Math 4242, Section 070

Homework 5

Mark Richard

1 1

1) a. We have that {(1,1,1)7,(1,2,3)T} is a basis of U. Soset A = |1 2. Then we know that
13

Ut =ker(AT). Well, ker(AT) = {z | ATx = 0}. We can then set up the matrix equation

1 1 1 ’ 1 1 1 v
(123) Y :O:><012> v =0
z z
Setting z = r, we have that y = —2r and # = r. So U = span ((1,-2,1)7).
b. Since we are in R?, we know that two orthogonal spaces will only meet at 0. Hence we have that
UNU+ ={0}. Thus, U NU" is the span of the empty list.
c. Once again we are in R3, so two perpendicular subspaces will create all of R3. Hence U 4+ U+ = R3.
Thus, U N U+ = span (e1,e2,€3), where eq, e, eg are the three standard basis vectors.
d. We will use the Gram-Schmidt process. First we set u; = w; = (1,1,1)%. Then
r ((1,2,3)7,(1,1,1)7)

g)) (171a1)T = (71,071)T

Uy = Wy — A271U1 == (17 2, 3)

Hence an orthogonal basis of U is {(1,1,1),(-1,0,1)T}.

e. Since we already found a basis for U+ and it only contains one element, we have that an orthogonal
basis for it is just {(1,—2,1)T}.

f. We know that (U+)" = U, so set W = UL, Then U = (U+)" = W

2) a. We know that ||Az — b|| is minimized when z = K f = (AT A)~1(ATb).

oae ) = e (5 9)- ()
f=AT= (161>
r=Kf= (_21 §1> <161> B @)

b. We use the same approach, but now we have that

Hence we have that

AT A = (3 5) — K:(ATA)*:
5 10



f=ATb= Gg>
= (%) ()= ()

3) a. Looking at the column vectors of A, we have that the third column is the sum of the first two columns,
while the first two columns are linearly independent. Hence a basis for Col A is {(1,0,1,1)7,(0,1,1,2)T}.

Hence we have that

1 0
0 1
b. We have that A’ = )
1 2

c. Since A’ has columns which are a basis of the column space of A4, it is clear that Col(A’) = Col A.
d. Since Col(A’) = Col(A), this is tantamount to finding the projection u of b on Col(A’). We can do
this using the general projection equation, denoting the two columns of A’ by u; and us. The result is

(b,us) (b, us) 8 s 13 s (81320 \"
— = —(1,0,1,1 —(0,1,1,2)" = { 5, =, =7
“E T gtz = 3L 0L ) 366

e. We wish to solve Ax = u. This can be done using Gaussian elimination. For example, we can set up

and reduce the augmented matrix

10 1|8/3 10 1] 8/3
0 1 1|13/6 0 1 1|13/6
=
1 1 2]29/6 00 0| 0
1 2 3| 7 00 0| 0

If we have x = (7,9, 2)T, then we can set z = 7. Then we have that y = 13/6 — r and z = 8/3 — 7. In other
words

x=(8/3—7,13/6 —r,r)" for r € R.

4) Solution omitted.
5) 1st part: From 0eU; and z € Us, we obtain 0+ z € Uy + Us (by the definition of Uy + Us). In other
words, z € Uy + Uy (since 0 + z = z). Hence, (1) (applied to z = z) yields v L 2.

2nd part: By (2), applied to z = u;.
6) a. Essentially we just need to find Pj- since (Pf)L = P;. So we put the basis vectors of P; into a

matrix as its columns, then transpose this matrix and find its kernel. Specifically, we want the kernel of:

oot ot
121

Finding its kernel, we set up the system equal to zero. Doing so we get that + = —z = —r and that y = 0.
Hence U; = span ((1,0,—1)7).

b. Using a similar approach as in (a), we just want to find P;-. So we are aiming to find the kernel of

pr_ (213
0 4 5

the matrix



Here we see that given z = r, we have y = —gr, and solving through for = we get that = = %r. So our basis
vector can be (7/8,—5/4,1)T. Scaling by 8 to get integers, we see that Uy = span ((7, —-10, 8)T).
c. In general: If P and @ are two subspaces of a vector space V, written as spans as P = span (p1, pa, - - -, Dk)

and @ = span (q1, 42, ..., q¢), then P+ @ can be written as a span as follows:

P+Q = Spa‘n(plap2a"'7pk7QIan7"'7QE)

(because the elements of P+ (@ are the sums of linear combinations of p1, pa, ..., pr with linear combinations
of ¢1,¢2, - .-, qe; but such sums are precisely the linear combinations of p1,ps, ..., Pk, q1,¢2, - - -, qe)- In other
words, we can obtain a spanning list of P + @) by concatenating a spanning list of P with a spanning list of
Q. (Of course, this spanning list will not necessarily be a basis, even if we started with two bases.)

Thus, we can obtain a spanning list of U; 4+ Us by concatenating a spanning list of U; with a spanning
list of Uy. By doing this (using the spanning list ((1,0,—1)7) of Uy, and the spanning list ((7, —10,8)T) for
Us), we obtain Uy + Uy = span ((1, 0,-1)T,(7,-10, 8)T).

d. We know that PN\ P, = U-NUs- = (U; +Us)* by proposition 0.1. Hence we need to find (Uy +Uz)*.

Using a similar approach as before, we find the kernel of:

pr_(t 0 -1
7 -10 8

We can see that © = z = r, and hence y = %7". Hence:
3 T
(U1+U2)L =P ﬂPgZSp&H((LQ,l) )

a b o

7) We aim to find the kernel of the matrix AT = ( ) . We use Gaussian elimination first, assuming

az by e
(for the time being!) that all expressions we encounter can be divided by unless they expand to 0. Thus,

Gaussian elimination tells us to subtract as/a; times the first row from the second. This yields, adding in

X
aq bl C1 _ 0
0 bp—mh g _ma) |V g

z

the system for the kernel:

Now we can solve this system in general. Letting z = r be our free variable, we can find that
Ci1a9 — C2a1
ay b2 — a2b1 '

And after a bit of messy algebra, we get that

( C1 bl(Czal - 0201)> - bica — bacy
r{——+ =r :
aiq al(albg — azbl) a1b2 — a2b1

Thus

)

bico — baci cras — caa T
UL — span 102 = a1 €1z = 2t .
P <(a1b2 — agby” arby — aghy’
We can simplify this expression by multiplying through by a1b2 — asb;. Thus, we obtain

Ut = span ((blcg — bycy, cras — coay, ar1by — agbl)T) . (1)



We have obtained the equality (1) using the assumption that some numbers (namely, a; and a1by — agby)
are nonzero. Does it still hold without this assumption? The answer is “yes”. One way to prove this is by
painstakingly checking each possible case that can appear in the Gaussian elimination algorithm. This is
not much harder than what we have done already, but it is laborious. Another (better) way is to argue from
general principles:

By assumption, the two vectors v; and vy are linearly independent. Thus, they form a basis of their
span U. Hence, the span U is 2-dimensional (since it has a basis consisting of two vectors). In other words,
dimU = 2. But recall that dim (UJ-) +dimU = 3 (since U is a subspace of R?). Thus, dim (UJ-) =

3 —dimU = 3 — 2 = 1. Hence, any nonzero vector in U~ already spans U+ (because any nonzero vector in
=2
U+ spans a 1-dimensional subspace of U+, and because of dim (U J‘) = 1 this 1-dimensional subspace must

already be the whole U~). Therefore, in order to prove (1), it suffices to show that the vector
T
(bica — bacy, crag — caar, a1by — azby)
is a nonzero vector in U+. Denote this vector by g. We thus must show that g is a nonzero vector in U+.

Proving that g € U+ is straightforward: We have

<9’U1> = <(b102 — bacy, cra2 — caa1, arby — a2b1)T , ((11, b1, 01)T>

= (b102 — bgcl) a1 + (610,2 — Czal) b1 + (ale — azbl) C1
= bicaa; — baciag + cra2by — c2a1b1 + arbacy — asbicy

= a1bicg — a1bacy + asbicr — arbica + arbacy — asbie; =0

and thus g 1 v;. Similarly, g 1 vy. Thus, ¢ is orthogonal to both vectors v; and vy, and thus also to each
of their linear combinations; in other words, g € UL. It remains to prove that g is nonzero.

Well, assume the contrary. Thus, g is zero, so that each of its three coordinates bico — baocy,cras —
c2a1,a1by — agby is zero. In other words, bico = bacy, c1as = coaq and a1by = asb;. The vector vy is nonzero
(since v; and vo are linearly independent), and thus has at least one nonzero coordinate. We can WLOG
assume that a; # 0 (since otherwise, we can cyclically rotate the coordinates of the two vectors vy and vy
until a nonzero coordinate of v hits the first position). Thus, the equalities ¢jas = cea; and a1bs = asby can

a a a
be solved for ¢o and by, respectively, yielding ¢y = —201 and by = —le. Combining this with ay = —Qal, we
(251 ai ai

. az . . . a9
conclude that each coordinate of vy equals — times the corresponding coordinate of v;. Hence, v = —v;.
ai ay

In other words, %vl — Uy = 0. This contradicts the fact that v1 and vy are linearly indepdendent. Hence,
our assumption \?Iés wrong, and thus we have shown that g is nonzero. This completes our proof that g is a
nonzero vector in U+; and as we have said above, this shows that (1) holds (no matter what happens during
Gaussian elimination).

[Remark: The vector g introduced above is known as the cross-product of v1 and vy. If you know it from
geometry, you should not be surprised that it spans U~: In fact, it is orthogonal to both v; and vs, and thus

belongs to U]



