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In this note, we shall give a direct proof of the Chio pivotal condensation theorem.
This theorem is one of many that relate the determinant of a matrix to the deter-
minant of a smaller matrix (and, in many cases, reduce the computation of the
former to that of the latter — thus “condensing” the determinant). It can be stated
as follows:

Theorem 0.1. Let K be a commutative ring with unity. Let n > 2 be an integer.

Let A = (ai;), ;. 1<j<n € K™ " be a matrix. Then,

. — g . . .
det <<‘11/J”"’” ”lﬂam)gignq, 1§j§n—1) = ay,,” - det <(a1/])1§i§n, 1§j§n>'

We refer to [Grinbel5] for undefined notations used here (though they should all
be standard).

Classically, Theorem is proven using a trick. Namely, it is first proven un-
der the assumption that a,, be invertible (see, e.g., [Grinbel5, Exercise 6.19] and
the reference therein); then, the “universality of polynomial identities” [Conrad09]
shows that it holds in the general case as well (since it is an identity between two
fixed polynomials in the n? variables ai1,812,---,ann)-

In this note, we shall give a different proof of Theorem |0.1| which proceeds di-
rectly (and, to some extent, combinatorially, using bijections and sign-reversing
involutions).

We fix K, n, A and aj; as in Theorem

We start with a computation:
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The definition of a determinant yields
det ((aifa” n ai”a”j)1<i<n—1, 1§j§n—1)
= Z (7 H < iyAnn — ai,nanlg(i)>
O’ESn 1
= ) (=1 )3 ]:I{ po(i)inn i pi=0;
TESn-1 (prp2pn-1)e{01}n-1 i=1 LT Himfno(i)s if pi=1
since every o € S, satisfies
n—1 n=1[a, ann., ifp;=0;
I1 (ﬂi,a(i)ﬂn,n —ﬂz’,nﬂn,a(i)) = )3 I1 { o (i) . Pi
i=1 (Prp2spn1) {01} i=1 | T inlno(i)s ifp;=1

_ Y L (- ”H{ s S )

(plrer--vpnfl)6{0/1}7171 (TGSn 1 al nan U( ) lf pl - 1

We shall need three further notations:

o Forany p = (p1,pa,---, pu1) € {0,1}" et [p| = pr+pa+---+po1 €N
(Here and further below, N means the set {0,1,2,...}.)

e Weset [m] ={1,2,...,m} for every m € IN.

e For every k € [n], we set T,y = {T € S, | T(k) =n}. Itis clear that the sets
Tn1,Tnp, ..., Ty are pairwise disjoint, and their union is Sj,.

Now, we state a lemma:

Lemma 0.2. Let p = (p1,p2,..., pn1) € {0,1}" 1.
(@) If |p| =0, then

n—1 .. if p;, =0; .
)y (_1)01_[{%-(1)%,”, BP0 Y () Tae.

s izt | ~infnoiy, pi=1 - i1

(b) If |p| =1, then p = (0,0,...,0,1,0,0,...,0) with the 1 being at position k
for some k € [n — 1]. This k further satisfies

1,17 if i=0; _ T L
Yo ( UH{ 0 P =ap Y (D) [

0ES, 1 —iply ), i pi=1 T€T, i=1

(o) If |p| > 1, then

Z gﬁ{ 1(7 al/ll/ll 1f]91:0/:0

— 0y (i) ifp;=1
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We shall prove Lemma further below; let us first see how we can derive
Theorem [0.1 from it:

Proof of Theorem 0.1 using Lemma Among all the (n — 1)-tuples p = (p1,p2, ..., Pn-1) €
{0,1}"7!, exactly one satisfies |p| = 0 (namely, p = (0,0, ...,0)), and exactly n — 1
satisfy |p| = 1 (namely, the (n — 1)-tuples p = (0,0,...,0,1,0,0,...,0), with the 1
being at position k for some k € [n — 1]); all other (n — 1)-tuples p satisfy |p| > 1.
Using this observation, and using Lemma we may simplify the right hand side
of (I) as follows:

DD VTS 1 K

alnana() if Pizl

(p1,P2/Pn-1)€{0,1}1"1 0€S,; 4 =1
5 n n—1
_ T _
= az,n 2 (_1) Hai,r(i) + Z Z Hal”{
T€Twn i=1 k=1 TGTnk
n ) n ) n n
_ T — T
= Z aZ,n Z (_1) Hai,’((i) = az,n Z (_1) Hai,r(i)'
k=1 = =1 k=17€T, =1

Since Ty, 1, T2, . .., Tun are pairwise disjoint and their union is S;, this reduces to

n
aZ;lz Z (_1)THairT(i) - aZ,;z - det ((ai/]')1<i<n, 1<j<n> :
i=1 T T

TES,

Thus, (1) becomes

. _ . . — N2 ..
det <(a1,]an,n al,nan,])lsl.gnil/ 1§j§n71) = ay,” - det <(a1,])1§i§n, 1§j§n> )
Hence, Theorem [0.1]is proven. O

It remains to prove Lemma
Before we do so, we shall introduce one further notation. Namely, for any o €
Sn—1, we let 7 be the permutation of [n] defined by

. ), ifi ; )
o(i) = {U(Z) 1 l fn for every i € {1,2,...,n}.
n, ifi=mn

It is well-known that the map S,_1 — Ty, 0 — 0 is well-defined (i.e., we have
0 €Ty, foreveryo € S,_1) and a b1]ect10nE| Furthermore, it is well- knowrﬁ that

(_1)6 = (-1)7 for every o € Sy, (2)

ISee [Grinbel5), proof of Lemma 6.44] (where this map has been denoted by ®, and where T, ,, has
been denoted by T) for a proof.
2Gee, for example, [Grinbel5| Section 6.6, (395)].
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Proof of Lemma (a) Assume that |p| = 0. In other words, p1 +p2 + - -+ pp_1 =
0. Since (p1,p2,---,pn_1) € {0,1}"" 1, this yields py = pp = -+ = p,_1 = 0.
Now,

Z ‘TH{ i) ann, if p =0;

inln,o (i) ifpi=1

0€S, 1
= Y (- H ( i) n) (since p; = 0)
0€S, 1 =1
n—1 n—1
=art Y (-1)7]] Aj (i) = apyCann Y, (-1)7]] Ao (i)
0€S, 1 i=1 0€eS, 1 i=1
n—1 _n
=ap Y (D ann [ty =ans” Y (1) [Taize
0€S, 1 i=1 0€eS, 1 i=1
n—1

since the definition of o shows that a,,n [T a0y = I1 ai5(i),

1
and since (2) shows that (—1)7 = (—1)“

n
=ay,’ (=) T T4
i—1

T€Tn

=
e}
=
g
)
=
<
N)
m
W
x
—_

(here, we have substituted 7 for 7, since the map S,,_1 — Ty,n, 0 — U is a bijection).
This proves Lemma [0.2] (a).

(b) Assume that |p| = 1. In other words, p1 +p2 +---+ pp—1 = 1. Since
(p1,p2,- -+, Pn_1) € {0,1}*71, this yields that exactly one of the p;’s must be equal
to 1. In other words, py = 1 for a unique k € {1,2,...,n —1}. Consider this k.

Then we have

Z O'H{ i)An,n, ifpi:O}

€S, 1 —Ainy,o (i) if pi=1

= Y (=17 (—akn,0(k)) I1 (“iﬂ(i)””'”)

0’651171 iE[ﬂ—l]\{k}

=an’ Y, (D (=autnow)  IT  iew): (3)
0E€S,_1 ie[nfl]\{k}

Now, let t, r € S, be the transposition which switches n with k while leaving
all other elements of {1,2,...,n} unchanged. Since f,\ is a transposition, we have
(—1)t”" = -1 Furthermore it is easy to see that the map T;,, — Tk, T+ Tot,k
is well-defined and a b1]ect10nl

But recall that the map S,y — Ty, 0 + 0 is a bijection. Composing this
bijection with the bijection T),, — T, T + T o t, |, we obtain a bijection S, _1 —

3Its inverse is the map Ty, — Tyuu, T Toty.
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Ty, 0 — T ot k. This bijection satisfies

(=1)7mk = (=1)7 . (=1)fmk = — (=1)7 forevery o € S,_1.  (4)

o(i), ifi¢{kn};
Moreover, for any ¢ € S,,_1, itis easy tosee that (T o t, ;) (i) = < n, ifi=k
o(k), ifi=n
for all i € [n]. Thus, for any ¢ € S,,_1, we have

n

Ak,nn,o (k) H Aio(i) = Hui/(ﬁotn,k)(i). ©)

icln—1)\{k} i—1
Now, (3) becomes
)3 (—1)"”*1 Bg(iyinn, i pi =0
. al,nanlg(i), if pi = 1

=an” Y (D) (—akntner) 11 @ow

0€S,_1 ie[n—1)\{k}
-2 o
= ﬂZ,n Z (_ (_1) ) ak,nan,a(k) H ai,o(i)
(7651171 e i€ [n_l]\{k}
=(—1)7nk ~
(by @) _1
_iljl ai'(ﬁOtn/k) @
(by ()
n
— oot — -
ZaZ,nz Z )7 "H (Fotu)( _aZ,nz Z (_1)T1—[ai,r(i)
c€S, 1 TETn,k i=1

(here, we have substituted T for 0 o t,,  in the sum, since the map S,_1 = Ty, ¢ —
0 ot is a bijection). This proves Lemma (b).

() Assume that |p| > 1. In other words, p1 +p2+ -+ py—1 > 1. Thus
there exist two distinct elements u# and v of [n — 1] such that p, = p, = 1 (since

(p1,pP2,---,Pn-1) €10, 1}”71). We choose such u and v.
We now consider the sum

Z U'H ai’li’l/ lf Pi :0/ (6)
0€S,_1 aznan o (i) ifp;=1
To show that this sum is equal to 0, we use the following claim.

Claim 1: For each ¢ € S5,,_1, we have

n—1

aznan Lo (i) if pi = 1 i=1 azna (aot 2)(i)7 if pi = 1
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Proof of Claim 1: Let o € S,,_1. We must prove the equation (7). We note that the
products on the left and the right hand sides of this equation are identical for each
factor except for the u" factor and the vt factor (because for any i € [n — 1]\ {u, v},

we have (0ot ,)(i) =0 | tup (i) | = o (i)). Thus it remains to show that
N’
=i
(= Ao (u)) (—Aonln o) = (—Aunly (cot, ) () (—Fonln (ot ,)(0))

(here we are using the fact that p, = p, = 1). But this follows from (oo t,,)(u)

o(v) and (0o ty,)(v) = o(u). Hence, Claim 1 is proven.
Let
A1 = {(7 €S,1 ] (=17 = 1}
and

Ci1= {0’ €5,1 | (—1)0 = —1}.
The sets A,,_1 and C,,_; are disjoint, and satisty A,,_1 UC,,_1 = S,,_1. Furthermore,
every o € A,_ satisfies (—1)7°"** = (=1)7 . (=1)» = —land thuscot,, €
—— ——

-

=1 =1
(since c€ Ay, 1)

Cn—1. Hence, the map A,,_1 — C,_1, 0 — 0ot is well-defined. It is easy to see
that this map is also a bijectionﬁ Now,

Z O’H{ i)An,n, ifPi=0;

0€S, 1 —Ainly,g (i) ifp; =1

= Z (—1)° ﬁ {ai,a(i)ﬂn,n/ if pj=0;

cEA, 1 H_fl—’ i=1 " %inno(i) ifp;=1

(since €A, 1)

-1 . . .
€ Z (-1)7 Ii—I {ai,a(i)an,n/ ?f pi =0;

€G> i1 (THinfua(iy ifp;=1
(since c€Cy,_1)

Z ﬁ{a pann, i pi=0; y ’ﬁ{azaoann, if p; = 0;

Ain o (i) ifp;=1 veC, 1 i=1 Ainln,o(i)s if pi =1

= Z ﬁ {ai,O'(i)an,n/ if pi = 0; _ Z ]ﬁ {ail(gotu/v)(i)am, if pi =0;

cedn 1 im1 (Tintnoty Hpi=1 & iq | inn ot () i pi=1

(here, we have substituted ¢ o t, , for ¢ in the second sum, since the map A,_1 —
Cn_1, 0 — 0 otyy is a bijection). But Claim 1 shows that the two sums on the right
hand side of this equation are equal to each other term by term, and thus the right
hand side is 0. Therefore, so is the left hand side.

This proves Lemma [0.2| (¢) and completes the proof of Theorem O

4ts inverse is the map C,_1 — Ay_1, 0= 0oty
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