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Math 4242 Fall 2016 (Darij Grinberg): homework set 8
due: Wed, 14 Dec 2016
[Thanks to Hannah Brand for parts of the solutions.]

Exercise 1. Recall that we defined the multiplication of complex numbers by the
rule
(a1,b1) (a2, b2) = (@142 — bibz, a1by + azby) .

(@) Prove that this multiplication is associative: i.e., that z1 (zpz3) = (z122) z3
for every three complex numbers z1,z5,z3. (Begin by writing z; in the form
(a1,b1), etc.) [5 points]

(b) For any complex number z = (a,b) = a + bi, define a real matrix W; by

b
WZ:(_abu).

Given two complex numbers z; and zp, prove that W,,,, = W, W,,. [5 points]

Solution to Exercise(l. We begin by proving part (b).
(b) Let z; and z; be two complex numbers. Write z; in the form z; = (ay,bq).
Write z; in the form z; = (ap, by). Thus,

z1z3 = (a1, b1) (a2, ba) = (a1a2 — biba, a1by + b1ay)

(by the definition of the product of two complex numbers). Hence, the definition
of W,,,, yields

W . a1a; — bi1by a1by + byas
A2 7\ = (a1 + biay)  aqa; — biby
_( may;—biby aiby + bay

o ( —111192 — b1a2 aidy — b1b2 ) ' (1)

ap b

On the other hand, we have z; = (a1,b1). Thus, W,, = ( b g
—b1 @

) . Similarly,

W, = ( az ZZ ) Multiplying these two equalities, we obtain
—0y @

Wo W.. — a b a by _ aia, + by (—bz) a1by + byas
e —b m —by a (=b1)ap + a1 (—b2) (—b1) by +mar
. aiday — b1b2 (Zlbz + b1a2
o —Lllbz — b1a2 a1dy — blbz )

Comparing this with , we obtain W, ,, = W,, W,,. This solves Exercise [1| (b).
[Remark: Of course, we also have W, ., = W,, + W,, and W,,_,, = W, — W,, for
any two complex numbers z; and z,. These facts, combined, show that the addition,
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subtraction and multiplication of complex numbers are mirrored by the addition,
subtraction and multiplication of their corresponding “W-matrices” (where the W-
matrix of a complex number z means the 2 X 2-matrix W;). In more abstract terms,
this says that the map C — R?>*? sending each complex number z to its W-matrix
W, is a ring homomorphis This fact is behind our second solution of part (a)
given below.]

(a) First solution of part (a): Here is the straightforward approach:

We defined the multiplication of complex numbers by the rule (a3, b1)(az,by) =
(alﬁlz — byby, a1by + azbl).

Given three complex numbers z1 = (a1,b1), zo = (az,by), and z3 = (a3, b3), we
can see that z1(zz3) = (2z122)z3 by explicitly computing both sides of this equation:

z1(z223) = (a1,b1)((a2,b2) (a3, b3))
= (a1,b1) - (a2a3 — bab3, azbz + azbs)
= (a1(aza3 — bpbz) — by (azbz + aszbz), aq(axbs + asby) + (aza3 — bybz)by)
= (a1apa3 — a1babs — apbiby — azbyby, ayaxbs + ayazby + axasby — bybybs)

and

(z12z2)z3 = ((a1,b1) (a2, b2)) (a3, b3)

= (ayap — biby, a1by + azby) - (as, b3)

= ((a1a2 — byby)az — (a1b2 + axby)bs, (araz — b1bp)bs + az(a1by + axby))
= (

ajapas — [13[71192 — a1b2b3 — llzblbg,, a1a2b3 — blbzbg —+ [11[13[72 —+ ﬂz[lgbl).

The right hand sides of these two equations are equal (even though the terms
appear in slightly different orders in them). Thus, the left hand sides are also
equal. In other words, z; (z2z3) = (2z122) z3. This solves part (a).

Second solution of part (a): Here is a more elegant proof, using part (b).

Part (b) says that W,,,, = W, W,, for any two complex numbers z; and z».
Renaming z; and z; as u and v, we can rewrite this as follows:

Wy = W, W, for any two complex numbers u and v. (@)

Furthermore, any complex number z can be reconstructed from the 2 x 2-matrix
W, H Therefore, if u and v are two complex numbers satisfying W, = W,, then
u=no.

lS’crictly speaking, this statement also includes the facts that Wy = 022 and Wy = I,.

2Proof. Let z be a complex number. Write z in the form (a,b). Then, W, = ( _ab Z ) (by the
definition of W,). Hence, a and b are the two entries of the first row of the matrix W,. Therefore,
we can reconstruct a and b from W;. Therefore, we can reconstruct z from W; (since z = (g, b)).

Qed.
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Now, let z1, z and z3 be three complex numbers. Applying (2) to u = z; and
v = 2523, we obtain

W,

z1(zpz3) = Wz, Wayzs =W (szwzs) . 3)
——
=Wz, Weg
(by @), applied
to u=z, and v=z3)
But applying (2) to u = z1z; and v = z3, we obtain
W(zlzz)23 = Wz, z, Wz, = (Wzl WZz) Wz, = W, (W22WZ3)
N~
=Wz Wz,
(by @), applied
to u=z1 and v=2»)
(since we know that multiplication of matrices is associative). Comparing this with
(3), we obtain W, (;,..) = Wiz 2,)z,-

But recall that if u and v are two complex numbers satisfying W, = W, then u =
v. Applying this to u = z; (z2z3) and v = (z1z2) z3, we obtain z1 (z2z3) = (z122) 23
(since Wy, (2,2,) = W(z,2,)z,)- This solves part (a) again.

[Remark: This second solution illustrates an idea frequently used in algebra: We
want to prove that a structure (in our case, the ring C of complex numbers) satisfies
a certain property (in this case, associativity of multiplication). Instead of doing
this directly (as was done in the first solution of part (a)), we embed the structure
in a bigger structure (in our case, the bigger structure is the ring R?*? of 2 x 2-
matrices, and the embedding is the map sending each z € C to the matrix W)
which is already known to possess this property (after all, we know that matrix
multiplication is associative); then, we get the property on the smaller structure for
free.] O

Here is the algorithm for diagonalizing a matrix we did in class:

Algorithm 0.1. Let A € C"*" be an n x n-matrix. We want to diagonalize A; that
is, we want to find an invertible n X n-matrix S and a diagonal n x n-matrix A
such that A = SAS™!. We proceed as follows:

Step 1: We compute the polynomial det (A — xI,,) (where x is the indetermi-
nate). (This polynomial, or the closely related polynomial det (xI,, — A), is often
called the characteristic polynomial of A.)

Step 2: We find the roots of this polynomial det (A — xI,;). Let A1, Ay, ..., Ag
be these roots without repetitions (e.g., multiple roots are not listed mul-
tiple times), in whatever order you like. For example, if det(A —xI,) =
(x —1)*(x —2), then you can set k = 2, A; = 1 and A, = 2, or you can set
k=2,A1 =2and A; =1, but you must not set k = 3.

Step 3: For each j € {1,2,...,k}, we find a basis for Ker (A — A;I,). (Notice

that Ker (A — AjI,) # {ﬁ} (because A; is a root of det (A — A;I,), and thus

det (A — Ajln) = 0); hence, the basis should consist of at least one vector.)
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Step 4: Concatenate these bases into one big list (s1,52,...,5m) of vectors. If
m < n, then the matrix A cannot be diagonalized, and the algorithm stops here.
Otherwise, m = n, and we proceed further.

Step 5: Thus, for each p € {1,2,...,m}, the vector sp belongs to a basis of
Ker (A — AjI,) for some j € {1,2,...,k}. Denote the corresponding A; by y,, (so
that s, € Ker (A — ypIn)). (For example, if sp belongs to a basis of Ker (A — 5I,),
then y, = 5.) Thus, we have defined m numbers i1, pi2, . .., pm-

Step 6: Let S be the n X n-matrix whose columns are sy,s5,...,5,. Let A be
the diagonal matrix whose diagonal entries (from top-left to bottom-right) are

M1, H2,- -, Hn-

(I called these Steps differently in class — the first four steps were called Steps 1.1
to 1.4, while the last two steps were called Part 2. But the above is less confusing.)

Here is an example that is probably too messy for a midterm, but illustrates some
things:

5 -1 5
Example 0.2. Let A= | 2 2 —4 |. Letus diagonalize A. We proceed using
1 -1 1

Algorithm
Step 1: We have n = 3 and thus

5—x -1 5
det (A — xI,) = det 2 2—-x —4
1 -1 1-—x

=6-x)2-x)1—x)+(-1)(—4)1+5-2(-1)
—5-x)(—4)(-1)-52—-x)1—-(-1)2(1—x)
= —x% +8x% — 10x — 24.

Step 2: Now we must find the roots of this polynomial det (A — xI,,) = —x% +
8x% — 10x — 24.

This is a cubic polynomial, so if it has no rational roots, then finding its roots
is quite hopeless (in theory, there is Cardano’s formula, but it is so compli-
cated that it is almost useless). Thus, we hope that there is a rational root.
To find it, we use the rational root theorem, which says that any rational root

of a polynomial with integer coefficients must have the form P where p is

an integer dividing the constant term and g is a positive integer dividing the
leading coefficient. (This is more general than what I quoted in class, and
more correct than what I quoted in Section 070.) In our case, the polynomial

—x3 4+ 8x2 — 10x — 24 has leading coefficient —1 and constant term —24. Thus,
p

any rational root must have the form = where p is an integer dividing —24

and g is a positive integer dividing 1. This leaves 16 possibilities for p (namely,



https://proofwiki.org/wiki/Cardano%27s_Formula
https://en.wikipedia.org/wiki/Rational_root_theorem
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pe{1,234,6812,24,-1,-2,-3,—-4,—6,—8,—12,—24}) and 1 possibility for
g (namely, g = 1). Trying out all of these possibilities, we find that p = 4 and

P

q = 1 works. Thus, = = 1= 4 is a root.

Hence, we have found one root of our polynomial: namely, x = 4. In order
to find the others, we divide the polynomial by x — 4 (using polynomial long
division). We get

—x° 4 8x% — 10x — 24
x—4
It thus remains to find the roots of —x? + 4x + 6. This is a quadratic, so we know
how to do this. The roots are 2 + /10 and 2 — v/10.

Thus, altogether, the three roots of det (A — xI,,) are 4, 2 + v/10 and 2 — v/10.
Let me number them Ay =4, A, =2+ v/10 and A3 =2— V10 (although you can
use any numbering you wish).

Step 3: Now, we must find a basis of Ker (A — A1) for each j € {1,2,3}. This
is a straightforward exercise in Gaussian elimination, and the only complication
is that you have to know how to rationalize a denominator (because A, and A3
involve square roots). Let me only show the computation for j = 2:

Computing Ker (A — AyI,): We have

Ker (A — Ay1,) = Ker (A — (2 + \/ﬁ> In>

3—+v10 -1 5
= Ker 2 —v/10 —4
1 -1 —-1-4/10

This is the set of all solutions to the system
(3-V10) x+ (1) y+52=0;
2+ (—VI0)y+ (—4)z=0; . 4)
lx+ (1) y+ (~1-V10)z =0

= —x2—|—4x+6.

So let us solve this system. We divide the first equation by 3 — /10 (in or-

der to have a simpler pivot entry). This is tantamount to multiplying it by
1

3-410

it is absolutely useful here: you don’t want to carry nested fractions around!).
It then becomes x + (3 +V 10> v+ <—15 —5v 10) z = 0, and the whole system
transforms into

= —3 — /10 (this was obtained by rationalizing the denominator, and

x+ (34 V10) y+ (~15-5V10) z =
2x+(—\/_>y+( 4)z =0;
1x+(—1)y+< )



https://en.wikipedia.org/wiki/Polynomial_long_division
https://en.wikipedia.org/wiki/Polynomial_long_division
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Now, subtracting appropriate multiples of the first row from the other two rows,
we eliminate x, resulting in the following system:

1x + <3+\/E>y+ (—15—5@)2:0;
(—6—3m)y+ (26+1o\/ﬁ)z:o;
(—4—\/E>y+ (14+4m)z:0

Next, we divide the second equation by —6 — 3v/10 (aka, multiply it by
1 1 1 1 8

_6_—3\/m = § - EV 10), so that it becomes Yy + (—5\/ 10 — 5) z = 0. Then,

subtracting an appropriate multiple of it from the third equation turns the third

equation into 0 = 0. Thus, our system takes the form

x+(3+\/ﬁ)y+<—15—5\/ﬁ)z:o;

1 8

0=0

In this form, it can be solved by back-substitution (unsurprisingly, there is a free
variable, because the kernel is nonzero). The solutions have the form

4 11
V10 + —
(303"

(1)=] (),

r

Thus,
4 11
V10 + —
3 + 3
_ — 1
Ker (A — Ay1,) = span —\/E+§
3 3
1
4 11
5 V 10 + ?
1 8 i i — .
Hence, L/ios 8 is a basis of Ker (A — AI,). (Of course, you can
3 3
1

scale the vector by 3 in order to get rid of the denominators.)
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1
Similarly, we can find a basis of Ker (A — A11,) (for example, ( ( 1 ) ) ), and
0
—gx/ﬁ - 13—1
a basis of Ker (A — A31,) (for example, —1\/E n 8 )-
3 3
1

Step 4: Now, we concatenate these three bases into one big list (s1,s2,...,5m)
of vectors. So this big list is

4 11 4 11
210+ — _ 210+ —
( 1 ) ViVt 3 zVilt 3

(Sl, So, 83) = 1 1 8 , 1 8
~V10+ - — V10 + >
0 3 + 3 3 + 3
. 1 1
abasis of _
Ker(A=Mln) a basis of a basis of
Ker(A—AyIy) Ker(A—A3ly,)

Thus, m = 3, so that m = n, and thus A can be diagonalized.

Step 5: Since s; belongs to a basis of Ker (A — A1l,), we have y; = A = 4.
Similarly, pp = Ay =2+ v/10 and Uz = Az =2 — V10.

Step 6: Now, S is the n X n-matrix whose columns are sy, s, ...,s,. In other
words,

4 11 4 11
1 -V1I04+ = —-\10+ —
SVI0+ o —2V10+
S = 1 8 1 8
1 =V1I04+> —-V10+-
gVI0+3  —3V10+3

0 1 1

Furthermore, A is the diagonal matrix whose diagonal entries (from top-left to
bottom-right) are yq, yo, ..., yun. In other words,

4 0 0
A= 0 2++10 0
0 0 2 — /10

These are the S and A we were seeking. With some patience, you could check
that A = SAS™! (although it’s not necessary to check it).

Remark 0.3. (a) Algorithm [0.1| relies on some nontrivial theorems (for example,
Lemma 8.13 in Olver/Shakiban). See §8.3 of Olver/Shakiban for a complete
treatment. (Chapter 7 of Lankham/Nachtergaele/Schilling comes close, whereas
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Chapter Five.IV of Hefferon is probably overkill.)

(b) What can we do if A is not diagonalizable? The next best thing is the Jordan
normal form (or Jordan canonical form); see §8.6 of Olver/Shakiban.

(c) In Step 4 of Algorithm we may sometimes notice that A is not diago-
nalizable (since m < n). Is there a way to notice this earlier, thus saving ourself
some useless work?

Yes. For each j € {1,2,...,k}, let a; be the multiplicity of the root A; of the
polynomial det (A — x1,). (For example, if det (A — xI,,) = (x —6)® (x +2) and
A1 = 6, then a; = 3, because the root A; = 6 has multiplicity 3.) In Step 3, when
computing Ker (A — )L]-In), the dimension dim (Ker (A — )len)) will be either
= aj or < aj. If it is < &, then the algorithm is doomed to failure (i.e., you will
get m < n in Step 4), and A is not diagonalizable. This can save you some work.

(d) Algorithm |0.1}is more of a theoretical result than an actual workable algo-
rithm; the difficulty of finding exact roots of polynomials, and the instability of
Gaussian elimination for non-exact matrices, makes it rather useless. However,
for 2 x 2-matrices it works fine (you can solve quadratics), and it also works
nicely for various kinds of “matrices of nice forms” (e.g., you can diagonalize

1 1 --- 1
2 2 ... 2

the n x n-matrix L ) for each n; try it). Practical algorithms for
n n PR ”/l

numerical computation are a completely different story. §10.6 of Olver/Shakiban
tells the beginnings of the story (namely, how to find eigenvalues, and get some-
thing close to diagonalization). Similar to Gaussian elimination, it is wrong to
expect diagonalization to work with approximate matrices, because S and A can
“jump wildly” when A is changed only a little bit; however, certain things can
be done that come close to diagonalization.

(e) There is a theorem (called the spectral theorem) saying that if A is a symmet-
ric matrix with real entries, then A is always diagonalizable over the reals (i.e.,
we can find S and A with real entries), and moreover you can find an S that is
orthogonal (i.e., the columns of S are orthonormal). This is a hugely important
fact in applications (it is related to the SVD, among many other things), but we
will not have the time for it in class. Let me just mention that finding an orthog-
onal S requires only a simple fix to Algorithm In Step 3, you have to choose
an orthonormal basis of Ker (A — Ajln) (not just some basis). Then, in Step 4,
the big list (s1,52, . ..,5m) will automatically be an orthonormal basis of R”. This
is one of the miracles of symmetric matrices. See §8.4 in Olver/Shakiban for a
proof and more details.

Exercise 2. (a) Diagonalize A = [5 points]

1 2
2 4

(b) Diagonalize A = ( (1) g ) [5 points]
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101
(c) Diagonalize A = ( 010 ) . [10 points]
1 01

Solution to Exercise[2l We proceed by using Algorithm You have seen this often
enough that

(a) We have
1—x 2

det(A—xIQ):det< 54—y

):(1—x)(4—x)—2'2:x2—5x.

The roots of this polynomial (i.e., the eigenvalues of A) are clearly 0 and 5. We
number them as Ay =0 and A, = 5.

We now must find bases for Ker (A —A1lp) and Ker (A — AyI). We can do
this using the standard Gaussian elimination procedure (you can also see the

result directly if you are sufficiently astute), obtaining the basis (( _21 )) for

Ker (A — A L) and the basis ; for Ker (A — AyIp). The big list is therefore
(s1,82) = ((_21) , <;) ) This has size 2, which is our n; hence, the matrix A can

be diagonalized. We have s; = < _21 ), 1 =A1 =0, = < ; ) and pp = Ay =5.

2 1 00
Therefore, S = (_1 2> and A = (O 5).

(b) We can take S = ((1) (1)> and A = ((1) g)

One way to solve this is by proceeding exactly as in part (a). Another is to
observe that our matrix A is already diagonal, so we can diagonalize it by simply
taking S = I, and A = A.

1 01 00O

(c)WecantakeS=| 0 1 OJandA={0 1 0.

-1 01 00 2

Again, the method is the same as for part (a), but this time we have to solve the
cubic equation x> — 3x? +2x = 0. This is done as follows: The root x = 0 is obvious.
Leaving this root aside, we can find the other two roots by solving x> — 3x + 2 = 0;
this can be done using the standard formula for the roots of a quadratic. O

Exercise 3. Define a sequence (go, 1,2, - - -) of integers by
g0 =0, g1 =1, In+1 =39n + gn-1 forall n > 1.

This is similar to the Fibonacci sequence. Here is a partial table of values:

k ||0/1]2]|3 |4 |5 6 7 8 9 10
Sk 1011310 |33]|109 | 360 | 1189 | 3927
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(a) What are g9 and g10 ? [2 points]
(b) Define a 2 x 2-matrix A by A = ( i’ (1) ) . Find A? and AS3. [2 points]
(c) Prove that

A" — ( n+1 n ) (5)
In  8n—-1

for all n > 1. The proof (or at least the easiest proof) is by induction over n: In
the induction base, you should check that (5) holds for n = 1. In the induction

step, you assume that (5) holds for n = m for a given positive integer m, and
then you have to check that also holds for n = m 4+ 1. (Use the fact that

ATl — AAM = < ? (1) ) A™) [10 points]
(d) Diagonalize A. [10 points]

(e) Use this to obtain an explicit formula for g,. (The formula will involve
square roots and n-th powers of numbers, but no recursion and no matrices.)
[10 points]

Solution to Exercise[3l (a) We have g9 = 3gs + g7 = 3-3927 + 1189 = 12970 and
810 = 389 + g8 = 3 - 12970 + 3927 = 42837.

(b) We have A% = < 130 i’ ) and A3 = ( ?(3) 130 ) . [This is, of course, a
particular case of (5).]

(c) We mimic the proof of Proposition 2.48 in the lecture notes:

We shall prove () by induction over n:

Induction base: We have Al = A = ( i (1) ) Comparing this with

31 .
( ggl gfil ) - ( 1 0 ) (since g141 =g2=3,g1=1and g1 1 =go=0),

we obtain Al = ( g;rl ggl ) In other words, holds for n = 1. This com-
1 1-1

pletes the induction base.

Induction step: Let N be a positive integer. (I am calling it N rather than m here,
in order to stay closer to the proof of Proposition 2.48 in the lecture notes.) Assume
that (5) holds for n = N. We must show that (5) also holds for n = N + 1.

The definition of the sequence (g0, 41,2, - - -) shows that gn+2 = 3¢n+1 + gn and
8N+1 = 38N + 8&N-1-

We have assumed that (5) holds for n = N. In other words,

AN:(gN—H gN )
IN  8N-1



http://www.cip.ifi.lmu.de/~grinberg/t/16f/lina.pdf
http://www.cip.ifi.lmu.de/~grinberg/t/16f/lina.pdf
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Now,
AN+1 — AN A — (gN+1 8N ) (3 1 )
S~ N~~~ N IN-1 10
(5 20
SN 8&N-1 10
:(8N+1‘3+8N'1 gN+1'1+gN'0)

gN-3+8gn-1-1 gn-T+gN-1-0
(by the definition of a product of two matrices)
_ ( 3¢N+1 T &N §N+1 ) _ (8N+2 gN+1 )
3N+ 8gN-1 8N gN+1 8N

(since 3gn+1 + N = gn+2 and 3gn + gn-1 = ¢n+1)- In other words, (5) holds for
n = N + 1. This completes the induction step; hence, (5) is proven.

1 1
(d) We have A = SAS™!, where S = 1 3 1 3 and A =
—=V13 -2 V13— 2
2 2 2 2
1 3
—~V13+ 2 0
2 2 1 3 | (This can be found using Algorithm [0.1| again.)

(e) Fix n € IN. Let S and A be as in the solution to part (d). Then,

1 3\"
—=V13+ = 0
" 2 2
Al —
0 1\/ 13 + > '
2 2

(because in order to raise a diagonal matrix to the n-th power, it suffices to raise
each diagonal entry to the n-th power). Now, from A = SAS™!, we obtain

A" = SA"S1 (as shown in class)
1 3\"
( 1 1 ) —E\/13+§ 0
= 1 3 1 3
V13- V13- "
2 2 2 3 2 0 1\/13—|—§
2 2
1
[ VI —g 1
V13 %\/13+§ 1

1 3\"
1 1 —5\/1_3+§ 0
(since S = 1 3 1 3 |,A"=

—ZV13-2 ZV13-2 "
2 2 VB3 0 (%\/134%)
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1 3

“V13-2 -1
and S~ = \/%_3 %\/_ % ). If we multiply out this product, we obtain
~vVI3+ - 1
2 2

explicit formulas for each of the four entries of A”". In particular, we obtain the
following formula for its (2,1)-th entry:

- (e - (1))

But H shows that (A”)zl1 = g,. Hence,

om0 - (3493))

This is the formula we are looking for. (It is, of course, similar to the Binet formula
for the Fibonacci numbers.) O

Exercise 4. Let A be an n x n-matrix. Assume that A can be diagonalized, with
A = SAS~! for an invertible n x n-matrix S and a diagonal 7 x n-matrix A.
(a) Diagonalize A?. [5 points]
(b) Diagonalize A}, if A is invertible. (You can use the fact that for an invert-
ible A, the diagonal entries of A are nonzero, and so A~! is a diagonal matrix
again.) [5 points]
(c) Diagonalize AT (the transpose of A). [10 points]
(The answers should be in terms of S and A. For example, A + I, can be
diagonalized as follows: A+ I, = S(A+ I,) S~1. Indeed, S is an invertible
matrix, A + I, is a diagonal matrix (being the sum of the two diagonal matrices
A and [;), and we have

S(A+1y)S™H =8AS L+ Sl ST' = A+85 = A+,
=A =S =I,

)

Solution to Exercise[ (a) We have A = SAS~1, and thus

2
A= (SAST') = SASISASTI =S AA ST = SA%ST
=I =2

The matrix A is diagonal. Thus, any power of A is diagonal as well (because
in order to raise a diagonal matrix A to some power, we merely need to raise its
diagonal entries to this power). In particular, A? is diagonal. Therefore, the equality
A? = SA%257! provides a diagonalization of AZ.
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(b) Assume that A is invertible. Then, it is not hard to see that all diagonal
entries of A are nonzer(ﬂ Therefore, the diagonal matrix A is invertible, and its
inverse A~! is obtained by inverting all diagonal entries of A. In particular, A~ is
a diagonal matrix as well. (You can use this fact without proof, but it is helpful to
know how it is proven.)

Recall that (UV) ™! = V-1U! for any two invertible # X n-matrices U and V.
Applying this to U = SA and V = S, we find (SAS’l)_1 = <S_1) ' (SA)7! =

N—— 7A7"1571
=S -
SATISL
We have A = SAS™1, and thus

A7l = (SAS‘l)_l — 5A" 1571,

This equality provides a diagonalization of A~! (since the matrix A~! is diagonal).
(c) Proposition 3.18 (f) in the lecture notes (applied to S instead of A) shows that

the matrix ST is invertible, and its inverse is (ST) o (s71) T
Proposition 3.18 (e) in the lecture notes/ shows that any two matrices U and V

satisfy (UV)T = VTUT (as long as the product UV is well-defined, i.e., the number
of columns of U equals the number of rows of V). Applying this to U = SA and
V = S~1, we obtain (SAS~1)" = (s—l)T (SA)T = (ST) " ATST.
——
=(sT)7! =ATsT
The matrix A its diagonal. Hence, AT = A (because transposing a diagonal
matrix does not change it). Now, from A = SAS~!, we obtain

e =) & =) A (())

This equality provides a diagonalization of AT (since the matrix A is diagonal). [

-1

3Proof. Assume the contrary. Then, at least one diagonal entry of A is zero. But the matrix A
is diagonal, and thus upper-triangular. Hence, the determinant of A equals the product of its
diagonal entries, and therefore equals O (since at least one diagonal entry is 0, and therefore
the whole product must be 0). In other words, det A = 0. Now, from A = SAS~1, we obtain
det A = det (SAS™!) = detS -det A - det (S7!) = 0. Hence, A is not invertible (since a square

=0
matrix with determinant 0 is not invertible). This contradicts the fact that A is invertible. This
contradiction shows that our assumption was false, qed.
[This was not the easiest or most elementary proof, but the shortest one.]
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