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Introduction

These notes introduce some algebraic analogues of notions from classical anal-
ysis such as Laurent series, differential operators, formal distributions and the
o-function. We believe that everything written below is well-known (“folklore”),
but a good deal of it is not easy to find in the literature. The notes are self-
contained and should be understandable for anyone who has prior experience
with (multivariate) formal power series, binomial coefficients and localization of
commutative rings.

Chapters [3| and {4 are scribe notes of a lecture in Victor Kac’s 18.276 class at
MIT in Spring 201 Chapters|l]and [2| are meant to set the stage and define the
requisite objects beforehand.

Please let me (darijgrinberg@gmail.com) know of any mistakes!

1. Basics on polynomial-like objects

1.1. Polynomial-like objects

Let us first define the objects which we are going to deal with. These objects
will be certain analogues of polynomials and power series. Some of them are
well-known, but some are apocryphal. We assume that the reader has some
familiarity with polynomials and formal power series; this will allow us to be
brief about them and also about the more baroque objects that we introduce
when they behave similarly to polynomials and formal power series.

In the following, F denotes a commutative rin and N denotes {0,1,2,...}.
When R is a ring (for instance, IF), the word “R-algebra” means “associative
central R-algebra with 1”7, unless the word “algebra” is qualified by additional
adjectives (such as in “superalgebra”, “Lie algebra” or “vertex algebra”). We use
1, ifi=j;
0,ifi #j

We shall work with the usual notion of F-modules in the following, but we
shall keep in the back of our mind that all of our arguments can be adapted
(using the Koszul-Quillen sign convention) to the setting of IF-supermodules (at
the cost of sometimes having to require that 2 is invertible in IF).

If U is a F-module and z is a symbol, then we can consider the following five
F-modules:

the notation 4;; for whenever i and j are any two objects.

e The F-module U [z] of polynomials in z with coefficients in U. This -
module consists of all families (1;);.p; € UN such that all but finitely many

i € N satisfy u; = 0. We write such families (u;);.p; in the forms ) u;z!
i=0

The class is about vertex algebras, but no vertex algebras appear in these notes.
2Here and in the following, “ring” always means “ring with 1”.
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and Y u;z', and refer to them as “polynomials” (despite U not necessarily
i€EN
being a ring).
e The F-module U [z,z7!] of Laurent polynomials in z with coefficients in
U. This F-module consists of all families (1;);., € UZ such that all but
finitely many i € Z satisfy u; = 0. We write such families (u;);., in the

(o] . .
forms ), wu;z'and ) u;z', and refer to them as “Laurent polynomials”.
i=—o0 icZ

e The F-module U [[z]] of formal power series in z with coefficients in U.
This F-module consists of all families (u;);. € UN. We write such fami-
lies (u;);cpy in the forms Py u;iz' and Y u;z', and refer to them as “power

i=0 ieN
series” (or “formal power series”).

e The F-module U ((z)) of Laurent series in z with coefficients in U. This
F-module consists of all families (1;);.,, € UZ such that all but finitely
many negative i € Z satisfy u; = 0. We write such families (u;);., in the

o0 . .
forms Y wu;z' and Y u;z', and refer to them as “Laurent series”.
i=—o0 i€eZ

e The F-module U [[z,z71]] of U-valued formal distributions. This F-module
consists of all families (u;);., € UZ. We write such families (1;);. in the

[e) . .
forms Y wu;z' and Y u;Z', and refer to them as “U-valued formal distri-
i=—o0 icZ
butions” (in analogy to the distributions of analysis, although these formal

distributions are much more elementary than the latter).

The F-module structure on each of these five F-modules U [z], U [z,z’l},
U([[z]], U((z)) and U [[z,z7!]] is defined to be componentwise (i.e.,, we have
(Ui)jen + (Vi)ien = (i + 0i)jen and A~ ()i = (Atti)jep for U [z], and sim-
ilar rules with IN replaced by Z for the other four F-modules). Of course, we
have

UCcujzlcu [Z,Z_l} CU((z)) cUu Hz,z_lﬂ and
Uzl cU[}z]] cU Hz,zflﬂ .

We refer to the elements of any of the five F-modules U [z], U [z,z '], U [[z]],
U ((z)) and U [[z,z71]] as “polynomial-like objects”. Given such an object — say,
Y u;z' —, we shall refer to the elements u; of U as its coefficients. More precisely,
iz
if u = ¥ u;z', then u; is called the i-th coefficient of u (or the coefficient of z' in u).
i€Z
Often, U [z,z71] is denoted by U [z*!], and U [[z,z7!]] is denoted by U [[z*]].
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We shall use standard notations for elements of U [z], U [z,z71], U [[z]], U ((z))
and U [[z,z7!]]. Por instance, for given u € U and m € Z, we let uz™ denote
the element (16;,);., of U [z,z7!] (that is, the Laurent polynomial whose m-th
coefficient is u and whose all other coefficients are 0). This is also an element of
Ul [z] when m € IN. When U = F and m € Z, we write z™ for 1z™. We abbreviate
z" by z.

When U has additional structure (such as a multiplication, or a module struc-
ture over some [F-algebra), we can endow some of the five F-modules U [z],
Ulz,z7Y, Ulz]], U((z)) and U [[z,z71]] with additional structure as well.
Here are some examples:

o If U is a [F-algebrd}, then U [z], U [z,z7!], U[[z]] and U ((z)) become F-
algebras, with multiplication given by the rule

(;uizi) : (Zi;vizi> — Zl; (;ujvi_,-> z! (1)

(and unity defined to be Z5i,02i)- Here, the sums range over IN in the case

1
of U [z], and over Z in the cases of U [z,z71], U[[z]] and U ((z)). When
U is commutative, then these four F-algebras are commutative U-algebras
(with the action of U being componentwise). The case of U = F is the one
most frequently encountered.

However, U [[z,z7!]] does not become a FF-algebra in this way, not even

for U = F. In fact, attempting to compute (Z zi) . (Z zi> according
i€Z i€Z
to H would lead to the result ) < Y. 1-1 z!, which makes no sense
icz \ jez
(as the inner sum ) 1-1 diverges in any meaningful topology). This is
jEZ
probably the reason why you rarely see U [[z,z7']] studied in literature;
its elements cannot be multipliedﬁ However, it is at least possible to mul-
tiply elements of U [[z,z7'|] with Laurent polynomials (i.e., elements of
U [z,z71]); this multiplication again is defined according to H and it is
well-defined because of the “all but finitely many i € IN satisfy u; = 0” con-
dition in the definition of U [z,z!]. This multiplication makes U [[z,z71]]
intoa U [z,z’l} -module. This module usually contains torsion, however:

3This includes U = TF as a particular case.
4This is similar to the lack of a reasonable notion of product of distributions in analysis.
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we have

(1_2) <§ Zi> :E Zi—'E Z'Zi:é Zi—'E ZH_1
ieZ ieZ i€Z —itl i€Z i€Z
h\/_/

:Zzi

i€Z

:Zzi—Zzi:O.

icZ icZ

e More generally, if V is a F-algebra and U is a V-module, then U [z] becomes
a V [z]-module, U [z,z7!] becomes a V [z,z7!]-module, U [[z]] becomes
a V [[z]]-module, U ((z)) becomes a V ((z))-module, and U [[z,z71]] be-
comes a V [z,z7!]-module. Again, the actions are given by (1). This is
particularly useful in the case when V' = . This particular case shows that
whenever U is an [F-module, the [F-module U [z] becomes an F [z]-module,
U [z,z!] becomes an FF [z,z71]-module, U [[z]] becomes an F [[z]]-module,
U ((z)) becomes an IF ((z))-module, and U [[z,z71]] becomes an FF [z,z!]-
module. In particular, all five F-modules U [z], U [z,z7!], U [[z]], U ((z))
and U [[z,z71]] thus become F [z]-modules.

e The product of an element of IF [z,z71] with an element of U [[z,z7!]] is
well-defined and belongs to U [[z,z7!]] (since U [[z,z71]] isan F [z,z7!]-
module). The product of an element of F [[z,z7!]] with an element of
U [z,z71] is also well-defined, and also belongs to U [[z,z~1]]; but this no-
tion of product makes neither U [z,z_l] nor U [[z, z_l]] intoan F Hz, z_lﬂ
module (yet it is useful nevertheless).

e We defined F-algebra structures on U [z], U [z,z7!], U[[z]] and U ((2))
for any FF-algebra U. Here, we only used the associativity of U to ensure
that these new [F-algebra structures are associative, and we only used the
unity of U to construct a unity for these new [F-algebra structures. Thus, in
the same way, we can obtain nonassociative nonunital [F-algebra structures
on Uz], U(z,z7'], U[[z]] and U ((z)) whenever U is a nonassociative
nonunital [F-algebra. In particular, this construction works for Lie algebras:
If g is a F-Lie algebra, then g [z], g [z,z7!], g [[z]] and g ((z)) become F-Lie
algebras, with Lie bracket defined by the rule

o] (o)

Fl

SExercise: Check that g[z], g [z,z7!], g[[z]] and g ((z)) actually become F-Lie algebras using
this definition. (This is not completely obvious, because the [a,a] = 0 axiom does not directly
get inherited from g. But it is still easy to check.)
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e Given any Z-grading on an [F-module U and any integer d, we can define a
Z-grading on U [z] by giving each uz’ (for u € U homogeneous and i € IN)
the degree degu + id. Similarly, we can define a Z-grading on U [z,z7]
(but not on U [[z]], U ((z)) or U [[z,z71]], unless we content ourselves
with an “almost-grading” [}). These gradings turn U [z] and U [z,z7!] into
graded [F-algebras. When the Z-grading on U is trivial (i.e., everything in
U is homogeneous of degree 0) and d = 0, these gradings are the “grading
by degree” (i.e., each uz' has degree i).

e The F-modules U [z], U [z,z7!], U[[z]], U((z)) and U [[z,z71]] are au-
tomatically endowed with topologies, which are defined as follows: En-
dow UZ (a direct product of infinitely many copies of U) with the direct-
product topology (where each copy of U is given the discrete topology),
and pull back this topology onto U [[z,z7!]] via the F-module isomor-

phism U [[z,z71]] — UZ%, ‘ZZ uiz' — (u;);cy. This defines a topology on
S

U [[z,z7]]. Topologies on the four F-modules U [z], U [z,z7!], U [[z]] and
U ((z)) are defined by restricting this topology (since these four [F-modules
are IF-submodules of U [[z,z71]]). These topologies are called “topologies
of coefficientwise convergence”, due to the following fact (which we state

for U [[z,z7!]] as an example): A sequence (u(n)) y Of formal distribu-
ue

tions u,) € U [[z,z7!]] converges to a formal distribution u € U [[z,z7!]]
with respect to this topology if and only if for every i € Z, we have

(the i-th coefficient of u (n)> = (the i-th coefficient of u)
for all sufficiently high n € IN.

The topologies that we introduced are Hausdorff and respect the [F-module
structures (i.e., they turn our IF-modules into topological I[F-modules). They
also respect multiplication when U is an F-algebra’l Furthermore, the set
U[z] is dense U [[z]], and the set U [z,z7'] is dense in each of U ((z))
and U [[z,z7!]]. This ensures that, when we are proving certain kinds of
identities in U [[z]], U ((z)) or U [[z,z7!]] (namely, the kind where both
sides depend continuously on the inputs), we can WLOG assume that the
inputs are polynomials (for U [[z]]) resp. Laurent polynomials (for U ((z))
and for U [[z,z71]]).

By an “almost-grading” of a topological F-module P, I mean a family (P,),., of F-

submodules P, C P such that the internal direct sum & P, is well-defined and is dense
nez

in P. Such almost-gradings exist on U [[z]], U ((z)) and U [[z,z71]].

"Here is what we mean by this: If U is an [F-algebra, then the multiplication maps of the IF-
algebras U [z], U [z,z7!], U[[z]] and U ((z)) are continuous with respect to these topologies,
and so are the maps U [z,zfl] x U Hz,z*l]] —Uu Hz,z*l]] and U Hz,z*l]] x U [z,zfl] —
U [[z,z7!]] that send every (f,g) to fg.
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1.2. Polynomial-like objects in multiple variables

We have so far studied the case of a single variable z; but it is possible to define
similar structures in multiple variables. Let us briefly sketch how they are de-
fined. Let U be a F-module, and let (x]-)]. ¢, be a family of symbols. We briefly

denote the family (x;)._, as x.

j€T
e The F-module U [x] = U [x; | j€ ]| consists of all families (u;);cpy €

UN' such that all but finitely many i € IN/ satisfy u; = 0. We write such

families (u;);cpy in the form Y u;x’, and refer to them as “polynomials”
ieNJ

in the x; with coefficients in U.

e The F-module U [x,x_l} =Uu [xj,xj_l | je ]] consists of all families (u;);. 5 €

UZ' such that all but finitely many i € Z/ satisfy u; = 0. We write such

families (u;);.5; in the form Y. wu;x!, and refer to them as “Laurent poly-
iez]
nomials” in the x; with coefficients in U.

e The F-module U [[x]] = U [[x; | j € J]] consists of all families (1;);cpny €
UN'. We write such families (4i);epy in the form ¥ wu;x!, and refer to
ieN/
them as “formal power series” in the x; with coefficients in U.

e The F-module U ((x)) = U ((x; | j € J)) consists of all families (1;);.5 €

U?Z for which there exists an N € Z such that alli € Z/ \{N,N+1,N+2,...

satisfy u; = 0. We write such families (u;);.5; in the form Y u;x!, and
icz/

refer to them as “Laurent series” in the x; with coefficients in U. (This is

the only definition you might not have immediately guessed.)

e The F-module U [[x,x!]] = U ij, x]-_1 | je ]H consists of all families

(Ui)iezs € UZ'. We write such families (#4i);ezy in the form Y u;xi, and
iezl

refer to them as “U-valued formal distributions” in the X; with coefficients

in U.

Again, the first four of these five [F-modules become [F-algebras when U itself
is a F-algebra. The multiplication rule, like (I), is “what you would expect” if

you are told that x! stands for the monomial [] x;.j (where i = (i]-)]. c ]). Explicitly:
i€l

() (5) 5l )
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where the subtraction on IN/ and on Z/ is componentwise. Again, the same
formula can be used to make U [[x,x"!]] into a U [x,x"!]-module.

Again, U [x,x!] and U [[x,x"!]] are often called U [x*!] and U [[x*!]], re-
spectively.

We will often be working with polynomials and power series (and similar ob-
jects) in two variables. For instance, U [z, w] (with z and w being two symbols)
means U [x], where x is the two-element family (z, w). Similarly, U [[z,z7}, w, w™1]]
means U [ [x,x]] for the same family x. Explicitly,

Ulz,w| = { Y. u(l-,]-)ziwj | all but finitely many (i,]) € IN? satisfy U = 0}
(i,j)€EN?

and

([ w0 1] - {(2 w}

(where the u; ;) are supposed to live in U both times). Similarly,

i,j)

u [z,z‘l,w,w_l]

= { ) u(i,j)ziwj | all but finitely many (i,j) € Z? satisfy Ui = O} ,

(ij)ez?
Ullzw]] =8 Y ugjzw
(i,j)EN?

and
U ((z,w))
= Y. ug )z ‘wl | there exists an N € Z such that
(i,j)ez?
all (i,j) € Z\ {N,N +1,N +2,...}* satisfy Ui = 0} N )
There are obvious isomorphisms U [z, w] = (U [z]) [w] = (U [w]) [z] which

preserve the F-module structure and, if U is an FF-algebra, also the [F-algebra
structure. Similarly, there are obvious isomorphisms U [[z, w]] = (U [[z]]) [[w]] =
(U [[w]]) [[z]] which also preserve said structures)”| Similar isomorphisms exist
for Laurent polynomials and for formal distributions, but not for Laurent series.

8Caveat: These isomorphisms do not preserve the topology! The sequence ((z+w)")
converges to 0 in the topology on U [z, w|, but not in the topology on (U [z]) [w] (unless the
latter topology is defined more subtly).
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Sometimes we will also study “intermediate” F-modules such as U [[z,z7}, w] ]
(intermediate between U [[z,z7]] and U [[z,z7!,w,w™!]]); as you would ex-
pect, it is defined by

u Hz,z*l,wH — (i,j)GZZ:XNu(i,j)ziwj

(It can also be viewed as (U [[z,z71]]) [[w]], or as (U [[w]]) [[z,z71]], both times
by canonical isomorphism.) Some authors write U [ [z*!, w]] for U [[z,z7, w]].

As we said, U [[z,z!]] is usually not a F-algebra even if U is a F-algebra.
However, products of “formal distributions” can be well-defined in various spe-
cific cases for particular reasons. Most importantly, two formal distributions in
distinct variables can be multiplied: for example, if U is a [F-algebra, then we
can multiply ¥ u;z' € U [[z,z71]] with ¥ vw' € U [[w,w!]] to obtain

i€z i€z

(Zue) (gow) = £ wosrcufoz ]

i€Z i€Z (i,j)ez?

Later (in the proof of Proposition 3.6/ (a)) we will encounter a different case in
which two formal distributions can be multipliedﬂ

1.3. Substitution

In many cases, it is also possible to substitute things for variables into polynomial-
like objects, although, the less “tame” the objects are, the more we need to re-
quire of what we substitute into them. Here are some examples:

o If U is a commutative F-algebra, and if f € U [z], then any element of a
U-algebra can be substituted for z in f.

e If U is a commutative F-algebra, and if f € U [z,z7!], then any invertible
element of a U-algebra can be substituted for z in f.

e If U is a commutative F-algebra, and if f € U [[z]], and if I is an ideal of
a topological U-algebra P such that the I-adic topology on P is complete,
then any element of I can be substituted for z in f. In particular, this shows
that any nilpotent element of a U-algebra can be substituted for z in f, and
also that any power series with zero constant term can be substituted for z

in f.
9Namely, we will see a situation in which one power series belongs to U [[z,z7!]], while the
other belongs to (U [z,z‘l]) [[w,w™1]] (which is embedded in U Hz,z‘l,w,w_l]] via the

identification of U [[z,z7!,w, w™!]] with (U [[z,27!]]) [[w,w™!]]). The reader can come up
with some even more general situations in which multiplication is possible.
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e If U is a commutative [F-algebra, and if f € U ((z)), then we can substitute
any positive power of z or of any other formal indeterminate for z in f.

e If U is a commutative F-algebra, and if f € U [[z,z7!]], then we can
substitute any nonzero power of z or of any other formal indeterminate for
zin f.

As usual, the result of substituting any object p for z in f will be denoted by
f(p).

In the case of multiple variables, some of these rules need additional condi-
tions. For example, we can only substitute commuting elements of a U-algebra
for the variables in a polynomial. We can substitute two distinct indeterminates
for z and w in an element f € U [[z,z7!, w, w™1]], but not two equal indetermi-
nates unless f has special properties. In particular, if f € U [[z,z7!, w,w 1]],
then f (z,w) and f (w,z) are well-defined (of course, f (z,w) = f), but f (z,2)
(in general) is not.

2. Derivatives

2.1. Derivatives

Let us now define derivative operators on polynomial-like objects. We shall
be brief, as we assume that the reader knows how to (formally — i.e., without
recourse to analysis) define derivatives of polynomials, and much of the theory
will be analogous for the other objectsm

First, let U be a F-module, and z a symbol. Then, we can define an endomor-
phism 9, of the F-module U [z] by setting

9, (Z uizl> =Y iuz !
€N €N

for every Y. u;z' € Ulz] (with u; € U) This endomorphism 0, is often
icN

190ur treatment of derivatives will, however, be complicated by the fact that we are allowing IF
to be an arbitrary commutative ring, not necessarily a field of characteristic 0.
et us see why this is well-defined. Fix Y u;z' € U[z] (with u; € U). It is clear that
ieN

Y iuzl e U [z,z’l] (since all but finitely many i € IN satisfy u; = 0), but we need to

ieN

prove that Y iu;z'~! € U [z]. For this it is clearly sufficient to show that iu;z' =1 € U [z] for
icIN

every i € N. So leti € IN. We need to show that iu;z'~! € U [z]. But:

e for i > 1, this is obvious (because for i > 1, we have i — 1 € IN).

e for i < 1, this follows from i uiz=1=0.
—~—

(since i<1)

10
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denoted by % Analogous endomorphisms 9, of U [z,z7!], of U [[z]], of U ((z))

and of U [[z,z7!]] are defined in the same way (except that N is replaced by Z
when we are considering U [z,z7!], U ((z)) and U [[z,z7]]). These endomor-
phisms are all continuous; they are furthermore U-linear derivations when U
is a commutative IF-algebraH Finally, these endomorphisms 9, form commuta-
tive diagrams with each other — e.g., the restriction of the endomorphism 9, of
U [z,z71] to U [z] is precisely the endomorphism 9. of U [z].

When there are multiple variables x; (for j € ]) instead of a single variable z,
an endomorphism dy; is defined for each of the it is given by

8x]. (Zum‘) = Zijuifejx‘,
i i

where we are using the following notations: i; denotes the j-th entry of the
family i, and e; denotes the family (& ;) keJ (and the subtraction in i — e; is
componentwise). The endomorphisms dy; for different j commute.

2.2. Hasse-Schmidt derivatives a§”>

We can also generalize the endomorphisms 9 of U [z], U [z,z7!], U [[z]] and
U ((z)) in another direction:

Definition 2.1. Let n € IN. Let U be an F-module. We define an endomor-
phism o™ of the F-module U [z] by setting

i (Z uizi> =) <i>uizi_”
icN ieN \

for every ¥ u;z' € U [z] (with u; € U) Again, we can define endomor-
icN

phisms 3\ of U [z,z71], of U[[z]], of U ((z)) and of U [[z,z7!]] according to

the same rule.

Thus, iu;z' =1 € U [z] is proven, ged.
2In the case of U [[z,z7!]], this means that 9, is U-linear and satisfies 9. (fg) = (9.f)g +
f(0:8) forany f € U [z,z71] and g € U [[z,z71]].
13The reader probably knows these endomorphisms on polynomial rings, and will not be sur-
prised that they behave similarly for other polynomial-like objects.

14 et us see why this is well-defined. Fix ) uzl € U [z] (with u; € U). It is clear that
icN

v (;) uiz'™" € U[z,z71] (since all but finitely many i € N satisfy u; = 0), but we

ieN

need to prove that )}, (rlz) u;z™" € Ulz]. For this it is clearly sufficient to show that
ieN

11
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(2)

These endomorphisms 9,,” form commutative diagrams with each other —
e.g., the restriction of the endomorphism E)ﬁn) of U [z,z7!] to U[z] is precisely

the endomorphism 8?) of U [z]. Moreover, they satisfy the following properties:

Proposition 2.2. Let U be an F-module. Let A be any of the five F-modules
Ulz], U [z,z7'], U[[z]], U((z)) and U [[z,z71]]. Then,

8. = id; 3)

oM =3, 4)

ntal™ = (2,)" for all n € IN; (5)
ol o lm) — (” : m) glntm) foralln e Nand m € N. (6

Proof of Proposition We WLOG assume that A = U [[z,z71]] (since the other
four F-modules U [z}, U [z,z7!], U [[z]] and U ((z)) are F-submodules of U [[z,z71]],

and their respective endomorphisms aﬁ”) are restrictions of the endomorphism
o of U [[z,271]]).
For every )’ u;z' € A (with all u; € U), we have

ielN
- i i s
a§°) (Z uizl> = Z (0> u; 20 (by the definition of 8&0))
ieEN i€IN, ;i
=1
=Y uz =id (Z uizi) .
iceN ieN
Hence, GEO) = id. A similar argument shows that ag” = d; (here we use the fact

that (i) =i for each i € N).

(;) u;z =" € U [z] for every i € N. So let i € N. We need to show that (;) wiz =" € U[z).
But:

e for i > n, this is obvious (because for i > n, we have i —n € IN).

e for i < n, this follows from (;) uiz=" = 0.

=0
(since i<n and i€IN)

Thus, (;) u;z"~" € U [z] is proven, qed.

12
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Let us now prove (6). Indeed, let n € IN and m € IN. We need to prove that
a§”) o a§m> = <n —;: m) 8£"+m). It is clearly enough to show that

(8" 00l (a) = (” ! ’") o™ (a) )

n

for every a € A.

Proof of (7): Let a € A. We need to prove the equality (7). Both sides of this
equality are continuous with respect to a (where “continuous” is to be under-
stood with respect to the topology we introduced on A). Hence, we can WLOG
assume that a € U [z,z7!] (since U [z,z71] is dense in U [[z,z7!]] = A). As-
sume this. Now, both sides of the equality (7) are F-linear in a. Hence (and since

a € U [z,z7']), we can WLOG assume that a belongs to the family (uz),,c;, pez

(since the family (uz7),cy;, ,cz spans the F-module U [z,z7']). Assume this.
Then, a = uz? for some u € U and p € Z. Consider these u and p. Now, the

definition of ag”) yields

o™ (uzb) = ( Z ) uzP 3" (2P = (P - m) P,

™ (yzP) = ( P )uzp(”“”).

n-—+m

Butitiseasytoseethat(p)(p_m):(n+m)( f >
m n n n-+m

15Proof. The definition of ( :1 > yields

(P):P(P—l)“'(P—m‘H) ®)

m m! '

The definition of (P ; m) yields

<P—m) (p—m)((p—m)=1)---((p=—m) —n+1)

13
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Multiplying (8) with this equality, we obtain
(P) <P—m> _plp=1)---(p—m+1) (p—m)(p—m—-1)---(p—m—n+1)

m n m! n!
= (P (pem D) (=) (pmm 1) (pm—nt 1))
=p(p—1)--(p—m—n+1)
=n,1m,p<P—1)~~ p—m—n+1 =n,;,v(p—l)m(p—(nﬂtm)“)
=p—(n+m)+1
_(mtmt pp—1)---(p—(nt+m+1)
n!m! (n+m)!
Comparing this with
n+m
( n ) <n+m>
~—~ —_——
(ntm)!  (m+m) p(p—1)---(p—(n+m)+1)

— (n

nl((n+m)—n)t  nlm! (n+m)!

(by the definition of < )
n+m

_mtm)t pp=1)---(p—(ntm+1)
nlm! (n+m)!

we obtain (p)(p—m>_<n+m>( P ),qed.
m n n n+m

It might seem that a simpler proof could be obtained using the identity (Z) =

p!
m! (p —
but we prefer the proof given above.

7

; but this identity only holds for p > 0. This type of argument can be salvaged,

14
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Now,

et (o)

:uZp

= <8§n) oagm)) (uzf) = 8&”) aé’“) (uzf) | = (P) ag”) (uzf™™)
—— —— m N————

= < p) uzp—m = <p o m) uz(p—m)—n
m n
Q) T
m n et n n—+m

N . —zp—(ntm)

-~

B n—+m p :8£n+m)(uzl’)
\ n n—+m
= (n + m) ™) ( uzf ) = (n + m> ) (a).
n S~~~ n

=a

This proves (7). Thus, (6) is proven.

It remains to prove (5). But this can be shown straightforwardly by induction
over n: The induction base (n = 0) is dealt with by (3), while the induction step
follows from

\ai/ Oagn—l) — 82(:1) o agn—l) _ (1 + (n — 1)) a(1+(71—1))

1 ;z-“
_om . ~ _om
oy @) - )
(by (6), applied to 1 and n — 1 instead of n and m)
=,
This completes the proof of Proposition O

n
The equality (5) yields that a§”> = % in the case when F is a Q-algebra;
(n) '

thus, the endomorphisms d, ' are of little significance in this case. But they
become useful when one wants to prove results over arbitrary fields (or commu-
tative rings) — where they, for instance, allow one to construct a Taylor formula

(n)

without denominators. Endomorphisms akin to 9; ' can also be defined in the

case of multiple variables; they will be denoted by 83(;;).

Proposition 2.3. Let U be an [F-module. Let A be any of the five F-modules
Ulz], U[z,z71], U[[z]], U((z)) and U [[z,z7']]. Let L, be the F-linear map
A — A which sends everya € Atoz-a € A.

15
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Define 8271) as the zero map 0 : A — A. Then, [Lz,ag”)] = —ag’H) for
every n € IN. Here, [, -] denotes the commutator of two endomorphisms of
A; thus, [Lz,ag”)] —L,00™ — 3o,

Proof of Proposition Let n € IN. We need to prove that [Lz,ag”)} = ",

If n = 0, then this is obvious (because ago) = id and aé‘” = 0). Hence, for the
rest of this proof, we WLOG assume that n # 0.

We also WLOG assume that A = U [[z,z7!]], because the other four F-
modules U [z], U [z,z7!], U[[z]] and U ((z)) are F-submodules of U [[z,z!]]
and their respective 0.") maps are restrictions of the 8\ map of U [[z,z71]].

We need to prove that [LZ, ag”)} = —ag”*”. In other words, we need to prove

that
L2, | (a) = =3V (a) 9)

for every a € A. So let us fix a € A.

We want to prove the equality (9). Both sides of this equality are continuous
with respect to a (where “continuous” is to be understood with respect to the
topology we introduced on A). Hence, we can WLOG assume thata € U [z,z7]
(since U [z,z7!] is dense in U [[z,z71]] = A). Assume this. Now, both sides of
the equality @) are [F-linear in a. Hence (and since a € U [z, z‘l} ), we can WLOG

assume that a belongs to the family (u27),,c(;; ;7 (since the family (uz) ¢, ;e

spans the [F-module U [z,z_l} ). Assume this. Then, a = uz for some u € U and
g € Z. Consider these u and gq. Now, the definition of aﬁ”) yields a§”> (uzf) =

(Z) uzi7". Also, the definition of a§”> yields

(n) (. 0+1) — q+1 (q+1)—n _ ( (1 q (g+1)—n
0, (uz >— <n uz = n+n—1 uz

N———

:(Z>+(nz1)

(by the recursion of
the binomial coefficients)

— ((q) +< q )) uzq—n—l—l — (q>uzq—n+1+( q )uzq—n—i-l‘
n n—1 n n—1

Finally, the definition of 82(."_1) yields aﬁ”‘” (uzf) = (n z 1) uzd—(n=1) — (n Z 1) uzd—n+1,

16Here, z - a is defined because A is an [F [z]-module.

16
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Now,
] (o)
A/_/ =uz
:Lzoagn)—agn)oLz
= (Lzodl =l o L) (uz")
= <LZ o a§”>) (uzf) — (8@ o LZ> (uzf)
=L, | o (uz) | — i L, (uz7)
—_—— ——
(q) =zuzl
— uz1—1 (by the definition of L;)
n
(@) )
n ~~
:uzq+1
()
(by the definition of L,)
= z(q) uzd—"n — ag”) (uz’Hl)
n
_\,_./
= (Z) uzd—ntl = <Z> uzd=n+ly (n z 1) uzi—n+1
— (q uzq—n—i—l _ ((Q)uzq—n—i-l 4+ ( q )uzq—n—i-l)
n n n—1
— (n i 1>uzq_”+1 = —8&”71) (uz") = —8?’71) (a).
N / =a
" Y (uz)
This proves (9). Thus, Proposition [2.3]is proven. O

Remark 2.4. It is a common abuse of notation to write z for what was denoted
by L, in Proposition This notation (which we will too use later in these
notes) must be used with caution, however, since it can lead to confusion in
certain cases (i.e., when U = F, then d,z might be understood either as the
element 0 (z) of F [z] or as the endomorphism d; 0z = d; o L, of F [z]). We
hope that context will clarify all resulting ambiguities.

When U is a commutative [F-algebra, the endomorphisms aé”) of Ulz], U [z,z71],
of U[[z]], of U((z)) and of U [[z,z7!]] are U-linear. Moreover, in this case,

17
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0 51 5@

the sequence <8Z ,05 7,05, .. > is an example of what is known as a “Hasse-
Schmidt derivation” (or “higher derivation”). Let us now define this notion.

2.3. Hasse-Schmidt derivations in general

Definition 2.5. Let A and B be two F-algebras. A Hasse-Schmidt derivation
from A to B means a sequence (Dy, D1, D, ...) of F-linear maps A — B such
that Dy (1) = 1 and such that every n € N, a € A and b € A satisfy

Dn (Elb) = i Di (Dl) ani (b) . (10)
i=0

We abbreviate the notion “Hasse-Schmidt derivation” by “HSD”.

Definition 2.6. Let A be an F-algebra. An HSD (Dy, Dy, D»,...) from A to A
is said to be divided-powers (we use this word as an adjective) if and only if it
satisfies Dy = id and

D, oD, = (” j; m> Dy forallne Nand me N.  (11)

We notice that the term “Hasse-Schmidt derivation” is used by different au-
thors in slightly different meanings, and the notion of a “divided-powers Hasse-
Schmidt derivation” is the scribe’s invention.

Now, we claim:

Proposition 2.7. Let U be a commutative [F-algebra.

(a) The sequence <8§0), Bgl), agz),. . ) is a divided-powers HSD from A to A
whenever A is one of the F-algebras U [z], U [z,z71], U [[z]] and U ((z)).

(b) Also,

o (ab) = Y_ 2" (a)al" " (b)
i=0

foranyn € N,anya € U[z,z ! andany b € U [[z,z71]].

(c) We have 9, (ab) = 9, (a) b+ ad, (b) forany a € U [z,z71] and any b €
ulfz= ).
Proof of Proposition[2.7] (a) Let A be one of the four F-algebras U [z], U [z,z71],
U [[z]] and U ((z)). Let us first show that (8§0),8£1),8§2), . > is a HSD from A to

A. In order to do so, we need to show that a§°) (1) = 1 and that every n € N,
a € Aand b € A satisty

o) (ab) = Y- o (a)3" ) (1) (12
1=0

18
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It is clear that a§°) (1) =1 (due to ), so it remains to prove .

Proof of (I12): Letn € N, a € Aand b € A. We WLOG assume that A =
U ((z)), since the three other F-algebras U [z], U [z,z7!], U [[z]] are subalgebras
of U ((z)). We need to prove the equality (12). Both sides of this equality are
continuous with respect to each of a and b (where “continuous” is to be under-
stood with respect to the topology we introduced on A). Hence, we can WLOG
assume that each of a and b belongs to U [z,z71] (since U [z,z7!] is dense in
U ((z))). Assume this. Now, both sides of the equality are U-linear in each
of a and b. Hence (and since a and b belong to U [Z, z_l} ), we can WLOG assume
that each of a2 and b belongs to the family (z""),, ., (since (z"),,. is a basis of
the U-module U [z,z7!]). Assume this. Then, a = zP and b = 2 for some p € Z
and g € Z. Consider these p and 4.

Now, the left hand side of simplifies to

8§n) ( a b ) = ag”) (szq) = ag”) (zPFT) = <p+q> Zbta-n (13)
—~— <& n

—zP =z1 —zP+q

(by the definition of a§”>), while the right hand side of simplifies to

= (i) (n—i)
P R L

—y @) 2" (1)
—— —_———

i=0 -

0 (T
1 n—t1

(by the definition of 8?)) (by the definition of BEWU)

= i <Ilj> Zp_i (n q l) Zq_(n_i) — i (?) <n q l) Zp_izq_(n_i)
i=0 - i=0 - ; "

—z(p=)+(g—(n—i)) —zp+q-n

v (P\( 4 n
EO )

But the Vandermonde convolution identity says that

)= 000)

19
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Hence, becomes

2" (ab) = (P + q) "

(by (14)). Hence, is proven.
This shows that <8§0), a§1>, agz), .. ) is a HSD from A to A. It remains to show

that this HSD is divided-powers. For this, we need to check that a§°) =id and
alm o glm) — (n —; m) lntm) foralln € N and m € N.

But this follows immediately from (3) and (6)). This completes the proof of Propo-
sition 2.7] (a).

(b) This is proven similarly to our above proof of (12).

() Leta € U[z,z7'] and any b € U [[z,z7!]]. Applying Proposition 2.7 (b)
to n = 1, we obtain

1 . ,
— Y0l (a)al' " (b) = 2\ (a) A" ><b> o (@) oY (b)
- ) =0z —0=iq

—
= id (2) 3, (b) + 9, (a) id ()_aa() 9. ()b =9, (a) b+ ad, (b).

Since a§1> = 0, this rewrites as 9, (ab) = 9, (a) b + ad; (b). This proves Proposi-
tion 2.7 (c). O

We notice in passing that when IF is a Q- algebra@ and 0 : A — A is any
derivation of A, then (id —a, —82 583 > is a divided-powers HSD from A
to A. (This is very easy to prove.) A kind of converse holds as well (and not just
in characteristic 0):

Remark 2.8. Let A be an F-algebra. Let (Dy, D1, Dy, ...) be a divided-powers
HSD from A to A.

(a) We have n!D,, = (D;)" for every positive n € IN.

(b) Assume that Dy = id. Then, n!D,, = (D7)" for every n € IN.

(c) Assume that Dy = id, and that F is a Q-algebra. Then, (Dy, D1, Dy, ...)
can be reconstructed from D; alone.

7for example, a field of characteristic 0
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Proof of Remark (a) We prove Remark 2.8/ (a) by induction over n. The induc-
tion base (n = 1) is obvious (because if n = 1, then n!D,, = 1!D; = D1 = (D1)1 =
(D1)"). For the induction step, fix a positive N € IN. Assume that Remark (a)
holds for n = N. We now need to show that Remark [2.§| (a) holds for n = N + 1.
We have

N+1
DyoD; = ( I:]L ) Dni1 (by (1), applied to n = N and m = 1)
) S —
=N+1
= (N+1) Dy,
so that N!IDy oDy = N! (N +1) Dyy1 = (N +1)!Dyy1. Compared with
%’_/
—(N+1)!
| _ N _ N+ e | _
{\]_.DN ODl (Dl) o D1 (Dl) ’ this y1€1dS (N+ 1)-DN—|—1
=(Dp)N
(since Remark 28] (a)

holds for n=N)

(D1)M*L. In other words, Remark [2.8 (a) holds for # = N + 1. This completes
the induction step, and thus Remark [2.8| (a) is proven.

(b) Remark 2.8| (a) yields that n!D, = (D1)" for every positive n € IN. It thus
remains to show that n!D,, = (D;)" for n = 0. This follows immediately from
the assumption that Dy = id.

(c) This follows from Remark (b), since n! is invertible in FF for every n €
IN. O

Proposition (a) shows that the sequence <8§0),8§1),8§2),. . > is a divided-

powers HSD from A to A whenever A is one of the F-algebras U [z], U [z,z71],
U[[z]] and U ((z)). Similar statements can be proven (in the same way) for
polynomial-like objects in multiple variables: For example, if A is one of the [F-
algebras U [z, w], U [z,z7, w,w™ ], U [[z,w]] and U ((z, w)), then both sequences

<8§0), agl), 85-2), .. ) and (89, 87(01), 8502), .. ) are divided-powers HSDs from A to

To summarize, the notions “HSD” and “divided-powers HSD” abstract some

(1) 52

properties of the families <8§0), d;,0;7,.. ) of operators on the four F-algebras

Ulz], Ulz,z7Y, U[[z]] and U ((z)). We will see the use of this generality
when we prove a general fact (Corollary 2.17) that allows us to extend a divided-
powers HSD to a localization of its domain. This will allows us, for example, to
extend the operators o, 9N 3 to any localization of U [z, w] or U [[z, w]].
This gives us a purely algebraic reason why derivatives are well-defined for

8We could also define a notion of “HSD on modules” to abstract properties of the family
(a§°>,a§”,a§2>, . ) of operators on the F-module U [[z,z7!]], such as Proposition (b).
We won’t need this generality, however (or so I hope).
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rational functions in two variables; this is a fact that is commonly used but
rarely proven in literature.

Before we can do this, we will introduce another viewpoint on HSDs, which
will make them easier to deal with.

2.4. Hasse-Schmidt derivations from A to B as algebra maps
A — B[[t]]

A sequence (Dy, D1, D, ...) of linear maps from one F-module P to another F-
module Q can be described by a single map P — Q|[[t]], and it turns out that
the properties of the former sequence to be an HSD or a divided-powers HSD
translate into some rather simple conditions on the latter map. Let us see this in
some detail.

Definition 2.9. Let P and Q be two [F-modules. Let ¢ be a symbol. Let D =
(Do, D1, Dy, ...) be a sequence of F-linear maps from P to Q. Then, we define
an [F-linear map Dy : P — Q[[t]] by

]5<t> (p) = g\l D;(p)t forall p € P.

Theorem 2.10. Let A and B be two [F-algebras. Let t be a symbol. Let D =
(Do, D1, Dy, ...) be a sequence of F-linear maps from A to B. Then, D is an
HSD if and only if Dy : A — B][[t]] is an [F-algebra homomorphism.

Proof of Theorem2.10} =>: Assume that D is an HSD. We need to show that
D : A — B[[t]] is an [F-algebra homomorphism.

Leta € Aand b € A. We are going to show that Dy (ab) = Dy (a) - Dy (D).
Indeed, the definition of Dy (ab) yields

Dy (ab) = Y D;(ab)t = D, (ab) " (15)
<t> ieZ]N ng\l n\"_/
=Y. D;(a)Dy(b)

i=0
(by (10), since D
is an HSD)

-y <2 D; (@) D,_; (b)) .
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Compared with

D (a) : D (b) = (Z D; (a) ti) (Z D; (b) ti>
—— 4 ieN ieN
= 1 Di(o)f = 5. Do)
ieN ieN
(by the definition of D y(a)) (by the definition of D< y (D))

=) (ZD >> ",
nelN
(16)

this yields ]~)<t> (ab) = ]~)<t> (a) - ]5<t> (b). Thus, ]~)<t> preserves multiplication.
But we are not done yet — an IF-algebra homomorphism has to also pre-
serve the unity. So let us show that D (1) = 1. The definition of D (1)

yields 15<t> (1) = ¥ D;(1)¢t. This is a power series in t whose constant coef-
icIN

ficient is Dy (1) = 1 (since D is an HSD); every such power series is invertible.
Thus, Dy (1) is invertible. But since D preserves multiplication, we have
We can cancel Dy (1) out of this equality (since D (1) is invertible), and ob-
tain Dy (1) = 1. Combined with the fact that D ;) preserves multiplication, this
yields that D is an [F-algebra homomorphism. This proves the = direction

of Theorem N
<=: Assume that Dy, : A — B[[t]] is an [F-algebra homomorphism. Then,

]5<t> (1) = 1. Compared WlthD y (1) = Z D; (1) t (by the definition of15<t> (1)),
this yields ¥ D; (1) # = 1. Comparmg the constant coefficients on both sides

ieIN
of this equality, we obtain Dy (1) = 1.

Also, let a € A and b € A satisty

Y Dy(ab)t" =Dy (ab)  (by ()

nelN
= ]~)<t> (a) - ]5<t> (b) <since ]5<t> is an [F-algebra homomorphism)
= ) (ZD )> " (by (18)).
nelN

Comparing coefficients on both sides of this equality, we obtain

- i}ni (a) Dus ()

for every a € A, every b € A and every n € IN. Combined with Dy (1) = 1,
this yields that D is an HSD. This completes the proof of the <= direction of
Theorem 0
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Theorem 2.11. Let A be an F-algebra. Let t and u be two distinct symbols.
Let D = (Dy, D1, Dy, ...) be an HSD from A to A.

Recall that whenever P and Q are two IF-modules, any [F-linear map ¢ : P —
Q gives rise to an F-linear map ¢ [[t]] : P [[t]] — Q[[t]] (which just applies the
map ¢ to every coefficient). Thus, the map ]5<M> : A — A[[u]] gives rise to a

map Dy, [[1]] - A[[H] — (A [[u]]) [[£]-
We also define a map D,y : A — (A[[u]]) [[t]] by

Dt ZD u+t for all p € A.
ielN

(This is well-defined since (A [[u]]) [[t]] = A [[u,t]].)

Let 7t; : A[[t]] = A be the projection map which sends every formal power
series to its constant coeff1c1ent

(a) The maps D< £y D< uy, D [[t]] wy [t]] o [~)<t> and f)<u+t> are [F-algebra
homomorphisms.

(b) The HSD D is divided-powers if and only if

7Tt O ﬁ(t) =id and D(u) Ht” o D(t) = D(qut)'

Proof of Theorem 2.11} (a) We know that D is an HSD. Thus, the map D (1) is an
[F-algebra homomorphism (according to the = direction of Theorem [2.10).
Similarly, [N)<u> and [N)<u +1) are [F-algebra homomorphism Since f)<u> is an

[F-algebra homomorphism, we see that the map Dy [[t]] is an [F-algebra homo-
morphism, and thus the composition D y [[t]] o D (r) s an F- algebra homomor-
ph1sm (being the composition of the [F- algebra homomorphisms D y [[t]] and

D). This proves Theorem [2.11 (a).
(b) = Assume that D is divided-powers. Then, Dy = id and the equality

9To be completely fair, the proof for 15<u +1) 1s slightly different from the proof of I~)<t> because
u 4+t is not a single variable like t but a sum of two variables. But the proof still goes

through with the obvious changes, because we still have < Yo (u+ t)l) ( Y Bi(u+ t)i) =
ieEN ieN

n
v (Z 061',3,1_,) (u+1t)" for any two families (x;);c € AN and (B;),cn € AN.
n€N \i=0
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holds (due to the definition of “divided-powers”). Now, let p € A. Then,

(Dywy [[0] 2Dy ) (p)

= (Dyy [14]) Dy () = (Dyy [11]) (2 D: (p) tl’)

~— ieN
=L Di(p)t
ieN
(by the definition of D)
= YDy (Di(p)) (by the definition of Dy, [[t]]>
icEN
=) DuDulp) "= 3 3} Di(Du(p))u't"
meN — “S—— meN ieEN
:igl\IDi(Dm(P))u’
(by the definition of ]~D<u>)
= Y Y DuDu(p)ut"= Y, (DuoDw) (pu't"  (17)
meNneN ~———~—— (nm)eEN2 S~
~—~—"=(DyoDu)(p) (n + Q
= Z = Dn+m
(n,m)e]N2 n
(by (L1))
n—+m
= Y ( )Dn+m (p) u"t™.
(n,m)€N2 n
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Compared with

Dty (p)
. Lo/ .
S ILIOINUR NS oY TN of 4 M
ieEN — ieN n—0 \1 )
— Z ntl n e
n — Y ( ) nym
(by the binomial formula) (n,m) N2 n

n+m=i
(here, we substituted (n,m) for (n,i—n))

i i

—yop L (- T () D e

ieN (n,m)ENZ; ENmmeN? < o Y )
n+m=i n+m=t n—+m\ (since i=n+m)

n
(since i=n-+m)

n—+m
- = (") s e
ZGN(nmelN2
n+m=i
= X

(n,m)eN2

= Z (n + m) Dyim (p) u™t", (18)

(n,m)€N2 n

this yields (~<u> [[t]] o 15< >> (p) = 15<u+t> (p). Since we have proven this for

every p € A, we thus conclude that D y [[t]] o D W = D<u+t>.
We shall now show that 7; o D " = 1d. Every p € A satisfies

(7Tt o ij(t)) (p)=m D (p) = T (Z D; (p) fi) = Do (p)
— i€IN
:iezNDxp)tf

(by the definition of D )

(by the definition of 7t¢). Thus, 71; o D/ = Dy = id. Hence, we have shown
y ()

7Tt © f)(t> =id and Dy [[H]] 0Dy = Dy

This proves the = direction of Theorem 2.11] (b).
<=: Assume that 71 OD<> = id and Dy, [[t]] = D4y Letp € A
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Then, yields
2 (Dy o D) (p) u"t™

(n,m)€N2
™ B M n+m nym
= (B [11°50) () =DBpuin (1) = £ (" 75" ) D)t
~- . (n,m)eN?
:D(u-H)

(by (18)). This can be viewed as an identity between power series in IF [[u, t]].
Thus, comparing coefficients before u"#" in this identity, we obtain

n—+m
n

(DypoDy) (p) = ( >Dn+m (p) forallm e Nand m € N.  (19)

Let us now forget that we fixed p. We thus have shown for every p € A.
In other words, D,, o D, = <n —; m) Dyt for all n € IN and m € IN. Thus,

holds. We shall now show that Dy = id. Indeed, we have 7; o f)<t> = Dy (this can

be proven just as in the proof of the = direction). Thus, Dy = 71, 0o Dy, = id.
Thus, we have shown that Dy = id and that holds. In other words, D is
divided-powers. This proves the <= direction of Theorem (b). Theorem
(b) is thus proven. O

Theorem shows that HSDs are just algebra homomorphisms (to a differ-
ent target) in disguise; this makes dealing with them a lot easier. Here is one
sample application:

Corollary 2.12. Let A and B be two F-algebras. Let D = (Dy, D1, D, ...) and
E = (Eo,Ey, Ey, . ..) be two HSDs from A to B.

(a) If a is an invertible element of A such that every n € IN satisfies D, (a) =
E, (a), then every n € N satisfies D,, (a=!) = E, (a7 1).

(b) Let G be a subset of A such that G generates A as an [F-algebra. Assume
that D, (g) = E, (g) for every ¢ € G and every n € IN. Then, D = E.

Proof of Corollary Let ¢ be a new symbol. Consider the FF-linear maps D )
A — B][t]] and E<t> : A — B][t]] according to Definition Then, Theorem 2.10
yields that D () 1s an F-algebra homomorphism (since D is an HSD). Similarly,

E; is an F-algebra homomorphism.
(a) Let a be an invertible element of A such that every n € IN satisfies D,, (a) =
Ey (a). The definition of D yields

Dy (a) = ) P.L(,Q H= > Ei(a) t'=Eg (a)
ieN ieN
=Ei(a)
(since every n€IN
satisfies Dy, (a)=E;(a))
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(by the definition of E). But since D, is an F-algebra homomorphism, we
y {t) () & p

N -1 ~ -1 =~ 1 ~ -1
have Dy (a7 ') = (D<t> (a)) . Similarly, Eyy (') = <E<t> (a)) . Thus,

[~)<t> <a‘1> = ([N)<t> (a))l = <E<t> (a))1 (since [N)<t> (a) = Ey (a))

Since 6(1%) (a71) = ¥ D; (a7 1) # (by the definition of ]5<t>) and E<t> (a71) =
ieIN

Y. E; (a7 ) # (similarly), this rewritesas ¥ D; (a ') # = ¥ E; (a7 !)#. Com-
ieEN ieN ieEN

paring coefficients in this equality, we conclude that every n € IN satisfies
D, (a7') = E, (a~1). This proves Corollary (a).

(b) For every g € G, we have

Dy (3) = Di(g) =) E(g)t=Ey(9)
(since evlery nelN
satisfies Dy, (g)=En(g))

py and

o~

(by the definition of E<t>). Hence, the two FF-algebra homomorphisms D
E ;) are equal to each other on S. Since the set 5 generates the F-algebra A, this
yields that these two homomorphisms are identical. That is, we have D ;) = E .
Now, let a € A. Then, the definition of D<t> yields

Y Di(a)t =Dy (a) =E (a) = Y Ei(a)
ieN ~ ieN
=E)

(by the definition of E<t>). Comparing coefficients, we obtain D, (a) = E, (a)
for every n € IN. Since this holds for every a € A, we can thus conclude that
D, = E, for every n € IN. In other words, D = E. This proves Corollary
(b). O

As another application of Theorem let us show a (denominator-free!)
formal version of Taylor’s expansion formula:

Theorem 2.13. Let U be a commutative [F-algebra. Let z and ¢ be two distinct
symbols. Then,

az+t) = Y #9%a(2) in U [[z,1]]
nelN

for any a (z) € U [[z]].
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Proof of Theorem Set A = U [[z]]. We let D denote the sequence <8§0), a0, .. >

of endomorphisms of A. Proposition (@) shows that this sequence D is
an HSD from A to A. Theorem (applied to B = A) thus yields that

D : A — A[t]] is an F-algebra homomorphism.
We define a map e : A — U [[z, t]] by

(e(a(z))=a(z+1) for every a (z) € A).

It is easy to see that this map e is an [F-algebra homomorphism@ Moreover, e
is continuous (with respect to the usual topologies on A and U [[z, t]]).
Due to the definition of D;), we see that every a (z) € A satisfies

Dy@() =Y @)=Y " @a@)t" =Y "o"a(z), (20)

icN nelN nelN

Applying this to a (z) = z, we obtain

1~)<t> (z)=)_ p1a), :\tg_/ 9l +\t; otV (z) + ) t ol
=1

neN ~; ~ v neN; >
z =1 n>2 =0
(by the (by the = (by the
. 0
definition of a )) definition of a§1>) definition of o\,
since n>2)

=z+t+ ) t'0=z+t=e(z)
n€elN;
n>2
——
=0
(since the definition of e yields e (z) = z +¢).
Recall that U [z] is an F-subalgebra of U [[z]] = A. The restrictions of the
maps D and e to this F-subalgebra U [z] are [F-algebra homomorphism
and are equal to each other on the generating set {z} of the FF-algebra U [z
(since Dy (z) = e (z)). Hence, these restrictions are equal.
We recall that [~)<t> is a map A — AJ[[t]]. Using the canonical isomorphism
A [[H]] = (U[[z]]) [[t]] = U]z t]], we regard D as a map A — U [[z#]].
=U[[z]] B B
It is easy to see that this map Dy is continuou Now, the two maps D

2Indeed, this is because e is a substitution homomorphism. Explicitly, for instance, we see that
the map e respects multiplication because any a (z) € A and b (z) € A satisfy

e(a(z)b(z))=(a(2)b(2))(z+1) (by the definition of e)
= a(z+t) b(z+1t) =e(a(z))e(b(z)).
—— ——

=e(a(z)) =e(b(z))
(by the definition of e) (by the definition of e)

Zlsince D () and e are F-algebra homomorphisms

2This is because the z"t"-coefficient of ]5<t> (a(z)) depends only on the z
a (z). (This follows from (20).)

mEngh_coefficient of
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and e are continuous, and their restrictions to the [F-subalgebra U [z] are equal.
This yields that the two maps D, and e must be equal (since U [z] is a dense

subset of U [[z]] = A). In other words, ]5<t> = e. Thus, every a(z) € A sat-
isfies Eg(a (z)) = e(a(z)) = a(z+t). Since A = U[[z]] and l~)<t> (a(z)) =

=e

)3 t”é)gn)a (z), this rewrites as follows: Every a (z) € A satisfies ). 1a{" g (z) =
nelN nelN
a (z+t). This proves Theorem [2.13] O

2.5. Extending Hasse-Schmidt derivations to localizations

A more interesting application of Theorem allows us to extend Hasse-
Schmidt derivations to localizations of commutative [F-algebras. A similar result
holds for usual (not Hasse-Schmidt) derivations, but we shall only state the one
for HSDs:

Corollary 2.14. Let A and B be two commutative [F-algebras, and let D =
(Do, D1, Dy, ...) be an HSD from A to B. Let S be a multiplicatively closed
subset of A. Assume that Dy (s) is an invertible element of B for every s € S.
Then, there exists a unique HSD D’ = (Dy, D}, D}, ...) from S~ 1A to B such

that every 2 € A and n € N satisfy D, (%) = D, (a).

Before we prove this corollary, let us recall some basic properties of localiza-
tion:

Proposition 2.15. Let A be a commutative F-algebra. Let S be a multiplica-
tively closed subset of A. Let 1: A — S~!A be the canonical F-algebra homo-

morphism from A to S~!A sending each a € A to % € S~1A. (This ¢ might

and might not be injective.)

Let B be any commutative [F-algebra.

(@ If ¢ : A — B is an [F-algebra homomorphism with the property that
(¢ (a) is an invertible element of B for every s € S), then there exists a unique
[F-algebra homomorphism ¢’ : S™1A — B such that ¢/ o1 = ¢.

(b) If ¢ and ¢ are two FF-algebra homomorphisms S™1A — B satisfying

por=1oi then ¢ = 1.

Notice that Proposition (a) is the universal property of the localization
S~1A as a commutative F-algebra. Proposition [2.15(b) says (in categorical lan-
guage) that 1 : A — S™!A is an epimorphism in the category of commutative

IF—algebras

Bt is the simplest example of epimorphisms in this category which are not surjective — or at
least not usually surjective.
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Proof of Proposition (a) Proposition (a) is well-known (as we said, it is a
standard universal property), so we omit its proof.
(b) Let ¢ and ¢ be two FF-algebra homomorphisms A — B satisfying ¢ o1 =

pour Letx € ST'A. Then, x = g for some p € A and g € S. Consider these p
-1

and g. We have x = P_ ? % =1(p)-(1(g))", thus
(NG
=ip)  \=4)
-1
P =¢(1p)-@)) = l(p) (+(9))
N—— N——
=(gor)(p)=(yor)(p) | =(¢or)(q)=(wor)(q)
(since ¢por=tpor) (since por=tpor)

(since ¢ is an F-algebra homomorphism)
= (por)(p)- ((you) ()"

Compared with

-1

PO =9 (- @) =pe@)- [0 @)
—~— ——
=) (p)  \=(yo)(q)

(since ¢ is an F-algebra homomorphism)

=(yor)(p)-(¥or)(9) ",

this yields ¢ (x) = ¢ (x). Let us now forget that we fixed x. We thus have
proven that ¢ (x) = ¥ (x) for every x € S™!A. In other words, ¢ = . This
proves Proposition (b). O

Proof of Corollary Let 1 : A — S~ !A be the canonical F-algebra homomor-
phism from A to S~!A sending each a € A to % € S7'A. (This  might and

might not be injective.)
Let t be a new symbol. We must show that there exists a unique HSD D’ =
(D}, D}, D), ...) from S7!A to B such that every a € A and n € IN satisfy

D, (5

1) = Dy, (a). In other words, we must show that there exists a unique HSD
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D' = (D), D}, D},...) from S7'A to B such that ﬁ@ o1 = ]5<t> We will
now prove the uniqueness and the existence parts of this statement separately.
Uniqueness: We will show that there exists at most one HSD D’ = (D{, D}, D}, ...

from S~1A to B such that D’ HoL= D (t)- Indeed, let E and F be two such HSDs

D’. We are going to show that E = F.
We know that E and F are two HSDs D’ = (D{, Dy, D5, ...) from S“1AtoB

such that f)7<t> or=D (ty- In other words, E and F are two HSDs from S “1AtoB
such that Ejyy o1 =Dy and Fiyy o0 =Dy

Theorem 2.10 shows that Dy, : A — B[t]] is an F-algebra homomorphism
(since D is an HSD). Similarly, E<t> :S71A — B[[t]] and ii<t) :S71A — B[t]] are
[F-algebra homomorphisms. Thus, Proposition [2.15 (b) (applied to B [[t]], E

and F<t> instead of B, ¢ and ) yields E<t> = F~<t> (since E<t> or=Dyy =Fy o).
Now, let x € S~1A. Then, the definition of E () yields

Y Eu(x)t"= E@/ (x) = l~3<t> (x)= Y F(x)t" (by the definition of i(t)) .
nelN nelN
=F)

24This is because of the following the logical equivalence:

(every a € Aand n € N satisfy D, (%) =Dy (a))

<= | every a € A satisfies (every n € N satisfies D), (%) =D, (a))

=(x D;(z)w: = Du(ar" in B[] )

neN 1 neN

< |everya € Asatisfies ) D, (%) = Y. Dy(a)t"  in B[]
neN nelN
—_—— | —

=D/, (E) =Dy(a)
1/ (by the definition of D ;)
(by the definition of D’ ;)

<= | every a € A satisfies ﬁ<t> %
~~
=u(a)

(by the definition of 1)

= (every a € A satisfies ﬁ(ﬂ (t(a)) = ]5<t> (a)) = (ﬁw o1= D<t>) .
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Comparing coefficients in this equality, we obtain E, (x) = F, (x) for every n €
IN.

Now, let us forget that we fixed x. We thus have shown that E, (x) = F, (x)
for every n € N and every x € S~!A. In other words, E = F. This completes the
proof of the uniqueness statement of Corollary

Existence: We will now show that there exists at least one HSD D’ = (D, D}, D}, ...)
from S~ A to B such that D’ (oL= 6(:&)- Indeed, we are going to construct such
an HSD D’ explicitly.

Theorem [2.10] shows that IN)<t> : A — B][t]] is an F-algebra homomorphism

(since D is an HSD). Moreover, ]~)<t> (s) is an invertible element of B [[t]] for every

ses Thus, we can apply Proposition [2.15( (a) to B [[t]] and [N)<t> instead
of B and ¢. As a consequence, we conclude that there exists a unique [F-algebra
homomorphism ¢’ : ST1A — B|[[t]] such that ¢/ o1 = f)<t>. Consider this ¢'.
Now, for every n € IN, we define an F-linear map D), : S"'A — B as follows:
For every x € S™1A, let D/, (x) be the coefficient of t" in the power series ¢’ (x).
Then, for every x € S —1A, we have

¢’ (x) =) Dy (x)t". (21)

nelN

Now, let D’ denote the sequence (D}, D}, D5, ...) of F-linear maps from S~1A
to B. We shall now show that D’ is an HSD from S~'A to B such that D’ (1) ©

L= f)<t>. Once this is proven, the existence statement of Corollary [2.14{ will be
proven, and thus the proof of Corollary will be complete.
For every x € S™1 A, we have

D/ (x) = ZH:\T D), (x)t" (by the definition of ﬁ#))
ne

=¢' (x) (by 1)) -

Hence, [A)7<t> = ¢'. Thus, [A)7<t> : S1A — B[[t]] is an FF-algebra homomorphism.
Thus, Theorem (applied to S™!A, D! and D’ instead of A, D; and D) yields
that D is an HSD. Also, that D"y o1 = ¢’ 01 = [N)<t>. This completes the proof of

N~~~
=¢/
Corollary O

Proof. Lets € S. Then, Dy (s) is an invertible element of B (by one of the hypotheses of
Corollary [2.14). Now, the definition of D ;y yields Dy (s) = L Dy (s) t". This is a power
neN

series whose constant coefficient Dy (s) is invertible. It is known that every such power series
is invertible. Thus, this power series Dy (s) is invertible in B [[t]], qed.
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Definition 2.16. Let A, B and C be F-algebras.

@ If D = (Doy,Dy,Dy,...) is an HSD from A to B, and if ¢ : B — C
is an F-algebra homomorphism, then we denote by ¢ o D the sequence
(¢poDgy,poDy,po0D;y,...) of F-linear maps A — C. It is easy to see that
this sequence ¢ o D is an HSD from A to C.

(b) If D = (Dy,D1,D;,...) is an HSD from B to C, and if ¢ : A — B
is an [F-algebra homomorphism, then we denote by D o the sequence
(Dogo,Diotp,Dyop,...) of F-linear maps A — C. It is easy to see that
this sequence D o ¢ is an HSD from A to C.

Corollary 2.17. Let A be a commutative IF-algebra, and let D =
(Do, D1, Dy, ...) be a divided-powers HSD from A to A. Let S be a multi-
plicatively closed subset of A.

(@) There exists a unique HSD D’ = (D{, D}, D}, ...) from S71A to ST1A
_ Dn(a)
=7

such that every a € A and n € N satisfy D), (E>

1
(b) This HSD D’ is divided-powers.
(c) Let 1 : A — S~1A be the canonical F-algebra homomorphism from A to

S~1A sending each a € A to % € ST1A. Then, D’ o1 =10 D.

Proof of Corollary[2.17) Let 1 : A — S~'A be the canonical F-algebra homomor-

2 € S'A. (This ¢ might and

phism from A to S™'A sending each a € A to 1

might not be injective.)

Recall that 1 o D denotes the sequence (10 Dy, 10 Dj,t0D,,...) of maps from
Ato ST1A. Itis easy to see that 1o D is an HSD from A to S~1A (since D is an
HSD from A to A, and since ¢ is an F-algebra homomorphism A — S™1A).

We have Dy = id (since the HSD D is divided-powers).

(a) We know that (10 Dy) (s) is an invertible element of S™' A for every s € S
@ Hence, Corollary (applied to S~'A, 1o D and o D; instead of B, D and
D;) yields that there exists a unique HSD D’ = (D{, D}, D5, ...) from S71A to

S~1A such that every a € A and n € N satisfy D), (%) = (toDy) (a). In other
words, there exists a unique HSD D’ = (D, D}, D5, ...) from S 1A t0 S 1A such
E) _ Du (a)

1 1
n € N satisfies (1o Dy) (a) = t(Dy(a)) = Dnl(a)

(a).

that every a € A and n € N satisfy D), < (because every a € A and

). This proves Corollary [2.17

26Proof. Let s € S. Then, Dy = id, so that Dy (s) = id (s) = s. Thus, (10 Dy) (s) = ¢ (DO (s)) =
——
=s
1(s) = ; This is clearly invertible in S~'A (since s € S). Thus, (10 Do) (s) is invertible in
S71A4, qed.
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(b) Consider this HSD D’. Let us write it in the form (Dj, D}, D}, ...). Then,
every a € A and n € N satisfy

o, (7) =" @)

(according to the definition of D’). In other words,

D/ oi=10D, for every n € N (23)

Whenever P and Q are two F-modules, t is a symbol, and ¢ : P — Q is an
F-linear map, we shall denote by ¢ [[¢]] the F-linear map P [[t]] — Q[[t]] which
sends every Y put" € P[[t]] (with p, € P) to Y gut" € Q][t]]. Notice that if

nelN nelN

P and Q are F-algebras and ¢ is an F-algebra homomorphism, then ¢ [[t]] is an
F-algebra homomorphism as well.

Let t and u be two distinct symbols. Define the maps D< Y D< u) and [N)<u +1) as

in Theorem [2.11, Furthermore, define the maps D’ (t)s D’ (uy and D’ (u+t) in the
same way (but for D/, D! and S™1A instead of D, D; and A).

Theorem [2.11|(a) y1e1ds that the maps D< Y D< "y D<u> [[t], D u [[t]] 0 f) y and
IN)<M +1) are [F-algebra homomorphisms. The same Theorem 2. 11 (a) (but apphed
to D/, D] and S~1A instead of D, D; and A) yields that the maps D’< s D’< Y

ﬁ@ [[]], D’ wy [[t]] o D/ (+y and D/ (u+t) are F-algebra homomorphisms.

We will use the notation ¢ to denote both the projection map A[[t]] — A
which sends every formal power series to its constant coefficient, and the projec-
tion map (S1A) [[t]] — S~ A which sends every formal power series to its con-
stant coefficient. This will not cause any confusion, because the two maps have
distinct domains. Both of these two maps 7t; are [F-algebra homomorphisms.

Recall that D is divided-powers. Hence, Theorem (b) yields that

7t © ﬁ(t) =id and D(u) Ht“ o ﬁ(t) = ﬁ(qut)' (24)

Our goal is to prove that D’ is divided-powers. According to Theorem (b)
(applied to D/, D! and S~! A instead of D, D; and A), this boils down to proving

Dy, (a)
1

27Proof. Let n € N. Every a € A satisfies 1 (a) = % (by the definition of 1) and ¢ (D, (a)) =
(by the definition of :). Hence, every a € A satisfies

(Dyo1) () =D | (o) | = D5 (§) = =4 (by @)

_a
1
= (D (a)) = (10 Dy) (a).
Thus, D, 0t = 10 D. This proves (23).
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that

—~

7t O ﬁ(t) =id and Dl(u} Ht” o ij?(t) = l/)v/<u+t>.
So let us now prove (25).

(25)

We have D’y o1 = ([[t]] o ]~)<t> Similarly, ﬁ<u> ot = (1[[u]]) o ]5<u> and

28Proof. For every a € A, we have

D'y ot)(a) =D (1(a)) = D) (t(a))t" by the definition of D’
(D't 21) (0) = D'y (@) = ¥ Di (¢(a) (by o)
=(Dyot)(a)
= ¥ (Dyor) (@i = ¥ (roDy) (a)
L Do) @r = L et

=i0D,, =1(Dy(a))
by @)

= Y @@t =) | L Da@t | = GllH) (Dy (@)
nelN nelN

=D (a) -
(by the definition of D<,>)
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D'y o= ([ul]) [ o Dyuysy [} Thus,

D/ (I} o D'y 01 = D'y (1] o1 [[F] oDy = (D 01) (4] o
~\~ N—
=i[[t]]oD (D’ (uyor) [[H]] =(u[[u]])oDyy)
= (104D oDy ) (16 oDy = (¢ [[41]) 1] © B [[F] 0 Dy
~) (1o 4] =Dy,..

(by @4))
= (¢[[u]]) [[t]] © Dy = D' sy 014

Therefore, Proposition[2.15| (b) (applied to B = (S~ A) [[u]]) [[{]], ¢ = D', [[t]] 0
f)7< and ¢ = D’ (u+)) ylelds that D’ y [[t]] o D’ W = ﬁ(u+t> (since we know

that D’ wy L[E] © D’ () and D’ (u+t) are lF algebra homomorphisms). This proves
the second claim of (25).

Also, 7 0 D/ (ty is an IF-algebra homomorphism (since 7; and D/, (1) are IF-
algebra homomorphisms), and we have

TT4 © ]/)v’<t> oL = e ot |[[t]] 01~)<t> =107 0 ]~)<t>
~/ =107T} .
:t[[fHOD(t) (this follows from the (by: )

definitions of 7r; and ([[t]])

=, =1id oL

2When proving the latter equality, we need to use

Y t(Dy () (u+1)" = ((¢[[u]) [[H]]) (Z Dy (a) (u+f)”> (26)

nelN nelN

instead of Y ¢ (Dy (a)) " = (¢[[t]]) < Y. Dy (a) t"). If you do not find obvious, you
nelN

nelN
can check it easily as follows: Regard S™'A as an A-algebra via the map 1 : A — S™1A; then
(S7YA) [[u]] and ((S~1A) [[u]]) [[t]] become A-algebras as well. The map : is an A-algebra
homomorphism, and therefore so are the maps ¢ [[u]] and (¢[[u]]) [[t]]. Moreover, the map
(¢[[u]]) [[t]] is continuous when regarded as a map A [[u, t]] — (S™1A) [[u,#]] (since it just acts
on each coefficient separately). Thus, (¢ [[u]]) [[t]] is a continuous A-algebra homomorphism,
and therefore we have

((t[[u]])[[f]])<ZDn( (u+1) ) Y Dufa ( H)[[t]])(wrf))

e nen =u-+t
— n& Du (a) (u+t)" = n%l(pn (a)) (u+1)".

=i(Dy(a))(u+t)"
(since S~ A becomes an A-module via )

This proves (26).
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Therefore, Proposition [2.15((b) (applied to B = S™1A, ¢ = m; 0 D/  and ¢ = id)
yields that 7r; o [A)7<t> = id (since we know that 71; o D’ (y and id are F-algebra
homomorphisms). This proves the first claim of (25). Hence, is proven. As
explained above, this shows that D’ is divided-powers. This proves Corollary

(b).
(c) The definition of D’ o1 yields

D'o1= (Dyot,Djor,Dyou,...) = (10Dy,t0Dy,10D,,...) (due to 23))
=10D (by the definition of 10 D).
This proves Corollary 2.17] (c). O

Definition 2.18. In the situation of Corollary we shall refer to the unique
HSD D’ constructed in Corollary 2.17)(a) as the lift of the HSD D to the localiza-
tion ST1A.

Corollary 2.19. Let A and B be two commutative [F-algebras. Let S be a mul-
tiplicatively closed subset of A. Let :: A — S~!A be the canonical F-algebra
homomorphism from A to S™'A sending each a € A to % € ST1A.

Let E and F be two HSDs from S~!A to B such that Eo: = Fo . (Recall that
E o and F o are defined according to Definition 2.16l) Then, E = F.

Proof of Corollary 2.19} Write E and F in the forms E = (Eo, Eq, Ep,...) and F =
(Fo, F1, By, .. .), respectively. We have Eo: = Fo . Thus, E, ot = F, o1 for every
nelN Now, let t be a new symbol. Define E<t> and f<t> as in Theorem [2.10
Then, Theorem (applied to S~1A, E and E; instead of A, D and D)) yields
that E<t> : S71A — B[[t]] is an F-algebra homomorphism (since E is an HSD).

Similarly, F<t> : S71A — B][t]] is an F-algebra homomorphism.
Every x € A satisfies

Fyot) (x)=Fy (1(x)) = Ey(1(x))t" by the definition of F
(Fiyo1) 0 gﬁ ‘ | ( o)
=(Fuor)(x)
=) (Fiou)(x)t"
neN

Similarly, every x € A satisfies <E<t> o L) (x) = ¥ (Eqot)(x)t". Thus, every
nelN
x € A satisfies

(E<t> ot) ()= Y (Eaor) ()" = Y (Fyos) (x)t" = (fm ot) (x).

nelN A nelN
=F,o1

30Proof. The definition of Eo yields Eot = (Egot,Eyo,Eyou,...), so that
(Egpot,E;o1,Epor...)=Eor=Foir= (FotFoFoy...)

(by the definition of F o ). In other words, E, ot = F, o« for every n € IN.
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In other words, E<t> o1 = Et) o 1. Thus, Proposition [2.15/ (b) (applied to B [[t]],
E@ a.nd E<t> instead of B, ¢ and ¢) yields E<t> = ?(O' Now, every x € S~1A
satisfies

Zﬂ:\} E,(x)t" = E<t> (x) (by the definition of E<t>>
ne v
=Fi
=Fyy (x) = ) Fa(x)t".

nelN

Comparing coefficients in this equality, we conclude that E, (x) = F, (x) for
every x € S~ 1A and n € N. In other words, E, = F, for every n € IN. In other
words, E = F. This proves Corollary O

2.6. Residues

If U is a F-module, and if f € U [[z,z7]], then we let Res fdz denote the (—1)-st
coefficient of f. That is,

Res (Z uizi> dz = u_q.

icZ

Notice that neither “d” not “dz” should be regarded as standalone objects in the
expression “Res fdz”; they are part of the notation@

A similar notation can be defined for U-valued formal distributions in mul-
tiple variables. Indeed, the case of multiple variables can be reduced to the
case of one variable as follows: Let U be a F-module, and let x = (xj)]. el be a
family of indeterminates. Let k € |, and let x; denote the family (xf)je MK} of
indeterminates (that is, the family x with x; removed). Then, we can identify

u [ x 1] with (U | [% )] | [x0 2] Hence, f € U [[xx71]],

an element Res fdx; of U Hik, (”)Zk)_lﬂ is defined (because f € U [[x,x1]] =

(][5 0]]) [0 p

We notice a simple fact:

31This notation, of course, imitates the “residue at 0” notation from complex analysis. But it is
purely formal and elementary and works over any commutative ring IF.

32This is similar to how we can identify U [x] with (U [X;]) [x;] because a polynomial in the
variables x can be regarded as a polynomial in the variable x; whose coefficients are poly-
nomials in the remaining variables X;. Similarly it is possible to identify U [x,x_l] with
(U {ik, (%k)fl}) {xk, x;l} , and to identify U [[x]] with (U [[Xk]]) [[xk]]- (But we cannot iden-

tify U ((x)) with (U ((xk))) ((xx)).)
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Proposition 2.20. Let U be an F-module. Let f € U [[z,z71]].
(a) We have Res <8§n) f ) dz = 0 for every positive integer n.

(b) We have Res (d,f) dz = 0.
(c) For every ¢ € U [z,z7!], we have

Res f0, (g)dz = —Res 0, (f) gdz (27)

and

Res g0, (f)dz = —Resd; (g) fdz (28)

Proof of Proposition [2.20} (a) Let n be a positive integer. Then, n —1 € N and
n—1
n > n — 1. Hence, ( ; ) =0.
Let us write f in the form f = Y u;z’ for some (Ui)jey € UZ. Then, the
icZ
definition of a§”> yields a§”>f =Y (Z)uizi_” = Y (Z —HZ) ui+nzi (here, we
icz \1 iez \ 1
have substituted i + n for i in the sum). Hence, the definition of Res <8§n) f ) dz

yields

This proves Proposition [2.20) (a).
(b) Proposition [2.20] (a) (applied to n = 1) yields Res (89) f) dz = 0. Since

a§1) = 0, this yields Res (d,f) dz = 0. This proves Proposition [2.20| (b).
(c) Let g € U [z,z71]. Proposition 2.7| (c) (applied to a = g and b = f) yields

dz (8f) =02 (g) f + 892 (f). Hence, 9; (g) f = 92 (gf) — g9z (f). Now,

Res  fd:(g)  dz=Res(d: (gf) — gd: (f)) dz

=0:(8)f=0:(gf)—89:(f)

= Resod;(gf)dz —Resgd; (f)dz

(by P =0 =9:(f)g
y Proposition 2.20] (b),
applied to gf instead of f)
= —Res0; (f) gdz.
This proves (27). Now,
Res g9, (f)dz = Res 0, (f) gdz = — Res f0, (g) dz (by (27))
——— —
=9:(f)g =9:(8)f
= —Res0; (g) fdz.
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This proves (28), and thus completes the proof of Proposition (o). O

2.7. Differential operators

Definition 2.21. If U is an F-module, and if & € F [[w,w!]], then we shall
write Ly, for the map U [[w,w™!]] — U [[w,w™']], a — ha. (Notice that U is
implicit in this notation; therefore it sometimes leads to several different maps
being denoted by L;,. But this rarely makes any troubles, since these maps can
be distinguished by their domains.)

Also, if U is an F-module, and if h € U [[w,w™!]], then we shall write L,
for the map F [[w,w™!]] — U [[w,w™1]], a > ha. (Again, U is implicit, and
we rely on context to clarify what we mean by L;,.)

When U is an F-module, and when h belongs to either F [[w,w™!]] or
U [[w,w™']], we are often going to abbreviate the map Ly, by & (by abuse of
notation). Thus, h (a) = ha for every h. This is a generalization of the abuse
of notation we mentioned in Remark

We next define a (purely algebraic) notion of differential operators — one of many
reasonable such notions.
If U is an F-module, and if (c; (w))].eN

U [[w,w~!]] with the property that all but finitely many j € N satisfy ¢; (w) = 0,

is a family of formal distributions in

then ¥ ¢;(w) Y is a well-defined F-linear map [F [w,w™!] = U [[w,w]]
jEN

(where c; (w) aﬁg) means ¢; (w) o a§g), and where c; (w) abbreviates Le;(w), accord-

ing to Definition b These maps will be called differential operators of finite

order into U. In other words:

Definition 2.22. Let U be an [F-module. A differential operator of finite order into

U means a map F [w,w™'] — U [[w,w™!]] which has the form ¥ cj(w) )
jEN

for a family (c; (w)>jeN of formal distributions in U [ [w, w™!]] with the prop-

erty that all but finitely many j € IN satisfy c; (w) = 0.

Remark 2.23. Maps of the form }_ ¢; (w) ag) are well-defined even if we do
jEN

not require that all but finitely many j € IN satisfy ¢; (w) = 0. We shall not

make use of them in this generality, however.

It is clear that (for given U) the differential operators of finite order into
U form an F-module. This F-module contains the operator c (w) for each
w € U [[w,w]] (recall that “the operator ¢ (w)” really means the map Lew) :

33This follows from the fact that U [[w,w™!]] is an IF [w, w!]-module.
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F [w,w™!] — U [[w,w™1]]), and when U = F, it also contains the operator aﬁ({)
for every j € IN.
We first notice that the “coefficients” ¢; (w) of a differential operator }_ c; (w) Bg)
JEN
are uniquely determined by the operator. More precisely:
Proposition 2.24. Let U be an [F-module. Let D be a differential operator of
finite order into U. Then, there exists a unique family (c; (w))._,, of formal
jEN
distributions in U [[w, w™!]] with the properties that
e all but finitely many j € IN satisfy c; (w) = 0;
e wehave D = Y} ¢ (w) aé{’.
jeN

Proof of Proposition The existence of such a family follows from the fact that
D is a differential operator of finite order into U. It thus remains to prove

its uniqueness. In other words, it remains to prove that if (c}1> (w)) N and
j€

jeN with the two properties stated in

_ (-2
jEN <CJ' (w)> jEN'
m @) L _
Thus, let <c]. (w))jelN and (c]. (w)) N be two families (c; (w))jeN with the

two properties stated in Proposition
For every j € N, define a formal distribution s; (w) € U [[w, w™!]] by

2 .
(c]<- ) (w)>je]N are two families (cj(w)).

Proposition [2.24] then (c;1> (w))

]<1> (w) — C]@ (w).

It is easy to show that

0=Y s;(w) a. (29)
jeEN

B4

34 Proof. The family (c}l> (w)) N satisfies the second of the two properties stated in Proposition
j€

In other words, we have ‘
D=y c]§1> (w) oY (30)
jeEN

The same argument, applied to the family (c<2> (w)) ‘

. 1 :
J e instead of (c]- (w))je]N, yields

D= Z c]<.2> (w) ag).
jeEN
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We will now show that every n € IN satisfies
sn (w) = 0. (31)

Proof of (31): We shall prove by strong induction over n.

So let N € IN. Assume that holds for each n € IN satisfying n < N. We
need to show that holds for n = N as well.

We know that holds for each n € IN satisfying n < N. In other words,

su(w) =0 for each n € N satisfying n < N. (32)

Applying both sides of the equality to the Laurent polynomial wN €
FF [w, w™!], we obtain

B j=0 SL@ ag) <ZUN> JrJ'>ZNSj ) %@

by (3 B (N) .

applied to n=j) ]
(by the definition of 8g))

- B () B ()= oo ()

>N >N
=0
N _ N —j
:sN(w)<N>wN N+ osi(w) ( wN=I
— =1 J>N J

—
=0
(since N <j)

N-1 .
w) + g s; (w) 0w = sy (w).
j=

=0

Subtracting this equality from (30), we obtain

0= % o @al - ¥ o @al =p= ¥ (¢ @) - @) ol

jeN jeN jeN
=sj(w)

(since s;(w) was defined as

e (w)—c? (w))

— Z a(]

jeEN

This proves (29).
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Thus, sy (w) = 0. In other words, holds for n = N. This completes the
induction step.

Now, we have proven (31) by induction. Thus, every n € N satisfies s, (w

0. In other words, every n € IN satisfies ey (w) — e (w) = 0 (since s, (w

) =
)

defined to be ¢ (w) — e (w)). In other words, every n € IN satisfies ey (w) =
(2) (1 _ (2 '

¢’ (w). Hence, (c]. (w)>je]N = <c]. (w))jeN. This completes the proof of

Proposition [2.24, O

is

Next, we shall discuss composition of differential operators. Two differential
operators of finite order into U do not necessarily have a well-defined com-
position, even if U = FF (because they send Laurent polynomials to formal
distributions, but they cannot be applied to formal distributions). However, a
composition can be defined in a particular setting:

Definition 2.25. Let U be an [F-module.

(a) Let D be a differential operator of finite order into U. We can then write
D in the form ) ¢;(w )a{) for a family (¢ (w))jelN of formal distributions

jEN

in U [[w,w™1]] with the property that all but finitely many j € IN satisfy
¢j(w) = 0. Consider this family. (Proposition says that this family is
unique.) We say that D is Laurent if all ¢; (w) are Laurent polynomials (i.e.,
belong to F [w, w™1]).

It is clear that if D is Laurent, then D has the following two properties:

e The image of D is contained in U [w, w™1].

e The operator D can be uniquely extended to a continuous F-linear map
F [[w,w1]] = U[[w,w']] (which is again defined as }_ ¢; (w )agﬁ),
jeEN
since U [[w,w!]] is an IF [w,w!]-module. We denote this extension
by D again.

(b) Let D be any differential operator of finite order into U, and let E be any
differential operator of finite order into IF. We cannot define a map D o E in
general.

However, if E is Laurent, then D o E is a well-defined map from F [w, w
to U [[w, w™!]] (since the image of E is contained in F [w, w™!]).

On the other hand, if D is Laurent, then D o E is a well-defined map from
F [w,w!] to U [[w,w!]] (but here, the D in D o E does not mean the orig-
inal map D : F [w,w™1] — U [[w,w™!]], but rather the extension of D to a
continuous F-linear map F [[w,w™]] — U [[w,w™]]).

Altogether, we thus know that there is a well-defined operator D o E when-
ever at least one of D and E is Laurent.

=
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We shall now prove that the composition of two differential operators is again
a differential operator, provided that it is well-defined:

Proposition 2.26. Let U be an F-module. Let D be any differential operator
of finite order into U. Let E be any differential operator of finite order into F.
(a) Assume that at least one of D and E is Laurent. Then, the map D o E is
a differential operator of finite order into U.
(b) If both D and E are Laurent, then D o E is also Laurent.

Proof of Proposition[2.26] For every e(w) € F [[w,w™1]] and every n € N, we
have "
05 oe(w) =Y (34 (e (w))) oal) (33)
i=0
(as maps from F [w, w™!] to F [w, w™1)).

Now, D is a differential operator of finite order into [F. Hence, we can write D
. B () . .
in the form D = jele dj (w) 9’ for a family of (d; (w))] < of formal distributions
in IF [ [w, w™!]] with the property that all but finitely many j € N satisfy d; (w) =
0. Consider this family.

Also, E is a differential operator of finite order into U. Hence, we can write E
in the form E = jeZﬂ:\I ej (w) oY) for a family of (e; (w))] o ©f formal distributions
in U [[w, w’l} | with the property that all but finitely many j € IN satisfy ej (w) =
0. Consider this family.

For all i € N and j € N, the product d; (w) - ¢; (w) in U [[w,w]] is well-
defined®]

35Proof of (33): Let e (w) € F [[w,w™']] and n € N. Let g € F [w,w™!] be arbitrary. Applying
Proposition (b) to F instead of U (and renaming the indeterminate z as w), we conclude
that

n . .
3% (ab) = Y% (a)d " (b)
i=0

forany a € F [w,w '] and b € F [w,w™!]. Applying this to 2 = g and b = e (w), we obtain
00 (e (w)-g) = 100 ()™ (e (w)) = (Z (87 (e (w))) o a&”) ()-
i=0

i=0

Hence,
(35" e (w))) o a&?) (8)- (34)

Let us now forget that we fixed g. We thus have proven for every ¢ € F [w,w™!]. In
n . .
(n) Y (aéﬁ“” (e(w))) oaz(j). This proves 1i

other words, we have d;,’ o e (w)
=0

% Proof. We assumed that at least one of D and E is Laurent. We WLOG assume that D is

i
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The operator D o E is well-defined (since at least one of D and E is Laurent).

Laurent (since the proof in the case when E is Laurent is similar). Then, all d; (w) are Laurent
polynomials. That is, d; (w) € U [w,w '] for every i € N. Hence, d; (w) - ¢; (w) is well-
defined for all i € N and j € IN (since the product of an element of U [w,w™!] with an
element of F [[w, w™1]] is always well-defined). Qed.
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We have D = ) d;(w)d o) = Y dn(w)agl) and thus

jeEN nelN

D o E

~— ~
= ¥ da(@)dl) =% ej(w)al))

nelN jEN

= (Z dy (w) aé7>> o (Z e (w) a%’))

nelN jEN
=Y Y dy(w)o 3 o e (w) 09y

N——

neN jeN
e G CICONECH
igo( (e](w))>o

(by (33), applied to e(w)=ej(w))

— Y Y dy(w (n (a&?‘i) (e; (w)))oa§;>) 0d)

neleelN =0
= dy (w) o 8 =) (o, (w)) ) o a&f) o ag)
=dy (w)- (8(” l)(ej(w))> l+] l+]
i

(by (6), applied to i and j instead of
n and m, and with z renamed as w)

Y Y dy (w (a;’f‘” (e; (w))) o ((1 J.’j) a§;’+f>>

nE]Nz:O]E !

8 (M) (27 (e ) 03

nelNi=0je

i e ( ) (w)- (38 (en-i (w))) 035"

nelN i=0

2

O

z

§§

>i

| —
m

=X X X

meNi=0nelN;

n>i

(here, we have substituted m for i + j in the third sum)

=L X % (M) (37 e ) 0l

meN i=0nelN;

n>i
=X Z() Y- dn (@) (35 (eni () | 005", (35)
melN =0 n€>lI\_T;

N J/

€F [ [w,w*1
(because the inner sum has only finitely many nonzero addends
(since all but finitely many j€N satisfy d;(w)=0))
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Since all but finitely many m € IN satisfy g (m) Y. dy(w)- (aﬁ;"i) (em—i (w))> =
i=0 \ ! nelN;
n>i

0 m this yields that D o E is a differential operator of finite order into U. Propo-
sition (a) is thus proven.

(b) Assume that D and E Laurent. Then, all d; (w) are Laurent polynomials,
and all e; (w) are Laurent polynomials. Now, it is easy to see that

> (7) I el (34 e ()

is a Laurent polynomial for each m € IN (since the inner sum ) in this ex-

n€N;

n>i
pression has only finitely many nonzero terms). Thus, (35) shows that D o E is
Laurent. This proves Proposition (b). O

We now define the notion of an adjoint differential operator:

Definition 2.27. Let U be an [F-module. Let D be a differential operator of
finite order into U. We can then write D in the form }_ c; (w) ag) for a family
jeEN
(cj (w))] o Of formal distributions in U [ [w, w™']] with the property that all
but finitely many j € IN satisfy c; (w) = 0. Consider this family. (Proposition
says that this family is unique.)
We denote by D* the map

jg\l (—1) 8% ocj(w) : F [w,wil} —Uu Hw,wﬂH ,

which is again a differential operator of finite order into U (due to Proposition
2.26). This operator D* is called the adjoint differential operator to D. If D is
Laurent, then D* is Laurent (this follows easily from Proposition (b)).

We end this section with some results whose proofs we leave to the reader:

Proposition 2.28. Let U be an F-module. Let D be a Laurent differential
operator of finite order into U. Then, any f € F [w,w™!] and g € F [w,w™!]
satisfy

Res (D*f) gdw = Res f (Dg) dw.

3This is easily derived from the facts that all but finitely many j € IN satisfy dj (w) =0, and all
but finitely many j € IN satisfy e; (w) = 0.
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In view of the fact that we regard Res fgdw as a sort of bilinear pairing be-
tween f and g (see Section [3.1]below), this Proposition likely explains where
the name “adjoint differential operator” for D* comes from.

Definition 2.29. Let U be an F-module. Let D be any differential operator

of finite order into IF. We can then write D in the form }_ c;(w) a§5> for a
jEN

family (c; (w))] o Of formal distributions in IF [[w,w™']] with the property

that all but finitely many j € IN satisfy c;(w) = 0. Consider this family.

(Proposition says that this family is unique.) Then, we define a map

Dy : U[w,w™'] = U[[w,w '] by Dy = jeZN ¢j (w) 9% (this is the same
expression as for D, but it is now acting on U [w, w™)).

Proposition 2.30. Let U be an F-module. Let D be any differential opera-
tor of finite order into U. Let E be any differential operator of finite order
into F. Assume that at least one of D and E is Laurent. We can canoni-
cally lift the differential operator D : F [w,w™!] — F [[w,w™!]] to a map
D:U[w,w™'] - U[[w,w !]] by writing D in the form ¥ ¢j (w) aSg) (with
jEN
(¢ (w))].elN being as usual) and defining D to be the map ¥ ¢; (w) 3% (but
jeN
now acting on U [w, w‘l} ). (This is well-defined because of Proposition )
Notice that if D is Laurent, then so is D.
Now, we have

(DoE)* = (E*) o D"

The proof of Proposition can be obtained easily using Proposition [2.28]
once one reduces to the case of D and E both being Laurent (by IF-linearity and
continuity) and of U = F (by U-linearity).

3. Locality and the formal J-function

3.1. Pairing between distributions and polynomials

In analysis, distributions are often defined as linear functionals on the space
of test functions. Similarly, formal distributions can be regarded as linear maps
acting on polynomials. Specifically, let U be a F-module. For every f € F [z,z71]
and a € U [[z,z7']], we can set

(f,a) = Res fadz € U. (36)
When U = F, this value belongs to IF, so we have defined a pairing (-,-) :
F [z,z7!] xF [[z,z7!]] — F. This pairing leads to a linear map F [[z,z7!]] —
(F [z,z71])", which is easily seen to be an isomorphism.

49



Vertex algebras, lecture 3, scribe notes June 26, 2019

The equality motivates a seemingly weird notation:

Definition 3.1. If « € U[[z,z7!]] and n € Z, then we denote by afy
the (—n —1)-st coefficient of a. (Thus, a = ¥ apz "~ for every a €

Ullzz1].) "

Why did we choose to have aj,; mean the (—n — 1)-st coefficient rather than
the n-th coefficient? The purpose was to ensure that

(", f) = fin) for every n € Z.

Similarly, if 2 € U [[z,z7!,w,w ]] and (m,n) € Z?, then () shall denote
the coefficient of a before z=" 1w =1,

[Notice that I am using the notations 4}, and 4y, , instead of the more com-
mon notations a4,y and a(,, ,) to avoid conflict with the “(,)” notation for vertex-
algebra products.]

3.2. Local formal distributions

Let U be an F-module.

Definition 3.2. A formal distributiona € U [[z,z7}, w, w™1]] is said to be local
if (z—w)N a(z,w) =0 for some N € N.

(Recall once again that a (z, w) is just another way to say 4, and that the [F [z, w]-
module U [[z,z7",w,w™']] has torsion, so that (z —w)" a (z,w) = 0 does not
force a (z,w) =0.)

Proposition 3.3. Leta = a (z,w) € U [[z,z7!,w,w™!]] be local. Then:
(a) The formal distribution a (w, z) is also local.
(b) The formal distributions 0.4 (z, w) and 94 (z, w) are local as well.

Proof of Proposition We know that a is local. Thus, (z —w)™ a (z,w) = 0 for
some N € IN. Consider this N.

(a) Substituting w and z for z and w in (z — w)Na(z,w) = 0, we obtain
(w—z)Na(w,z) = 0. Thus,

(z—w)" a(w,z) = (-1)N (w—-2)Na(w,z) =0.
A/_/ N -
=(=(w=-2))V=(-1)" (w-z)" =0

This shows that a (w, z) is local. Proposition 3.3](a) is proven.
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(b) We have

| )Nt a(zw) | =0, ((z —w) (z—w)Na (z,w)) =0,
=(z~w)(z—w)"

thus

0=0; ((z —w)Ntlg (z,w))

= (E)Z (z— w)N+1) a(z,w)+ (z—w)N o4 (z,w) (since 0 is a derivation)

J/

:(N—l—f)?z—w)N
=(N+1) z—w)Va(z,w)+ (z—w)" 104 (z,w) = (z —w)V T 0.0 (z,w).

-~

=0

Hence, (z — w)N 1 0.4 (z,w) = 0. This shows that d,a (z, w) is local. Similarly,

dwi (z,w) is local. Proposition 3.3] (b) is thus proven. O

3.3. The formal /-function

1

Example 3.4. We define an element 6 (z — w) of F [[z,z71, w,w™1]] as follows:

S(z—w) =) z Ly,

nez

(The notation “0 (z —w)” is slightly confusing; the minus should be inter-
preted as a symbolic piece of the notation rather than as a subtraction sign.
Of course, it is supposed to resemble the subtraction sign, as the whole formal
distribution ¢ (z — w) is supposed to resemble the delta function of z — w as
a distribution on the z-w-plane. Two other notations for ¢ (z — w) are ¢ (z, w)
and ¢ (z/w).)

The F-valued formal distribution 6 (z — w) is called the formal é-function.
Notice that ¢ (z — w) is symmetric in z and w: We have

b(z—w) =) z "yt = ) 2w 1

neZ nezZ
(here, we have substituted —n — 1 for # in the sum)
— Z w = (w —Z).

nez

The next proposition (whose proof is immediate) shows some motivation for the
study of ¢ (z — w) and for its name:
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Proposition 3.5. (a) For every m € Z, we have

5 (Z o w) LM — <Z Z—n—lwn> LM — Z Z—n—i—m—lwn — Z Z—n+1wn+m

nez nez nez
(here, we have substituted n 4+ m for n in the sum)

= < ) z_”_lw”) w" =65 (z—w)w". (37)
nez
(b) We have
Resd (z —w)dz = 1. (38)
(c) For every ¢ € F [z,z7!], we have
S(z-w)g(z) =06(z-w)g(w). (39)

(This follows from (37), because linearity allows us to WLOG assume that ¢
is a monomial.)
(d) For every ¢ € F [z,z7!], we have

Resé (z—w) ¢ (z)dz=Resd (z—w) ¢ (w) dz
——
=d(z—w)p(w)
(by G
=@ (w)Resd (z—w)dz= ¢ (w). (40)

J/

e
One can view this equality as a defining property for the formal J-function.
(e) Applying to m = 1, we obtain § (z—w)z = 6 (z —w) w, so that
(z—w) 0 (z—w) = 0. Thus, the formal distribution J (z — w) is local.

The formal distribution ¢ (z — w) is interesting in that it can be multiplied not
only with Laurent polynomials, but also with univariate formal distributions:

Proposition 3.6. Let U be a F-module. Let a (z) € U [[z,z7!]].
(@) The formal distributions 6 (z—w)a(z) € U[[z,z7!,w,w™!]] and
S(z—w)a(w) € U[[z,z7!,w,w1]] are well-defined (although there is no

general notion of a product of a formal distribution in U [[z,z7}, w, w™1]]
with a formal distribution in U [[z,z7]]).
(b) We have
d(z—w)a(z)=0(z—w)a(w). (41)

(In other words, the equality holds not only for ¢ € F [z,z7!], but also
more generally for ¢ € U [[z,z7']].)
(c) We have

Reséd (z—w)a(z)dz =a(w). (42)
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Proof of Proposition (a) There are essentially two ways to prove that ¢ (z — w) a (z)
is well-defined. One is to directly compute it:

S(z—w) a(z) = Y oz "' (z) = ) d‘la (z) w"

=Yy znlgpn nez "% 2 well-defined element
nez of U[[z,zfl]]
The other way is to argue that 6 (z—w) = Y. z " lw" belongs not only to
nez

Ullz,z7!, w,w™!]], but also to the smaller F-module (U [z,z7!]) [[w, w™1]]
(which is embedded in U [[z,z7!, w, w™!]] via the identification of U [[z,z7 !, w, w™1]]
with (U [[z,z7]]) [[w,w™1]]) @ and that any element of the latter F-module
can be multiplied with any element of U [[z,z™

Either way, we have shown that § (z — w) a (z) is well-defined. A similar argu-
ment shows that 6 (z — w) a (w) is well-defined. Proposition [3.6 (a) is proven.

(b) Essentially, we can obtain (#I) by breaking up 4 (z) into an infinite sum
of monomials and applying (37). Let us give some details on this argument

to make sure that everything is well-defined: Write a(z) = Y. a,z™. Then,
meZ
a(w)= Y apw™and
meZ

5(z —w) @ =6(z—w)- (Zamzm> =Y anb(z—w)z"

meZ meZ -
=) apz" =d(z—w)w™

mez (by )
(check that distributivity does hold here!)

=) and(z—w)w" =6(z—w) <Z amwm> =5(z—w)a(w).
meZ meZ.

=a(w)
This proves Proposition 3.6| (b).

(c) Proposition 3.6] (c) follows from Proposition 3.6 (b) in the same way as
follows from (39). O

We shall soon (in Section see another way to construct 6 (z —w). But
before we get there, we need to introduce a few more [F-algebras.

38This F-module (U [z,z’l}) [[w, w’l]] can be characterized as the setof allu = ¥, ui,]'ziwj
(i,j)ez?

(with all u;; € U) having the property that, for every j € Z, all but finitely many i € Z

satisfy u;; = 0. Keep in mind that how many these “finitely many” are can depend on ;.

Thus, (U [z,z71]) [[w,w™!]] is not the same as (U [[w,w™1]]) [z,z71].
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3.4. The rings U ((z,w/z)) and U ((w,z/w))

Recall that, in Section we defined an [F-algebra U ((z, w)) of Laurent series
in z and w for every F-algebra U; it is explicitly given by (2). Now, for every
F-algebra U, let us define an F-algebra U ((z, w/z)), which will satisfy

U ((zw)) CU((zw/2) CU|[zz7wa]

(and these containments are strict, unless U = 0). In analytical terms, U ((z,w/z))
is the [F-algebra of “U-valued formal Laurent series expanded in the domain
|z| > |w|” (or, maybe better said, in the domain 1 > |z| > |w|). Rather than
dwelling on what this means, we are going to define this [F-algebra purely alge-
braically.

Definition 3.7. Let U be an [F-module. Let a and b be two new (unrelated and
distinct) symbols. Then, U ((z,w/z)) denotes the image of the continuous
F-linear map

U((ab)) - U Hz,z_l,w,w_lﬂ ,

a'bl — 2 (w/z) = 2wz = 2Tl

Informally, this means that U ((z,w/z)) can be obtained as follows: Imagine
for a moment that w/z is a formal variable. and consider all Laurent series in
z and w/z. Then, transform these series into elements of U [[z,z7!, w,w™!]] by
replacing each (w/z)’ by w/z~/. The set of all possible results is U ((z,w/z)).

It is easy to see that

U((z,w/z)) = { Y. u(i,]-)ziwf el [[Z’Z_l,w’w_lﬂ | allug; € U, and
(i,j)ez?

there exists an N € Z such that all (i,j) € Z>

satisfying min {i + j,j} < N satisfy u; ;) = 0} (43)

as subsets of U [[z,z7!,w,w™1]]. From this, it follows easily that U ((z,w)) C
U((z,w/z)).

It is easy to see that

2: (U ((z,w/z))) CU((z,w/z)) and dw (U ((z,w/z))) CU((z,w/z2))

1

@ Hence, the endomorphisms 9, and 9, of U [[z,z7}, w, w™!]] restrict to endo-

morphisms 9, and 9y, of U ((z,w/z)).

¥ Proof. Let us introduce a new notation: If N € Z, and if u = ¥ u(i,]-)ziwj is an element of
(ij)ez?
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More generally, we can see that every n € IN satisfies
(U ((zw/z)) CU((zw/z)  and 3y (U((z,w/z))) C U ((z,w/z2)).

Hence, for every n € IN, the endomorphisms a§”> and a§;’ ) of U [[z,z7Y w,w™1]]

restrict to endomorphisms a§”> and 8;7 Jof U ((z,w/z)).
When U is a F-algebra, then any two elements of U ((z,w/z)) can be multi-
plied™] Thus, in this case, U ((z,w/z)) becomes an F-algebra. Clearly, U ((z, w))

is an [F-subalgebra of U ((z,w/z)). The endomorphisms ag”) and ag? Jof U ((z,w/z))
satisfy the following analogue of Proposition 2.7] (a):

Proposition 3.8. Let U be a commutative IF-algebra. The se-
quence (ago),ag”,af),...) is a divided-powers HSD from U ((z,w/z)) to

U ((z,w/z)). Also, the sequence (829 oW, 8, .. ) is a divided-powers HSD

from U ((z,w/z)) to U ((z,w/z)).

Proof of Proposition The proof of Proposition [3.8]is analogous to that of Propo-
sition (a); the fact that we now have two variables instead of one does not

(n)

require any significant changes (since the d, ° commute with multiplication by

w, and the 81(;1 ) commute with multiplication by z). We leave the details to the
reader. O

U [[z,z !, ww ] (withall u ;) € U), then we say that u is N-downbounded if all (i, j) € Z>
satisfying min {i + j, j} < N satisfy u; )y = 0. Then, (43) says that

U((z,w/z)) = {u el Hz,z*l,w,w*lﬂ | uis N-downbounded for some N € Z} .

Hence, 0, (U ((z,w/z))) C U((z,w/z)) follows from the trivial observation that for every
N € Z and every N-downbounded element u of U [[z,z7!,w,w™']], the element d,u is
(N —1)-downbounded. Similarly, 0, (U ((z,w/z))) € U ((z,w/z)) can be shown.

40The multiplication, of course, is defined as usual:

Y, uG)Ew Y v | = ) Yo U@ ij-p | 20
(i,j)ez? (i,j)ez? (i,j)ez? \ (i )ez?

What needs to be checked is that this definition makes sense, ie., that
the inner sum Y u@pn0i-ijjy is well-defined and the outer sum
(i"j)ez?

Y Y ) 0iij—j) | #w is an element of U((z,w/z)). This can be done
(ij)ez> \(i'j)ez?
either directly (using (43)), or using the fact that the continuous [F-linear map
U((a,b)) = U((z,w/z)),
a'b — 2wl

is an [F-module isomorphism and preserves multiplication. We leave this to the reader.
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When U is a commutative [F-algebra, the F-algebra U ((z,w/z)) is commuta-
tive and actually a U-algebra.

We finally notice that we can define an IF-module U ((w,z/w)) analogously to
how we defined U ((z,w/z)) above. Again, this is a commutative F-algebra if U
is a commutative [F-algebra, and satisfies similar properties as U ((z,w/z)). Itis
easy to see that U ((w,z/w))NU ((z,w/z)) = U ((z,w)).

3.5. Another point of view on ¢ (z — w): the i; and i,
operators

Definition 3.9. Let R be the localization of the ring F [z,z !, w,w™!] at
the multiplicatively closed subset {(z —w)* | ke IN}. In other words, R
is the localization of the ring FF [z, w| at the multiplicatively closed subset
{z'w’ (z—w)" | a,b,c € N}. In other words, R is the ring of rational func-
tions in z and w whose denominators are of the form z'w’ (z — w)® with

a,b,c € IN. (In geometrical language, R is the ring of all rational functions
in z and w with poles only at z =0, at w = 0 and at z = w.)

It is easy to see that the derivative operators 9, and dy, and also the operators

ag”) and 8&7) for each n € IN, can be lifted to R from F [z,z71,w,w™!]. In more
precise terms, this means the following:
Recall that R is a localization of the ring F [z,z7 !, w,w™!]: namely, R =

{(z — w)k | ke ]N}_1 F [z,z7!,w,w™]. Hence, the lift of the divided-powers
HSD (8§0),8£1),8§2),...) to the localization

R = {(z —w)* | ke ]N}_1 F [z,z71, w,w™1] is well-defined (according to Def-
inition [2.18). We shall denote this lift again by (ago),agl) ,8§2) ,...), since the
restrictions of these maps aﬁ”) toF [z, z7Lw, w‘l} are the 8£n> we already know.

Corollary [2.17| (b) shows that this lift (8&0),821),852),...> is a divided-powers
HSD. Similarly, there is a well-defined lift of the divided-powers HSD (8&? ), a§j ), 8502 ), .. >

1
to the localization R = {(z —w)* | ke ]N} F [z,z71, w,w™']; this lift will be

denoted by (8;? ),8501 ),81(02 ), .. > and is again a divided-powers HSD.
We thus have defined operators a§°), aél), aﬁz), ... and operators 8&9 ), 88 ) , 8502 ),

... on R. We denote the operator a§1> by 0., and we denote the operator 88 ) by

dw. (Of course, this is analogous to the fact that ag” = d, and 87(01 ) — d, for all
the other domains we have introduced these operators on.)
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The operators ago), 821), agz), ... on R satisfy the equalities , @), and

An analogous statement holds for the operators 8;? ), ag} ), 8502 ), ...on R. When F

(n)

is a Q-algebra, we can use H to rewrite all d; ’ in terms of 9, but in the general

case the ag”) carry some information that is not in d,.

We shall now define an F-algebra homomorphism i; : R — F ((z,w/z)) which
will serve as an algebraic analogue of what would be called “expanding a ratio-
nal function in the domain |z| > |w|” in complex analysis. Namely, we define
an F-algebra homomorphism i, : R — F ((z,w/z)) by sending

Z 2z, w— w.

In order to see that this is well-defined (according to the universal property of
localization), we need to show that the elements z, w and z — w of the ring
F ((z,w/z)) are invertible. This can be directly checked: The element z is in-

vertible since z7! € F((z,w/z)). The element w is invertible since w~! =

z7 Y (w/z)"' € F((z,w/z)). The element z — w is invertible since %Lw €
1- 2=

- z
F ((z,w/z)) is its inverse (because z — w = z (1 - E) ). So the well-definedness

of i, is proven. Since F ((z,w/z)) C F [[z,z7!, w,w!]], we can regard i, as an

F-linear map i, : R — F [[z,z7}, w,w™1]], but this point of view prevents us
from speaking of i, as an F-algebra homomorphism (since F [[z,z7!, w, w™1]] is
not an [F-algebra).

Explicitly, the map i, sends Laurent polynomials in FF [z,z7!, w,w™1] to them-

selves (regarded as elements of F ((z,w/z)) C F [[z,z7,w,w™!]]), while send-
1

1

i t
ing —to
i o _1.1 since1 is the inverse of z —w in F ((z,w/z))
Zz—w—zl_ﬂ zq_ % ’
z z
1 w o w? 1
=—(1+—+—2+--->=Zz_”_w” (44)
z z oz S0

€eF((z,w/z)) CF Hz,z_l,w,w_lﬂ .

1w, w™1]-algebra homomorphism from R to F ((z, w/z)),

—Lw,w ]

Themapi;isanF [z,z~
and thusan F [z,z7!, w, w™!]-module homomorphism from R to FF [ [z, z

41proof. The operators 8§0), agl), BEZ), ... on R satisfy the equalities and @ because the
HSD (aﬁo), agl) , 89, . ) is divided-powers. They satisfy the equality (4) by definition of 9.

Finally, Remark (b) (applied to R and ag") instead of A and D;) yields that nlagn) = (agl)) !
for every n € IN. Since Bél) = 0, this rewrites as n!Bgn) = (9;)" for every n € N. Thus, the

operators a§°>, ag”, a§2>, ... on R satisfy the equality (5) as well.
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We can similarly define an F-algebra homomorphism i, : R — F ((w,z/w))
which is analogous to “expansion in the domain |w| > |z|”. It sends Laurent

polynomials in IF [z, z71 w, w‘l} to themselves, while sending po— to
; 1 1 1 1 1
w = -
z—w w* _4 wq_ %
w w
1 Z ZZ n,,—n—1 —n—1_.n
=—(1+—-+—=+ :—Zzw :—Zz w (45)
w w w n>0 n<0

(here, we substituted —n — 1 for n in the sum)
eF((w,z/w)) CF Hz,z_l,w,w_lﬂ )

1

The map iy isan FF [z,z7!, w, w™1]-algebra homomorphism from R to F ((w, z/w)),

and thusanF [z, z7L w, w‘l} -module homomorphism from R to F [ [z, z71 w, w‘l} |-

Subtracting from (@4), we obtain

iy LI iw LI Yozl — (= Yz "

z-w Z-W 550 n<0
=Yzl Y et =Y e =6 (z—w).
n>0 n<0 nez
Thus,
1 1
d(z—w) =1, —1 (46)

z—w Yz—w
Proposition 3.10. (a) The maps i, and i, commute with the operators 9, and
dy. In other words,

iz (029) = 0z (i2q); iz (0wq) = 0w (i29) ;
i (029) = 9z (iwq) ; i (0wq) = Ow (iwq)

for every g € R.

(b) The maps i, and i, commute with the operators aé”) and ag? ) for every
n € IN. (These operators were defined in Section 2.1}) In other words,

i (3q) =3 (i) i: (007q) =% (i2q);
i (30) =3 (wg); i (309) = 35 (i)

1

for every g € Rand n € IN.
(c) The maps i; and iy are F [z,z7 !, w,w !]-linear. In other words, they
1

commute with multiplication by elements of [F [z,z’ ,w,w’l}. In other
words,

iz (pq) = piz (q); iw (Pq) = piw ()
foreveryg€ Rand p € F [z,z7 !, w,w™!].
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Proof of Proposition (c) Themap iz isanF [z,z!, w,w™!]-algebra homomor-
phism (since it is an F-algebra homomorphism which sends z to z and w to w),
thus F [z,z7!, w, w™!]-linear. This proves Proposition (c).

(b) Let g € R and n € IN. We shall only prove the identity i, (ag”) ) =

ag”) (izq). The other three identities that are claimed in Proposition [3.10| can be
shown in an analogous manner.
Let A = Flz,z7',w,w 1], and let S be the multiplicatively closed subset

{(z—w)k | k€ ]N} of A. Then, R = S7'A (by the definition of R). Let
1 : A — S !A be the canonical F-algebra homomorphism from A to S™1A

sending each a € A to % € S71A. Thus, ! is an F-algebra homomorphism from

A to R (since R = S™1A).
We define three HSDs:

e Let Dp be the HSD (a§°>,a§1>,a§2>, N ) from A to A.
e Let Dy be the HSD (8&0),8?),822), .. ) from R to R.

o Let Dy be the HSD (a§°>,a§1>,a§2>, . ) from IF ((z,w/z)) to F ((z,w/z)).

We recall that the HSD Dgr was defined as the lift of the HSD Dp to the
localization S~'A = R. Hence, we can apply Corollary (c) to Dp and Dg
instead of D and D’. As the result, we obtain Dg o = 10 Dp (where Dy o1 and
1o Dp are defined according to Definition [2.16).

Recall that i; : R — F((z,w/z)) is an [F-algebra homomorphism. Hence,
two HSDs i, o Dg and Dy o i, from R to [F ((z,w/z)) are defined (according to
Definition [2.16). We shall now show that these two HSDs are equal.

Let inc denote the canonical inclusion map A — F ((z,w/z)). Then, i, 01 = inc
(since the map i, sends Laurent polynomials in IF [z,z_l, w, w‘l} to themselves).
Moreover, inc is an [F-algebra homomorphism, so that two HSDs incoDp and
D; oinc are well-defined. It is easy to see that incoDp = D oinc Now,

izogfﬁf:iiifon = incoDp = DLOLI.LC,: Droizou
=10Dp =inc =120l
Thus, Corollary 2.19] (applied to FF ((z,w/z)), i, o Dg and Dy o i, instead of B, E
and F) yields i, o Dg = Dy oi,. But the definition of i, o Dy yields

(iz o ag())/ iz 0 agl)/ iz 0 822)/ .- ) =i,0Dgr =Dpoi, = <a§0) O iz, agl) O iz, a§2) Oy, .. )

42Proof. Proving that incoDp = D o inc is tantamount to showing that inc oag”) = ag”) oinc for

every n € IN (because of how inc oDp and Dy, oinc are defined). This is equivalent to showing

that the restriction of the endomorphism ag”) of F((z,w/z)) to A is precisely the endomor-

phism ag”) of A. But the latter claim is obvious (just remember that both endomorphisms

8§") were defined by the same formula).
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(by the definition of Dy oi,). Hence, i, o E)En) = aé’” oi,. Thus,i, <8§n) ) =
(iz o a§”>) (q) = (a§”> o iz) (q9) = aé”) (izq). This completes our proof of Proposi-

:a§’1)oiz
tion (b).

(a) Proposition (a) follows from Proposition (b) (applied to n = 1),
since agl) = d, and 8501) = Jy. O

3.6. Further properties of § (z — w)

Next, we observe:

Proposition 3.11. (a) For every k € IN, we have 85],( 1 _ L =7 n R.
zZ-w  (z—w)
(b) For every k € IN, we have
(k) iy 1 . 1
aw(s(z_w)_zzz—w)kH_lw(z—w)kH (47)
-y (”) w" k1 (48)
nez k
inF [[z,z7!, w,w1]].

Proof of Proposition (a) When F is a Q-algebra, one can easily prove Propo-
sition (a) by induction over k using (5). However, we want to prove it in
general. So let us take a different approach.

Let D denote the HSD (89, 8501), 8502), .. > of R. Let t be a new symbol. Define

an F-linear map 6(1&) : R — R[t]] as in Definition Theorem [2.10| then yields
that f)<t> is an [F-algebra homomorphism (since D is an HSD). But the definition

of ]5<t> yields

D (z—w) = Zag{?)(z—w)t”:(z—w)—klt
nelN

z—w, ifn=0;
sinceaz(f) (z—w) = 1, ifn=1; forallm € N

0, otherwise
=(z—w)+t
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Since f)<t> (z —w) is an F-algebra homomorphism, we have

-1

Dy ((Z - W)_l) = ?ﬂ(z —w) | = (E-w)+n7

=(z—w)+t

Compared with

this yields ) aﬁ,? ) ((z — w)_l) "=y ;t”. Comparing coefficients

neN neN (z —w)"
in this equality, we obtain 8&? ) ((z — w)*1> = ﬁ for all n € IN. In other
z—w
(k) -1\ 1 : .
words, dy, ((z —w) ) = ———7 for all k € N. This proves Proposition
(z —w)""
(a).

(b) Let k € IN. Applying the map a§§ ) to both sides of , we obtain
0o (z—w)= 3y (iZZ ! > — o (iwz ! )

=iz (al(lf) ! =iy <ag() ;
zZ—wW zZ—w
(by Proposition (b))  (by Proposition (b))
: k) 1 . (k) 1
=1 d —1 d
z ( w w -
— —

1 1
7 —w k+1 (Z . w)k+1
(by Proposition @) (by Proposition [3.11] (a))
1 . 1

=1,

—1 .
(Z . w)k+l w (Z . w)k+l
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On the other hand, applying the map ag‘ ) to both sides of the equality 6 (z —w) =

Y. z7"lw", we obtain

nez
(k) — 3k —n—1,n _ M\ _—n—-1,n—k _ n\ . n—k,—n-1
0w 0 (z—w) =0y Y z " w”—Z(k)z” w" —Z(k)w” z "L
nez nez nez
This completes the proof of Proposition (b). O

Proposition 3.12. (a) We have Res 8;? )5 (z—w)dz = 6,0 for every n € IN.
(b) Any m € IN and n € IN satistfy

L \m A (n) B o agi_m)é(z—w),ifmgn;
(z—w)" 9y 6 (z w)—{ 0. if m > n .

(c) We have 6 (z —w) = ¢ (w — z). (Here, § (w — z) means (6 (z —w)) (w, z),
that is, the result of switching z with w in § (z — w).)

(d) We have 9.6 (z — w) = —0du0 (z — w).

(e) We have 395 (z — w) = (—1)/ 96 (z — w) for every j € N.

Proof of Proposition (a) For every k € IN, we have

Res 96 (z—w) dz=Res ) Y k1) g — (O ok
— nez \K k
~

— Z h wn—kz—n—l :(5k,0
nez k
(by (@8))

0—k
= g ow" " = p-

In other words, for every n € IN, we have Res 87(5 )5 (z—w)dz = 6,0. This proves

Proposition (a).
(b) Let m € N and n € IN. Applying [#7) to k = n, we obtain

1 , 1

agf)é(z—w):iz )n—i-l_lw(

)1’1—1—1 ’

(z—w z—w
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Multiplying this equality with (z — w)"™ from the left, we obtain
m (1) m . 1 " 1
(z—w)"9yp 0 (z—w)= (z-—w)"i;z——— — (z—w)"iy
(z —w)

-~ -~

2 | (z—w)" ! i | (z—w)" !
=l z—w) —— =1y z—w)'— ™

n+1

(since i, is an ]F[z,zfl,w,wfl]—module (since iy, is an ]F[z,zfl,w,wfl]—module
homomorphism) homomorphism)
1 1
=i, | z-w)" —m8M— | —i z—w)"-
z ( ) (Z_w)n-‘rl w ( ) (Z_w)ﬂ-i-l
. 1 . !
a (Z _ w)(”*m)Jrl B (Z - w)(?’l*fﬂ)‘l’l
. 1 ) 1
= (Z o w)(ﬂ*ﬂ’l)‘l’l ~lw (Z . w)(?’l*ﬂ’l)‘l’l. (49)

Now, we must be in one of the following two cases:

Case 1: We have m < n.

Case 2: We have m > n.

Let us first consider Case 1. In this case, we have m < n. Thus, applying
to k = n — m, we obtain

MG (2 — w) =i, — iy
(z—w

Compared with ([@9), this yields
RN N () NN (/o) S ag?‘"”(s (z—w), if m <mn;
(z—w)" 0y 0 (z—w) =0, '0(z—w) { 0. if m >

(since m < n). Thus, Proposition (b) is proven in Case 1.
Let us next consider Case 2. In this case, we have m > n, so that m —n —

1 e
1 > 0. Now, (z—w)(”_m)+1 = (z—w)"™" LeF [z,z7Y, w,w™1] (since m —
) 1 1 ) .
n—1 > 0), so that i, - w)(n—m)+1 = - w)(n—m)+1 (since i, sends Laurent
1
polynomials in F [z, z—llw,w—l} to themselves). Similarly, i, — o =
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1
(z — w)(”*m)ﬂ' Hence, becomes

o \m(n) _ iy 1 . 1
(z—w)" 0y 6 (z—w) = ZZ w) e (z— w)(n—m)+1
) 1 ) 1
(Z i )(Tl m) (Z . w)(n—m)—H
—0= agffm)&(z—w),ifmgn;
0,ifm>n

(since m > n). Thus, Proposition (b) is proven in Case 2. The proof of
Proposition (b) is now Complete
() Wehave 6 (z—w) = Y. z " 'w", so that

nez
= w1 — = Y iz 1 here, we have substituted
a ne nez —n — 1 for n in the sum
Z z ?/U =0 (Z - ZU) ’

nesz

so that Proposition (c) is proven.

(d) Applying 9, to both sides of 6 (z —w) = ¥ z " lw", we obtain
nez

9:0 (z —w) = 9 Z 7l = Z (—n—1)z " 20" = Z (—n)z "Lyl

nezZ nez nez
(here, we have substituted n — 1 for n in the sum). Applying 9dy, to both sides of

S(z—w)= Y z " 'w", we obtain
nezZ

0w0 (z — w) = dy 2 z7 g = Z nz "1,

nez nez

Adding these two inequalities together, we obtain

020 (z—w) + 90 (z—w) = ) (—n) 2l ) nz "yl

nez nez
= Z (—n+n) z et =,
nez -

This yields Proposition (d).
(e) Let j € IN. Every n € Z satisfies

(4= )
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ﬁ But applying to k = j, we obtain

Vs (z—w) = ) (n) w" Izt

nez J

Renaming the indeterminates z and w as w and z in this equality, we obtain

' ; —1—n ;
a(])(s (w o Z) — (”) Zn—]w—n—l _ (] . ) Z—n—lwn—]

n

=0
(by ;

(here, we substituted j — 1 — n for # in the sum)

J/

-~

:aﬁj’&(sz)
— (—1Y 005 (z —w).

This proves Proposition (e). O

#Proof of (50): Let n € Z. Then,

G=1-m)((=1=-n) =1 ((-1=n)—j+1)
=(-1-m(-2=-n)---(G—j—n)
=(*(ﬂ*j+1))(*(n*]'+2))"'(*(ﬂ*j+j))

— (~1) (= ) (= 2) =+ )

— (=) 1=+ (j~1)) - (n=j+1)
—n(n=1)-(n-j+1)

:(_1)f.n(n—1)'~~(n—j—|—1). (61)

Now, the definition of binomial coefficients shows that

(J'ln) _ 1= (=1 =1 ((=1=n)—j+1)

j /!
NGRS S8 R
o -'n(n—1)~~~(n—j+1): [

0)

n
(by the definition of < .
J

This proves (50).
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3.7. The decomposition theorem
The next fact is known as the decomposition theorem:

Theorem 3.13. Let U be an F-module. Let a (z,w) € U [[z,z7,w,w]] be a
local U-valued formal distribution. Then, a (z, w) uniquely decomposes as a

sum , .

Y d(w) s (z — w)

jeN
with (¢/ (w)) e being a family of formal distributions d (w) € U [[w,w1]]
having the property that all but finitely many j € IN satisfy ¢/ (w) = 0.

The formal distributions ¢/ (w) in this decomposition are given by

c (w) = Res (z — w) a (z,w) dz for all j € IN. (52)

Before we prove this theorem, let us show a lemma:

Lemma 3.14. Let U be an F-module. Let b (z,w) € U [[z,z7', w,w™]]. As-
sume that
Res (z —w)" b (z,w)dz =0 forall n € N. (53)

(a) Then, b (z,w) € (U Hw w]) [[z]]-
(b) Assume that b (z, w) is local. Then, b (z, w) = 0.

Proof of Lemma[3.14 Wehaveb (z,w) € U [[z,z7},w,w™']] = (U [[w,w7']]) [[z2

Hence, we can write b (z,w) in the form b (z,w) = ¥ 2/ bj (w) for some b; (w) €
JEZ

U [[w,w1]]. Consider these bj (w). Every n € N satisfies

n n—k
Res z b(z,w)dz =) (k) Res (z wzrb (z,w)dz w 0.
=((z—w)+w)" k=0 -0
. N (by (53), applied to k instead of n)
= Z (k> (Z w)k n—k
k=0

Compared with

Resz" b(z,w) dz = Resz" Z Z/b; (w) dz = Res Z 2" (w)dz = b_y_1 (w),
= Z

]EZ

this yields that b_,, 1 (w) = 0 for every n € IN. In other words, b; (w) = 0 for
every negative j € Z. Hence,

=Y Zbj(w)= Y Jbj(w)+ Y. Zbj(w) =Y 2b;(w)

jEZ jEN JEZ; —~—  jeN

j is negative =0
c (u[fo)
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This proves Lemma (a).

(b) Lemma(3.14)(a) yields b (z,w) € (U [[w,w™1]]) [[z]]. But (U [ [w, w]]) [[z]]
is an [ [z,w]-module, and the element z — w of FF|[z,w] acts as a non-zero-
divisor on this module (i.e., every element a € (U [[w,w]])[[z]] satisfies
(z—w)a = 0 must itself satisfy « = 0) [ But b(z,w) is local. In other
words, (z—w)N b (z,w) = 0 for some N € IN. Consider this N. We can can-
cel the (z—w)" from the equality (z — w)N b (z,w) = 0 (since z — w acts as a
non-zero-divisor on the module (U [[w,w™1]]) [[z]], and b (z, w) belongs to said
module). As a result, we obtain b (z, w) = 0. This proves Lemma (b). O

Proof of Theorem Uniqueness: Let us first show the uniqueness of the fam-
ily (c/ (w))je]N satisfying a (z,w) = ¥ o (w) ag)é(z—w). For this, we let
j€EN
(c/ (w))] o be any family of formal distributions ¢/ (w) € U [[w,w']] hav-
ing the property that all but finitely many j € IN satisfy ¢/ (w) = 0. Assume that
a(z,w) = ¥ o (w) a&l)(s (z —w). We need to prove that holds.

jEN

For every n € IN, we have

Y ¢/ (w) Res (z—w)" 35 (z — w) dz
jeN h ] N g
ay™s (z—w), ifn <j;
0,ifn>j
(by Proposition [3.12) (b), applied to 7 and j
instead of m and n)

=Y d(w )Res{ 8%717)5(2—60), n<Ji gy

jeN 0,ifn>j
=Y d(w) Resdy ™5 (z — w) dz
]GN, N ~ v
j>n =0j-no
(by Proposition 3.12] (a), applied to j—n instead of n)
=Y d(w bj—np = " (w). (54)
jeN;
o

Hence, for every j € IN, we have

Res (z — w)" a(z,w) dz =Y ¢/ (w)Res(z — w)" as (z—w)dz
i jeEIN
=¥ d(w)ols(z—w)
jEN
=" (w).
#Proof. Actually, (U [[w,w']]) [[z]] is notjust an FF [z, w]-module, but also an (F [w,w™]) [[z

module (since U [[w,w™!]] is an F [w, w™!]-module). The element z — w of (I [w w 1) [[z]]
is invertible (since z —w = w (zuf1 —1)), and thus acts as a non-zero-divisor on the

(F [w,w™1]) [[z]]-module (U [[w, w™!]]) [[z]], qed.
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Renaming 7 as j and interchanging the two sides of this equality, we obtain

precisely . Thus, holds, and so the uniqueness of the family (¢/ (w))

is proven. .
Existence: Now, we shall show that the family (c/ (w))] cn defined by

jeN

actually satisfies a (z,w) = ¥ o (w) a§5>(5 (z —w) and has the property that all
jeN
but finitely many j € N satisfy ¢/ (w) = 0.
Indeed, the latter property obviously holds (since a (z,w) is local). So it re-
mains to prove that the family (c/ (w))] .y defined by 1) satisfies

a(z,w)=Y o (w) a§5>(5 (z—w). (55)

jeEIN
Consider this family (c/ (w))].G]N.
sufficiently high j € N satisfies (z — w)’ a (z,w) = 0, and therefore

Since a (z,w) is local, we know that every

every sufficiently high j € IN satisfies ¢/ (w) = 0. (56)

Thus, the sum ¥ ¢/ (w) Bg)é (z — w) is well-defined. We set
jeN

b(zw)=a(zw)— Y d(w) 906 (z — w).
jeN
Then, our goal is to show b (z,w) = 0 (because this will immediately yield (55)).
We know that a (z,w) is local. Also, for every j € IN, the formal distribution
895 (z —w) is local (since Proposition (3.12| (b) yields (z — w) 1 8%)5 (z—w) =
0), and therefore the formal distribution ¢/ (w) 855)5 (z — w) is local as well. Hence,

the sum Y ¢ (w) a§5>(5 (z —w) is local as well (since it has only finitely many
JEN
nonzero addends — due to (56) — and these addends are local). Thus, b (z, w)
is local (since we have defined b (z,w) as a difference between the local formal
distributions a (z, w) and Y. ¢ (w) Bg)é (z —w)).
jEN
For every n € IN, we have

Res (z — w)" b(z,w) dz
——
=a(zw)— Y cf(w)a,(xpé(z—w)
jeEN

=Res(z—w)"a(z,w)dz— Y ¢/ (w)Res (z —w)" s (z—w)dz

:c;?w) iEIN _
(by (52), applied to j=n) _ c;,(w)
(by &)

=" (w) —c" (w) = 0.
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Hence, Lemma [3.14| (b) yields b (z, w) = 0 (since b (z, w) is local). This completes

the proof of @ . Thus, the existence part of Theorem is proven. The proof
of Theorem [3.13|is thus complete. O

For the next corollary, we shall use the notations of Section

(b) Let a =

(c) Leta =

Corollary 3.15. Let U be an [F-module. To every a = a(z,w) €
U [[z,z7, w,w™!]], let us associate the F-linear operator

D, :F [w,w‘l} — U Hw,w‘lﬂ ,
¢ (w) — Res ¢ (z)a(z,w)dz.

(a) For every ¢ (w) € U [[w,w™!]] and j € N, we have

=c(w) Bg) (57)

()

as maps F [w,w™ '] — U [[w,w!]]. (Here, c¢(w)d; means the operator
a&?, followed by multiplication with ¢ (w).) In particular, if U = T, then
D(S(Z,w) = 1 (the identity map, or, rather, the canonical inclusion FF [w, w‘l} —
F [[w,w1]]).

a(z,w) € U|[[z,z7}, w,w™!]]. Prove that a (z,w) is local if and

only if D, is a differential operator of finite order. (See Definition for the
definition of a differential operator of finite order.)

a(z,w) € U[[z,z7!,w,w]] be local. Then, show that a (w, z)

is local and satisfies

Di(w,z) = (Du(z,w)) " (58)

(See Definition [2.27| for the meaning of <Da(z,w)> *.)

(d) Leta =a(z,w) € U [[z,z7}, w,w!]]. Show that
Dlp(w)a(z,w) = (ZU) o) Da(z,w) for all P (ZU) eF [w, wil} ; (59)
Dawa(z,w) =Jdyo Da(z,w); (60)
Dy (2)a(zw) = Dazw) © ¥ (w) forall y (z) € F [z,zfl} ; (61)
Daza(z,w) = _Da(z,w) © Oy (62)

Proof of Corollary 315 (a) Let ¢ (w) € U[[w,w']] and j € N. Let ¢ (w) €

F [w,w™!]. We

write ¢ (w) in the form ¢ (w) = Y @uw™, where all ¢, be-
meZ

long to F and all but finitely many of these ¢, are zero. Then, a&{)(p (w) =

meZ

)y (7) Q’mwm—f (by the definition of ag))_
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Now,

Dc(w)ag)(s(z_w) (q) (w)) = Res ¢ (Z) ¢ (w) ag)é (Z — w) dz

(by the definition of D c(w)o) 6(z— w))
=c(w)Res ¢ (z) s (z —w)dz.
Since
Res ¢ (z) 87(5)5 (z —w)dz
——
=Y gomzm
meZ

(since p(w)= Y. @mw™)
mez

= Res ( ) (pmzm> Vs (z —w)dz = Y ¢mResz" s (z—w) dz

meZ meZ g
=Y . wh—iz—n—1
nezZ

(by (48), applied to k=j)

— Zq)mReszm<Z(n)w_ - 1>d2— Zq)mResz< ) 2"y
meZ nez \J meZ nez

n \ . m
— Z ( ) wh—Jzm—n—1 _( .
nez \ J )

-
= L () = T () owm T =0 (),

meZ meZ.

J/

this rewrites as

Dc(w)ag)é(sz) (q) (w)) =c (ZU) Bes % (Z) al(g)(s (Z - ’(/U) dz =c (ZU) az(g)q) (ZU) .

-~

=0 g(w)

Now, we forget that we fixed ¢ (w). We thus have shown that D_ ()20 5(z—w) (¢ (w)) =

¢ (w) 3% g (w) for every ¢ (w) € F [w, w™!]. Hence, Dc(w)ag>§(2_w) = c(w)dY is

proven. It remains to show that Ds,_,) = 1 if U = F. But this follows from

(57), applied to ¢ (w) =1 and j = 0. Proposition (a) is proven.

Before we start proving Proposition (b), let us show two auxiliary results:
e Everya =a(z,w) € U [[z,z7!, w,w™]] satisfies

D(sz)a(z,w) = [Dﬂ/ w] . (63)

Here, w denotes the continuous FF-linear map
Ullz,z7L,ww ] = U[[z,z7!,w,w]] which sends every
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beUllzz!,w,w]] tow-b. (In analogy to Proposition 2.3, we should
have called it L;, instead of w, but the notation w is shorter.)]

Proof of (63): Let a = a(z,w) € U [[z,z7},w,w"!]]. Then, every ¢ (w) €
FF [w, w™"] satisfies
D (z,w) (q) (ZU))
= Res ¢ (z) (z—w)a(z,w)dz (by the definition of D(z—w)a(z,w))
za

=Res ¢ (z)za(z,w)dz —wRes ¢ (z)a(z,w)dz
=Reszp (z)a(z,w)dz —wRes ¢ (z)a (z,w) dz. (64)

Hence, every ¢ (w) € F [w, w™!] satisfies

[Da,w] (¢ (w))
N——

=Dgow—woD,

= (Daow—woDy) (¢ (w)) = Di(weg(w)) —w  Ds(p(w))
N———  — N, e’
=Reszg(z)a(z,w)dz =Res ¢(z)a(z,w)dz
(by the definition of D,) (by the definition of D)
=Resz¢ (z)a(z,w)dz —wRes ¢ (z)a(z,w)dz
= D(z—w)u(z,w) (q) (w)) (by ) :
In other words, [Da, w] = Dy, _)a(z,0)- This proves (63).

e Ifana € U [[z,z7!, w,w!]] satisfies D, = 0, then

a=0. (65)
Proof of : Leta € U [[z,z7}, w,w™!]] be such that D, = 0. Write a in the
forma= )  ayuz"w" with a,, € U. Then, every i € Z satisties
(n,m)ez?
D, <wl> — Resz' a(z,w) dz (by the definition of D,)
=a= Z\,zn,mz”wm
(n,m)eZ?
— Resz' Y apmZ'wdz =) a_j_q 0"
(n,m)ez? meZ

Hence, every i € Z satisfies Y a_; 1,w"™ = D, (w') = 0. Comparing
meZ V—O

coefficients in this equality, we conclude that every i € Z and m € Z satisfy

a_j_1,m = 0. In other words, every (n,m) € 72 satisfy a,,, = 0. Hence,

a = 0. This completes our proof of (65).
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(b) =—>: Assume that a (z,w) is local. Theorem thus yields that a (z, w)
can be written in the form

Y. c (w) as (z—w)

jeEN
with (c/ (w))] o being a family of formal distributions ¢/ (w) € U [[w,w™]]
having the property that all but finitely many j € IN satisfy ¢/ (w) = 0. Consider
this (c/ (w)>jeN‘ Since a (z,w) = ¥ d (w) s (z — w), we have

jeEIN
D, = jg\I D, (02D s(z—) (since D, depends F-linearly on a)
=c/ (w)ay)
(by (57), applied to c(w)=c/ (w))
= Y (w)ay (66)
jeN

Thus, D, is a differential operator of finite order (since all but finitely many
j € N satisfy ¢/ (w) = 0). This proves the = direction of Proposition (b).
<=: Assume that D, is a differential operator of finite order. In other words,

D,= Y cj(w) 9 for a family (¢ (w)>jeJN of formal distributions in U [ [w, w '] ]
jEN
with the property that all but finitely many j € IN satisfy c; (w) = 0. Consider
this family (c; <w))]’elN'
Let us define the F-linear map w : U [[z,z7 Y, w,w™!]] — U [[z,z7}, w,w™}]]
as in (63). We have

[w, ag)} = —a;?‘” for every n € IN. (67)
Bl

All but finitely many j € IN satisfy ¢;j (w) = 0. Thus, there exists a ] € N such
that every j € IN satisfying j > ] satisfies c; (w) = 0. Consider this J. Then,

. J—1 ‘
D,= ) cj(w) al) — Y cj(w) o\ (68)
jeN j=0

“Indeed, this is similar to Proposition there are only two differences:

e We now have two variables z and w instead of a single variable z. But this
does not change much because only the variable w is “active”. (If we identify
U([z,z7Yw,w ] with (U[[z,z7Y]]) [[w,w™!]], then we are back in the single-
variable case.)

e We are now denoting by w the map that would be denoted by L, in the terminology
of Proposition

These two differences are insubstantial, and the proof of Proposition can be easily
adapted to prove (67).
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(by the definition of J). We are going to prove that (z — w)/ a (z,w) = 0.
Indeed, let us show that

-1 .
D oa(e) = ]:Zk ¢j(w)al™  foreveryke N (69)

(where any sum whose lower limit is larger than its upper limit is understood
to be empty).

Proof of (69): We shall prove by induction over k.

Induction base: For k = 0, the equality follows immediately from (68).
Thus, the induction base is complete.

Induction step: Let K € IN. Assume that holds for k = K. We need to show
that holds for k = K+ 1.

We have
D(sz)KHa(z,w)
- D(z—w)(z—w)Ka(z,w) - D(z—w)Ka(z,w) W
=L g™
j=
| (since holds for k=K) _

(by (63), applied to (z — w)X a (z,w) instead of a)
J-1

J-1 , J—-1 . |

- [Z cj (w) agK),w] =) [Cj (w) 8%7K),w} =Y cj(w) [ag’K),w]
j=K j=K N L i—x

=cj(w)[oll ™ ] —[wal] ]

(since cj(w) commutes with w)

-~

J-1 . J-1 ,
- Yow  [wl™] =Y emay
j=K —_—— =K
—_U—K-1)

(by (67), appﬁ]ed to n=j—K)

J-1 , J-1 ,
— (K=K-1) (j—K-1) _ (j—K-1)
= cg (w)d + ci(w)o = ci(w)o :
w(—l) ]'_;H : Y f_%'l : ’
=3, V=0
In other words, holds for k = K+ 1. This completes the induction step.

Thus, is proven.
Now, applying to k = J, we obtain

J—1 .
D(sz)]a(z,w) - Z Cj (w) ag D= (empty Sum) = 0.
=1
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Thus, (applied to (z — w)’ a (z,w) instead of a) yields that (z — w)’ a (z,w) =
0. Hence, a (z,w) is local. This proves the <= direction of Proposition (b).

(c) Clearly, a (w, z) is localﬁ It remains to prove that Dy, .) = (Da(z,w)> . In

other words, it remains to prove that D, ,) = (D,)* (since a (z,w) = a).
Theorem yields that a (z, w) can be written in the form

Z c/ (w) BZ(Z)(S (z—w)
jeN

with (c/ (w))] o being a family of formal distributions ¢/ (w) € U [[w,w™!]]

having the property that all but finitely many j € IN satisfy ¢/ (w) = 0. Consider
this (¢/ (w)) Theorem [3.13| furthermore shows that these ¢/ (w) are given by

jEN
(52). ‘
We have a (z,w) = ¥ o (w) Bg)é (z — w). Renaming the indeterminates z and

jEN
w as w and z in this equality, we obtain

a(w,z)=Y d(z) V) s(w—2) =Y d(2) Vs (z — w)
jen —_—— jen —_—
=0(z—w) :(—1)]85,{)5(2710)
(by Proposition (©) (by Proposition (e)
— Y d(2) (1) s (z—w) = ¥ (~1) o (z) 2 5 (z—w)
jEN jEN —
=3i)/dl(z)

(since ¢/(z) is a polynomial in z

(1)

and thus commutes with d;,’)

=Y ()l (d(2)8(z-w)).

jeN
From , we have D, = ¥ ¢/ (w) a;{), so that (D,)" = ¥ (—1)j ag)cj (w).
jeN jeN

46 Proof. We know that a (z, w) is local. Thus, there exists an N € N such that (z — w)Na(z,w) =

0. Consider this N. Switching the indeterminates z and w in (z — w)N a (z,w) = 0, we obtain
(w—2z)Na(w,z) = 0. Hence, (z—w)" a(w,z) = (-1)Y (w—2)Na(w,z) = 0. Thus,
——— —_— —
=(-1)N(w—-2)N =0
a(w,z) is local, ged.

74



Vertex algebras, lecture 3, scribe notes June 26, 2019

Now, for every ¢ (w) € F [w,w '], we have

Da(w,z) (q) (ZU))

= Res ¢ (z) a(w,z) dz <by the definition of Da(w,z)>
—
= ¥ (-1Y9Y) (d (2)6(z—w))
jeN
= Res ¢ (z) (Z (-1 oy (cj (z)d(z— w))) dz
jEN

=Y (- ]Resgo )ag) (cj(z)é(z—w)> dz

jEIN

—3Y) Res p(2)cl (2)8(2—w)dz
(since both multiplication with ¢(z) and

the map g—Res gdz commute with ai,i))

=) (- Resqo() (2)6 (z — w) dz

jeEIN ~ .
=Res d(z—w)g(z)c/ (z)dz

=g(w)d(w)
(by Proposition (0), applied
to ¢(z)c/(z) instead of a(z))

=L (0ol (p(w)d (w) = (2: «—1ﬂa%%J<w>)<q)av»::<th>*(¢<w>>
jeEIN R jEN

s

:(Da)*

Hence, D, = (D,)". This completes the proof of Propos1t10n n (c).

(d) Proofof(.) For every ¢ (w) € F|w,w '] and ¢ (w) € F [w,w™ 1], we
have

Dy(w)azw) (¢ (w)) =Res ¢ (z) ¢ (w) a (z,w) dz (by the definition of Dl/)(u))a(z,u)))
— §(w) Resg(z)a(zw)dz — () Dypor (@ ()

~

:Da(z,w) ((p(w))
(by the definition of D )

= <1p (w) o Dg(z,w)) (¢ (w)).

This yields (59).
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Proof of (60): For every ¢ (w) € IF [w,w™!], we have

Dj,a(zw) (¢ (w)) = Res ¢ (z) dya (z,w) dz (by the definition of Dawa(z,w))
=dy Resq@(z)a(z,w)dz

-~

:Da(z,w) ((P(w))
(by the definition of D, ))

(since the map g — Res gdz commutes with d,)
= 90Da(z) (9 (@) = (90 © Daea) ) (9 ().

This yields (60).
Proof of (61): For every ¢ (w) € F [w,w™!], we have

Dy(2)a(zw) (p(w)) =Resq (z) ¢ (z)a(z,w)dz (by the definition of Dw(w)a(z,w)>
= Do) (9 (@) § (w)) (by the definition of D,z ) )
= Dye) (9 () @ (@) = (Dagz) 0 (@) ) (9 ().

This yields (61).

Proof of (62): For every ¢ (w) € F [w,w™!], we have

Dy.a(z0) (¢ (w)) = Res ¢ (2) 3za (z,w) dz <by the definition of Daza(z,w)>
— —Resd, (¢ () a(

:Du(z,w) (Qw(p(w)))
(by the definition of Dy, ,))

( by (28), applied to U [[w,w™']], ¢ (z) and a (z, w) )

z,w)dz

instead of U, g and f
= —Dy(z0) (0 (9 ())) = (= D) 000 (9 ().

This yields . O

4. j-th products over Lie (super)algebras

4.1. Local pairs over Lie (super)algebras

Now, assume that 2 and 3 are invertible in the ground ring F (for instance, this
holds when F is a field of characteristic ¢ {2,3}). Let g be a Lie (super)algebra.
We remind the reader that a Lie superalgebra is defined as an FF-supermodule
g = gy @ g7 endowed with a Lie bracket [-,-] : g x g — g which is even (ie.,
satisfies [ga, gﬁ] C goyp forall a, f € Z/27) and satisfies the following axioms
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(which are obtained from the axioms in the definition of a Lie algebra by the
Koszul-Quillen rule){”|

e We have [2,b] = — (=1)P?®) [, 4] for any two homogeneous elements a
and b of g. Here, as usual, p (c) denotes the parity of the homogeneous
element c.

o We have [g,[b,c]] = [[a,b],c] + (—1)P“P1) (b, [a,c]] for any three homoge-
neous elements a, b and c of g.

(Keep in mind that [a,4] = 0 holds for any a € go, as can be easily derived
from the first of these two axioms; but in general, a € g; do not satisfy [a,a] = 0.)

Example 4.1. (a) If A is any associative superalgebra (i.e., any Z/2Z-graded
associative algebra), then A becomes a Lie superalgebra when equipped with
the supercommutator bracket

[a,b] := ab — (—1)PWP() pg forall a,b € A.

(b) If V = V5 ® V5 is an F-supermodule, then End V' (the [F-superalgebra
of all F-linear endomorphisms of V, not just the even ones) becomes a Lie
superalgebra when equipped with the supercommutator bracket

[a,b] := ab — (—=1)P@WP() pg foralla,b € End V.

This Lie superalgebra structure is, of course, a particular case of part (a) of
this example.

Definition 4.2. Let g be a Lie (super)algebra.

(@) Two g-valued formal distributions a(z) € g[[z,z7']] and
g [[z.z71]] are said to form a local pair if the formal distribution [a (z),
g[[zz7 Y w,w]] is local.

(b) Let (a (z),b(z)) be a local pair. According to Theorem we have

(z) €

b
b(w)] €

[a(z),b(w)] =) o (w) s (z—w), (70)
jeN

where the formal distributions ¢/ (w) € g [[w, w™!]] are given by

o/ (w) = Res (z — w) [a(z),b (w)] dz forall j € N. (71)

47We remark that Lie superalgebras could also be defined more generally, without assuming
that 2 and 3 are invertible in F. But in this generality, the two axioms below would not be
sufficient to obtain a good theory. For instance, if [F is a field of characteristic 2, it is important
to require [a,a] = 0 for all even elements a of g as an extra axiom; when 2 is invertible, this
follows easily from the antisymmetry.
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For each j € IN, we shall denote by a(w)b(w) the formal distribution

¢/ (w) € g [[w,w™1]] defined by . Notice that the notation “a (w) ;b (w)”
is a ternary operator with three arguments: a (w), b (w) and j. We shall often
use a curried version of this operator: Namely, given an a (z) € g [[z,z71]]
and a j € IN, we write a (w) ;) for the operator which takes a b (w) for which
(a(z),b(z)) is a local pair, and returns the formal distribution a (w) ;, b (w).

As one would expect, 4 (z) ;) b (z) means the result of substituting z for w
in the formal distribution a (w) () b (w) (and similarly for every other indeter-
minate instead of z).

We refer to a (z)(].) b (z) as the j-th product of the formal distributions a (z) and
b (z). For given j € IN, we refer to the operator which sends every local pair

(a(z),b(z)) to a(z); b(z) as the j-th multiplication.

The formula is called the singular part of the OPE (operator-product expan-
sion).
Let us make an important remark.

Remark 4.3. Let g be a Lie (super)algebra, and let (a (z),b (z)) be a local pair.
We have denoted by a (w) ;) b (w) the formal distribution ¢/ (w) € g [[w,w™']]
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defined by (7). Thus, becomes

@@ @)=Y  (a@)yb@) z-w)
N eee———
:n)g:z (a(w) (j)b(w)) [n]w_”_l
(here, we are using the notation of
Definition 3.1} for w instead of z)

=Y L (e@yb@) wr ol —w)

jENneZ
= a(w) b (w w1 Vs (z—w
]-GZMZZ< (@) b)) Ds(z—w)
=y <7’l) wh—iz—n—1
nez ]
(by (@8))

(here, we renamed the summation index n as r)

=Y Y (a@yb@), _”Z() e

jeENreZ nez

(]) <a (w)(j) b (w)> g @U_r_lw”—fz—n—l

reZneZ —g—j—r—1y—n—1

Z < > (2 w)U)b(W))M e P
» (] ) <” (@) b (W)) . W —i—r—15—m-1

eZ meZ

/\ﬁ

here, we renamed the summation index m as n) .

Comparing coefficients in front of z=" 1w ="~1

we conclude that

[a[m],b[nﬂ = Z (77) (a (w)(]-) b(w)>[m+nj]. (72)

jeIN

on both sides of this equality,

This equality is an equivalent rewriting of (70).
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