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Witt#3: Ghost component computations
[version 1.0 (21 April 2013), completed, not proofread]

This is an addendum to section 5 of [1]. We are going to explicitly state and prove
the general principle on which the proofs of 5.2, 5.25, 5.27 and 5.40 of [1] are based -
the "method of ghost component equations”.

We recall the definition of the p-adic Witt polynomials:

Definitions. (a) Let p be a prime. For every n € N (where N means
{0,1,2,...}), we define a polynomial w,, € Z[Xo, X1, Xs, ..., X;,] by

n—=k

We (Ko, X1y Xa) = X8 4 XV 42X 4 p XD 4" X = Y PR
k=0

Since Z X, X1, X2, ..., X,,| is a subring of the ring Z [Xo, Xi, X, ...] (this
is the polynomial ring over Z in the countably many indeterminates X,
Xi, X, ...), this polynomial w, can also be considered as an element of
71Xy, X1, Xo, ...]. Regarding w,, this way, we have

i n—k
w (Xo, X1, X, ) = Y _pPXE
k=0

We will often write X for the family (Xo, X1, Xo,...). Thus, w, (X) =

n

> Xy
k=0

These polynomials wg (X), wy (X), wy (X), ... are called the p-adic Witt
polynomials]]

n—=k

Remark. Tt is sometimes useful to additionally define a Witt polynomial
w_; € Z (that’s right, a polynomial in 0 indeterminates) by w_; = 0.

n—k

This agrees with the definition of w,, by w, (Xo, X1, ..., X,,) = > p* X"
k=0

n —
because for n = —1, the sum Y p*X? " is an empty sum and thus to be
k=0

L Caution: These polynomials are referred to as wp, wi, wa, ... in Sections 5-8 of [1]. However,
beginning with Section 9 of [1], Hazewinkel uses the notations wi, ws, ws, ... for some different
polynomials (the so-called big Witt polynomials, defined by formula (9.25) in [1]), which are not the
same as our polynomials wi, we, ws, ... (though they are related to them: in fact, the polynomial wy,
that we have just defined here is the same as the polynomial which is called w, in [1] from Section 9
on, up to a change of variables; however, the polynomial which is called wy, from in [1] from Section
9 on is totally different and has nothing to do with our wy).



understood as 0. While this polynomial w_; does not store any interesting
information, it sometimes helps to have it defined?

(b) Let = be a family of symbols. We consider the polynomial ring Q [Z]
(this is the polynomial ring over @ in the indeterminates =; in other words,
we use the symbols from = as variables for the polynomials) and its subring
Z[Z] (this is the polynomial ring over Z in the indeterminates =) [}
Let =P mean the family of the p-th powers of all elements of our family =
(considered as elements of Z[Z]) [ (Therefore, whenever P € Q[Z] is a
polynomial, P (=P) is the polynomial obtained from P after replacing every
indeterminate by its p-th powerED

We will now show two theorems:

Theorem 1 (Working with ghost components I).

(a) Let (f07 f17f27 ) S (@ [EDN and (907917927 ) S (Q [E])N be two fami_
lies of polynomials. Then,

(fn=9n for every n € N) (1)
if and only if
(wn (f(]?fla"'?fn) = Wp (907917”'7gn) for everynEN). (2)

(b) Let (fo, fi, f2,...) € (Q[ED" be a family of polynomials. Then,
(fn€eZ|=] for every n € N) (3)
if and only if

(wn (fo, f1 s fr) — Wne1 (fo (ZP), f1 (BP) ooy fu1 (BP)) € p"Z[Z] for every n € N).

Theorem 2 (Working with ghost components II).
Let (po, p1,p2,---) € (Q [E])N be a family of polynomials.
(a) Then, there exists one and only one family (fo, f1, f2,...) € (Q[E])" of

polynomials such that

(wn (f(bfl;-‘-afn) =DPn for everyneN). (5)

2For instance, the formula (5.26) of [1] simplifies to

Wy, (Vp) = pwp_1 for all n € N

when we use the convention w_; = 0.

3For instance, = can be (Xg, X1, X2,...), in which case Z[Z] means Z[Xo, X1, Xa,...].
Or, Z can be (Xo,X1,X2,..5Y0,Y1,Ys,...520,7Z1,Z2,...), in which case Z[Z] means
Z[Xo,Xl,XQ,...;Y(),Yl,)/g,...;ZO,Zl,ZQ,...].

“In other words, if = = (&i);cp> then we define =P as (ff)ieI. For instance, if = = (Xo, X3, Xo, ...),
then ZP = (Xg,Xf,sz,) If 2 = (.XO,Xl,XQ,...;Y(hYl,YQ,...;ZO,Zl,ZQ,...), then ZP =
(X2, XP, XD, Y2 YD YP, s 20, 2P, 22, ).

SFor instance, if & = (Xo,X1,Xs,...) and P(Z8) = (Xo+ X1)® — 2X3 + 1, then P (2P) =
(XP + XP)? —2XP + 1.



(b) The family (fo, f1,..., fn) defined in Theorem 2 (a) satisfies f, €

Q [po, p1; s Pn] (where Q [po,p1, .., pn] means the sub-Q-algebra of Q[Z]
generated by the polynomials pg, p1, ..., pn) for every n € N.

(c) This family ( fo, f1, ..., fn) defined in Theorem 2 (a) satisfies ( fo, f1, f2,...) €
(Z )Y if and only if

(Pn — Pn_1 (ZP) € P"Z [Z] for every n € N). (6)
Here, p_; denotes the zero polynomial.

Before we prove these theorems, let us explain their use: Theorem 2 (a) says that
we can define a family (fo, f1, fo,...) € (Q[Z])" of polynomials uniquely using ”ghost
component equations” (i. e., by defining w,, (fo, f1, ..., fn) for every n € N instead of
directly defining f,, for every n € N). These polynomials need not necessarily come
out integral when defined this way, but Theorem 2 (c) yields a handy way to check
whether they are. Moreover, Theorem 2 (b) shows that the polynomial f, lies - at
least, over Q - in the subalgebra generated by pg, p1, ..., pn, S0 it cannot have variables
that don’t occur in any of pg, p1, ..., pn. Theorem 1 is more or less a reformulation of
Theorem 2 that makes it easier for us to prove it.

We are now going to prove Theorems 1 and 2. First, a lemma:

Lemma 3. Let A be a commutative ring with unity, and p € N be a
nonnegative intege®} Let & € N and ¢ € N be such that & > 0. Let a € A
and b € A. If a = bmod p* A, then a?" = b mod pF+* A.

Proof of Lemma 3. We will show Lemma 3 by induction over ¢. For ¢ = 0, the
assertion of Lemma 3 is trivial. Now, for the induction step, we assume that a?' =
b mod pFtA for some ¢ € N, and we want to show that a? ™ = b mod p"*+1A. In
fact, we have a = bmod pA (because a = bmod p*A yields a — b € p*A C pA, since
k > 0) and thus

N AN B S it SN IR T S e s | A -1
(ap) (bp> = <bp> (bp) = (bp) :p<bp> = Omod pA,
i=0 i=0 i=0
p—1 o\ N\ P—1—i
so that (ap ) (bp ) € pA. Hence,
i=0
ape+1 _ bpe+1 _ <apz>p _ (bpe)p _ <apz _ bptz> ‘pzi <apz>i (bp’5>p1i c pk+£+1A
—_—— i=0
epFtlA, since ~ g -

4 L
aP =bP mod pFttA

so that e = v*""" mod pFHH1 A and the induction step is complete. Thus, Lemma 3
is proven.

As a consequence of Lemma 3, we can establish the following fact (which is Lemma
5.4 in [1]):

6Though we call it p, we do not require it to be a prime!



Lemma 4. Let ¢ € Z[Z] be a polynomial. Let p be a prime.

(a) Then,
Y (ZP) =P mod pZ (=] .

(b) For every ¢ € N, we have
(v ()" = 9" modp Mz (3]

Proof of Lemma 4. (a) Every element n € N= is a family of elements of N indexed
by elements of . For every £ € =, we will denote by n¢ the {-th component of this
family n. (Thus, every n € N satisfies n = (n¢), =)

Let NZ, denote the set

{n € N* | only finitely many ¢ € = satisfy n¢ # 0} .

Then, the polynomial ¢ has (like any polynomial in Z[Z]) a representation in the
form ¢ = > a, [] £, where a, is an element of Z for every n € N . Obviously,

neNE =~ &€E
(EP) = 3 aa [] (7). But
neNs,  ée=
P P
w3 wle) = ( Hsns)
neNg, €2 neNg, =
p
(since <Z as) = Z af mod pA for any family (as),.g of elements of a commutative ring A
seS seS
=Y a, [T =>" a][E)™ = (E)modpZ .
< ~— A < >
neNg, =an mod pZ[Z], £EE =(gp)™¢ neNg, §EE

because ab=an modp in Z
(by Fermat’s Little Theorem)

This proves Lemma 4 (a).

(b) Lemma 4 (b) follows from Lemma 4 (a) using Lemma 3 (applied to A = Z [Z],
k=1,a=1(ZP) and b = ¢P).

This completes the proof of Lemma 4.

Proof of Theorem 1. (a) We have to prove that is equivalent to . In fact, it
is clear that yields , so it only remains to prove that yields . So, let us
assume that holds. We want to prove that holds as well. In other words, we
have to prove that f,, = g, for every n € N. We will prove this by strong induction over
n; this means that we fix some n € N, and our goal is to show that f, = g, assuming
that fr = gx is already proven for each k € N satisfying k£ < n. Now,

n n—1 n—1
n—k n—k n—mn n—k n
k=0 k=0 7fp07f k=0

n—1
n—k
Wn, (.907917"'7971) = E pkgz +pngn
k=0

and similarly

)



Thus, yields
n—1 n—1
n—k n—k
Zp’“f,f +p"f =Y '+ 1"
k=0 k=0

Subtracting Z Pk fk = Z g - (which is because fi, = gx for each k € N satis-

tying k < n, by the mductlon assumptlon) from this equation, we obtain p" f, = p"¢,.

Hence, f, = g, (because p is not a zero divisor in the ring (Q[Z])"). This completes

the induction, and thus is proven. This completes the proof of Theorem 1 (a).
(b) Obviously,

W (fosfrsn ) = YV =0T+ Y0 @
k=0 ps
and
ot (o (Z), £ () o ot () Zp G @y 0

Now, we have to prove that is equivalent to . We will do this in two steps: First,
we will show that implies , and then we will establish the converse.

Step 1: Proof that (@ implies .' Assume that holds. We have to prove
then, i. e., we have to prove that

W, (fg, f17 ey fn) —Wnp-1 (f() (Ep) 7f1 (Ep) g ees fn,1 (Ep)) € an [E] for every n € N.

In fact, let us first notice that f; € Z[Z] for every k € N (since was assumed to
hold). Thus, in particular, f, € Z[Z] for every k € N satisfying k¥ < n. Hence, for
every k € N satisfying k& < n, Lemma 4 (b) (applied to ¢ = f;) yields that

(fr (Ep))pz = ,f“l mod p* ™ Z [=] for every ¢ € N. (9)
Now,
n—1 . n—1 (e 1)k n—1 i 1)k
ST S eE T = (T - eE )
k=0 k=0 k=0 ~ ~ 4
Ep"*kZ[E], because
Fe@)?" T =" modpr—tzE)
(by @, applied to ¢=(n—1)—k)
n—1
ey prptzlE] C pzlE]. (10)
k=0 M



Hence,

Wy, (fo, 1,5 fn) = wn1 (fo (BF), f1(ZF) s fuo1 (BP))
n—1 n—1
) (p“fzz” + Zpkfzfnk> B Zp'f (i @) (by ([@ and ()

=p" I+ (prk Zp <fk<zp>>p(“_”_k)
k=0

J/

EPZ[= by .
ep'fy  +r"L[E] (11)
—~—
€z[E]
Cp"Z[=]+p"Z[E) C p"Z[E] (since Z[Z] is a Z-module) .

Thus, is proven, i. e., we have shown that implies .

Step 2: Proof that implies (@ Assume that holds. We have to prove (3)
then, i. e., we have to prove that f, € Z[Z] for every n € N. We will prove this by
strong induction over n; this means that we fix some n € N, and our goal is to show
that f, € Z[Z], assuming that f; € Z[Z] is already proven for each k € N satisfying
k <n.

As in Step 1, we can prove ([11]) (because our proof of in Step 1 only used that
fr € Z[Z] for every k € N satisfying k < n; it did not use that f, € Z [Z] for all k € N).
Hence,

Wy, (fos Jrs s Jfn)=wn—1 (fo (BP), f1 (BP), ..., fum1 (BP)) € D" fﬁnin +p"Z [E] =p" futD"Z [E} )
—

:fﬁo =fn
so that

pn.fn € Swn (.f07 fla ey fn) — Wp-1 (fO (Ep) ) fl (Ep) PRRS) fn—l (Ep))z_pnz [E]
ep"Z[élfby

Cp"Z[E] —p"Z[=] = p"Z[E].

1 1
Hence, f, = —p"f, € —p"Z|[=Z] = Z[Z]. This completes our induction step. There-
p'I’L 7

fore, (3) is proven, i. e., we have shown that implies .

Altogether, we now know that implies and that implies . This proves
that (3)) and (4] are equivalent. Theorem 1 (b) is now proven.

Proof of Theorem 2. (a) The uniqueness of the family (fo, f1, fo,...) € (Q[E)Y
satisfying immediately follows from Theorem 1 (a), so it only remains to prove
the existence of a family (fo, f1, fo,...) € (Q[Z])" satisfying . We will do this by
constructing it recursively: Let N € N. Assume that the polynomials fo, f1, ..., fnv_1
are already constructed, and that (5) holds for all n < N. Then, we define a polynomial

In€eQ[E] b
1 i
In=— <pN—Zpkf;f ) : (12)
p k=0



Then, holds for n = N as well, since

N
wx (fo, fr oo fr) = S0 Zp 7N fN Zp Y f

fN

k=0
e |
Z w(pN—prk ) (by ()
S (pN — Zpkf;fN_k> = pN-
k=0

Thus, the family (fo, f1, f2....) € (Q[Z])" that we recursively construct this way will
satisfy . ) for all n € N. This proves the existence of such a family (fo, f1, f2,...) €
(Q[E)Y. Thus, the proof of Theorem 2 (a) is complete.

(b) We have to prove that f,, € Q [po,p1, ..., pn] for all n € N. We will prove this
by strong induction over n; this means that we fix some N € N, and our goal is to
show that fy € Q[po,p1, ..., pn], assuming that fr € Q [po, p1, ..., px| is already proven
for each k € N satisfying £ < .

Looking back at our construction of the family (fo, fi, fo,...) € (Q[Z])" (during
the proof of Theorem 2 (a)), we see that fxv € Q|pw, fo, f1, .-, [n—1] (because of
(12)). But Q[pn, fo, f1, - [n-1] € QI[po, p1, -, pn] (because py € Q [po, p1, .., pn] and
because our induction assumption yields fr € Q[po,p1,...,px] € Q [po, p1, ..., pn] for
each k < N). Hence, fy € Q[po,p1, ..., pn]. This concludes our induction, and thus,
Theorem 2 (b) is proven.

(c) For each n € N, we have

Wn—1 (fo, 1, s fam1) = Pn—1 (13)

e
i
o

=

k=0

E], and thus
wn—1 (fo (27), 1 (EP) ;s fam1 (BP)) = pn—1 (E) (14)

Bl

We have to prove that (fy, f1, fo,...) € (Z [E])N if and only if @ But clearly,
(for f1 f2s-) € (Z[E])Y is equivalent to , while @ is equivalent to (because
. ylelds Wy, (fo, f17 ey fn) = Pn, and y1€1dS Wp—1 (f() (Ep) s f1 (Ep) g eeny fn—l (Ep)) =
Pn—1(ZP)). Hence, it remains to show that is equivalent to (4f). But this follows
from Theorem 1 (b). Thus, Theorem 2 (c) is proven.

Now, both Theorems 1 and 2 are completely proven, and we can come to their
applications.

Our first application will be a proof of the following fact, which is Theorem 5.2 in

[1]:

Theorem 5. Let = denote the family (Xo, X1, Xo, ...; Yo, Y1, Ya, ...; Zo, Z1, 2o, ...)
of symbols. We abbreviate its subfamilies (Xo, X1, Xo,...), (Yo, Y1,Ys,...),

7 Proof of : Let n € N. If n =0, then follows from w,—1 =w_; =0 and p,—1 =p_1 =0.
Thus, we WLOG assume that n # 0. Hence, n > 1, so that n — 1 € N. Therefore, follows from
(5) (applied to n — 1 instead of n).

8This follows by evaluating the identity at =P.

7



(Zo, Z1,Zs,...) by X, Y, Z, respectively. (Thus, as usual, if P € Z [ Xy, X1, Xo, ...]
is a polynomial, then P (X) will mean P (Xy, X1, Xs,...) (which is the
same as P), while P (Y) will mean P (Y, Y1,Ys,...), and P (Z) will mean
P(Zy, 71,23, ...).)

Let f € Z [a; B;7] be a polynomial in three variables.

(a) Then, there exists one and only one family (fo, f1, f2....) € (Q[E])" of
polynomials such that

(wn (fos f1s o0 f) = f (wn (X) 500 (V) ; wn (2)) for every n € N).
(15)

(b) This famlly (fOJ f17 f27 ) < (Q [EDN satisfies fn S/ [XOJ Xla 7XTL7 }/07 }/17 A} an Z07 Zla sy ZTL]
for every n € N.

Before we prove this theorem, an easy lemma:
Lemma 6. Every n > 1 satisfies
Wy (X) — w1 (XP) =p" X,
(Here, X means the family of indeterminates (Xo, X, Xs,...), and X?
means the family of the p-th powers of all indeterminates from the fam-

ily X; in other words, X? = (X, X7, X%,...).)

Proof of Lemma 6. Subtracting the equality

n—1 ( y n—1 n—1
P\ k p pn—l —k . k p,p(nfl)fk . k pnfk
wo1 (XP) = pH(XD) =) Xy =) X}
k=0 k=0 k=0

from the equality
n . n—1 .
wy, (X) :Zkalf :Zkag +p"XE
k=0 k=0

we obtain
wn (X) = w1 (XP) =p" X" =p" X,
-
—XB' =X,
Lemma 6 is proven.
Proof of Theorem, 5. Define a family (po, p1, s, -..) € (Q[E])" by pr = f (wi (X) ;wy, (V) ; wy, (2))
for every k € N. Then, Theorem 5 (a) immediately results from Theorem 2 (a). It now
remains to prove Theorem 5 (b)), i. e. to prove that f,, € Z[Xo, X1, ..., Xpn; Y0, Y1, .., Yoi Zo, Z1,y .y Z]
for every n € N.
Theorem 2 (b) yields that f,, € Q [po, p1, ..., pn]. But all the polynomials py, p1, ...,
Py lie in

Qlwo (X)), wy (X)), .coywy (X) 5w (V) w1 (Y),ooywn (Y) ;w0 (Z2) ,wy (Z) .y wy, (Z)]



(because p, = f (wi (X);wi (V) ;wg (Z)) for every k € N, with f being a polynomial).
Hence,

Q[Po,Pl, 7pn] g Q[wﬂ (X) , W1 (X) yeeey Wn (X) ; Wo (Y) , W1 (Y) y ooy Wn (Y) ; Wo (Z) , W1 (Z) ycee

Besides, for every k € {0, 1,...,n}, the polynomials wy (X), wy (Y), and wy (Z) all lie
in Q[ Xo, X1, ..., Xpu; Yo, Y1, .0, Y3 Z0, Z4, ..y Zy] (because

Wy, (X) = Wk (X07X17 an’) € Q [X07X17 an] g Q [X07X17 aXn]
g @[X(),Xh...,Xn;Y(),YL...,Yn;Zo,Zl,...,Zn]

and similarly for wy (Y') and wy, (Z)). Hence,

Qlwo (X)), wy (X)), .coywy (X) 5w (V) w1 (Y),eooywn (V) ;w (Z) ,wy (Z) .y wy (Z)]
g Q [X07X17 7Xn; %71/17 7Yn; Z(), Zl7 ceey Zn] .

Combining these results, we see that

fn € Qpo, p1; - Pl
CQlwo (X),wy (X),.oo,wn (X);wo (Y),wy (Y), ooy wn (Y) ;w0 (Z) w1 (Z) ,..cywy, (Z)]
C Q[Xo, X1y ooy X3 Yo, Yay ooy Y Zoy Zons ovos Zon] (16)
On the other hand, Lemma 6 yields w,, (X) —w,—; (X?) = p"X,, € p"Z =], so that
wy, (X) = wy—q (XP)mod p"Z [Z], and similarly w, (V) = w,—; (Y?) mod p"Z[Z] and
wy, (Z) = wp—1 (ZP) mod p"Z [Z]. Thus,

P = f (wn (X) 50, (V) 50, (2)) = f (w1 (XP) ;w01 (YP) ;w1 (Z27)) mod p"Z [=] .

y Wn (Z)]

On the other hand, evaluating the polynomial identity p,—1 = f (wn—1 (X) ;wn—1 (V) ;wn-1 (2))

at =P yields
Pr—1(EP) = f (wno1 (XP) ;w01 (Y7) ;001 (Z27)) .

Hence,
Pn = [ (o1 (XP) ;w001 (YP) s w1 (Z7)) = pn—1 (E7) mod p"Z [Z]

so that
Pn — Pn—1 (ZF) € p"Z [Z] for every n € N.

Therefore, Theorem 2 (c) yields that (fy, f1, f2,...) € (Z [E])N. In other words, f, €
Z =] for every n € N. Combining this with (16]), we see that

fn € Z[E’] mQ[X07X17 "'7X’n;}/b7}/la "'7Yn;Z07Z1a 7Zn}
:Z[X07X17"'aXTL;}/E)aYh"'aYn;Z(bZl7"'aZn] :

This proves Theorem 5 (b). Thus, the proof of Theorem 5 is complete.

As another application of Theorems 1 and 2, we can prove the main result of [1],
5.25, namely that the map V,, defined in [1], 5.25 is a functorial group endomorphism
of the Witt vectors. This will follow from the following result:



Theorem 7. Define the polynomials sy, s, s2, ... and the polynomials
Mo, My, My, .. as in [1], 5.9. Define the family (vg, vy, vs, ...) € (Z[X])" by
vo (X) =0 and v, (X) = X,,_; for every n > 1 (where X means the family
(Xo, X1, Xo,...)).

Then,

Un (S0 (X5Y), 51 (X5Y), 8 (X;Y),..)
= 55 (V0 (X)), 01 (X),v2(X),..;00(Y),v1 (YV),02(Y),...)

for every n € N.

Proof of Theorem 7. Let = denote the family (Xg, X3, Xo,...; Yo, Y1, Ys, ...) of sym-
bols. Define two families (fo, f1, f2,-..) € (Q[E])" and (go, g1, g2, ...) € (Q[E])" by

fe=ve(s0(X5Y), 51 (X5Y), 5 (X;Y),...) and
gk = Sk (’UO (X) , U1 (X) , Ug (X) , .oy Vo (Y) , U1 (Y) , U2 (Y) s )
for every n € N. Then, we wish to prove that

(fo = gn for every n € N).

According to Theorem 1 (a), this will immediately follow once we can show that

(wn (fo, f15 s fr) = W (9o, G1s -5 Gn) for every n € N). (17)

So it remains to prove (7).
We have
n—k

Wa, (fo, f1y s fn) = Zpkf,fn_k = Zpk (v (50 (X5Y), 81 (X;Y) 82 (X;Y),..0))
k=0 k=0

(since fr = vk (5o (X;Y),s1 (X;Y),5(X;Y),...))
=1 (0 (50 (G Y) 51 (V) 0 (X5Y) )

N

(since vo =0 and p"~0>0)

+2 \pi/ U (30 (X5Y) 51 (X;Y), 82 (X3Y), )
k=1

TV
=ppk—1 =sp—1(X;Y), since
Ve (X)=Xg-1
n

0
:wnfl(so(X;Y),sl?)r(;Y) ,,,,, sn—1(X;Y))
(s0(X;Y),s1(X5Y), 801 (X5 Y)) = pwy—y (X) + pw,—q (V).

/

:wn—l(X)+wn—l(Y)
(by [1], (5.10), applied to n—1 instead of n)

10



On the other hand,

3
3

n—k n—0 n—k
=D (X)) =0 (v (X)) +) P (e (X))
k:O — kil _ k—1
_ =pp
(since vo=0 and p"~2>0)
pnfk
- ok - k—1
0 k—1 p -
p pp" " (vk (X)) Py p k (X)
0 k=l k=1 X
" K - (n=1)=(k=1)
=p> ' XE =p) X
k=1 7Xp(—\/—n—1)—<k—1) k=1
T k-1
n—1 (ne 1)k
=p Zka,f ! (here we substituted k for £ — 1 in the sum)
k=0 _
—w7b—1(X0?;(1 77777 Xn—l)
=wn—1(X)
= PWn-1 (X)

= wy (0o (X), 01 (X), 02 (X)) +wn (0o (V)01 (Y),02(Y),...)

-~ -~

:pwn—l(X) :pwn—l(Y)

this follows from the polynomial identity
Wy (S0 (X5Y), 51 (X;Y),5(X;Y),...) =w, (X) +w, (Y)
upon substitution of
(UO (X) » U1 (X) , U2 (X) 5005 Vo (Y) » U1 (Y) ) (Y) ) ) for (X; Y)

= PWn-1 (X) + pWn—1 (Y) = Wnp (fO? fla ) fn) )
so that is proven (this argument even makes sense for n = 0 if we define the

n—=k

polynomial w_; by w_; (X) = 0, which agrees with the formula w, (X) = > p* X7
k=0

because empty sums are understood to have the value 0). This completes the proof of
Theorem 7.

Now, using Theorem 7, it is easy to verify the main claim of [1], 5.25 - namely, the
claim that the map V,, defined in [1], 5.25 is a functorial group endomorphism of the
Witt vectors. In fact, this follows from the following fact:

Corollary 8. For every commutative ring A with unity, the map V,, :
Wieo (A) = Wy (A) defined by

Vya = (vg (a), v (a),ve(a),...) for every a € Wy (A)

11



is a group endomorphism of the additive group of We (A).
Proof of Corollary 8. Any a € Wy (A) and b € Wy (A) satisty
Vp (a +w b) = (UO (a +w b) , U1 (CL +w b) , Vo (a +w b) s )

and
Vya +w Vb = (50 (Vpa; Vb)), s1 (Vpa; Vb)), so (Vpa; Vb)) .

But for any n € N, we have

U, (@ 4w b) = vy, (S0 (a;0) , 81 (a;b), 2 (a;b), ...)
= 8, (vo (a),v1 (a),va(a),...;u0 (b),v1 (b),v2 (D), ...) (by Theorem 7)
= 5, (Vpa; V,,b). (18)

Hence,

Vp (CL +w b) = (UO (CL +w b) , U1 (CL +w b) , Vg (CL +w b) s )
= (50 (Vpa; Vib) ;51 (Vpa; Vib) ;55 (Vpa; Vib) , ... (by (18))
= Vpa +w Vpb

Thus, V, (a +w b) = V,ya +w V,,b holds for any a € Wy~ (A) and b € Wy (A). This
yields that V,, is a group endomorphism of the additive group of Wy (A). Corollary
8 is proven.

Our next application is a proof of part of [1], 5.27 (namely, of the integrality of f,
and of (5.30)). This comes down to showing the following fact:

Theorem 9. (a) There exists one and only one family (fo, f1, f2,...) €
(Q[X])" of polynomials such that

(wn (fo, f1s s fr) = Wi for every n € N). (19)

(b) This family (fo, f1, f2....) € (Q[X])" satisfies f, € Z[Xo, X1, ..., Xpi1]
for every n € N.

(c) This family (fo, f1, f2, ...) € (Q[X])" satisfies f, = X? mod pZ [Xo, X1, ..., Xps1]
for every n € N.

Proof of Theorem 9. Define a family (po, p1, 2, ...) € (Q [X])" by p, = w1 for all
k € N. Then, Theorem 2 (a) (applied to = = X)) yields that there exists one and only
one family (fo, f1, f2,...) € (Q [E])N of polynomials such that

(wn (fO?fla"WfTL) = DPn for everynEN).

This is exactly the statement of Theorem 9 (a) (because p, = wy41). Thus, Theorem
9 (a) is proven.

Theorem 2 (b) (applied to Z = X) yields that this family (fo, f1, f2,...) € (Q[X]Y
satisfies f,, € Q [po, p1, ..., pn] for every n € N. But recall that p, = w4 for all £ € N.
Thus,

Q[po,p1s s Pl = Qwy, wo, ..., wny1] € Q[Xo, X1, ..y Xpgt]

12



(since the Witt polynomials wy, ws, ..., w4 all lie in Q [Xy, X3, ..., Xp41]). Hence,

fn € Q [pO»ph 7pn] - Q [X07X17 "'aXn-i-l] for every n € N.
Theorem 2 (c) (applied to Z = X) yields that our family (fo, f1, f2,-..) € (Q [X]"
satisfies (fo, f1, f2,...) € (Z[X])" if and only if

(Pn — Pn1 (XP) € p"Z [X] for every n € N). (20)
But does hold, since

Pn — Pn—1 (XP) = Wy — wy, (XP) (since py = w4 for all k € N)
= Wy1 (X) — wn (XP)
="M X, (by Lemma 6, applied to n + 1 instead of n)
€ p"Z[X]

for every n € N. Thus, (fo, f1, f2,-..) € (Z[X])". In other words, f, € Z[X] for every
n € N.

Altogether, we now know that f, € Q[Xo, X1, ..., X;,11] and f,, € Z[X] for every
n € N. Hence,

fn < Q [XO>X17 "-7Xn+l] ﬂZ [X] - Z[Xo,Xl, -'-7Xn+1]

for every n € N. This proves Theorem 9 (b).
It remains to verify Theorem 9 (c). This will be done by strong induction over n:
We let n be some nonnegative integer, and we wish to prove that

fn = XPmod pZ [ Xo, X1, ..., Xpia],
assuming that we have already shown that
fr = Xy mod pZ [Xo, X1, ..., Xg41] for all k < n. (21)
On the one hand,

Wp+1 = Wy (f0>f1>"-7fn) (by )
n n—1
o k pn—k: . k pn—k: n pnfn
=) rfy =) rfy +p" [

i
L

s

—k
P+ p" fa

ey 0
but on the other hand
s, (ke (n+1)—k (n+1)—(n+1)
n+1)— n+1)— (n+1)—n n+1)—(n+1
Wnt1 = Zkalf =) Xy +p" X7 X
k=0 k=0 Y o
=Xn :Xg =X5+1=Xn+1
n—1 ( )
n+1l)—k
= Zkaif +p"XE A+ " X
k=0
Thus,
n—1 n—1 ( :
n—k n+1)—k
SO A =) XY XD 4 p T X, (22)
k=0 k=0

13



Now, for every k < n, we have f;, = X} modpZ [Xo, X1, ..., X;41] (this follows from
since pZ [Xo, X1, ...y Xka1] C pZ [Xo, X1, ..., Xpy1]) and thus

n—k

0 = (X mod pttRZ [ X, X1, oy X

(by Lemma 3, applied to Z [Xo, X1, ..., Xpt1], [k, X}, 1 and n — k instead of A, a, b, k
and /, respectively), and multiplication by p* yields

n—k n—k
pkf]f = pk (le)p mOd p(1+n_k)pk Z’ [XOJ X17 XS] XTH—I] . (23)
:p(1+n—k)+k:p1+n:pn+l

Thus,
n—1 . n—1 . n—1 -

n— n— nt+1)—
Zpkf,f = Zpk (XPyP =y pFXx? mod p" M Z [Xo, X1, ..., Xpi1] -
k=0 k=0 — k=0

_yppn—hk _ pn—k+tl p(nt+1)—k

Subtracting this congruence from the equation , we obtain
P fo = P"XE 4 " X1 mod p" T Z [ X, Xy, - X ] -
Since p"*™ X, 11 = 0mod p" ™ Z [ Xy, X1, ..., X,,41], this simplifies to
" fr = 0" XPmod p" 7 [Xo, X1, ..., Xpi1] .
Dividing this congruence by p™, we obtain
fn = XPmod pZ [ Xo, X1, ..., Xpi1],

and this completes our induction step. Thus, Theorem 9 (c) is proven.

Thus, two of the statements in [1], 5.27 are proven. Proving the remaining state-
ments is left to the reader (hint: [1], (5.31) follows from Theorem 9 (c), and the
statement that f, is an endomorphism of the unital ring W (A) is proven similarly
to our proof of Corollary 8)/]

As a final application of Theorem 1, we will prove the main claim of [1], 5.40. This
claim says that:

Theorem 10. Let A be a commutative ring with unity. Let a = (ao, a1, ag, ...) €
Wiyee (A) and b = (bg, by, ba, ...) € Wy (A) be such that for every n € N, at
least one of a,, and b, is zero. Then, a +w b = (ag + by, a; + by, as + b, ...).

9As a side-note to [1], 5.27, let me remark that there seems to be some confusion in literature
regarding the name ”Frobenius”. While [1] denotes the map

£, 0 Wi (A) = Wy (A),
a (fO (a>7f1 (a) 7f2 (a') ) )
as ”Frobenius”, some other sources (like [2]) denote the map
Wpee (A) = Wy (A),
(ag, a1, az,...) — (af,al,db, ...)

as ”Frobenius”. These two maps are, in general, different (though they are equal if p- 14 =0 in A).
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We will derive this fact from the following lemma:
Lemma 11. Let f : N — {0,1} and ¢ : N — {0, 1} be two functions such
that for every n € N, at least one of f(n) and g (n) is zero. Then,
for every n € N.
Proof of Lemma 11. Let us first notice that
(f (&) + (g (k)Y = (f (k) +g (k)Y (24)

for every positive integer j and every k € N i
Define two families (fy, f1, f2,...) € (Q[X])" and (go, g1, g2, -..) € (Q [X])N by

fao =50 (f(0)Xo, f(1) Xy, f(2) Xo,...;9(0) Xo,9 (1) X1,9(2) Xy, ...) for every n € N,

g =(f(n)+9g(n)) X, for every n € N.

Theorem 1 (a) (applied to = = X)) yields that if and only if (2). But holds,
since for every n € N, we have

Wy (fo, f1s s fr) = wn (S0 (f (0) Xo, f (1) X1, f(2) Xa,...;9(0) Xo,9 (1) X1,9(2) Xo,...),
s1(f (0) Xo, f (1) X1, f(2) Xa,...59(0) Xo, g (1) X1,9(2) Xa,...),
s2 (f(0) Xo, f (1) X1, [ (2) X, .59 (0) Xo,9 (1) X1,9(2) Xa, ..),

this follows from the polynomial identity

Wy (50 (X5Y), 51 (X;Y), 8 (X;Y),...) =w, (X) +w, (V)

upon substitution of

(f (0) Xo, f (1) Xy, £ (2) Xz, .59 (0) Xo,9 (1) X1,9(2) Xa,...) for (X;Y)

= Zpk (f (k) Xk)pn_k + Zpk (g (k) Xk)pn_k (by the definition of w;,)
k=0 —
" k pn—k pn k pnflc
=S (FE k) X
k=0 -~ .
—(F(k)+g(k)?" "
(by , applied to j:p”_k)
pnfk
= PPk +g (k)XY Zp g (k) X
k=0 ~~
=gk
n n—k
= pkgf; = Wy (907917---7gn)-
k

10 Proof of : Let j be a positive integer, and let k € N.

We know that f (k) € {0,1} (since f is a map N — {0,1}) and ¢ (k) € {0,1} (for similar reasons).
Furthermore, we know that at least one of f (k) and g (k) is zero. Hence, we are in one of the following
three cases:

Case 1: We have f (k) =0 and g (k) =

Case 2: We have f (k) =0 and g (k) =

Case 3: We have f (k) =1 and g (k) =

But can be straightforwardly verified in each of these three cases.

0.
1.
0.
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Thus, holds as well, so that f,, = g, for every n € N. But recalling the definitions
of f, and g,, we notice that this is exactly the claim of Lemma 11. Thus, Lemma 11

is proven.
Proof of Theorem 10. Define two functions f : N — {0,1} and ¢ : N — {0, 1} by
f(n)= L if an 7 0; and g (n) = L, if br, 7 0; for ever N. Then, f
0, if a, = 0 g 0, if b, = 0 ynelN en, Ior every
n € N, at least one of f(n) and g (n) is zero (since at least one of a,, and b, is zero).
Hence, Lemma 11 yields

5, (f(0) Xo, f(1) X1, f(2) X2,...59(0) Xo,9(1) X1,9(2) Xo,...) = (f(n) + g (n)) X,

for every n € N. Evaluating this polynomial identity at (X, X1, Xo,...) = (ag + bo, a1 + by, as + bs, ...),
we get

s (f(0) (a0 +bo), f (1) (a1 + 1), [ (2) (a2 + b2) 59 (0) (a0 + Do), g (1) (a1 + b1) , 9 (2) (a2 + b2) ;)
= (f(n) +g(n)) (an + by) (25)

for every n € N.
Besides, for every n € N, we have

f(n)an:{ 1, if a, # 0; .an:{ Qs ‘1fan7£0; o

0, ifa, =0 0, if a, =
F(n) b, = 1, if a, # 0; b — by, if a, # 0; _ 0 since b, = 0 if a,, # 0, .
) On = 0, ifa,=0 " | 0, ifa,=0 because at least one of a, and b,, is zero /)’
(n) @, = Lot b, #0; [ apn, it b, #0; _ 0 since a,, = 0 if b, # 0, _
g n = 0, ifb,=0 n = 0, if b, = - because at least one of a,, and b,, is zero |’
(1 by £0; [ b ifby£0;
9<”)b"_{0, if b, =0 'b"_{ 0. ifb, =0 0w

and therefore

so that
(f (n) +g(n)) (an +bn) = f (1) (an + bn) + g (1) (an + bn) = an + bn.
Now, f(n) (a, +b,) = a, for every n € N, and therefore

(f (0) (a0 + o), f (1) (a1 + b1) , £ (2) (a2 + b2) , -..)
= (ap, a1, as, ...) = a. (26)

Similarly,
(9 (0) (a0 +bo),g (1) (a1 +b1),9(2) (az + ba),...) = 0. (27)

Now,
a+w b= (so(a;b),s1(a;b),ss(a;b),...) = (ag+ by, a1 + by, as + ba, ...)
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because every n € N satisfies

sn (a;b)
= 5n (f (0) (a0 +bo) , f (1) (a1 + b1),

f
( since a = (f (0) (ap +bo), f (1) (a1 +b1), f(2) (a2 + bs),...) by (26 . )
and b = (g (0) (ay +by) .9 (1) (a1 +51) .9 (2) (az + bs). ..) by €7

= (f(n) +g(n)) (an +bn) (by (23))
f(n)(an+b) g(n) (an +bn) = an + by.

_an =b,

This proves Theorem 10.
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