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Why the log and exp series are mutually inverse
Darij Grinberg, May 11, 2018

The purpose of this note is to detail an argument that I have only briefly men-
tioned in class: namely, the (algebraic) proof of the fact that the power series exp
and log (or, more precisely, exp x — 1 and log (1 + x)) are mutually inverse. Along
the way, I will prove a few basic properties of the derivative of formal power series.
A significant part of this note is copy-pasted from [GriReil8, solution to Exercise
1.7.20].

First, let us recall the setting in which we are working.

We let k be a commutative Q-algebra. For example, k can be one of the fields Q,
R and C. (If you are curious: A Q-algebra is a ring whose elements can be divided
by 1,2,3,.... Thus, Z is not a Q-algebra, since 2 cannot be divided by 3 inside Z.)

(In class, I used the notation K for k.)

We consider the ring k [[x]] of formal power series in one indeterminate x over
k. We shall abbreviate the notion “formal power series” by “FPS”.

If f € k[[x]] and g € k[[x]] are two FPSs such that the constant term of g is 0,
then we can define a new FPS f [¢] € k[[x]] by

flgl =) fag",

n>0

where fo, f1, f2,. .. are the coefficients of f (so that f = ) f,x"). The sum ) f,g"
n>0 n>0

is well-defined, because the family (f,8"), < is summable (i.e., for eachi € IN, only
finitely many entries of this family have a nonzero xi-coefficient); this is thanks
to our assumption that the constant term of g is 0. The FPS f [g] is called the
composition of f with g (or the result of substituting g into f). An alternative notation
for f [g] is f 0 g. (Some authors also write f (g) instead of f [g], but this is dangerous
notation, since f () may just as well mean the product of f with g; thus, we shall
stick to the notation f [g].)
We define two FPSs exp € k [[x]] and log € k [[x]] by

1

o
n=0 =1

-1
n _ (_1)n n
X and log = E X

exp =
Here, we are using that k is a Q-algebra. (If we only knew that k is a ring, then we
wouldn’t be able to divide by n! and by 7 in these formulas.)

The FPS log defined above is commonly called log (1 + x) (because it is precisely
the Taylor series of the log (1 + z) function from complex analysis). However, I
will avoid the “log (1 + x)” notation, because it looks like it is a combination of
something called “log” with something called “1 + x”, but I have not introduced
anything called “log”. (In fact, there is no FPS called “log”.)

The FPS log has constant term 0 (because the sum in its definition starts at n = 1).

1
The FPS exp has constant term o = 1; thus, the FPS exp —1 has constant term
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1—1 = 0. Let us denote the FPS exp —1 by exp. Then, both FPSs exp and log have
constant term 0; hence, they can be substituted into one another. We now claim the
following:

I Theorem 0.1. We have exp [@} = x and log [exp] = x.

Theorem is an “algebraic analogue” of the well-known fact from calculus
that the exponential function and the natural logarithm function are each other’s
inverse. It is often used in enumerative combinatorics (for computing generating
functions). We shall give a purely algebraic proof (somewhat similar to the one
given in [Loehrll, Example 7.67]). Other proofs (some combinatorial, some ana-
lytic) can be found in the literature.

The proof of Theorem [0.Tjuses the concept of the derivative of an FPS. This concept
is very simple (a lot simpler than the concept of derivative in analysis, where it re-
quires dealing with the intricacies of convergence and differentiability): The deriva-
tive of an FPS f € k|[[x]] is defined to be the FPS Y. nf,x"~1, where fo, f1, f2, - .-

n>1
are the coefficients of f (so that f = Y} f,x™). This derivative is denoted by f’ or
n>0

d

The following properties of derivatives are easy to check:

- d _d d
Proposition 0.2. (a) We have I (f+8) = Ef +5.8 for any f € k|[[x]] and
g € k[[x]]. ] ;
(b) We have Ix (Af) = Aﬂf for any f € k[[x]] and A € k.

(c) We have % (fg) = (%f) g+f (%g) for any f € k[[x]] and g € k[[x]].

(Keep in mind that f <;_x g) means the product of f with % g, not the compo-

sition of f with % g. The latter would be denoted by f [% g} )

(d) We have c;ix (w") =n (%w) w"~! for any w € k[[x]] and any positive

integer n.

(e) If v € k [[x]] is an FPS that has a multiplicative inverse v !, then 4 (071) =

p dx
-2
¢ (dxv) '

Proposition [0.2] (c) is known as the Leibniz rule.

Proof of Proposition We leave the easy proofs of parts (a) and (b) to the reader.
(c) Let f € k[[x]] and g € k[[«]].
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Let fo, f1, f2,. . . be the coefficients of f; thus,
f=Y fax". (1)

n>0

Hence, the definition of % f yields

d
—f= Yo nfux =Y (n+1) fupx" (2)

n>1 n>0

(here, we have substituted n 4 1 for # in the sum).
Let g0, 81,2, - - - be the coefficients of g; thus,

8= 2 gnx". 3)

n>0

Hence, the definition of di g yields

=) ngnx" =} (n+1)gunx" (4)

n>1 n>0

(here, we have substituted n + 1 for n in the sum).
Multiplying the equalities (2) and (3), we obtain

(dcif>g— (1;0(7&1 Frp1x" > (ngogn )

=) (Z (k+1) fir18n- k) (5)

n>0 \k=0

(by the definition of the product of two FPSs).
Multiplying the equalities (I) and (4), we obtain

f(d ) <,§of” )(,;0 n+1)gn+1X”)

=) <ka (n—k+1)g,- kH) (6)

n>0 0

(by the definition of the product of two FPSs).
Adding the equalities (5) and (6) together, we find

(@) s+ ()

(k + 1)fk+1gnk> Y (ifk (n—k+ 1)3nk+1) X

n>0 \k=0

I
N
Y
s
1= L03=

Il
=
Y4 |
o
-~
T
o

(k+1) frr18nk+ Y fr (”—k+1)8n—k+1> x" )
k=0
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(by the definition of the sum of two FPSs).
Multiplying the equalities (I) and (3), we obtain

fg= (E()fnﬂ> <}§0an”> = nZ>O (kagn k>

(by the definition of the product of two FPSs). Thus, Z fkSo—k Z fkS1—ks Z fxSo—ks---

are the coefficients of the FPS fg. Hence, the def1n1t10n of a der1vat1ve ylelds

dx (fg Z (kagn k) 71' (8)

n>1

But each n € IN satisfies

n (i fkgn—k>
k=0

o fignok =}, (k+ (n k) figni
=kt (n—k) k=0 =kfrgn—k+fr(n—k)gn«

(kfx&n—k + fi (n — k) gu—r)

I
1=

k

Il
o

I
1=

=~
Il
o

n n
= Y kfignx + Y fitn—k) g
fd \: - .,
n n—1
=0fogn—o+ ; kfkgn—rx = ; fe(n—K)gn_k+ fru(n—n)gn—n

—Ofogn 0+Zkfkgn k+ ka n—k)gni+ fu(n—1)gun

-~

=0
(since n—n=0)

Zkfkgn kTt ka n—k)gu_r
k=1

n— n—1
Z (k+1) frr18n—terny + Y fe (n—k) guk
k=0 k=0

(here, we have substituted k + 1 for k in the first sum).
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Thus, (8) becomes

2 (f9)
=2 n (ifkgn—k> x
n>1 k=0

N
-~

n—1 n—1
= g (k+1) frs18n—(k+1) +k§O fi(n=k)gu—x

n-l n—1
- Z Z k+1 fk+1gn (k+1) + ka n— )gn_k> x" 1
k=0

n>1
(n+1)—1 (n+1)—1
= (k+1) fre1 §(n+1)— (k1) T fe((n+1) = k) gnyry— | X"
ngb k;) 18 (1)~ (k+1) k;] i+ 1) = 88m
S—— =8n—k N—— =n—k+1 =&n—k+1
=y =X
k=0 k=0

(here, we have substituted n + 1 for n in the sum)

(Z k+1 fk+1gn kT ka n_k+1)gn k+1>
n>0

k=0 k=0

(@) s+ (&)

(by (7)). This proves Proposition[0.2] (c).
(d) Proposition [0.2] (d) follows easily by induction over n using Proposition

().
(e) Let v € k[[x]] be an FPS that has a multiplicative inverse v~!. The Leibniz

rule (applied to v and v~ 1) yields

Comparing this with 4 (v : v*1> _ 4y 0, we obtain (iv> v} —HJi (071) =
dx \ dx dx dx

=1

0. Solving this equality for % (0™1), we find

d -1 o 1 d -1 _ ) d
Ei; <l7 ) = __E; (;i;27> 0 = —0 (;;;;U .

This proves Proposition [0.2] (e). O
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Next, we notice that

_ 1 1 1
exp= exp —-1=) —x"-1= = 1 +) —x"—1
\,1/ 150 n! 0! \7’1/ n>1 n!
—F L
n=0 1! —I—l
(here, we have split off the addend for n = 0 from the sum)
1 1
=14 ), o —1=) 9)

n>1""" n>1

Hence, the FPS exp has constant term 0. Hence, the FPS log [exp] is well-defined.
Also,
. 1 n—1
log = E Lx”. (10)

n>1 h

Hence, the FPS log has constant term 0. Hence, the FPS exp [@] is well-defined.
For each n > 1, we have

(the constant term of @n> =0 (11)

U

Substituting log for x on both sides of the equality @), we obtain
[ 11—
exp [log] =) alogn.
Hence,

(the constant term of exp [@] )

1—
= (the constant term of Z —'logn>

= n!
1 oa" !
= Z - <the constant term of log ) = Z —0=
n! o
n>1 N ~~ g n=l
=0
(by )

In other words, the FPS exp [@} has constant term 0. A similar argument (with

the roles of exp and log switched) shows that the FPS log [exp] has constant term
0.
Next, we prove some simple lemmas:

1 Proof of : Let n > 1. The FPS log is divisible by x (since it has constant term 0). Hence,
the FPS @n is divisible by x". Thus, the FPS @n is also divisible by x (since x" is di-
visible by x (since n > 1)), and therefore has constant term 0. In other words, we have
(the constant term of @n> = 0. This proves .
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Lemma 0.3. Let u € k[[x]] and v € k[[x]] be two FPSs having the same constant

term. Assume that —u = —v. Then, u = v.

dx dx

Proof of Lemma (0.3} Let ug, uq,u>, ... be the coefficients of the FPS u (so that u =

d
Y upx™). Thus, —u = ¥ nu,x" ! (by the definition of the derivative).
n>0 dx n>1
Let vg,v1,vs,... be the coefficients of the FPS v (so that v = Y v,x"). Thus,

n>0
d . .
—0v =Y nv,x""! (by the definition of the derivative).
dx n>1
Now,
d d
) nu,x" " = U= U= ) no, a1
= x &

Comparing coefficients in front of x"~! on both sides of this equality, we obtain
nu, = noy, for each integer n > 1. (12)

On the other hand, the FPS u has constant term u (since u = Y u,x"), and the
n>0

FPS v has constant term vy (similarly). Thus, the constant terms of u and v are

up and vy, respectively. Therefore, 1y = vj (since the FPSs 1 and v have the same

constant term).

Now, each n € N satisfies u, = v, [ Hence, ¥ u, x" = ¥ v,x". Thus,
n20:5'/ n>0
u= Y ux" =Y, v,x" = v. This proves Lemma O
n>0 n>0
Lemma 0.4. Let w € k [[x]] be an FPS having constant term 0. Then,
d d
2 (oo —(Zw). 1
5 @) = (o) ewlol 13)
and p p )
— (log =(—w) ——. 14
e (08001) = (35%) 17 &

Proof of Lemma Substituting w for x on both sides of the equality (9), we obtain

explw] = Y o,

2Proof. Let n € N. We must prove that u, = v,.
If n = 0, then this follows immediately from 1y = vg. Hence, we WLOG assume that we don’t
have n = 0. Thus, n > 1 (since n € IN). Therefore, yields nu, = nv,. We can multiply both

sides of this equality by % (since k is a Q-algebra), and thus obtain u, = v,, qed.
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Applying the operator % to this equality, we find

i%[w]:i l'w”: l' i(w”) =) l'-n (iw
dx dx = =1 dx =1 dx
d 1
— _ n—1 —
_n<dxw>w (n—1)!

(by Proposition [0.2] (d))

= X () @ = D () w

n>1 n>0

(here, we have substituted n for n — 1 in the sum).
Comparing this with
d [ d 1, 1 /d "
(&e) el = () D= T () @
1

n>0

(since exp= Y, —x™)
n>0

n!
we obtain 4 (exp [w]) = iw -exp [w]. Thi (13)
7y (&XP =5 exp [w]. This proves (13).

Substituting w for x on both sides of the equality (I0), we obtain

log[w] =}

n>1

(_1)71—1

w".

Applying the operator % to this equality, we find

d (_1)11—1 n __ (_1)11—1 d n
%log[W]—ﬁg—n w _;1;1—” : %(w)
2 > —

=n %w w1

(by Proposition [0.2](d))

=i n dx
1/ d d
= (—1)" 1 (—w> w1 = (—-1)" (—w) w"
ng:l dx rg) dx

(here, we have substituted n for n — 1 in the sum).
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Comparing this with

d 1 _ (4 IR (4 "

(@) mw = (@) e =g (G«
S~—— nz nz
:n);()(_l)nwn

. od — d 1 : :
we obtain P <log [w]) = (Ew> Trw This proves . Thus, Lemma |0.4) is
]

proven.

—_

Lemma 0.5. Let u € k[[x]] and v € k[[x]] be two FPSs having constant term 1.

Assume that iu ‘v = iv -u. Then, u = v.
dx dx

Proof of Lemma [0.5] The FPS v has constant term 1, and thus has a multiplicative
. _1 . . . _1 .
inverse v~ . The Leibniz rule (applied to u and v~ ") yields

i/ N (d\ d/ N (d N 1. [ ,(d
dx (uv )_(dxu>v L <U ) _<dxu)v L N Ve
d

av

(by Proposition [0.2] (e))

d d d
— 72 —_— . —_ _— . — 72 = —_ —
=0 <<dxu) v (dxv) u) v0=0 dxl'

:71;_2

Moreover, the FPSs uv~! and 1 have the same constant termP| Hence, Lemma
(applied to uv~! and 1 instead of u and v) shows that uv~! = 1. Thus, u = v. This

proves Lemma [0.5 O

Proof of Theorem [0.1, The equality (applied to w = x) yields % (lo_g [x]> =
d 1 1 d— . — T

(Ex> Tox - 147 In other words, alog =11+ (since log = log [x]).

g
1<TOW, (applied to w = log) shows that
i (9 [1og]) = (5198 ) exp [Jog] = - - exp [ig].
—_———

B 1
T 14x

3Proof. The FPS v has constant term 1. Hence, its inverse v~ ! has constant term 1! = 1. Now,
both FPSs u and v~ ! have constant term 1. Hence, their product uv~! has constantterm 1-1 = 1.
Since the FPS 1 also has constant term 1, this shows that the FPSs uv ! and 1 have the same
constant term (namely, 1).
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But exp = exp —1 and thus exp = exp + 1. Substituting log for x in this equality,
we find exp [@} = exp [@} + 1. Hence,

o (exp [108]) = - (exp [fog] +1) = -exp [fog] + -1
7

=0

:%%[@} B 1J1rx'eXp o8]

Multiplying this equality by 1 + x, we find

(% (exp [@D) (143) = exp [Iog]

Comparing this with (% (1+ x)> -exp [@} = exp [@} , we find

=1

(5 (exp [lg] ) ) - (1) = (2 1)) - exp [fog]

Since both FPSs exp [@} and 1 + x have constant term 1 H we can thus apply
Lemma|0.5{to u = exp [@] and v = 1 + x. We thus conclude that exp [@} =1+
x. Comparing this with exp [Kg] = exp [Kg] + 1, we obtain exp [@} +1=1+x.
Subtracting 1 from this equality, we find exp [@] =X.

dx

S——" =exp
=1

The equality (13) (applied to w = x) yields 4 (exp [x]) = (ix> -exp [x] = exp.
dx ——

In other words, % = exp (since exp = exp [x]).
On the other hand, (applied to w = exp) shows that

d (r— ___ d__ 1 _ 1 d
Ir <log [exp]) = <Eexp> Treop (1+exp) - TTem 1= FR
—_———

=exp=exp-+1=1+exp

4Proof. 1t is clear that the FPS 1 + x has constant term 1. Thus, it remain to prove that the FPS

exp {@} has constant term 1.
Recall that the FPS exp {@} has constant term 0. Hence, the FPS exp {@} + 1 has constant
term 0 +1 = 1. In other words, the FPS exp [@} has constant term 1 (since exp {@} =

op |log| +1). Qed.
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Since the two FPSs log [éxp] and x have the same constant termﬂ we can thus apply

Lemma m to u = log [exp] and v = x. We thus conclude that log [exp] = x. The
proof of Theorem [0.1]is thus complete. O
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