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Abstract. Given a finite Coxeter group W and an element g of a com-

mutative ring k, we define the element L; := }° 7'@w of its group
weW
algebra k [W]. We say that an element w € W is W-length-symmetric if

its coefficient in the commutator [L,, Ly] is O for all k and all a,b € k. We
prove several sufficient criteria for elements to be W-length-symmetric.
In particular, we show that any separable permutation (i.e., permuta-
tion avoiding the patterns 2413 and 3142) in the symmetric group S,
is Sy-length-symmetric. This is only a sufficient condition; other W-
length-symmetric elements include (twisted) involutions and elements
of dihedral parabolic subgroups.

Fix a commutative ring k. Consider the n-th symmetric group S, for a given
nonnegative integer n. Any permutation w € S, has a length ¢ (w), which is defined
as the number of inversions of w (that is, of pairs (i, j) of integers with 1 <i < j <mn
and w (i) > w (j)). Using these lengths, we can define an element

L= Y ¢'®wek[S,]

wESy,

in the group algebra k [S,| of S;, for any fixed scalar 4 € k. For instance, L; and
L_; are two central elements of k [S,], equalling n! times the central idempotents
corresponding to the trivial and sign representations of S,. For general g, however,
the element L, is not central, and does not even necessarily commute with another
such element L, for r # g.

However, it turns out that if we fix two scalars g, r € k, then many permutations
w € S, donot appear in the commutator [Lg, L;] := LyL, — L,L,. Namely, ifw € S,
is a separable permutation, then the coefficient of w in [Lq, Lr} is 0. The notion of
a separable permutation can be defined in many ways, e.g., algorithmically or by
the avoidance of two patterns (2413 and 3142); we refer to Ghys’s book [Ghys16,
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“Separable permutations”] for four equivalent definitions and a survey of their rich
theory.

In this paper, we will prove the fact just mentioned, and essentially generalize it
to arbitrary finite Coxeter groups.

1. The theorems

We assume the basic properties of Coxeter groups (see [BjoBre05]], [Davis25], [Lusztil4],
[Bourba02]], [Heckmal8]]). A Coxeter system (W, S) consists of a Coxeter group W
and its set S of simple reflections. If (W, S) is a Coxeter system, and w € W is any
element, then ¢ (w) denotes the Coxeter length of w (that is, the smallest length of
a list of simple reflections having product w). Note that ¢ (w™1) = ¢ (w) for each
weW.

If W is a finite Coxeter group, then there exists a unique element w € W whose
length is maximum (see [Lusztil4, §11.1]); we shall call it wy. This element wy is
always an involution (i.e., satisfies wZ = id), since its inverse w, ! must also have
maximum length. It is known as the longest element or the longest word of W.

We now define our main object of study:

Definition 1.1. Let (W, S) be a Coxeter system with finite Coxeter group W. Let
k be a commutative ring. For any g € k, we define the element

L,(W):= Y ¢‘@uw

weW

in the group algebra k [W]. We denote this element simply by L, if the group W
is clear from the context. We call it the g-Poincaré sum of W.

Example 1.2. Let n be a positive integer. The symmetric group S, is the Cox-
eter group of type A,_1; the corresponding Coxeter system is (S, S), where
S = {s1,52,...,5,—1} is the set of all simple reflections in S, (so that s; is the
transposition swapping i with i + 1). The length ¢ (w) of a permutation w € S,
is well-known to equal the number of inversions of w (that is, of pairs (i,;) of
elements of {1,2,...,n} satisfying i < j and w (i) > w (j)). The g-Poincaré sum
L; (Sq) = 25 7'™w € k[S,] is then a linear combination of all permutations of
weES,
{1,2,...,n}, where each w appears with coefficient /(). For instance,

L; (S3) = id +qs1 +gs2 + q*s152 + q%s251 + gowy,

where wy = 515251 = 525152 is the permutation sending 1,2,3 to 3,2, 1.

If g is a nonnegative real, then the element L; (S,) can be viewed as a measure
on S, (by treating each coefficient /), divided by the total sum of these coeffi-
cients, as the measure of w € S;;). This measure is known as the Mallows measure
Mallows (1, q) (see, e.g., [Korotk16]).
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Example 1.3. Let (W, S) be any Coxeter system with finite Coxeter group W.
Then,

LW =Y w and LW =Y (-1) @y
w;w wezw:g

are two elements in the center of k [W], and in fact (up to a factor of |W|) are the
central idempotents corresponding to the trivial and sign representations of W,
respectively. Of course, Ly (W) = 1 lies in the center of k [W], too.

However, in general, L, = L; (W) does not lie in the center of k [W] when g ¢
{1,—1,0}; and in fact, the elements L, for two different values of g usually do
not commute. That is, most finite Coxeter groups W do not satisfy the equality
L,L, = L,L, when a and b are generic.

This note is devoted to salvaging this equality to some extent. First, we shall
show that it holds when W is dihedral (or smaller):

Theorem 1.4. Let (W,S) be a Coxeter system, where W is finite and |S| < 2.
Then,
L,L, = LyL,

for any a,b € k.

Example 1.5. Consider the symmetric group S; as the Coxeter group A,. Then
one can observe that

Lng
= (14 2ab + 240 + a°b) id + (a + b + ab® + a®b + a®b* + a?b%) (51 + s)
+ (ab 4 a® + b + ab* 4 ab® 4 a®b) (5157 + s281) + (2ab® + 2a°b + a> + b%)wy

with the notations of Example This is visibly symmetric in a and b, so it
confirms Theorem

We will prove Theorem and many other results we shall soon state, in the
next section (Section [2)).

Next, even though the products L,L; and L,L, are usually distinct for general
W, we shall show that certain coefficients of these products are equal. For this, we
introduce a notation:

Definition 1.6. Let W be a group. Let a € k[W] be an element of its group
algebra. Let w € W. Then, the w-coefficient of a2 will be denoted by [w] a.

Definition 1.7. Let (W, S) be a Coxeter system with finite Coxeter group W. Let
w € W. We say that the element w is W-length-symmetric if every commutative
ring k and every 4, b € k satisfy

[w] (LaLy) = [w] (LyLa) - 1)
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Alternatively, W-length-symmetry can be characterized combinatorially as fol-
lows:

Proposition 1.8. Let (W,S) be a Coxeter system with finite Coxeter group W.
Let w € W. Then, w is W-length-symmetric if and only if for every p,q € IN, we
have

(number of u € W satisfying ¢ (u) = p and ¢ (u_le> = q)
= (number of u € W satisfying ¢ (u) = p and ¢ (wu%) = q> .

Proof. By Definition E we have L, = Y a/®@w and L, = % b!@y for all
weW weW

a,b € k. Thus, for all a,b € k, we have

Ly (z aé<w>w> (2 bf<w>w> T —
(u,0)

weW weW L) EWXW
Ll (2 b€<w>w> (2 aaww) LY Ot
weW weW (v, u)eEWxW
S Y a0y
(o, u)eEWXW

Hence, each w € W and 4, b € k satisfy

w] (LiLy) = Y — ¥ glpt ()

(u,v)eWxW ucW
wo=w

(here, we have substituted (1, u'w) for (u,v)) and

[ZU] (LbLa) = 2 ag(”)bg(v) — 2 aé(u)bﬁ(wu_l)
(v,u)eKVxW; ueWw

(here, we have substituted wu1,u) for (v,u ). Hence, the equality (1) can be
q y

rewritten as
Z ll bg u- w Z ll bf wu— . (2)
ueW ueW

This equality is a polynomial identity in a2 and b. Thus, it holds for all commutative
rings k and all 4,b € k if and only if it holds as a polynomial identity, i.e., if and
only if we have
Z XE YZ u- w Z XE Yf ) 3)
ueWw uew
in the polynomial ring Z [X, Y] (because (2) can be derived from (3) by evaluating
both sides at X = a and Y = b, whereas (3) is the particular case of (2) for k =
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Z[X,Y] and a = X and b = Y). But the identity (3), in turn, is equivalent to saying
that for every p,q € IN, we have

(number of u € W satisfying ¢ (1) = p and ¢ <u_1 ) = q)
= <number of u € W satisfying ¢ (1) = p and ¢ (wufl) = q) (4)

(since the former number is the X?Y7-coefficient on the left-hand side of (3), whereas
the latter number is the X?Y4-coefficient on the right-hand side of (3)).

Combining these equivalences, we conclude that the equality (1) holds for all
commutative rings k and all a,b € k if and only if the equality () holds for every
p,q € IN. But the former equality is exactly the definition of “W-length-symmetric”;
thus, we have shown that w is W-length-symmetric if and only if the equality ()
holds for every p,q € IN. This proves Proposition O

Remark 1.9. The characterization of W-length-symmetry in Proposition
makes perfect sense even if W is infinite, as long as S is finite (since the number
of u € W satisfying ¢ (u) = p is still finite in this case). However, we will not
concern ourselves with infinite Coxeter groups here.

Remark 1.10. As we have already noticed, the equality (2) is a polynomial iden-
tity in 2 and b. In other words, the equality (1) is a polynomial identity in 2 and b.
Thus, in order for it to hold for all k and 4, b, it suffices that it hold when k = Q
and a and b are positive integers (since two polynomials over Q are identical
if they agree on all positive integers). Hence, an element w € W is W-length-
symmetric if and only if it satisfies (1) for k = Q and for all positive integers a
and b. This gives yet another combinatorial way to think of W-length-symmetry.

Example 1.11. Consider the symmetric group S, as a Coxeter group. It is easy
to see (and follows from Corollary below) that each element of S, is Sj-
length-symmetric for all n < 3. For n = 4, all elements of S4 are Sy-length-
symmetric except for the two permutations with one-line notations (2, 4, 1,3)
and (3,1,4,2). These two permutations are precisely the two patterns that the
separable permutations are defined to avoid. And we shall indeed see that every
separable permutation w € S, is S,-length-symmetric, although the converse is
not true. (We shall also see that every involution w € S, is S;-length-symmetric,
but not every involution is separable.)

Remark 1.12. One might wonder how many W-length-symmetric elements exist
for a Coxeter group W. For instance, for each n € I, let w, be the number of
Sy-length-symmetric elements of the Coxeter group S,,. Here are the first few
values:

n |0[1(2(3|/4|5]| 6 | 7
wyp ||[1]1]1216]22|94]| 424 | 2032
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This sequence is not in the OEIS as of 2026-06-05, even without wy. (Unverified
code generated by GPT-5.5 additionally reports that wg = 9980.)

Somewhat related is OEIS sequence A180389, which counts the permutations
w € S, satisfying desw = des (w™ '), where desu denotes the number of de-
scents of u (that is, of simple reflections s € S satisfying ¢ (us) < ¢ (u)). Indeed,
any W-length-symmetric element w € S, must satisfy desw = des (w™!), as can
easily be seen from the p = 1 part of Proposition but the converse is quite
far from truth.

We shall now give several criteria for when elements of a Coxeter group are
W-length-symmetric. The first one is an easy consequence of Theorem

Corollary 1.13. Let (W, S) be a Coxeter system, where W is finite and |S| < 2.
Then, each w € W is W-length-symmetric.

We shall now find W-length-symmetric elements in arbitrary finite Coxeter groups.
Some are fairly simple:

Proposition 1.14. Let (W, S) be a Coxeter system, where W is finite. Then, each
involution w € W (that is, each w € W satisfying w? = 1) is W-length-symmetric.

Proposition 1.15. Let (W, S) be a Coxeter system, where W is finite. Let w € W
satisfy ¢ (w) < 2. Then, w is W-length-symmetric.

Proposition 1.16. Let (W, S) be a Coxeter system, where W is finite. Let w € W.
Then, w is W-length-symmetric if and only if w ™! is W-length-symmetric.

Proposition 1.17. Let (W, S) be a Coxeter system, where W is finite. Let w € W.
Then, w is W-length-symmetric if and only if wyw is W-length-symmetric.

We can generalize Proposition from involutions to “twisted involutions”:

Proposition 1.18. Let (W, S) be a Coxeter system, where W is finite. Let ¢ : W —
W be an automorphism of Coxeter groups (that is, ¢ (S) = S). Let w € W be
such that w=! = ¢ (w). Then, w is W-length-symmetric.

Example 1.19. Let (W, S) be a Coxeter system, where W is finite. Then, conju-
gation by wy (that is, the map W — W, w — woww, 1Y is an automorphism of
Coxeter groups. The elements w € W satisfying w™! = woww, ' are sometimes
called the twisted involutions. Proposition shows that they are W-length-
symmetric.

Next, we shall show that W-length-symmetry does not really depend on W, in
the sense that an element of a standard parabolic subgroup W; of W is W-length-
symmetric if and only if it is Wi-length-symmetric. First we recall the definition of
standard parabolic subgroups:
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Definition 1.20. Let (W, S) be a Coxeter system. If I is a subset of S, then W;
denotes the subgroup of W generated by I. This is called a standard parabolic
subgroup of W. It is known (see, e.g., [Lusztil4 Proposition 9.5]) that W is again
a Coxeter group, part of the Coxeter system (W, I).

Proposition 1.21. Let (W,S) be a Coxeter system, where W is finite. Let I be
a subset of S. Let w € W;. Then, w is W-length-symmetric if and only if w is
Wr-length-symmetric.

Next, we discuss W-length-symmetry for reducible Coxeter groups. A Coxeter
group is said to be reducible if it has an orthogonal decomposition; this is defined
as follows:

Definition 1.22. Let (W, S) be a Coxeter system. Let m (i, j) denote the order of
ij in W for all i,j € S. An orthogonal decomposition of (W, S) means a pair (I, ])
of two disjoint nonempty subsets I and | of S such that S = I U] and such
that all i € [ and j € ] satisty m (i,j) = 2 (thus ij = ji). We shall denote this
decompositionas S =1 ® J.

It is easy to see that if S = I @ | is an orthogonal decomposition, then W =
WIW] = WI X W].

Proposition 1.23. Let (W, S) be a Coxeter system, where W is finite. Let S = [ & |
be an orthogonal decomposition. Let u € W; and v € W;. Assume that u
is Wi-length-symmetric and v is Wj-length-symmetric. Then, uv is W-length-
symmetric.

Remark 1.24. The converse of Proposition is false. A large source of
counterexamples comes from Proposition Namely, let (W, S) be a Cox-
eter system that is a “direct product” of two isomorphic Coxeter systems —
i.e.,, that has an orthogonal decomposition S = [ ® ] and an isomorphism
p: (WrI) = (Wj,]) of Coxeter groups. Let ¢ : (W,S) — (W,S) be the au-
tomorphism of Coxeter groups that is induced by p (that is, sends I to | via p,
and sends | to I via p~!). Fix any u € Wy, and let v := p (u™!) € W,. Then,

the element uv € W satisfies (uv)” ' = ¢ (uv) (since the definition of ¢ yields

¢ (uv) =p(u)p ' (v) =v tul = (uv) 1), and thus is W-length-symmetric by
\/.;H/T/
=0 =y~

Proposition But u is not necessarily Wj-length-symmetric, since it can be
any element of W.

Remark 1.25. One can also define a variant of W-length-symmetry in the Hecke
algebra. Let (W, S) be a Coxeter system with W finite, and let # be its Hecke al-
gebra (see, e.g., [Humphr90, §7.4]) over the commutative ring k with a parameter
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g € k. For any r € k, define

L7 .= Y. r@T, e H.
weW

Then, an element w € W can be called Hecke-W-length-symmetric if the coeffi-
cient of Ty in LQHLZ[ equals the coefficient of T, in Lz'LLaH for arbitrary k and
g,a,b € k. This is a stronger property than W-length-symmetry; in particular,
the permutations [2431], [3241], [4132], [4213] in S4 (written in one-line nota-
tion) are S4-length-symmetric but not Hecke-54-length-symmetric.

Finding Hecke analogues of the above results on W-length-symmetry appears
doable but not always trivial. An easy first step is generalizing Theorem If
|S| <2, then

LZ{LZ{ = LZ{LZ{ forallg,a,b € k. 5)

This can be proved in roughly the same way as we prove Theorem (1.4 below
(viz., by replacing each w by T, in Lemma and slightly modifying its proof).
Furthermore, Proposition [1.14] Proposition[I.16|and Proposition [I.18also remain
true if we replace “W-length-symmetric” by “Hecke-W-length-symmetric”, and
the proof we give below generalizes to this as well (since H also has an “an-
tipode”, i.e., an involutive k-algebra anti-automorphism that sends each T, to
T,,-1). On the other hand, a version of Proposition appears to be missing for
H. The generalizability of Proposition is an interesting question.

2. Proofs

2.1. Coefficients

Before we step to the proofs of the above claims, we establish some basic facts.
We begin with some basic properties of the notation from Definition

Lemma 2.1. Let W be a group. Let w,g,h € W and a € k [W]. Then,

[w] (gah) = [~ 'wh™"| (a).

Proof. Both sides of the claimed equality are k-linear in a. Thus, we WLOG assume
that 4 is an element of the basis W of the k-module k [W] (since a is clearly a
k-linear combination of these basis elements). In other words, a € W. Hence,
gah € W as well, so that

wuwmz{L i = gaky ©®)

0, otherwise
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1, ifp=g¢q

. ) and similarly
0, otherwise

(because any p,q € W satisfy [p]q = {

1, if g lwh™! =g
1,71 , g ’
h = 7
[g @ ] (@) {0, otherwise. @
However, w = gah holds if and only if g~'wh™! = a. Hence, the right-hand sides
of the equalities (6) and (7) are equal. Thus, their left-hand sides are equal as well.
In other words, [w] (gah) = [¢~'wh™!] (a). This proves Lemma[2.1] O

2.2. Dihedral groups

Dihedral groups (Coxeter groups with two generators) are simple but form a cru-
cial building block of Coxeter group theory. The following lemma is likely known
in some form, but we could not find it in the literature.

Lemma 2.2. Let (W, S) be a Coxeter system, where S = {s,t} is a two-element
set. (Thus, W is a dihedral group.) For each i € IN, we let (st); denote the
product ststs - - - with i factors (that is, (st)"/? if i is even, and (sf)(lfl)/2 sifiis
odd), and we let (ts); denote the product tstst--- with i factors. Let B be the
k-subalgebra of the group algebra k [W] generated by s + t. Then, each i € IN
satisfies

(st); + (ts); € B.

Proof. We prove this by strong induction on i. The base cases i = 0 and i = 1 are
obvious (since (st), + (ts)y =141 =2 and (st); + (ts); = s + t). For the induction
step, we observe that each i > 2 satisfies

(s+1) ((st);_q + (ts);_1)
=5 (st);_1 +s(ts); 1+t (st);  +t (ts); 4
——— N N ——
=s(ts); =(st); =(ts); =t(st);
= 85_ (t8); 5+ (st); + (ts); + Jdt (st); o
=s2=1 =12=1

= (ts);_p + (st); + (ts); + (st);_p = (st); + (ts); + (st); o + (£5);_»

and thus
(st); + (ts); = (s + 1) \((St)i—l i (ts>i—1)1 — ((st); 5 i (ts)i—2)4
B

€B €B
(by the induction hypothesis)  (by the induction hypothesis)
€B (since B is a subalgebra) .

This completes the induction step, and thus the proof of the lemma. O
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Proof of Theorem Let a,b € k. We must prove that L,L, = L,L,.

If |S| < 1, then the k-algebra k [W] is commutative (since it is generated by
S), and thus the claim L,L;, = L,L, holds for obvious reasons. Thus, we WLOG
assume that |S| > 1 from now on.

Hence, |S| = 2 (since we assumed that |S| < 2). Write this 2-element set S as
S = {s,t}.

Use the notations from Lemma In particular, define the k-subalgebra B of
k [W] as in Lemma[2.2] Note that this algebra B is commutative, since it is generated
by a single element.

However, W is a dihedral group, so it has a well-known description: If we let
m denote the order of st in the group W, then the elements of W are precisely the
products (st); and (ts); for alli € {0,1,...,m}, which are furthermore all distinct
except that (st), = (ts), and (st),, = (ts),,. Moreover, the products (st); and (ts);
have length i for all i € {0,1,...,m}. Altogether, we see that the elements of W
(listed without repetitions) are

\1/ , Est)l, (ts)q, Est)z, (ts)%, .., Est)mfl, (ts)mfy g,)_”i .

J

length 0 length 1 length 2 lengtﬁrm—l length m
Thus, the definition L, = Y a'(®w of L, can be rewritten as
weW
m—1

Lo=1+ (ai (st); + ' (ts)l-> +a"™ (st),,

I -
P
o

=1+ Y a' ((st); + (ts);) +a" (st),,- 8)

~.
—_

Let us WLOG assume that k is a polynomial ring over Q (we can do this, since we
are proving a polynomial identity, so we can assume that k, a and b are generic, as
explained in Remark (1.10). Thus, 2 is invertible in k. Hence, in , we can rewrite

(88),, + (ts)

st) as " (since (st), = (ts), ), and thus (8) becomes
m 2 m m

L,=1+ mzl at ((st); + (ts);) + amm.

i=1
This shows that L, belongs to B (since Lemma 2.2 shows that all the sums (st); +

(ts); belong to B). Similarly, L, belongs to B as well. Hence, L, and L, commute
(since B is commutative). That is, L,L, = L;L,. Theorem [1.4)is thus proved. O

Proof of Corollary Let w € W. For all a,b € k, we have L,L;, = L,L; by The-
orem and therefore [w] (L,Ly) = [w] (LyL;). In other words, w is W-length-
symmetric. This proves Corollary O
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2.3. The antipode, inverses and involutions

For any group G, there is a k-linear map k [G] — k[G] that sends each group
element ¢ € G to ¢~ !. This map is called the antipode of the group algebra k [G], and
will be denoted by a — a*. It is an involution (i.e., each a € k [G] satisfies a** = a),
and is a k-algebra anti-morphism (i.e., each a,b € k [G] satisfy (ab)* = b*a*). Thus,
it is a k-algebra anti-isomorphism. Clearly, all w € G and a € k [G] satisfy

@] (a) = || (a). ©)

Lemma 2.3. Let (W, S) be a Coxeter system, where W is finite. Let g € k. Then,
L; =L,

Proof. This is clear, since each w € W satisfies £ (w™1) = ¢ (w). O

Lemma 2.4. Let (W, S) be a Coxeter system, where W is finite. Let a,b € k and
w € W. Then, [w] (L,L;) = [w™!] (LyL,).

Proof. We have (L,L;)* = LiL; (since the antipode is a k-algebra anti-morphism).
But Lemma 2.3 yields L] = L, and L; = L;. Hence, (L,Ly)" = L; L, =L,L,.
—~

-1, =L,
Now, (9) yields
[w] (LoLy) = [w—l} ((LoLy)*) = [w—l] (LyLa) (since (L,Ly)* = LyLy),
and thus Lemma [2.4]is proved. O
Proof of Proposition Let a,b € k be arbitrary. Then,
[w] (L,Ly) = [w‘l} (LyL,) (by Lemma 2.4)), and
[w] (LyL,) = [w‘l} (L,Ly) (by Lemma [2.4] with the roles of a and b swapped) .

Hence, the equality [w] (L,L;) = [w] (LyL,) holds if and only if the equality

[w™1] (LyLs) = [w '] (LsLy) holds. But the former equality (stated for all k and
a,b € k) says that w is W-length-symmetric, whereas the latter equality says that
w~! is W-length-symmetric. Hence, w is W-length-symmetric if and only if w™! is
W-length-symmetric. This proves Proposition [I.16] O

Proof of Proposition Let w € W be an involution, and 4,b € k be arbitrary.
Then, w is an involution, so that w~! = w. However, Lemma yields

[w] (L,Ly) = [w—l} (LyLq) = [w] (LyLy) (since wl = w) .

This shows that w is W-length-symmetric. This proves Proposition [I.14] O




The g-Poincaré sum page 12

Proof of Proposition Forget that we fixed w. The group automorphism ¢ of W
induces (by linearity) a k-algebra automorphism k [¢] of k [W], which sends each
w e Wto ¢ (w).

Moreover, the automorphism ¢ of W is a Coxeter group automorphism. Thus, it
preserves the length of any element w € W; that is, we have

C(p(w)) =4 (w) foreachw € W. (10)

Thus, for each q € k, we have

(k[g]) (Lg) = (k[9]) ( )3 qaw)w) (Since L= ), qf(w)W>

weW weW

- ¥ 7 p(w) = T g4 (w)

EW N eW
“ ) “

(since (I0) yields £(w)=£(p(w))
- tw)y, here, we have substituted w for ¢ (w) in
1 the sum, since ¢ : W — W is a bijection

In other words, k [¢] fixes L, for each g € k.

Let a,b € k be arbitrary. Thus, the k-algebra automorphism k [¢] of k [W] fixes
the elements L, and L; (since it fixes L, for each q € k). Being a k-algebra auto-
morphism, it therefore also fixes the product L,L,. In other words,

(k [¢]) (LyL,) = LyL,. (11)
Moreover, by its very definition, it satisfies
[¢ (w)] (k[¢]) () = [w] () (12)

forallw € Wand a € k [W].
Now, let w € W be such that w™! = ¢ (w). Now, Lemma [2.4] yields

] (LaLy) = [w7"] (LsLa)

=[p(@)] (LiL) (since v = ¢ (w))
N
=(k[¢])(LyLa)
(by (1))
= [¢ ()] ((k[¢]) (LyLa)) = [w] (LyLa) (by (12)) .-
This shows that w is W-length-symmetric. This proves Proposition [I.18] O

2.4. Cosets and parabolic subgroups

Our next lemma is concerned with cosets and their representatives. Due to the
perennial vexatiousness of their chirality, we recall their definitions:
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Definition 2.5. Let H be a subgroup of a group G.

* The left cosets of H in G are the subsets of the form uH for u € G. The set
of these left cosets is denoted by G/ H.

A left transversal of H in G means a subset L of G that intersects each of
these left cosets in exactly one element (i.e., satisfies |uH N L| = 1 for each
u € G). Equivalently, it is a subset L of G with the property that each g € G
can be written uniquely as xh with h € H and x € L.

 The right cosets of H in G are the subsets of the form Hu for u € G. The set
of these right cosets is denoted by H\G.

A right transversal of H in G means a subset R of G that intersects each
of these right cosets in exactly one element (i.e., satisfies |Hu N R| = 1 for
each u € G). Equivalently, it is a subset R of G with the property that each
g € G can be written uniquely as hx with h € H and x € R.

The left and right versions here are intimately related: If L is a left transversal
of H in G, then {x™! | x € L} is a right transversal of H in G. An analogous
statement holds with “left” and “right” interchanged.

Lemma 2.6. Let G be a finite group, and let H be a subgroup of G. Let R be a
right transversal of H in G. For each x € R, let py, qx € k be two scalars. Set

p=Y pxx and g=Y qex!

xeR xeR

in k[G]. Let w € H and a, B € k[H| (where k [H] is embedded in k [G] in the
obvious way). Then,

[w] (apqp) = ( Z Px‘]x) (ap). (13)

x€R

Proof. The claim is k-linear in each of « and B. Thus, we WLOG assume that
a, B € H (since w, 3 € k[H] are clearly k-linear combinations of elements of H).
Furthermore, let us set u := a 'wp~! € H (since w,a, B € H).

Hence, w,«, p € H C G. Thus, Lemma [2.1| (applied to &, p and pq instead of g, h
and a) yields

@] (apgB) = [« wp™"| (pq) = [u] (pq) (14)

(since a‘lwﬁ_l = u). Moreover, Lemma (applied to &, B and 1 instead of g, h
and a) yields

(] (ap) = [w wp™!| 1= [1)1 (15)
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(since a 'wp~! = u). Using and (15), we can rewrite our claim as

[u] (pq) = (Z pqu> [u] (1). (16)

XER

So it remains to prove (16).
But the definitions of p and q yield

pq = (Z Pxx> <Z qu‘l) = Y Py

x€R x€R (xy)eERxR
= )Y Py ), gy
(x,y)e_RxR; (x,y)ERXR;

=y xX#Ey

(here, we have split the sum into the part with x = y and the part with x # y). In
view of

Yo pxqyxy =Y pegrax L=Y pigal,
S~

(x,y)ERXR; X€ER -1 x€ER
x=y
we can rewrite this as
pi=) pxdlt Y} payxy (17)
Y€R (x,y)ERXR;
x#y

Comparing coefficients of 1 on both sides of this equality, we obtain

W] (pg) = ¥ paax w1+ Y paay[u] (xy71). (18)
XER (x,y)ERXR;
X7y
However, we claim that if two elements x,y € R satisfy x # y, then

[u] (xy_1> = 0. (19)

[Proof: Let x,y € R be two elements satisfying x # y. Then, x and y are two
distinct elements of R. Since R is a right transversal of H, this entails that the right
cosets Hx and Hy are distinct. Thus, the two elements 1 and xy ! of G are distinct
(because if they were equal, then we would have xy~! = u € H, so that x € Hy
and therefore Hx = Hy, contradicting the distinctness of Hx and Hy). Therefore,
[u] (xy~') = 0 (because [g] h = 0 for any two distinct elements ¢ and & of G). This

proves (19).]
Now, becomes

W (pg) = L paae 1+ X peay (] (xy7") = X pet 0]

XER (x,y)ERXR; ————~ X€R
X7y =0
(by ()

= (Z qux) [u] (1).

xeR
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This proves (16). Thus, Lemma [2.6)is proved. O

Proof of Proposition Given any g € k, let us denote the element L, (W) € k [W]
by L,, while the analogous element L, (W) € k [W] shall be denoted by L;. Thus,
w is W-length-symmetric if and only if all k and a,b € k satisfy [w] (L,L;) =
[w] (LyL,), whereas w is Wi-length-symmetric if and only if all k and a,b € k
satisfy [w] (LjL;) = [w] (L,L}). In both cases, we can restrict ourselves to the
“generic” case, i.e., to the case when k is the polynomial ring Z [a,b] and when a
and b are the two indeterminates (as in the proof of Proposition [1.8). Let us do so.
Thus, w is W-length-symmetric if and only if [w] (L,L;) = [w] (LyL,), whereas w is
Wi-length-symmetric if and only if [w] (L,L}) = [w] (L;L}).

Each right coset of Wi in W has a unique representative of minimum length (by
[Lusztil4, Lemma 9.7 (a)]). Let R be the set of all these representatives. Thus, R is
a right transversal of W in W. In other words, each ¢ € W can be written uniquely
as hx with h € Wy and x € R. That is, the map W; x R — W, (h,x) — hx is a
bijection. Moreover, [Lusztil4, Lemma 9.7 (b)] says that any x € R and any h € W;
satisfy

C(hx) =4¢(h)+ £ (x) (20)
(since x € R means that x is a representative of minimum length for some right
coset Wia of W in W). Set

X, = Z a' ™)y and Xp = Z b ™y,

XER XER
Then, the definition of L, = L, (W) yields

L= ) at@q = ) atho) - py

\\/./
weW (h,x)eWxR — () +L(x)
Yy e

heWp x€R

here, we have substituted hx for w in the sum,
since the map Wy x R — W, (h, x) — hx is a bijection

= Y Y a0y = ( y aamh) <Z aax)x)

heWr xeR heW; xeR
| ——
=L, —Xa
(by the definition of L,=L,(W;)) by the definition of X,)
=LX,. 1)

Similarly, L, = L;X;. Applying the antipode to this latter equality, we obtain
L; = (L,Xp)" = X;L} (22)

(since the antipode is a k-algebra anti-morphism). But Lemma [2.3|yields L} = L,
and L, = L;. Hence, we can rewrite 1) as

L, = XL}, (23)
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However, w € W and L}, L; € k [W;] and

= Z at @y and X; = 2 pt () 51

XER xeR

(the latter equality follows from X, = ) bty by the definition of the antipode).
xeR

Hence, Lemma . (applied to G = W and H = W; and p, = a/®) and g, = b*®)
and p = X; and g = X} and & = L) and B = L}) yields

0] (LXXGLY) = (za )](L;Lé)-

x€R

Using and (23), we can rewrite this as

[w] (L,Ly) = (Za > w] (L,Ly) . (24)

xXeR

The same argument (with the roles of a2 and b interchanged) shows that

[w] (LyL,) = (2 bt > w] (L,L},) . (25)
XER

Clearly, the factors Y. a‘®™p!™) and Y b)) on the right-hand sides of
X€ER x€ER
the two equalities and are equal, and are not zero divisors (since the

polynomial ring Z [a,b] is an integral domain, and since R is nonempty, so that
Y. a’@pt™) -£ 0 in Z [a,b]). Hence, these two equalities show that [w] (L,L;) =
x€ER

[w] (LyL,) if and only if [w] (L,L}) = [w] (L,L}).

In other words, w is W-length-symmetric if and only if w is Wi-length-symmetric
(since we know that w is W-length-symmetric if and only if [w] (L,L;) = [w] (LyL,),
whereas w is Wi-length-symmetric if and only if [w] (L;L;) = [w] (L;L})). This
proves Proposition [1.21} O

Proof of Proposition From ¢ (w) < 2, we know that we can write w as a product
of at most two simple reflections. Let I be the set of all simple reflections appearing
in this product. Then, w € W and |I| < 2. Hence, Corollary (applied to the
Coxeter system (W, I) instead of (W, S)) yields that w is Wj-length-symmetric. By
Proposition this entails that w is W-length-symmetric. Thus, Proposition [I.15]
is proved. O

2.5. Orthogonal decompositions

Proof of Proposition Let k be any commutative ring, and a,b € k.




The g-Poincaré sum page 17

Since S = [ @ ], we have W = W; x W}; more specifically, the map
W[ X W] — W,
(x,y) — xy (26)
is a group isomorphism. This isomorphism entails that the k-linear map
O k(Wi @k [Wj] = k[W],
X QY > xy (27)
is a k-algebra isomorphism (because there is a k-algebra isomorphism
k [W] X W]] — k [W]] ® k [W]] ,
(x,y) = x®y,

and if we identify k [W;] ® k [W;] with k [W; x W] along this isomorphism, then
is the linearization of the group isomorphism (26))). The construction of ®
shows that any a« € k [W;] and B € k [W] satisfy

[uo] (P (a @ B)) = [u] («) - [0] (B).- (28)

(Indeed, this equality is k-linear in « and B, and thus needs only be checked for all
a € Wi and B € Wy; but then it boils down to “a = wuv if and only if « = u and

ﬁ — U”.
Moreover, any element of W; commutes with any element of Wj; thus, for any
x € Wyand y € Wj, we have

(xy) = £(x) +£(y) (29)

(since any reduced expression for xy can be transformed into a reduced expression
for x times a reduced expression for y by commuting its I-factors to the left of all
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its ]—factor{[). But Deﬁnitionyields
Y oty and L, (W) = Y a'Wy,

xeW; ]/EW]
so that
L, (W) @ L, (W)) = (Z a >® Y- 2L W)
xeW; yEW]
(Y)EWIXWy  _ ox)+(y) _ yt(xy) (x,y) EW x W)
(by .)
Applying the linear map ® to this equality, we obtain
CI)(LH (WI) ®La (W])) = Z ag(xy)q)(x®y) = Z ag(x]/)xy
(xy)EWx W) h:\;y_/ (xy)EWx W
here, we have substituted w for xy,
= Z a' @)y y
S since the map is a bijection
=L, (W).

Similarly, ® (L, (W) ® L, (Wj)) = Ly (W). Since ® is an algebra morphism, we
now have

® (Lo (W1) @ Ly (W) (Ly (W) © Ly (W))))
= @ (Lo (W) © Lo (W) - @ (Ly (W) © Ly (W)))

=L,(W) =Ly(W)
=L, (W) Ly (W),

'In more detail: Let x € Wy and y € W). Let sys; - - - sp be any reduced expression for xy. Then,
p = ¢ (xy). Moreover, each s; belongs to S = I LU ], hence lies in either I or J. Since each i € I
commutes with each j € | (because S = [ @ | is an orthogonal decomposition), we can freely
move all the s; that belong to I in the reduced expression sqs; - - - s, past the s; that belong to J. In
particular, we can move all the former s; to the left end of the reduced expression, while letting
the latter s; accumulate on the right end. As a consequence, our reduced expression assumes
the form tqt; - - - t,, where the first k factors ty,f5,...,t; (for some k € {0,1,...,p}) belong to I
while the remaining p — k factors ti 1, tx1o,...,tp belong to J. Thus, of course, tty - - -t € Wi
and ti1ti4p - -ty € W), Hence,

xy=si53--esp = htye -ty = (hty - h) (Begprtiga - tp) -

EW GW]

In other words, the map sends the pairs (x,y) € Wy x Wy and (t1t2 - - - b, tiyrtirn - tp) €
Wi x Wy to the same image. Since this map is injective (being a group isomorphism), it thus
follows that these pairs are equal. Thatis, x = tit5 - -ty and y = tj1tg4p - - - tp. Hence, £ (x) <k
and ¢/ (y) < p —k. Summing these two inequalities, we obtain ¢ (x) + ¢ (y) < k+ (p—k) =
p = ¢ (xy). Combining this with ¢ (xy) < ¢(x) + ¢ (y) (which is a general property of Coxeter
lengths in any Coxeter group), we obtain ¢ (xy) = ¢ (x) + ¢ (y). This proves .
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so that
L, (W) - Ly (W)
— @ | (Lo (W) ® L, (W) (L, (W) & L, (W)))
:Lu(WI)'Lb(WI;éLa(W])'Lb(W])
=@ (L, (Wi) - Ly (W) @ La (W)) - Ly (W))) .
Thus,

[uv] (La (W) - Ly, (W))

= [uv] (@ (La (W) - Ly (W) @ La (W)) - Ly (W))))

= [u] (La (W1) - Ly (W) - [0] (La (W)) - Ly (W})) (30)
(by 28), applied to &« = L, (W;) - Ly (W) and B = L, (Wj) - Ly (Wy)). The same
argument (with the roles of a and b interchanged) shows that

[uo] (Ly (W) - La (W)

= [u] (Lp (W1) - La (Wr)) - [0] (L (W)) - La (W))) - (31)

However, [u] (L, (W) - Ly (Wy)) = [u] (Ly (W) - Ls (Wy)) (since u is Wi-length-

symmetric) and [v] (L, (Wy) - Ly, (W})) = [v] (Ly (Wj) - Ly (W))) (since v is Wj-length-

symmetric). Thus, the right-hand sides of and are equal (factor by factor).
Consequently, so are the left-hand sides. In other words,

[u0] (Lo (W) - Ly (W) = [ut] (Ly (W) - Lg (W)

This shows that uv is W-length-symmetric. This proves Proposition O

2.6. The longest word

Lemma 2.7. Let (W,S) be a Coxeter system, where W is finite. Let g € k be
invertible. Then,
ZU()Lq = quO = qé(wO)Ll/q.

Proof. As we know, wy is an involution; thus, wowy = 1 and w,, 1 — wy. Moreover,
C(wow) = £ (wg) — £ (w) (32)

for any w € W (see, e.g., [Lusztil4, §11.2 (b)] for a proof). But the definition of Ly /,
yields
Liy= Y (1/9)"w. (33)

weW
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Now, the definition of L; yields

weW weW
here, we have substituted wyw
for w in the sum

— gt (wp)—tw) =1
(by (2))
— Z qf(wo)—é(wl w = qé(wo) Z (1/6])4(50) w = qg(wo)]_,l/q_
weW N~ weW
:qé(WO) /qé(w) N :E:/ d
:qZ(wo)(l/q)f(w) (by "

Applying the antipode to both sides of this equality, we obtain
(woLy)" = g"@o) .

Since (woLy) = Liwg (because the antipode is an algebra anti-morphism), we can
rewrite this as
Lywg = q" L.
Using Lemma 2.3/ and the obvious fact that w; = w, ' = wy, we can rewrite this as
quO = qg(wO)Ll/q.

Combining this with woL; = g' (@)1, /q, We obtain the whole claim of Lemma

27 O

Proof of Proposition [[.17} Recall that wy is an involution, so that wy = w,' and

wowy = 1. Hence, wy (wyw) = @23_09 w = w. Thus, the relation between w and
=1

wow is mutual. Hence, we only need to prove the “only if” direction of Proposition

(as the “if” direction will then follow by applying the “only if” direction to

wow instead of w).

So let us assume that w is W-length-symmetric. We must show that wow is
W-length-symmetric. Set u := wow. Thus, we must show that u is W-length-
symmetric.

Fix a commutative ring k and a,b € k. We must show that [u] (L,L;) = [u] (LyLa).
We WLOG assume that k is a ring of Laurent polynomials and a2 and b are two in-
determinates (since the claim we are proving is a polynomial identity in 2 and
b). Thus, a and b are invertible in k. Since w is W-length-symmetric, we have
[w] (L,Ly) = [w] (LyL,) and likewise

[w] (LaL1/p) = [w] (L1/pLa) -
From Lemma we have

woL; = Lyawg = aE(WO)Ll/u
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and
ZU()Lb = waO = bK(WO)Ll/b_

From u = wow = w, Lw (since wy = wy 1), we obtain
(1) (LaLy) = |5 '] (LaLy) = [0] (woLoLy)

(since Lemma[2.1|(applied to wy, 1 and L,L; instead of g, & and a) yields [w] (woL,Ly) =
[wa 1w} (LyLy)). Therefore,

[1] (LaLy) = [w] (Z\U\O}_g Lb) = [w] (LawoLy) -

:Lawo
The same argument (with the roles of 2 and b swapped) shows that
[u] (LyLa) = [w] (LywoLa) -

The right-hand sides of these two equalities are equal, since

L, L — pt(wo) L,L; ;) = b'(@0) L, L,
[w] woLy, [w] (LaLy/p) [w] (Ly,pLa)
—p! (o)L, =[w](L1/pLa)
= [w] | "L, L, | = [w] (LywoLy) .
——
:Lth

Hence, so are the left-hand sides. That is, [u] (L,L;) = [u] (LyL,). This shows that
u is W-length-symmetric. This proves the “only if” direction of Proposition
and thus (as explained above) the whole proposition. O

3. Application: Separable permutations (TODO)

We now apply the above results to prove a theorem we promised in the introduc-
tion:

Theorem 3.1. Let n € IN. Consider the symmetric group S, as a Coxeter group,
as in Example A permutation w € S, is said to be separable if and only if
there exist no four elements a < b < ¢ < d of {1,2,...,n} satisfying

(w(b) <w(d) <w(a) <w/c) or w(c) <w(a) <w(d) <w(b)).

Then, each separable permutation w € S, is S,-length-symmetric.
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Proof sketch. Among the many characterizations of separable permutations given
in [Ghysl6, “From a pruned tree to a polynomial interchange and a separable
permutation”, Theorem], we will need the fourth one: A permutation w € S,
is separable if and only if it can be obtained from several copies of the trivial
permutation on one object (i.e., the permutation id € S;) by successive ® and ©
operations. Here, the operation @ sends two permutations u € Sy and v € Sy to the
permutation u @ v € Si, that acts as u on the numbers 1,2, ...,k and as (a shifted
copy of) v on the numbers k+1,k+2,...,k + ¢, whereas the operation © sends two
permutations u € S; and v € Sy to the permutation ((uwgy) ® (vwgy)) Worre €
Sk+¢, Wwhere wq ,, denotes the longest word of S;;,. This recursive definition allows
for proving the claim by induction, using Proposition (to show that u ® v is
Sp-length-symmetric whenever u and v are) and Proposition and Proposition
(to show that wwy is S,-length-symmetric whenever w is). We omit the details.

TODO: give the detalils... O]
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