovdey matters - XxY#£YxX if X and M
ove diffevent sets

* X ond M could be any sef; they could
be completely unrelaked; or they could e
The sowme set.
»order yeally mokkers = Xx(4x2)+ (Xx4)x2
(*n 3 (‘5\3‘“ ((*'MA)‘\\
bijeckion (loker)



In mathematics, we often woant 4o talk abbout how two
dojects ave related to eadn other

Ex *a nmbey o eguals & Wwoer b
“a wmboer & 1S less than a nomber b
"0n integer o is a divisor of an integer b
0 line L, is povalel to a line L,
‘0 line L, iso gyoph of o linear Fonction
'a function F is an ontideywotive of o Fonction €



Cortedon Producis gjve vs & way fo make this idea
rigorans:

Q w\r‘e\amovx between sets X and Y is o vbsetr of
XM.

Ex -anumber 0 eguals o uwboer b &
R=%(0,0) |aeRIcRxR
*a wmboer @ s less than a nomber b
R=%(a,0) | acb? e xR
*0n integer & (s o divisor of an integer b
R=310,9) | b=na for some integer nY
o line L, is povolel to a line L,

R‘-‘?(L.,Lz\\ sSame s\opeﬁ ov dot produck cvess pr:



Thinkin ng aloout relahons This woy is combersome.
and net very enlightening —

So we usually don't. Yy
We typically use notation i ¥Ry if (xy)eR & X
EX -a number 0 eguals a nwwmber b
a=vo
"a wmoer & 1S \ess than a nomber b
a<b
*0n integer & 1S o dlivisor of an infeger b
alb
0 line L, is povallel to o line L,
Lol Lo



82.: Eguivalence relofions

One of the most common tupes of re\ah%\? W
mathemahics is de(—inmg whot \\' means
objedts to be "the som
EX °anumber 0 equals & nwowmber b
-a tviangle A is congwent to a fviangle B
-a fonction £ eguals o foncrion g

(+ less obvious examples, in oyoup Worl)



Determining when two objedts ave the same
motivates “the deSinition aF an eguivalence velation:

A relation ~ on o set X is an eopivalence
relation if:

* it is reflexive,

X~ for all xeX

“iF IS symmefric,

\E Xvy, then y~x

‘and it is transitive.

1€ x~vy and y~z, then x~z
Ex *anumber 0 equals & nomber b



32 Eouivalence clases and pavtifions

Once we have defined an egpivolence relofion,
We want to think oloout egquivalent ooeds
Gs o single vwit, colled an ‘eopivalence “class:

Soppose A~ 1S on eguwalence relation on o ser X.
For ‘an element XeX, the equivalence class of X
s

Ex =?3e§( \x'\agﬁ
(the set of elements eguivalent to %)

Ex Ler X=Z, X~y if X QM’\S}‘ have the same
remainder When dlivided by 3

Eo=3.,0:3,,,0,.. | =E3-E,=E,
Et =§--~, ‘)"'\;?,\0).,.‘ =Eq
EL: §"')2' S-/ g, \ ’7\



Ex Ler X=Z, Xy if X o«\d\%{\ have the same
remoinder When dlivided by 3.

E°=§...’-3,0’ S,b’q)".i = ES:EE
E=3-.-2,,4,%,10,..
E.=1.,-L2,5:8,1,..3

So our velation “powfifions” the ser Z into Havee
disioinT Sobsess.

Note - different equivalence closses ave disjomnt.
\€ Ex* E\:), then E,J\E:’" ¢
* Eveny clement X 1S in an eguivalence closs.
e Ex



A povtition of a set X is o colledi of
novgaew\p% gobgeks of X St on ¥

+ evevy element X i3 i some A€ 1'%
" For ony ABEP, eithe A=B or ANB=¢f
(eveny element is i exacty one subsert)

Ex X=21,2,34T Which ave pavtitions ©
233,123,123, 148 V
312,343 x
113,127, 13,430 X

* ?3.\% , 2‘2:3;""§§ v
3313, 1,23, 3333 X



Thm C(onsider a ser XK.
1) If ~ is an eguivalence velotion on X,
1(;2« nguwa\cy\ce. closses form o pavtition
2) \¢ P is a povtition of X, the relation
XV X,y ave in the same set in P
IS on eppivalence velation.

be QVOUPWOV\L.‘.



New gvoups!

you Can't be i the Some gYavp s
Ohyone Uou weve Jo3k in o ovoup with.

Stavt by compaving gyids



g4: \nduction
Claim n! >2" for nz2d
PE IF n=d, nl=4l=24>1Lb=2=2" < +we.
Assome nl1>2" ) want 1 show  (W+0)! >
(ne) = (net) w!
2 (nr) 2" (\os_») assomption)
272" (since nz4)

n+l\
=2

(V\'\' ‘\ |. 7 2v\+|

n' 22"



Basic structhove.:
To show P(n) is true for all ne N,
- show P(1) s fvwe
« assume Pln) is tre, show Plast) is tvue.

Things o watch for:

*moke sure your bose case is clear
1=l V' (nk oped)

-dowt start with what you're tryjng to prove



Stvong Induction
To show P(n) is true for all ne N,
«show P(1) s e

« assume P isfrue fovall k<n, Show Pn)
is tvwe

(examples in group worl)



W
Equwv Classes + Pavkihavs #U
Ihadvchon #2234 \

a,puk 2: Hink: If ExNEy# ¢, ow Ex=Fy
as sets



