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The Theory of Witt Vectors
Joseph Rabinoff
version of 7 May 2009 (posted on arXiv as [arXiv:1409.7445v1)
Errata and addenda by Darij Grinberg

I will refer to the results appearing in the note “The Theory of Witt Vectors”
by the numbers under which they appear in this note (specifically, in its version
of May 7th, 200{[).

10. Errata

e Page 2, proof of Lemma 1.4: Replace ”y”i(p_”)” by ”ypi_l(p_”)” (in the
displayed equation, just after the binomial coefficient).

e Page 4: “Letting X, Y7, X5, Y2, ... be indeterminates” should be “Letting
Xo, Xl/ Xl/ Yl/ Xz, Yz, ... be indeterminates”.

e Page 4, proof of Theorem 1.5: Throughout the proof, the indexing of the
5; is wrong: Every “S,;” should be replaced by “S;”; also, “51”, “S,” and
“Spn” should be “Sp”, “S1” and “S,”, respectively.

That said, of course, the notation you are using from §2 on is different.
Maybe it is worth pointing this out, that the Sy introduced in §1 are the 5
(and not the S;) in §2 and later.

e Page 4, proof of Theorem 1.5: In the last displayed equation of the proof,
replace “7 (x1) + p7 (x1)” by “T (x9) + p7 (x1)”. Similarly, replace “7 (y1) +
pT(y1)” by “T(yo) + pT (y1)”, and replace “7 (51) + p7 (s1)" by “7 (50) +
pT (51)".

e Page 7: In the displayed equation “wy ((Su),cp) = Wn ((Xn),ep) +Wn (Yn)uep)”s
you are using the letter “n” in two different meanings (as an index and as
a variable). I suggest replacing it by “wy ((Sp),cp) = Wm ((Xn),ep) +

Wi ((Ya)nep)”
n . n—i n . n—i
e Page 7, Example 2.12: Replace “ )’ ple "by ") ple ;.
i=0 i=0

e Page 8, Theorem 2.13: “reprsentatives” — “representatives”.

e Page 8, proof of Theorem 2.13: Replace “x,” and “y,;” by “X;” and “y;”,
respectively (in the third displayed equation of this proof).

IThis version is exactly the version that is available on the arXiv under the identifier
arXiv:1409.7445v1; it also is exactly the version that used to be available at http://www.
math.harvard.edu/ rabinoff/misc/witt.pdf.
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e Page 10, proof of Lemma 3.2: Replace “y, € Z[Xy,...,Xu]” by “yn €
Zx1,...,x4]".

e Page 10, proof of Lemma 3.2: Replace “for some choice of x, € A” by “for
some choice of x,, € B”.

e Page 12, proof of Theorem 2.6: When you say “The unicity of the ring
structure on W (A)”, it might be helpful to clarify that you are talking
about the unicity of the whole functor W, not of a single ring structure
W (A) considered in isolation. (I don’t think the latter would be unique,
without the functoriality requirement.)

e Page 12, proof of Theorem 2.6: I think your proof is missing a part: the
proof of the fact that every element of W (A) has an additive inverse (one of
the ring axioms). To prove this, I would again argue by functoriality (first
constructing the additive inverse of the Witt vector X = (X1, X», X3,...) in
W (Q[Xj,Xp, X3, ...]), then showing (using Lemma3.2) that its Witt coor-
dinates belong to Z [X;, X3, X3, ...], then projecting it onto W (A) for any
A).

e Page 12, §3: I think it is worth explicitly stating (as a proposition?) the fact
that the bijection x — f, : W (A) — A (A) introduced in Corollary 3.3 is a
ring homomorphism. This is easy to proveEL and used a few times in the
rest of your paper.

if if 1, = 0;
o Page 13, Proposition 4.5: Replace “s, = { " . " 70y s 0:,
yn ].f yn # O yn, lf x;/l — O
(Otherwise, you are making no claim about the case when both x, and y,
are 0.)

Page 13, proof of Proposition 4.5: “the equality of polynomial equations”
— “the equality of polynomials” maybe?

Page 14, §5: “Verchiebung” — “Verschiebung”.

Page 15, Lemma 5.2: “two natural transformations” — “two natural trans-
formations between group-valued functors”. (This is to clarify that the
natural transformations have to preserve the groups’ addition.)

Page 15, proof of Lemma 5.2: “Let A, = A [X1, Xy, ..., Xx]” should be “Let
Ap=K[X1,Xa, ..., Xp]".

2]t requires showing that fy, = fi"fy and fxyy = fyx+fy for any x,y € W (A) (where = and +
are the multiplication and the addition in the ring A (A)), and that f = 1—t and fy = 1.
Proving that fy, = fx-fy for any x,y € W (A) is easy: it follows (by functoriality) from
fxy = fx-fy (where X and Y are as in the proof of Theorem 2.6), which was proven in the
proof of Theorem 2.6. Similarly, the other properties can be shown.
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e Page 15, proof of Lemma 5.2: The notation A, (for K[Xy, X5, ..., X,]) con-
flicts with the notation A (for K [x]). I would suggest changing one of the
two notations.

e Page 15, proof of Lemma 5.2: “commutivity” — “commutativity”.

e Page 19, proof of Proposition 5.10: Remove the sentence “By Proposition
5.9, we may assume that n and m are prime” (nothing wrong about it, but
it is unnecessary). Replace “Since m and n are distinct primes” by “Since
m and n are relatively prime”.

e Page 19, proof of Proposition 5.12: The letter “N” should be replaced by a
(operatorname, or mathrm-shaped) “N” several times (whenever it stands
for the norm map).

e Page 19, proof of Proposition 5.12: Replace “Now let n > 1” by “Now let
n>1".

e Page 20, Theorem 5.14: “reprsentatives” — “representatives”.

e Page 21, proof of Theorem 5.14: Replace all three summation signs by

IIZII

n=0

e Page 22, proof of Theorem 6.1: Replace “0,, (v)” by “oy, (x)” (after “so by
induction”).

e Page 22, proof of Theorem 6.1: Replace “oy, (y) = 0, (v) o 0w (v)” by

4

o (x) = 0p; (Om (x))".
e Page 22, proof of Theorem 6.1: Replace “o,, (y) =" by “0,, (x) =" (twice).
e Page 22, proof of Theorem 6.1: Replace “o, (y) —" by “oy, (x) —".
o Page 24, §7: Replace “since is difficult” by “since it is difficult”.

e Page 25, proof of Lemma 7.3: In the first displayed equation of this proof,
add a “x” addend on the left hand side (the sum should start with x, not

p
with ).
p
e Page 25, proof of Lemma 7.3: Replace “x?" coefficient” by “x?"-coefficient”.
e Page 25, proof of Lemma 7.3: After “p {s”, add “and s > 1”.

e Page 26, proof of Lemma 7.4: Replace “a pth power” by “a power of p”
(twice).

e Page 26, Lemma 7.5: Replace “J]” by “J]".
r>1 r>0
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e Page 26, Lemma 7.5: I would suggest clarifying that the product [T hexp <xprtpr>
r>0
is taken in A [[t]], notin A (A).

/A

e Page 26, proof of Lemma 7.5: Replace every appearance of “T]”, “ ] ” or
r>1 n>1
1“ H 4 by “ Hl/, ‘“” H 4 OI‘ ‘“” I_I II’ respectively_

m>1 r>0 n>0 m>0

e Page 27, Theorem 7.6: Replace “T]” by “T]".

r>1 r>0

e Page 27, Theorem 7.6: I would suggest clarifying that the product [T hexp (xprtf’r)
r>0
is taken in A [[t]], notin A (A).

e Page 27: In “every element of A (A) := 1+ A [t] can be written uniquely
as a finite product [T (1 — a,t")”, I would replace the product sign “T]” by

“TI” (as the reader would otherwise expect ][] instead). (Alternatively,
n=0 n=1

you can replace it by “ []”, but then you’d need to replace “A (N) :=
n=1

1+ N[t]” by “A(N) =1+ tN[t]".)

11. Addenda

Let me now add some further properties of Witt vectors.
I shall use the notations of §2-87 of your notes. In particular, the Witt polyno-
mials w, will be defined as in Definition 2.4 (not as in §1): namely, by

wy =Y dXV e Z[{Xy:d|n}].
dn

Thus, if p is a prime and if n is a nonnegative integer, then the definition of w»
yields

n .
wpn = Z ng”/d = Z pIX;;? l (1)
d|p" i=0

(since the positive divisors of p" are p%, p!,..., p").

Sam Raskin has pointed out to me that Theorem 6.6 can be generalized:
namely, the condition that L be perfect can be dropped from the definition of
a p-ring. In other words, the following holds:

Theorem 11.1. Let p be a prime. Let R be a ring equipped with a de-
creasing sequence R = ap D a; D ap DO a3 DO --- of ideals such that
(ay - ap C apym for allm > 0 and m > 0). Equip R with the topology defined
by this sequence of ideals. Assume that R is Hausdorff and complete for this
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topology. Assume that the residue ring L = R/a; has p-1; = 0. Let 77 denote
the canonical projection R — R/a; = L.

Let K be a perfect ring of characteristic p. Let f : K — L be a ring homo-
morphism.

There exists a unique continuous ring homomorphism 6 : W, (K) — R
making the square

W, (K) —2= R (2)

Ij(fi

commute.

Theorem generalizes your Theorem 6.6.

The proof of Theorem given below is (at least on a superficial level) quite
different from your proof of Theorem 6.6; it is inspired by the proof of [BriCon09,
Lemma 4.4.1] (thanks again to Sam Raskin for the reference)

Before I prove Theorem let me derive various facts that will be used in
its proof and (some of which) are of independent interest:

Proposition 11.2. Let R be a ring equipped with a decreasing se-
quence R = a9 D a D a DO a3 DO --- of ideals such that
(ay - ap C pym for allm > 0 and m > 0). Equip R with the topology defined
by this sequence of ideals. Assume that R is Hausdorff for this topology.

(@) We have N a, =0.

n>0

(b) If u and v are two elements of R such that every i > 0 satisfies u =
vmod q;, then u = v.

(c) For every n > 0, let 71,, be the canonical projection R — R/ ay.

Let Abeaset,andlet ¢ : A — Rand ¢ : A — R be two maps. Assume that
Ty 0 ¢ = 11y 0 P for every n > 0. Then, ¢ = 9.

Proof of Proposition Recall the definition of the topology on R: A subset S of
R is said to be open if and only if for every s € S, there exists an n > 0 satisfying
s+a, CS.

(@) Let u € N a,. We shall show that u = 0.

n>0

Let P be an open subset of R containing u. Let Q be an open subset of R
containing 0. (We shall not use the fact that Q is open.)

The subset P of R is open. In other words, for every s € P, there exists an
n > 0 satisfying s + a, C P (by the definition of the topology on R). Applying
this to s = u, we conclude that there exists an n > 0 satisfying u 4+ a, C P. Let p
be this n. Thus, p > 0 satisfies u + ap C P.

3As far as I recall, I devised this proof based on discussions with Sam Raskin at MIT in 2016.
Sam seems to have a cleaner and shorter proof, which I unfortunately have never had the
time to fully comprehend. Sorry, Sam, for making a mess of your ideas!
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On the other hand, 0 € Q (since Q contains 0).
But u € ﬂo ay C ap and thus u = Omod a,. Hence, 0 = umod a,. In other
n>

words, 0 € u + ap C P. Combining this with 0 € Q, we obtain 0 € PN Q. Hence,
the set P N Q contains at least one element (namely, 0). Thus, PN Q # @.

Now, forget that we fixed P and Q. We thus have shown that if P is an open
subset of R containing u, and if Q is an open subset of R containing 0, then
PN Q # @. Since the topological space R is Hausdorff, this shows that u = 0.

Now, forget that we fixed u. We thus have proven that every u € () ay,
n>0

satisfies u = 0. In other words, () a, = 0. This proves Proposition [11.2(a).
n>0
(b) Let u and v be two elements of R such that every i > 0 satisfies u =
vmod a;. Hence, every i > 0 satisfies u — v € q; (since u = vmod a;). In other
words, u —v € [ a; = () ay, = 0 (by Proposition [11.2| (a)). In other words,
i>0 n>0
u —v =0, so that u = v. This proves Proposition [11.2](b).

(c) Leta € A. Letn > 0. Then, 71, (¢ (a)) = (muo@)(a) = (muo¢)(a) =

=mTp0l
7, (¢ (a)). Since 7, is the canonical projection R — R/a,, this rewrites as
¢ (a) = ¢ (a) mod a,,. In other words, ¢ (a) — P (a) € a,.
Now, forget that we fixed n. We thus have proven that ¢ (a) — ¢ (a) € a, for
each n > 0. Hence, ¢ (a) — ¢ (a) € (N a, = 0 (by Proposition [11.2| (a)), so that
n>0

¢ (a) — ¢ (a) = 0 and thus ¢ (a) = ¢ (a).
Now, forget that we fixed 2. We have now shown that ¢ (a) = ¢ (a) for each
a € A. In other words, ¢ = 1. This proves Proposition (). O

Proposition 11.3. Let R be a ring equipped with a decreasing se-
quence R = ap D a D a DO a3 DO --- of ideals such that
(ay - am C Ay forall m > 0 and m > 0). Equip R with the topology defined
by this sequence of ideals. Assume that R is Hausdorff for this topology. For
every n > 0, let 71, be the canonical projection R — R/ ay.

Let A be aring. Let v : A — R be a map. Assume that the map 7, 0 :
A — R/ay is a ring homomorphism for each n > 0. Then, the map <y is a ring
homomorphism.

Proof of Proposition We need to show the following four claims:

Claim 1: We have 7 (04) = Og.

Claim 2: We have 7 (a) +y (b) =y (a+0b) foranya € Aand b € A.

Claim 3: We have v (14) = 1g.

Claim 4: We have 7y (a) v (b) = vy (ab) foranya € Aand b € A.

We shall only prove Claim 4; all the other three claims can be proven in the
same vein.

Proof of Claim 4: Leta € A and b € A. Let n be a nonnegative integer. Then,
the map 7,0 : A — R/ay is a ring homomorphism (by our assumption). Thus,

(7t o) (a) - (7tw 0 y) (b) = (714 0 y) (ab).
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Now, recall that 7, is the canonical projection R — R/a,, and thus a ring
homomorphism. Hence,

70 (7 (D)) = (a0 7) (a) - (70 0 7) (b)
) =( no')’)()
(ﬂnov) (ab) = 7t (v (ab)).

In other words, 7 (a) v (b) = < (ab) mod a,, (since 7, is the canonical projection
R — R/ay). In other words, 7y (a) v (b) — v (ab) € a,.
Now, forget that we fixed n. We thus have shown that y (a) v (b) —y (ab) € ay,
for every n > 0. Thus, 7y (a) v (b) — 7y (ab) € N a, = 0 (by Proposition [11.2{(a)).
n>0

—

In other words, 7y (a) v (b) — 7y (ab) = 0, so that y (a) ¢ (b) = 7 (ab). This proves

Claim 4.
As we have said, the Claims 1, 2 and 3 can be shown by analogous arguments.
Thus, all four claims are proven, and the proof of Proposition is complete.
O

Proposition 11.4. Let R be a ring equipped with a decreasing se-
quence R = a DO a DO a DO a3 DO --- of ideals such that
(ay - am C Ay forall m > 0 and m > 0). Equip R with the topology defined
by this sequence of ideals. For every n > 0, let 71, be the canonical projection
R — R/a,.

Let A be a topological space. Let ¢ : A — R be a map. Assume that for each
n > 0, the map m,0¢ : A — R/ay, is continuous (where R/a; is equipped
with the discrete topology). Then, the map ¢ : A — R is continuous.

Proof of Proposition Recall the definition of the topology on R: A subset S of
R is said to be open if and only if for every s € S, there exists an n > 0 satisfying
s+a, CS.

Let U be an open subset of R. We shall show that the subset ¢! (U) of A is
open.

Indeed, let t € ¢! (U) be arbitrary. Thus, ¢ () € U.

The subset U of R is open. In other words, for every s € U, there exists an
n > 0 satisfying s + a, C U (by the definition of the topology on R). Applying
this to s = ¢ (t), we conclude that there exists an n > 0 satisfying ¢ (t) +a, C U.
Consider this 7.

Consider the set R/ a, as a topological space, equipped with the discrete topol-
ogy. Then, each subset of R/a, is open. In particular, the subset {7, (¢ (¢))} of
R/ ay is open.

By our assumption, the map m,0¢ : A — R/a, is continuous. Thus, for
each open subset Q of R/ay, the subset (77, 0 ¢) ' (Q) of A is open. Applying

this to Q = {7, (¢ (t))}, we conclude that the subset (71, 0 ¢) "' ({7, (¢ (£))})
of A is open (since the subset {71, (¢ (t))} of R/a, is open). Denote this subset




Errata to “The Theory of Witt Vectors” June 14, 2017

(w0 9) " ({7t (9 (1))}) by G. Thus, G = (7,0 9) " ({7 (9 (£))}) is an open
subset of A.

Furthermore, G C ¢! ﬂand te G Hence, G is an open neighbor-
hood of t (since G is open and satisties t € G) and is a subset of ¢! (U) (since
G C ¢~ 1 (U)). We thus have shown that there exists some open neighborhood
of t that is a subset of ¢! (U) (namely, G).

Now, forget that we fixed t. We have now proven that for each t € ¢~1 (U),
there exists some open neighborhood of ¢ that is a subset of ¢! (U). This means
that the subset ¢! (U) of A is open (by one of the criteria for openness).

Now, forget that we fixed U. We thus have shown that if U is an open subset
of R, then the subset ¢! (U) of A is open. In other words, the map ¢ : A — R

is continuous. This proves Proposition [11.4] O
Proposition 11.5. Let p be a positive integer. Let R be a ring equipped with a
decreasing sequence R = ap D a; D ap D az D --- of ideals such that

(an - am C Ay foralln > 0and m > 0). (3)

Assume that the residue ring L = R/a; has p-1; = 0.
(a) We have af C a, for every n > 0.
(b) We have p - 1g € a; and pR C a.
(c) We have p" - 1r € a, for every n > 0.
(d) If x and y are two elements of R satisfying x = ymod a;, then

xP' = y” mod a; for every i > 0.

(e) Every u € a1, every n > 0 and every i € {0,1,...,n} satisfy piup'H € ay.
(f) If a and b are two elements of R and i is a positive integer satisfying
a = bmod q;, then
a? = b’ mod a; 4.

(g) We have pa,_1 C a, for every positive integer n.

Proof of Proposition[I1.5] (a) Using (3), we can easily prove Proposition [I1.5 (a)
(by induction on n). (The induction base follows from a1 C R=naqp.)

(b) We have p - 1g € a; (since the projection of p-1g onto R/a; = Lisp-1; =
0) and thus pR = (p-1gr) R C @;R C a; (since a; is an ideal of R). This proves
N e’

cm

4Proof. Let g € G. Thus, g € G = (11,0 ¢) ' ({ma (¢ (t))}). Hence, (71,0 9) () € {ma (¢ (1))},
so that (11,0 ¢)(g) = 7 (¢ (t)). Hence, m, (¢ (t)) = (mno @) (g) = mn(¢(g)). In other
words, ¢ (t) = ¢ (g) mod a, (since 71, is the canonical projection R — R/ay,). Thus, ¢ (g) €
@ (t) +a, C U. Hence, g € ¢~ (U).

Now, forget that we fixed g. We thus have proven that ¢ € ¢~ ! (U) for each g € G. In
other words, G C ¢~ ! (U).
5Proof. We have (mpo@)(t) = m(p(t) € {m(¢(t)} and thus t €

(w0 @)™ ({mn (9 (1)}) = G.
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Proposition [11.5 (b).

(c) We have p" -1g = | p-1gr | € af C a; (by Proposition [11.5] (a)) for every
——

€

n > 0. This proves Proposition [I1.5(c).
(g) Let n be a positive integer. Proposition [11.5 (b) yields pR C a;. Now,

p a1 C pR ay,_1 Cay-a,_1 Cay (by (3), apphed to 1 and n — 1 instead of n
~

CRay, 4 Cmqp
and m). This proves Proposition [11.5](g).

(f) Let a and b be two elements of R, and let i be a positive integer satisfying
a = bmod qa;.

Since i is a positive integer, we have i > 1. Thus, a; C a1 (since ag D a; D az D
as D - ).

Proposition [11.5)(b) yields p - 1z € a; and pR C a;.

It is well- known that every u € R and v € R and g > 0 satisfy

ud —vd=(u—v (Zuvg1k> 4)

But a = bmod a;. Hence, a — b € a; C ay, so that a = bmod a;. Also,

p—1

k 1-k — kpp—1—k _ 1_ 1
) a bP~ 2 b bP~ E bp = pbP~
k=0 ) k=0 o k=0

=bmod 0
(since a=bmod a7)

= p-1g b '=0moday;
~——
=0mod a;
(since p-1g€ay)

-1
thus, 2 akbP=1-k ¢ ;. Now, (H) (applied toa = u, b = v and g = p) yields
k=0

p—1
a? —bF = (a—0b) [ Y abP K € qjay Caipq
" \k=0
Eal v

-~

cm

(by . applied to n = i and m = 1). In other words, a¥ = b’ mod a;;1. This
proves Proposmon (f)

(d) Proposition (d) can be proven by induction over i, similarly to the
proof of Lemma 1. 4 However, let me sketch a slightly different proof, for the
sake of diversity. We proceed by induction over i. The case of i = 0 is obvious.

The induction step proceeds as follows: Let i > 1, and assume that =
yPH mod a;. We must show that x”' = y? mod a; .
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Seta = x* ' and b = y# . Then, a = x¥ ' = y*' = bmoda;. Hence,

Proposition (f) yields a? = bPmoda;y;. Since a = x"'", we have aP =
i-1\ P i i i i
xP 1) = x”. Similarly, b? = y?'. Thus, x* = a? = b” = y” mod a;,1. This
completes the induction step; thus, Proposition (d) is proven.
(e) Let u € a, n > 0and i € {0,1,...,n}. We have u € ay, so that u =

0Omod a;. Thus, Proposition (d) (applied to u, 0 and n — i instead of x, y and
i) yields u?" " = 07" = Omod a(,_; 41 (since p"~' is a positive integer). Thus,

n—i

ub” € a1 C ay—i. Now,

i i i i
p Ep € pR a,_;= p -1r Ra,_;
€ay—iCRay =p'-1gR €a;

(by Proposition (0),
applied to i instead of 1)

Ca; Ra,_; C aja,_; Cay
——

Cay—i

(since a,,_; is an
ideal of R)
(by (3), applied to i and n — i instead of n and m). This proves Proposition [T1.5]
(e). O

The following proposition is just the fundamental theorem on homomorphisms
(in a slight disguise):

Proposition 11.6. Let A, B and C be three rings. Let ¢ : A — B be a surjective
ring homomorphism. Let ¢y : A — C be a ring homomorphism such that
P (Ker ¢) = 0. Then, there exists a unique ring homomorphism ¢ : B — C
such that { o ¢ = 1.

Proof of Proposition The surjective ring homomorphism ¢ : A — B induces
a canonical ring isomorphism B = A/ Ker ¢. Thus, the ring B and the ring ho-
momorphism ¢ : A — B satisfy the universal property of the quotient A/ Ker ¢.
But this is precisely the statement of Proposition O

Proposition 11.7. Let p be a prime. Let R be a ring equipped with a de-
creasing sequence R = ap D a7 D ap D az3 DO --- of ideals such that
(ay - am C Ay forallm > 0 and m > 0). Assume that the residue ring L =
R/ay has p-1; = 0. Let 71 denote the canonical projection R — R/a; = L. For
every n > 0, let 7t be the canonical projection R — R/ a,.

Let n > 0. There exists a unique ring homomorphism w,» : W, (L) — R/ay,
such that the diagram

wyn

W, (R) ————R (5)

Wp(n)l lnn

W, (L) ————— R/ay
p}’l

10
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I commutes.

Proof of Proposition[I1.7, The map 7 : R — L is surjective (being a projection).
Hence, the map W, (71) : W, (R) — W, (L) is also surjectiveﬂ Furthermore, this
map W), (7r) is a ring homomorphism (since 77 is a ring homomorphism).

Now, let x € Ker (W, (7)). We are going to show that w, (x) € ay.

Indeed, the definition of W, () yields

(Wp (7)) (x) = (7 (%m) ) imep, -

mep, = (Wp (7)) (x) = 0 (since x € Ker (W, ())). In other
words, 7t (x;;) = 0 for every m € Py. In other words,

Hence, (7t (xm))

Xm € a1 for every m € Py (6)

(because 7t is the canonical projection R — R/aj, and therefore the equality
7T (xm) = 0 means that x;, € a1).

Ever.y i €{0,1,...,n} satisfies p' € P, and thus x,; € a1 (by @, applied to
m = p'), so that

. n—i
i,.P

p xpi € ay (7)

(by Proposition (e), applied to u = x).
From (I, we obtain

n . n—i n
wyr (x) = ZPZXZ" € Zan C ay.
=0 N —r =0
cay,
by ()
Thus, 7, (wpn (x)) = 0 (since 71y, is the canonical projection R — R/a;). Hence,
(7tw o wpn) (x) = 715 (wpn (x)) = 0.
Now, forget that we fixed x. We thus have shown that
(7tnowpn) (x) =0 for every x € Ker (W, (7)) .

In other words,
(7w o wpn) (Ker (W (7)) = 0.

®Proof. Recall that W, (R) = R'” (as sets) and W,, (L) = L'’ (as sets). The map W, (7) is defined
by

Wy (7) ((an)nep, ) = (7 (@) e, for every (au),,cp, € Wy (R).
In other words, the map W,, (1) : W, (R) — W, (L) is identical with the map [] 7: RP» —
qgePy

LP». But the latter map is clearly surjective (since the map 7 is surjective). Hence, the former
map is surjective. Qed.

11
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On the other hand, w,» : W, (R) — R is a ring homomorphism (by Theorem 2.6
(ii), applied to R, P, and p" instead of A, P and n). The map 77, : R — R/ay
also is a ring homomorphism (being the canonical projection). Hence, the map
w0 wyn © Wy (R) — R/ay is a ring homomorphism (being the composition of
two ring homomorphisms).

Thus, Proposition [11.6] (applied to A = W, (R), B = W, (L), C = R/ay, ¢ =
W, (7r) and ¢ = 7, 0 w)n) yields that there exists a unique ring homomorphism
¢ : Wy (L) = R/ay such that { o W, (1) = 7 0 wyn. Renaming  as Wpn in this
statement, we obtain the following: There exists a unique ring homomorphism
wpn : Wy (L) — R/ay such that @, o W, (71) = 7, 0o wpn. In other words, there
exists a unique ring homomorphism @, : W, (L) — R/a, such that the diagram
commutes. This proves Proposition [I1.7} O

Definition 11.8. Let K and R be two rings. A map ¢ : K — R
is said to be multiplicative if and only if it satisfies ¢ (1) = 1 and
(¢ (ab) = ¢ (a) ¢ (b) for every a € Kand b € K).

Proposition 11.9. Let K and R be two rings. Let ¢ : K — R be a multiplicative
map. Let v € K and i > 0. Then, ¢ (v') = (¢ (v))".

Proof of Proposition This follows by straightforward induction on i. O

Proposition 11.10. Let p be a prime. Let R be a ring equipped with a de-
creasing sequence R = ap D a; D ap DO a3 DO --- of ideals such that
(ay - ap C apym for allm > 0 and m > 0). Equip R with the topology defined
by this sequence of ideals. Assume that R is Hausdorff for this topology.

Assume that the residue ring L = R/a; has p-1; = 0. Let 7t denote the
canonical projection R — R/a; = L.

Let K be a perfect ring of characteristic p. Let f : K — L be any map. Then,
there exists at most one multiplicative map 7 : K — R satisfying

(rt(r(a)) = f(a) for every a € K). (8)

Proof of Proposition We need to show that if 71 and r, are two multiplicative
maps 7 : K — R satisfying (§), then r; = r».

So let r1 and r, be two multiplicative maps r : K — R satisfying (8). We must
show that 7| = .

Let u € K. Let n > 0. Then, the element u}/?" of K is well-defined (since K
is a perfect ring of characteristic p). Moreover, 1| is multiplicative; thus, Propo-

sition [11.9] (applied to ¢ = r1, v = u/P" and i = p") yields r, ((ul/p">pn> =
(rl (ul/P”))pn. Since (ul/p”)pn = u, this rewrites as r (u) = <r1 (ul/p">>pn.

Similarly, 7, (1) = (rz (ul/’”n)>pn.

12
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But the map rq satisfies (8). Hence, (8) (applied to » = r; and a = u!/?") yields
n(rl (ul/P">> = f(ul/pn . Similarly, 7'((72 (ul/f’n» = f(ul/p"). Hence,
s <r1 (ul/pn)) = f (ul/Pn> =7 (rz <u1/p”>). In other words, r; (ul/P”) =
12 (ul/ V”) mod a; (since 7t is the canonical projection R — R/a;). Hence, Propo-

sition [11.5 (d) (applied to x = r; (WP"), y =1 (WP”) and i = n) yields

(rl (ul/r’”>>pn = (rz (Mﬁ’”))pn mod a,, 1. Thus,
r1(u) = (rl (ul/pn>>pn = (rz (ul/P”>>pn =71y (u)moda, .
Thus, r1 (1) — 12 (1) € ay41 C ay.

Now, forget that we fixed n. We thus have shown that r; (1) — 12 (u) € a, for
every n > 0. In other words, 1 (1) — 2 (u) € () a, = 0 (by Proposition [11.2
n>0

(@)). In other words, r1 (1) —rp (1) =0, so that r (u) = rp (u).
Now, forget that we fixed u. We thus have shown that ry (u) = r (1) for
every u € K. In other words, r; = r,. This completes the proof of Proposition

A1.10l O

Theorem 11.11. Let p be a prime. Let R be a ring equipped with a de-
creasing sequence R = ap D a; D ap DO a3 DO --- of ideals such that
(ay - am C ayym forall m > 0 and m > 0). Equip R with the topology defined
by this sequence of ideals. Assume that R is Hausdorff and complete for this
topology. Assume that the residue ring L = R/a; has p-1;, = 0. Let 77 denote
the canonical projection R — R/a; = L.

Let K be a perfect ring of characteristic p. Let f : K — L be a ring homo-
morphism.

There exists a unique multiplicative map r : K — R satisfying

(rt(r(a)) = f(a) for every a € K). )

Theorem [11.11}is a generalization of the existence of a Teichmiiller system of
representatives for a perfect rin

Proof of Theorem Proposition [11.5) (b) shows that p - 1 € a; and pR C a;.
The map 7 is surjective (since it is the canonical projection R — R/ay).
Proposition [I1.10] shows that there exists at most one multiplicative map 7 :

K — R satisfying (9). It thus remains to prove that there exists at least one such

map. In other words, it remains to construct such a map.

"More precisely: If we apply it to L = K and f = idg, where R is a p-ring with residue
ring K, then we recover the classical result that there exists a unique Teichmdiller system of
representatives K — R.

13
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Let a € K. Then, the element a!/ P' of K is defined for every i € {0,1,2,...}
(since K is a perfect ring of characteristic p).

For every i € {0,1,2,...}, choose some g; € R such that 7 (g;) = f (al/pi).

(This is well-defined, since 7 is surjective.) Thus, a sequence (go, 1,82, --.) € R®
of elements of R is defined. We have

pi pitl )
g =8 modajy for every i > 0. (10)
0 1 2
Thus, the sequence (gg , gf , gg yo ) is Cauchy with respect to the topology
on R. Hence, the limit lgn gfin is defined. Denote this limit by ¢’. Thus, ¢’ =
n—00

lim gﬁn. From 1} we obtain

n—oo
¢ = gfl mod a; 1 for every i > 0. (11)

We notice the following fact: If u € R and i € {0,1,2,...} are such that
w(u)=f (al/i’l>, then
¢ = u? mod Qg1 (12)

P

The value of g’ does not depend on the choice of the elements g; H We
denote this value of ¢’ by r (a) (to stress its dependence on a). It has the property

8 Proof of : Let i > 0. The definition of g; yields 7 (g;) = f (al/ F’i). The definition of g;11
yields 7 (gi11) = f (al/i’iﬂ). Hence,

p
7T gF = ﬂ(gi 1) — f al/piﬂ P:f (ul/]ﬂi“ P
()| s | =00 |7

(since f is a ring homomorphism)
= f(a"7) =7 (30)-

In other words, gf:rl = g;mod a;. Hence, Proposition (d) (applied to x = gf andy = g))

. p p' pi pitl
yields gl.H) =g; moda;;1. Now, g;

= (gf+])p = gf] mod a;1. This proves (10).
9P700f Of : Letu € R and i S {O/ 1/2/'- } be Such that 7'[(1,[) = f (gl/pi)‘ From 7-[(”> —

f (al/ Pi) = 11 (g;), we obtain u = g;mod a;. Hence, Proposition [11.5/(d) (applied to x = u

and y = g;) yields ub = gf’ mod a; 1. Now, ub = gfl = ¢'moda;, (by ). This proves
)
10Proof. We need to show that if ¢} and g} are two possible values of ¢/, then g} = g5.
Indeed, let g} and g) be two possible values of g’. Leti € {0,1,2,...}. Pick any u € R

satisfying 77 (u) = f (al/ Pi) (such a u exists, since 7 is surjective). Then, (applied to

14
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thatif u € Rand i € {0,1,2,...} are such that 77 (u) = f <a1/pi>, then

r(a) = u? mod a1 (13)

(indeed, this is just a restatement of using the new notation r (a) for g’).
Now, forget that we fixed a. We thus have defined an element r (a) € R for
each a € K, and noticed that this element satisfies (13). Thus, we have defined a
map 7 : K — R such that every a € K satisfies (13). In order to prove Theorem
it remains to prove that this map r is multlphcatwe and satisfies (9).
Proof that r is multiplicative: We have r (1) =1 E Also, r (ab) =r(a)r (b) for
everya € Kand b € K l ?l Hence, the map r is multiplicative.

gy instead of g') yields g7 = u”l mod a;;1 (since g} is one possible value of g’). Similarly,

= u” mod a;11. Thus, ¢ = ub' = = ghmod a; 1. In other words, g} — g5 € a;+1 C a;, so that
gy = ghmoda;.

Now, forget that we fixed i. We thus have proven that ¢/ = g, moda; for each i €
{0,1,2,...}. Hence, g; = g} (by Proposition (b), applied to u = g} and v = g}), qed.

11 . 1/p!
Proof. Leti € {0,1,2,...}. Then, f | 1
=1
and thus 7 (1) =1=f (1””1). Hence, 1i (applied to a = 1 and u = 1) yields 7 (1) = 17" =
1moda; 1. Thus, r (1) —1 € ;41 C a;, so that 7 (1) = 1 mod a;.
Now, forget that we fixed i. We thus have shown that r (1) = 1moda; for every i €
{0,1,2,...}. Hence, r (1) = 1 (by Proposition[T1.2)(b), applied to u = r (1) and v = 1), qed.
12Proof. Leta € Kand b € K. Leti € {0,1,2,...}.

Pick some u € R such that 77 (u) = f (al/ pi). (Such a u exists, since 77 is surjective.) Hence,
|i yields r (a) = u?' mod At
Pick some v € R such that 77 (v) = f (bl/ p'). (Such a v exists, since 7t is surjective.) Hence,

= f(1) = 1 (since f is a ring homomorphism),

(applied to b and v instead of a and u) yields 7 (b) = v” mod a; 1.

Now,
T (uv) = =f (al/pi) f (bl/pi)
( l/p bl/p
=f|a/r U/ (since f is a ring homomorphism)
ub)l/’”
f ((ﬂb l/P

Thus, ‘ (applied to ab and wuv instead of a and u) yields r(ab) = (uv)pi =

&f/ \v’L =r(a)r(b)moda;yq. Thus, r(ab) —r(a)r(b) € a;11 C a;, so that
=r(a)mod a; ;1 =r(b) mod a; 1
r(ab) = r(a)r (b) mod a;.
Now, forget that we fixed i. We thus have shown that r (ab) = r(a)r (b) mod a; for all
i €{0,1,2,...}. Thus, r (ab) = r(a) r (b) (by Proposition [11.2] (b), applied to u = r (ab) and

v=r(a)r (b)), qed.
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Proof that r satisfies (9): Let a € K. Pick some u € R such that 7 (1) = f (a).

. . . . . 0
(Such a u exists, since 7 is surjective.) Now, 77 (u) = f N =f (al/ P )
=al=q1/1°
Hence, (applied to i = 0) yields r(a) = u?" = u! = umoda;. Hence,
mt(r(a)) =t (u) = f (a). Thus, (9) is proven.
So we have defined a map 7 : K — R, and showed that this map r is multi-
plicative and satisfies (9). Thus, we have constructed the map r whose existence

was alleged in Theorem [11.11] This proves Theorem (11.11 O

Lemma 11.12. Let p be a prime. Let K be a perfect ring of characteristic p.
Let x € W, (K). Then, there exist two elements y and z of W), (K) such that
x =yP + pz.

Proof of Lemma|(11.12} The ring K is a perfect ring of characteristic p. Hence, an
element x,,? of K is well-defined for every m € P,. Now, define 2 € W, (K) by

a= (x,y P ) . Then, a,,, = x,lﬂ/ P for every m € Pp,. In other words, ab, = x,, for

every m € Py.
Let b = F, (a). Then, Proposition 5.12 (applied to Py, K, a and b instead of P,
A, x and y) yields the following;:

1. We have by, = a}, mod pK for every m € P,.
2. We have F, (a) = a? mod pW, (K).

We have F, (a) = a? mod pW, (K). In other words, there exists some c €
W, (K) such that F, (a) = a” + pc. Consider this c.

We have pK = 0 (since K has characteristic p). Now, for every m € P,, we
have b,, = a}, mod pK, thus b, = ah, (since pK = 0), hence b,, = ah = xp,
(since aly = x,,). Therefore, b = x. Comparing this with b = F, (), we obtain
F, (a) = x. Thus, x = F, (a) = a” 4 pc. Hence, there exist two elements y and z
of W, (K) such that x = y? + pz (namely, y = a and z = ¢). This proves Lemma
11.12] O

Proposition 11.13. Let p be a prime. Let R be a ring equipped with a de-
creasing sequence R = ap D a; D ap DO a3 DO --- of ideals such that
(ay - am C Ay forall m > 0 and m > 0). Equip R with the topology defined
by this sequence of ideals. Assume that R is Hausdorff for this topology.

Assume that the residue ring L = R/a; has p-1; = 0. Let 7t denote the
canonical projection R — R/a; = L.

Let K be a perfect ring of characteristic p. Let G : W, (K) — L be any map.

Then, there exists at most one ring homomorphism 6 : W, (K) — R such
that o0 = G.

16
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Proof of Proposition We need to show that if 6; and 6, are two ring homo-
morphisms 6 : W, (K) — R such that 710§ = G, then 6; = 0,.
So let 6y and 6, be two ring homomorphisms 6 : W, (K) — R such that
o8 = G. We must show that 6; = 6.
Define the maps 71, for all n > 0 as in Proposition (c).
We first observe that
7y 0 6 = 111 0 0> (14)

3]
We shall show that

T,061 = m,00; for every n > 0. (15)

Proof of (15): We shall prove by induction on n:

Induction base: The map 7y is the canonical projection R — R/ay = 0 (since
ap = R). Hence, any two maps become equal when composed with 7p. In
particular, we thus have 77y 0 6; = 7 0 6. In other words, holds for n = 0.
This completes the induction base.

Induction step: Let N be a positive integer. Assume that holds for n =
N — 1. We must show that holds for n = N. In other words, we need to
prove that 71y 0 01 = 7Ty 0 6s.

If N = 1, then this follows immediately from . Hence, we WLOG assume
that N # 1. Hence, N > 2 (since N is a positive integer). Thus, N —1 is a
positive integer.

We have assumed that holds for n = N — 1. In other words, my_1060; =
7N—1 © 02. For every a € W), (K), we have

61 (a) =6 (a) mod ay_1 (16)

™ and
(61 (a))" = (6, (a))’ mod ay (17)

™ and
pb1 (a) = pb, (a) mod ay (18)

13Proof of : Both maps 711 and 7t are defined as the canonical projection R — R/a;. Hence,
these two maps are equal. In other words, 1; = 7.

We know that 6; is a ring homomorphism 6 : W, (K) — R such that 706 = G. Hence,
tof; = G. The same argument (applied to 6 instead of 61) shows that 77 0 6, = G. Hence,
o6 = G = mob,. Inlight of 711 = 7, this rewrites as 711 0 61 = 717 0 ;. This proves .

Y Proof of (16): Let a € W, (K). Then,

min—1 (01 (a)) = (mny—1061) (a) = (mn—1062) (a) = Tn—1 (02 (a)).

=7nN-1062

In other words, 61 (a) = 6, (a)moday_1 (since 7ry_1 is the canonical projection R —
R/ay-1). This proves (16).

B5Proof of (17): Let a € W, (K). From , we have 6, (a) = 60, (a) mod ay_j. Thus, Propo-
sition () (applied to 6y (a), 6, (a) and N — 1 instead of 4, b and i) yields (6, (a))" =
(62 (a))" mod a(y_1)11. In other words, (6; (a))” = (62 (a))” mod ay. This proves .

17
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el

Proposition [11.5 (b) yields pR C a;.

Let x € W, (K). Lemma [11.12 shows that there exist two elements y and z of
W, (K) such that x = y” 4 pz. Consider these y and z. Applying the map 6 to
the equality x = y¥ + pz, we find

61(x) = 01 (y" + pz) = (61 (¥))" + pb1 (2) (19)

(since 6 is a ring homomorphism). The same argument (applied to 6, instead
of 61) shows that

02 (x) = (62 (y))" + p2 (2). (20)
Now, becomes
0r(x)=  (B1(y)’  + po1 (2)
———— —
=(6>(y))" mod ay =pb,(z) mod ay
(by , applied to a=y)  (by (I8), applied to a=z)

= (62 (4))" + pb2 (2) = 62 (x) mod ay

(by (20)). In other words, 7y (61 (x)) = 7Ny (62(x)). Thus, (nmyo61) (x) =
N (01 (x)) = 7N (62 (x)) = (7N 0 62) ().

Now, forget that we fixed x. We thus have proven that (7rx 0 61) (x) = (Ty 0 62) (x)
for every x € W, (K). In other words, 7y o6y = 7y o 6. This completes the
induction step. The induction proof of is thus complete.

Proposition () (applied to A = W, (K), ¢ = 61 and ¢ = 6>) thus yields
6, = 6,. This completes the proof of Proposition O

Proof of Theorem Proposition [11.5) (b) shows that p- 1z € a; and pR C a;.
The map 7 is surjective (since it is the canonical projection R — R/ay).
Theorem shows that there exists a unique multiplicative map r : K — R

satisfying (9). Consider this r.

The ring K is perfect of characteristic p. Hence, an element v'/?" of K is well-

1£p” of K is

defined for each v € K and each n > 0. In particular, an element X,

well-defined for each x € W), (K) and each n > 0.
Define a map © : W, (K) — R by

<® (x)=Yr (x%pn) p" for every x € W, (K)) :

n>0

16 proof of (18): Let a € W, (K). From (16), we have 6; (a) = 6, (a) mod ay_1. In other words,
4
01 (Cl) —6, (11) € any_1. Now,

po1(a) — pba(a) = p (61 (a) — 02 (a)) € pay—1 C an

-’
€an-1

(by Proposition (g), applied to n = N). Thus, pb; (a) = pb; (a) mod ay. This proves .
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This is well-defined (because the infinite sum Y r (x% P n) p" converge. More-

n>0
over, the square commutes for 6 = ©O.
Notice that every x € W, (K) satisfies

i
O@x)=)r (x;,{pk) pF mod a;y; for every i > —1. (22)
k=0

)

For every n > 0, let 71, be the canonical projection R — R/a,. Then, every

Vsince r (xlﬁp ) pt=r (xlﬁp ) p" 1R € a, for every n > 0
p p PR

cay
(by Proposition [T1.5](c))
18Proof. Let x € W), (K). Every n > 1 satisfies

r (x%p ) = p"or (xllgﬁp ) =pp"lr (x%p ) €EpRC oy
_ ———

:ppn 1 eR

T (r (x%pn) p”) =0 (21)

(since 77 is the canonical projection R — R/a;p). Now,

and thus

meorw=n| o | =r( ) - B ()

-~ n>0

=y r(x;f,pn)p”

n>0

=m|r (éér)”) Pl+ Y (r (x%pn) P")

— n=>1
=r(x1)1=r(x1) (by:)
=7(r(x))+ ), 0=7(r(n)) = f(x1)
n>1

=0

(by (), applied to a = x;). Comparing this with

(fowr)(x) =f|wi(x) [ =f(x1),
——

=X

we obtain (710®) (x) = (fowq) (x). Since we have proven this for every x € W, (K), we
thus conclude that 710 ® = f o w;y. In other words, r 06 = f ow; for § = ©. In other words,
the square (2) commutes for 6 = ©.

9Proof of : Let x € W, (K) and i > —1. Then, Proposition (c) yields that p" - 1g € a, for
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x € W, (K) and n > 0 satisfy

(00 ) (x (zp (r (7)) ) )

m Hence, for every n > 0, the map 7, 0® : W, (K) — R/a, is continuous

every n > 0. Now,

. i
o= Lr ()= B () T ()
(e

i i
v ) 1/p" n AP 1/p"
Z ( p+2r(xn ) p"-1r EZ ( >p+2r<xn )aiH
=0 n>i+1 ¢ N n=0 n>i+1 :
cayCajpq
(since n>i+1) Cajtq

i

Z ( 1/p )P + aiy1.

n=0
In other words, © (x) = Z r ( v pﬂ> p" mod a; ;1. Renaming the summation index n as k in

this congruence, we obtain © (x) = Z r (x ) pFmod a; 1, qed.
20Proof of : Let x € W, (K) and n > 0 Applymg 22) to i = 1, we obtain

n no. i
- Z < 1/p)p _ ):Pr< 1/p> :sz,<x;i/p)modanﬂ'
= i—0

n
In other words, © (x) — ¥

p'r ( ;/p> € a,41 C ay, so that
i=0

LI i
x)=)Y p'r <x:ﬂ-/p ) mod ay,. (24)
i=0

Now, fix i € {0,1,...,n}. Recall that the map r is multiplicative. Thus, Proposition [11.9]

1/p" i N 1/p" P B 1/p" P
(applied to 7, S X and p"~! instead of ¢, v and i) yields r ((xpi ) ) = (r (xpl- ))

Hence,

n pn—i n pn—i i
(7)) = &) =) @)
~
n—i/pn 1/pt
:"Zi g :xpip

Now, forget that we fixed i. Thus, we have shown that holds for each i € {0,1,...,n}.
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(where R/a, is equipped with the discrete topologyﬂ Therefore, Proposition
(applied to A = W, (K) and ¢ = ©) shows that the map © : W, (K) — R is
continuous.

Now, fix a nonnegative integer n.

Let w denote the map K — K, u — u?. Thus, w is the Frobenius homomor-
phism of the ring K, and is a ring homomorphism (since the ring K has charac-
teristic p) and invertible (since the ring K is perfect). Hence, its inverse map w !
is also a ring homomorphism. Thus, the map w™" is also a ring homomorphism.
It is easy to see that

w ' (v) = ol/¥ for every v € Kand i > 0. (26)

P2 We have
(fow™)(v)=m (r (vl/’”")> (27)

for each v € K. @

Now, becomes

n—i

O ((x) = i:pi r (xli/pi> = ipi (r (x;i/p”))p mod ay.

n—i

n . n !
In other words, 71, (@ (x)) = 7 ('Z P (7’ (Xl-/p ))p ) (since 71, is the canonical projection
R — R/ay). Thus,

(7:00) (x) = 7 (O (x) = 7 (Zép (r (xL{P”))pn_j ,

and so is proven.

ZProof. Let n > 0. Then, for every x € W), (K), the formula expresses (71, 0 ©) (x) through
the first N +1 coordinates x,0, X1, ..., X,n of x. Hence, (71, © ©) (x) depends only on the first
N +1 coordinates Xp0, Xply ey XpN of x. Thus, the map 71,00 : W), (K) — R/ay is continuous
(by the definition of the topology on W), (K)). Qed.

22Proof of : We have w (v) = v” for every v € K. Thus, w ™! (v) = v!/? for every v € K. Thus,
we can easily see (by a straightforward induction over i) that w™ (v) = v'/? for every v € K
and i > 0. Thus, is proven.

23 Proof of : Let v € K. Then,

(foaf”) (U) = f w " (ZJ) =f (Ul/p”) -7 (7, (vl/pn>)

—ol/p"

(by (26), applied to i=n)

(because (H) (applied to a = v'/P") yields 7 (r (vl/p”)) =f (vl/F’n>). This proves @)
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Proposition shows that there exists a unique ring homomorphism W :
W, (L) = R/ay such that the diagram (5) commutes. Consider this @n.

But f ow™ : K — L is a ring homomorphism (since both f and w™" are ring
homomorphisms). Thus, W, (fow™) : W, (K) — W, (L) is a ring homomor-
phism as well. Now, we shall show that

Wyn oWy (fow™) = m, 0 ©. (28)

Proof of : Let x € W), (K). The definition of W), (f o w™") yields

Wy (Fow™) @ = | (Fow™ ) | = (x(r (7)), - @

-

n
:n(r<x,1ﬂ/p

(by (27), applied

to v=xy,)

mePb,

On the other hand, define y € W, (R) by y = <r (x}n/ pn>> . Then, the
definition of W, () yields

W () ) = (7 (r (507))) . py = W (o™ ) oy @),

Applying the map w,» : W, (L) — R/a, to both sides of this equality, we obtain

@pr ((Wp (7)) (v)) = @y (Wp (fow™)) (x)) = (@pr o W (fow™)) (x).
Thus,

(Wpr o Wy (fow™)) (x) = Dpn (W (1)) (y)) = \(@pn oW, (n))} (y)

=TTy oW n
(since the diagram
commutes)

= (mpnowpn) (y) = 1t (wpr (y)) - (30)
On the other hand, () yields

wpr (y) = ;r’i (r (x;i/pn»p (since y= (r (x#/prl))mepp) :

Applying the map 71, to both sides of this equality, we obtain

7t (wpn (y)) = 1y (é)pi (r <x;i/p”>>p”i> = (11,0 O) (x)

n—i
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(by (23)). Hence, becomes
(@pr 0 Wy (fow™)) (x) = 7t (wpr () = (71 0 ©) (). (31)

Now, forget that we fixed x. We thus have proven for each x € W, (K). In
other words, we have Wy o W, (f o w™") = 7, 0 ©. Thus, is proven.

Now, the map w,» o W, (f ow™) is a ring homomorphism (since it is the
composition of the two ring homomorphisms w,» and W, (f o w™")). In view of
, this rewrites as follows: The map 7, 0 © is a ring homomorphism.

Now, forget that we fixed n. We thus have shown that the map 77, 0 ® is a ring
homomorphism for each n > 0. Hence, Proposition (applied to A = W, (K)
and 7y = ©) shows that ® : W, (K) — R is a ring homomorphism. Hence, there
exists a continuous ring homomorphism 6 : W, (K) — R making the square
commute (namely, 6 = ©).

It thus only remains to show that there exists at most one such homomor-
phism. It will clearly be enough to prove that there exists at most one ring ho-
momorphism 6 : W, (K) — R making the square (2) commute. In other words,
it will be enough to prove that there exists at most one ring homomorphism
6 : Wy (K) — R such that 7106 = f o wy. But this follows from Proposition [11.13]
(applied to G = f o wy). Thus, the proof of Theorem is complete. [
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