Polynomials over Symmetric Polynomials

[semi-expository note based on the literature and emails of Darij Grinberg

and Victor Reiner]

GPT-5.6 Sol, edited by Darij Grinberg
August 4, 2026

Abstract

Abstract. Let k be a commutative ring, and let the symmetric group &,, act on
P =Xk][z1,z2,...,z,] by permuting the variables. We prove four results that are known
(at least in the case when k is a field) but not easily found in the literature. First,
the coinvariant algebra (the quotient of P by the ideal generated by the symmetric
polynomials with constant term 0) is a free k-module of rank n!, with the residue
classes of the Artin monomials as a basis. Second, P is a free module of rank n! over
the ring P®» of symmetric polynomials, again with the Artin monomials as a basis.
Third, if n! is invertible in k, the coinvariant algebra is the regular k [&,]-module.
Fourth, under the same hypothesis, P is a free left PS" [&,]-module of rank 1. The
first result follows from an elementary normal-form lemma for monic polynomials with
pairwise relatively prime leading monomials. The second is proved by lifting the Artin
basis. For the third, we use orbit harmonics with a strongly discrete point orbit, and
the fourth follows by equivariantly lifting a regular basis of the coinvariant algebra.

Manifest. The main ideas behind this paper are not new; I have learned some
of them from Vic Reiner and Brendon Rhoades. The main novelty, to the extent it
is one, is extending the proofs from fields to commutative rings. The text below was
produced by GPT-5.6 based on a telegraphic outline. I have then edited it. — DG!

1 Statement and notation

Set N={0,1,2,...}. For any r € N, let [r] denote the set {1,2,...,r}.

Let n be a positive integer. Let G,, denote the n-th symmetric group, that is, the group
of all bijections [n] — [n]. Throughout, k is a commutative ring with identity and 1) # 0.
(The requirement 1 # 0 is unnecessary in essence; it just serves to make certain statements
hold literally, e.g., ensuring that each free k-module has a unique rank.?) For specific claims,
we will impose further requirements on k.

IThis work is in the public domain.
20f course, the case when 1) = 0 is trivial, since k is a one-element set in this case.



Consider the polynomial ring
P=k[zy,29,...,2,].
We give P its usual grading by total degree:?
r-@r
>0
where Py is the free k-module of homogeneous polynomials of total degree d. The group &,,
acts on P (and on each P;) by permuting the variables:
o(x;) = To() for all 0 € &,, and 7 € [n].

This is an action by k-algebra automorphisms.
Let
A=P°" ={fcPlo(f)=fforallocec&,}

be the subring of symmetric polynomials. For each i € [n], let
e =ei(xy,T0,. .., Tp) = g TjyTjy - L,
1<1<ga <+ <gi<n

denote the i-th elementary symmetric polynomial. The fundamental theorem of symmetric
polynomials gives

A=kley,es, ... e, (1)
and says that eq, eq, ..., e, are algebraically independent over k. Equivalently, the substitu-
tion map

k[tl,tg,...,tn]—>/\, i —> ¢e;
(a k-algebra homomorphism from the polynomial ring k [t1, s, ..., t,]), is an isomorphism.

The ring A is a graded subring of P; write
Ay =P A
d>0

for its ideal of elements with constant term 0. This ideal A, is generated by the elementary
symmetric polynomials ey, es, ..., e,:

Proposition 1. We have

Ay =eA+esA+ -+ e,A (2)
Proof. The inclusion “O” is clear, since each e; belongs to A; and thus to A.
Conversely, let a € A,. By (1), we can write a = F(ey,es,...,e,) for some F € T :=
k[t1,ta,...,t,]. Evaluating at zy = 29 = --- = x,, = 0 gives
F(0,0,...,0) =a(0,0,...,0) (since €;(0,0,...,0) =0 for all i > 0)
=0 (since a has constant term 0) .

Hence F' € t/7 +tsT +-- - +t,T. Substituting t; = e; yields a € e;A+eaA+-- -+ e, A (since
F(eq,eq,...,6e,) = a). This proves the “C” inclusion. ]

3All gradings are N-gradings in this note. If V is a graded abelian group, then Vg shall mean the d-th
graded component of V.



Extending the ideal A, = e;A + esA + -+ - + e, A from A to P gives the ideal
Ji=AP=(esA+esA+---+e,A)P (by (2))
=eP+eP+---+e,P (3)
of P. The coinvariant algebra (of &,, acting on P) is defined to be the quotient k-algebra
C:=P/J.
For any f € A, g € P, and 0 € &,,, we have

o(fg)=oc(f)o(g) (since &,, acts by algebra automorphisms)
= fo(g) (since f € A entails o (f) = f). (4)

Thus the action of &,, on P is A-linear, and P is naturally a left module over the group
algebra A [&,,].

The action of G,, on P also preserves the ideal J, since J is generated by symmetric
polynomials. Hence the quotient algebra C' = P/J inherits an action of &,, and is a left
module over k [S,,].

We will prove the following folklore results mentioned, among other places, in [12, Sec-
tion 1.5]:

Theorem 2.
(a) The k-module C' is free of rank n!. More explicitly, call the n! monomials
Pt ag? -l with  0<a; <i foreveryi € [n]
the Artin monomials. Their residue classes in C' form a k-basis of C'.
(b) The A-module P is free of rank n!; the Artin monomials form a A-basis of P.
(c) Assume that n! is invertible in k. Then *

C=k|[6,] as a k [6,]-module.

In other words, the coinvariant algebra C' = P/J is isomorphic to the regular k [&,,]-
module.

(d) Assume that n! is invertible in k. Then
P>~ A[G,] as a A [6,,]-module.

In other words, P is isomorphic to the regular A[S,]-module. Equivalently, there
exists an element f € P such that the map

d:A[G,] — P, > a0 — Y as0(f) (5)
oe6, ceS,

is an isomorphism of A [&,,]-modules.

4Here and in the following, “A-module” for a ring A shall always mean “left A-module”. Thus, a k [&,,]-
module is the same thing as a representation of &,, over k.

3



We first prove an elementary normal-form lemma and use it to compute the coinvariant al-
gebra, proving (a). A lifting argument then proves (b). Next, an orbit-harmonics argument
proves (c). Finally, combining the lifting argument with (c) proves (d). The invertibility
hypothesis in (c¢) and (d) cannot simply be omitted; we give a modular counterexample at
the end.

2 A coprime-leading-monomial lemma

In this section, we shall prove a general property of certain ideals in polynomial rings. This

property is part of the theory of Grobner bases (see Remark 4), but we will give a self-

contained proof avoiding the general theory, as the property is the only thing we will need.
Let R be a commutative ring with identity. Consider the polynomial ring

A:=Rlz, 20,...,2n],

and fix a monomial order < on A. That is, < is a total well-order on the set of all monomials
in A, and
u<v =  uw <ovw

for all monomials u,v,w. For a nonzero polynomial f € A, its leading monomial LM(f)
is the largest monomial that occurs in f with a nonzero coefficient. We call f monic if
the coefficient of LM(f) is 1. We say that two monomials u and v are relatively prime if
the only monomial that divides them both is 1; equivalently, this means that they have no
variable in common. (For instance, the monomials z;25 and zyz5 are relatively prime, but
the monomials z;23 and 2325 are not.)

Lemma 3 (Coprime-leading-monomial lemma). Let g1, ga, ..., grx € A be monic polynomials
whose leading monomials

m; = LM(g;) (for i € [k])
are pairwise relatively prime. A monomial q will be called reduced if it is not divisible by
any of my, ma, ..., my (that is, if m; { q for each i € [k]). Define an ideal I of A by
I=gA+gpA+--+gA
Then the residue classes of the reduced monomials form an R-module basis of A/I.

Proof. For each i € [k], write

gi = my; — 14, (6)
where every monomial occurring in r; is strictly smaller than m;. (We can write g; in this
form, since g; is monic with leading monomial m;.) Let A,.q be the free R-submodule of A

spanned by the reduced monomials.
We shall construct an R-linear map

p:A—)Ared



by recursively defining the values p (u) for all monomials u; the recursion shall proceed along
the well-founded order relation <. If a monomial u is reduced, set p(u) = w. If u is not
reduced, choose an i € [k] such that m; | u and set

o) = p (5) | (7)

7

On the right-hand side, p is applied termwise and R-linearly. This is legitimate because
every monomial occurring in (u/m;)r; is strictly smaller than u: indeed, every monomial of
r; is smaller than m;, and a monomial order is compatible with multiplication.

We must check that (7) is independent of the choice of i. Suppose that both m; and m;
divide u, where 7 # j. We must show that

(2 -+ ()

Since the monomials m; and m; are relatively prime and both divide u, their product
must divide u as well; thus
u = qmimj

for some monomial ¢q. By the recursive induction hypothesis, the definition of p is already
independent of all choices on monomials strictly smaller than u. Every monomial ¢ occurring
in r; satisfies ¢ < m; and thus (since < is a monomial order)

gtm; < gm;m; = u.
When evaluating p(qtm;), we may therefore use the divisor m; in (7), and obtain

qtms;

7‘]) = plqtr;).

J

p(gtm;) = p (
Multiplying by the coefficient of ¢ and summing over all monomials of r; gives
plgrim;) = p(qrir;).
The same argument (with the roles of ¢ and j switched) yields
plaryms) = p(qryr:).
Since A is commutative, this is the same as
plgmir;) = p(gqriry).

Hence, from u = gm;m;, we obtain

p (mir) = plgrim;) = plqrir;) = plgmir;) = p (%7‘3‘) :

? J

which proves (8). Thus we have shown that the R-linear map p: A — A,eq is well-defined.

5



We next record two properties of p. First, for every monomial ¢ and every i € [k], the
definition allows us to reduce the monomial gm; using m; (that is, apply (7) to u = gm;);
hence

plgmi) = p(grs)- (9)
By linearity of p, this entails p(q(m; — r;)) = 0. In view of (6), this rewrites as
plagi) = 0. (10)
By R-linearity, (10) shows that
p(I) = 0.
Second, every f € A satisfies
f=n(f) el (11)

Indeed, by R-linearity, it is enough to prove this when f is a monomial; i.e., it is enough to
show that u — p (u) € I for any monomial u. We do so by induction on u. If u is reduced,
the claim is clear. Otherwise, choose ¢ with m; | v and put ¢ = u/m;. Then u = gm; and
therefore p(u) = p(gm;) = p(qr;) by (9); hence,

u— p(u) = qm; — p(qrs)
= q(m; — ;) + (qri — plgrs))
= qg; + (qri — p(qry)) (by (6)) .

The first addend belongs to I. Every monomial occurring in ¢r; is strictly smaller than
gm; = u. Applying the induction hypothesis to these monomials and then using R-linearity
gives qr; — p(qr;) € I. Thus the second addend belongs to I as well. Thus, u — p(u) € I.
This proves (11).
Equation (11) shows that
A=1T+ Area.

This sum is direct. Indeed, if h € 1N A,eq, then p(h) = 0 because p(I) = 0, whereas p(h) = h
because p fixes every reduced monomial. Thus h = 0. Consequently,

A:[@Ared

as R-modules. Therefore, the canonical projection A — A/I, restricted to A.eq, becomes an
R-module isomorphism. Since the reduced monomials form a basis of A,.q, this shows that
their residue classes form a basis of A/I. O

Remark 4. In Grobner-basis language, Lemma 3 says that gi,go,...,gr form a monic
Grobner basis and then applies the standard-monomial basis theorem. Over a field, this
follows from Buchberger’s first criterion; see, for example, [5, Chapter 1, especially the
conclusion after Lemma 1.1.38]. The proof above avoids S-polynomials and Buchberger’s
criterion altogether. It is the particularly simple commutative case of a diamond-lemma
argument in which the only competing reductions are

qm;m; — qrym; — qrir; and qm;m; — qQMyuT; — qri’;.

For a more detailed treatment of monic reductions and Grobner bases over arbitrary commu-
tative rings, see [10, Section 3.2]. Compare also Bergman’s diamond lemma [1, Theorem 1.2],
which makes similar statements about noncommutative polynomial rings.
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3 The Artin basis

We prove Theorem 2 (a) using Lemma 3. Our proof follows the ideas of [17, proof of Theorem
1.2.7]. Other proofs can be found in [13, (DIFF.1.3)], [3, Chapter IV, §6, no. 1, Theorem 1,
part (c)], [7, Theorem, part (c)] and (over Z instead of k) in [6, Proposition 3.4] and [14,
(5.1)].

We shall use the shorthand notation xz® for the monomial x{*z3*---x
(a1, az,...,a,) € N™.

For r € N and a finite list of variables y1, 2, ..., Ym, let h.(y1,92,...,ym) denote the

Qan

an. where a =

complete homogeneous symmetric polynomial of degree rin yi, Yo, . . ., Ym; this is defined as
the sum of all monomials y{*y5? - - - y%™ with a1 + ag + - - - + a,,, = r. (In particular, hg = 1.)

For 1 <1¢ < n, set
g; = hi(l’i,xi+1, Ce ,.Z'n).

Lemma 5 (A generating-function identity). For each i € [n|, we have the identity

(Z eﬂf]) <Zh Tiy Tig1y ooy Tp)t" ) = 1:[(1 —x;t) (12)

=0 >0 j=1
in the formal power-series ring P [[t]], where eq = 1.

Proof. The elementary symmetric polynomials satisfy Viete’s identity

n n

> (=1Yet) =T[4 = zt). (13)

=0 j=1

Indeed, when the product on the right-hand side is expanded, choosing the term —z;t from
exactly r of its factors produces (—1)"e,t". On the other hand, every power series 1 — z;t in
P [t]] has constant term 1 and is therefore a unit. We have

r - 1
ZhT(I“.CUHl,,QIn)t :Hl—l’t (14)
J

r>0 7=t

To see this, expand each factor on the right-hand side as

1 apra
1—:L‘jt 1—x] th

a>0

by the geometric-series formula. Thus, the whole product rewrites as follows:

n
o ai @ikl | .Gnitaip1+etan
||1_ —H gxt E ;T Tttt .

J=i =i a0 (@is@it1,ee0,an ) ENPIHL

The coefficient of ¢” in this is the sum of all monomials &z {}" - - - 2% with a;+a; 41+ - +a, =
r. This is precisely h,(x;, ;y1,...,2,). Thus, (14) is proved



Multiplying (13) and (14), we obtain

(Z et]) (Zh Tiy Tig1y .oy T )t> :H(l—xjt)Hl 1:[1—15]

Jj=0 r>0 =1 j=i j=1

since the factors 1 — x;t,1 — x;44t, ..., 1 — x,t cancel. Thus (12) is proved. O
Lemma 6 (Asymmetric generating set of J). We have the equality

P+ gP+--+g.P=J (15)
of ideals of P.

Proof. For each i € [n], the right-hand side of (12) has degree at most ¢ — 1 in ¢t. Comparing
coefficients of ¢* in (12) therefore gives

Z(_Djejhifj(xia Tit1, .5 Tp) = 0. (16)

=0
The 7 = 0 addend on the left-hand side of this equality is (—1)%eghi(z;, Tit1, ..., Tn) =
hi(xi, Tiy1, ..., x,) = g;; thus, we can rewrite (16) as

gz+§ 6] zszaxz+17"-7xn):07

or, equivalently,
gi = — Z<_1)jejhi—j<xi7 Lit1y- - ,ZL’n)

j*l
:_Z 6] 11— j xz,xz+1,...’gj‘n)_(_1)iei (17>

(since h;_;(z;, Tiv1,...,T,) = 1). Thus every g; belongs to J (since ey, es,...,e; € J). This
proves the “C” inclusion of (15).
Conversely, (17) gives

i—1
(—1)7'61 = —¢G; — Z(_l)jejhi—j(xiy Litly-- - 7.17”). (18)
j=1
We now prove by strong induction on ¢ that

e; € 1P+ gP+---+gP.

Indeed, assume that this claim is known for all smaller indices. Every e; occurring on the
right-hand side of (18) has j < i, so the induction hypothesis places it in gy P+go P+ - -+g; P.
Hence the left-hand side (—1)e;, and therefore also e;, belongs to g1 P + goP + -+ + ¢; P.
Thus we conclude that e; € g1 P+ g2 P+ - -+ ¢, P for each i € [n]. In view of (3), this entails
J C 1P+ goP + -+ + g, P. This proves the “2” inclusion in (15). Hence the equality of
ideals (15) is proved. O



Proposition 7 (Artin basis). The residue classes of the Artin monomials

xPrag? - xtn with  0<a; <t foreveryi€ [n] (19)

n

form a k-basis of P/J = C.

Proof. From Lemma 6, we know that J = g1 P + g2 P + - - - + g,P. To obtain a k-module
basis of C' = P/J, we shall apply Lemma 3 with R=k, N=n, A=P, k=n,and [ = J,
using the generators g1, ¢, ..., g,. We therefore need a monomial order > on P for which
the g; are monic and have pairwise relatively prime leading monomials. There are several
valid choices here. The simplest one is to let > be the lexicographic order >, with

Ty > Ty >0 > T,

Thus, for exponent vectors a = (ay,as,...,a,) and b = (by,by,...,b,), we have 2% = z°
if, at the first index r for which a, # b,, we have a, > b.. Alternatively, we can let > be
the degree-lexicographic order >g4ex, in which two monomials of equal degree are compared
as in the lexicographic order, whereas two monomials of distinct degrees are compared by
their degrees (that is, the monomial of larger degree is declared to be larger). Both of these
orders are monomial orders (this is particularly easy to check for >4, since there are only
finitely many monomials of a given degree), and both have the property that each of the
polynomials g; is monic with leading monomial LM(g;) = 2% (since g; = hi(Ti, Tis1, ..., Tn) =
z! 4+ smaller monomials). These leading monomials are pairwise relatively prime.

Hence Lemma 3 shows that the residue classes of the reduced monomials (i.e., of the

monomials not divisible by any of z},3,...,2") form a k-basis of P/J. A monomial
xPtag? - xfr is reduced if and only if 0 < a; < ¢ for every ¢ € [n]. These are exactly
the Artin monomials in (19). Thus their residue classes form a basis of P/.J.

This proves Proposition 7 and therefore Theorem 2 (a). O

v = 4>0 Va is a graded k-module such that every Vg is finite free, its Hilbert series
is the formal power series

Hilb(V;q) := > (ranky Va)g* € Z{[q]] . (20)

d>0

We will use Hilbert series only for graded k-modules with finite free homogeneous compo-
nents. Note that P, C' and A are such graded k-modules; indeed, the basis of C' constructed
in Proposition 7 is a graded basis (i.e., a basis consisting of homogeneous vectors).

Corollary 8. We have

n

Hilb(C; q) = H(1+q—|—~--—|—qi71) and rank, C' = n!.

i=1

Proof. By Proposition 7, the degree-d component of C' has as a basis the residue classes of

the Artin monomials z{*x3* - - - z%" satisfying 0 < a; < i and ay + az + --- + a, = d. Hence



its rank ranky C,; is the number of exponent tuples (ay, as, ..., a,) satisfying 0 < a; < i for
all 7 as well as a; +as + - -+ + a,, = d. Therefore

Hilb(C q) Z Z ¢

d>0  (a1,a2,...,an);
0<a;<i for each 1;
ar+ag+-+an=d

— Z grtattan

(a1,a2,..,an);
0<a;<1i for each

Z Z Z grtattan

0<a1<1 0<ag<?2 0<anp<n

1(57)

(I+g+-+qg").

":131121

1

]

Evaluating this polynomial at ¢ = 1 counts all Artin monomials and gives rank, C' =1-2-
-n =mnl. m

4 Lifting the coinvariant algebra

We next prove Theorem 2 (b). Over a field, one can start with an arbitrary graded vector-
space complement to J in P. Over a general coefficient ring such complements need not
exist, so we formulate the lifting argument for a chosen graded set of representatives. The
Artin monomials provide such representatives.

We shall use the following elementary fact.

Lemma 9. Let R be a commutative ring. Any surjective R-linear map between two finite
free R-modules of the same rank is an isomorphism.

Proof. Let f be a surjective R-linear map between two free R-modules of the same rank.
We must prove that f is an isomorphism.

After choosing bases, the map f is represented by a square matrix A. Since its target
is free, the surjection f has an R-linear right inverse g, represented by a matrix B. Thus
AB = I. Taking determinants gives det(A)det(B) = 1, so det(A) is a unit. The adjugate
formula Aadj(A) = adj(A) A = det (A) - I then shows that A is invertible. Hence, the

corresponding linear map f is an isomorphism. O

H = @Hd

be a graded k-submodule of P such that each H, is finite free and the quotient map P —
C' = P/J restricts to a graded k-module isomorphism

Proposition 10. Let

H— C. (21)

10



Then:
(a) Multiplication induces an isomorphism of graded A-modules
m: A H=> P, a® h— ah.

Here the tensor product has its usual grading:

(A@x H)g = EB A, @y H,.

r4+s=d

(b) If H is &,-stable, then m is also &,-equivariant, where &,, acts on the second tensor
factor.

Proof. The map m is plainly graded and A-linear. We first prove that it is surjective, or
equivalently that P = AH, by strong induction on degree. Let p € P; be homogeneous. By
(21), the quotient map H = C is an isomorphism; since it is graded, it thus restricts to an
isomorphism H; — Cj. Thus, the residue class of p in Cj lies in the image of this restricted
isomorphism; that is, there is an h € Hy such that p — h € J;. Since

J:€1P+€2P—|—"'+€np,

we can thus write .
p—h= Z €idi,
i=1

where each ¢; € P. Moreover, by projecting both sides of this equality onto the d-th graded
component of P, we obtain

p—h=Y e, (22)
=1

where ¢; is the (d — 7)-th graded component of ¢; (since each e; is homogeneous of degree 7).
As usual, ¢; = 0 when ¢ > d. By induction, each g; lies in AH (since degq; = d — i < d).
Since e; € A, the equality (22) thus yields p — h € %H = AH, and therefore p € AH as
=A
well (since h € H; € H C AH). So we have proved the surjectivity of m.
It remains to prove the injectivity of m. We do this degree by degree. By (1), the
monomials

eltey?---e

an
n

(with ay,aq,...,a, € N)
form a graded k-basis of A, and they are homogeneous of degree la; +2as+ - - - +na,. Hence

Hilb(A;q) = ) > =S et

d>0 a1,a2,...,anEN; a1,a2,...,an €N
lay+2a2+-+nan=d

I =115 @

i=1 a€eN
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(since Y, oG = for each i > 0). Likewise, the ordinary monomial basis of P gives

1—¢
1
Hilb(P; ¢) = . 24
(F39) (1—q)" (24)
Furthermore, (21) and Corollary 8 give
; -q) = Hi Cq) — - i1
Hilb(H;q) = Hilb(C;q) = [[ (1 +q+---+¢")
=1 1?: qi
T,
_ H?:l(l - qi)' (25)

(I—q)

If V and W are two graded k-modules whose homogeneous components are finite free, then
their Hilbert series multiply under tensor products, i.e., we have

Hilb (V @y W;q) = Hilb (V; ¢) - Hilb (W} q) ,
since each d > 0 satisfies

ranky (V @, W)y = Z (ranky V) (rank, W).

r+s=d

Consequently,

Hilb(A ®x H;q) = Hilb(A; q) - Hilb(H; q)

:<H : )'m:l(l_qi) (by (28) and (25))

i1 1T ¢ (L—q)
1
= = Hilb(P; q) (by (24)).
1—q)
In other words, for each d > 0, we have ranky (A ®x H), = ranky Fy.

Thus, in every degree d, the map m : (A ®x H), — Py is a surjection between finite free
k-modules of the same rank. Therefore, Lemma 9 shows that each homogeneous component
of m is an isomorphism. Altogether, m is thus an isomorphism of graded k-modules. This
proves part (a).

(b) If H is &,-stable, then m is equivariant because of (4). O

Corollary 11. The polynomial ring P is a free A-module of rank n!. More explicitly, the
Artin monomials
P ag? - xin (with 0 < a; < ¢ for every i € [n])

n

form a A-basis of P.

12



Proof. Let H be the free k-submodule of P spanned by the Artin monomials. This is a
graded k-submodule of P, since each Artin monomial is homogeneous. The Artin monomials
form a k-basis of H. Meanwhile, their residue classes in P/J = C form a k-basis of C, by
Proposition 7.

Restricting the quotient map P — P/J = C to H, we obtain a graded k-linear map
¢ : H — C. This map ¢ sends the Artin monomials in H to their residue classes in C'. Since
the former form a k-basis of H while the latter form a k-basis of C', we thus conclude that
¢ is a k-module isomorphism. Hence, Proposition 10 (a) shows that multiplication induces
an isomorphism of graded A-modules

m:A@H — P, a® h+— ah.

But the Artin monomials z{'x5*--- 2% form a k-basis of H. Hence, the tensors 1 ®y
Pt wg? - x9 form a A-basis of A ® H (since base change respects bases). Therefore, the
images of these tensors under m form a A-basis of P (since m is a A-module isomorphism).
But these images are again the Artin monomials z{*z3* - - - 2%, So we have shown that the
Artin monomials form a A-basis of P. This proves Corollary 11 and, with it, Theorem 2
(b). O

Remark 12 (Harmonic representatives). When k is a field of characteristic 0, one customary
choice of H is the space of harmonic polynomials; compare Haiman’s discussion of harmonics
and the one-set case [12, Sections 1.3 and 1.5]. On Q[xy,za,...,x,], consider the apolar
pairing, i.e., the Q-bilinear form given by

(. q) = (P(Ony, Onys - - -, 0,)q) (0).

The monomials are orthogonal with respect to this pairing, and satisfy
(% 2%) = arlag! - - - a,).

Thus, after extension to R, this pairing is positive definite, and J* is a graded &,,-stable
complement to J. After base change to any characteristic-0 field, one may therefore take
H = J* in Proposition 10. This realization is not needed for the ring-valued theorem.

Other proofs of Theorem 2 (b) can be found in [14, (5.1)] and in [9, Proposition 3.3].
(In both sources, the theorem is only stated for k = Z, but the general case can be easily
derived from this via base change.)

5 Orbit harmonics and the regular representation

We now prove Theorem 2 (c). The construction is the orbit-harmonics; or point-orbit,
method used by Oh and Rhoades [15, Section 1]; their Section 3.1 applies it to the coinvariant
algebra of a reflection group. We first record the associated-graded facts in the form needed
over a commutative coefficient ring.

We begin with a simple and fundamental lemma about evaluation homomorphisms:

13



Lemma 13. Let y = (y1, Y2, - .-, Yn) € K" be any point. Then, the map

e P —k,
fo(y):fQ/lay%ayn)

is a k-algebra homomorphism, known as evaluation at y. Its kernel is the ideal
m, = (xl — y1)P —+ (x2 — yg)P + -+ (SEn - yn)P (26>
of P.

Proof. The fact that €, is a homomorphism is completely elementary. To show that m, (as
defined in (26)) is the kernel of €,, we can argue as follows: Any polynomial f € P can
be transformed into €, (f) = f (y) by replacing zi, s, ..., z, successively by y1,ys, ..., Un.
Each replacement changes the polynomial by a difference that is divisible by x; — y;; thus,
the total difference f — €, (f) belongs to (1 —y1)P + (2 — yo)P + -+ + (2, — yn) P = m,,
If f € Kere,, then €, (f) = 0, so this means that f itself belongs to m,. Thus, kere, C m,.
The converse implication m, C kere, is even more obvious, so ker €, = m,, follows.
Alternatively, reduce the claim to the case y = (0,0,...,0) by substituting x; — y; for
each x;. O

Recall that the polynomial ring P is graded. If
f=fh+f+-+fa (with fi € P, and f; #0)
is a nonzero polynomial in P, then its leading homogeneous part is defined to be
7(f) = fa

For an arbitrary ideal I C P, define the graded ideal

ingeg(I) = Y _7(f)P. (27)
1%

Thus ingeg (1) is generated by leading homogeneous parts (not by leading monomials!). Reiner
and Rhoades call this ideal gr I; compare [16, Proposition 2.1].
For any d € Z, define the k-submodule

(where an empty direct sum is understood to be {0}, so that P<; = 0 for all negative d).
Thus, P<4 consists of the polynomials of degree at most d, and we have

Pgdpge C P§d+e for all d, e €.

Hence P is a filtered k-algebra, with filtration 0 = P<_; C P<o € P<; C ---

14



Lemma 14 (The associated graded quotient). Let I be any ideal of P. The degree filtration
of P/I is the filtration 0 = F_; C Fy C Fy C --- of P/I defined by setting

P+ 1

7 for each d € Z.

Fy = FCEP/I) :

Thus Fy is the image of P<4 under the quotient map P — P/I. This is a multiplicative
filtration: FyF, C Fy..
The associated graded algebra of P/I is the graded k-algebra

grp(P/I) == @D Fu/Fus.

d>0

Its multiplication is given explicitly by

(a+ Fy1)(b+ Foo1) =ab+ Fyye s (28)
foralla € F; and b € F,.

There is a canonical isomorphism of graded k-algebras
P/ingeg(I) — grp(P/I). (29)
More explicitly, if p € Py is homogeneous, then this isomorphism sends
p+ingeg(l) — (p+I)+ Fo1 € Fu/Fya.
Equivalently, it identifies the degree-d component of the left-hand side with

Peg+1
Peg 1+ I

2

(P/ingeg (1)), (30)

Proof. The inclusion P<4P<. C P<4y. implies F;F, C Fyy.. It also shows that the multipli-

cation rule (28) is independent of the chosen representatives. For example, if o’ € F;_q, then

a'b € Fyye 1, so replacing a by a + ' does not change the product (a + Fy_1)(b+ F._1) in

Fyie/Fyie_1; the same argument applies to b. Thus grp(P/I) is indeed a graded algebra.
For each d > 0, define a k-linear map

(Pd:Pd—>Fd/Fd717 pi—>(p+[)+Fd,1

Taking the direct sum of these ¢, over all d gives a graded k-linear map

p:P=@EPP;— grp(P/I).

d>0

This map is an algebra homomorphism. Indeed, if p € P; and ¢ € P, are homogeneous, then

ep)e(q) = (p+ 1)+ Fuu)((g+ 1) + Foy)
=(pg+ 1)+ Fyye (by (28))
= ¢(pq).
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It also sends 1 to 1, so it is a homomorphism of graded k-algebras.
The map ¢ is surjective. Indeed, let an element of F,;/F,; 1 be represented by g+ I € Fy,
where ¢ € P<4. Write the polynomial ¢ € P<; as

q=qo+q1+- - +qq (withql-ePi).

Thus, ¢ —qa = qo+ ¢ + -+ + qi—1 € P<q_1, so that the class of ¢+ I in Fy/Fy_1 is ¢(qq).
This shows that the class of ¢ + I in F;/F,_; belongs to the image of ¢. By linearity, we
thus conclude that ¢ is surjective.

We next compute the kernel of . Let f = fo+ fi+---+ f4 € I be a nonzero polynomial,
with f; € P; and f; # 0. Thus, 7 (f) = fq. But fo+ fi + -+ fa € I entails

fa+I=—(fo+fit+-+ far)+ 1€ Fy,y in P/I.

Therefore ¢ (fy) = 0. That is, (7(f)) = 0 (since 7 (f) = f4), so that 7 (f) € kerp. Since
ker ¢ is an ideal, it follows that
iNgeg (1) C ker ¢. (31)

We shall next prove the reverse inclusion. First note that ¢ is graded. Thus, if p =
Y gsoPa € kerg, where p; € P, then the direct sum decomposition of the target gives
©(pg) = 0 for every d. Hence it is enough to consider a homogeneous element p € P,
satisfying ¢(p) = 0. We must show that p € ingeg(f). If p = 0, then there is nothing to
prove. Otherwise, ¢(p) = 0 means that p+ I € F;_;. By the definition of F,;_;, there exists
r € P<4_1 such that
p—rel.

The polynomial p — r is nonzero, because p is a nonzero homogeneous polynomial of degree
d, whereas r has degree at most d — 1. Its leading homogeneous part 7 (p — r) is therefore
p. Hence

p=T1(p—1) € ingeg(!) (sincep—rel).

This proves ker ¢ C ingeg(/). Combining this with (31), we find
ker ¢ = ingeg (7).

So ¢ : P — grp(P/I) is a surjective graded k-algebra homomorphism with kernel
ker ¢ = ingeg(/). The first isomorphism theorem thus yields a canonical graded k-algebra
isomorphism (29). Thus, for each d, we have an isomorphism

(Pca+1)/I P+l
(Peg1+1)/I  Peg 1+ 1

(P/ indeg(l))d — Fy/ Py =

(by the standard quotient-of-a-quotient isomorphism), which proves the componentwise de-
scription (30). No choices were made in the construction of ¢, which is why the isomorphism
is canonical. ]

We will use one of the staples of group representation theory (see, e.g., [11, proof of
Theorem 4.4.14]), which we prove here for the sake of completeness:
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Lemma 15 (Maschke splitting lemma). Let G be a finite group, and assume that |G| is
invertible in k. Let
0—U-—V-"W-—0 (32)

be a short exact sequence of k [G]-modules. If (32) splits as a sequence of k-modules, then it
also splits as a sequence of k [G|-modules. In particular, this holds whenever W' is projective
as a k-module.

Proof. Assume that (32) splits as a sequence of k-modules. Choose a k-linear section s :
W — V of w. Thus, ws = id. Define a k-linear map s: W — V by

5(w) |G] ng g tw) for every w € W. (33)

geG
This map s is a section of 7, since the G-equivariance of 7 gives

Zgﬂ s(g™'w)) = Zgg w) =w
el

gEG 1 geG
=g~ 1w

(since ws=id )

and thus s = id. It is furthermore G-equivariant. Indeed, for h € G and w € W, we have

s(hw) gs(g thw)
IGI Z

geG
Z hk s hw) (here, we have substituted hk for g)
keG o
thsk w) = h- stk w)
1G] keG | keG
7s(w)
= hs(w).

Thus s is a k [G]-linear section of 7, and therefore the sequence (32) splits as a sequence of
k [G]-modules.

The final assertion follows because a surjection onto a projective k-module has a k-linear
section.

(This is the usual averaging argument behind Maschke’s theorem; compare [11, Theo-
rem 4.4.14].) O

Lemma 16 (Equivariance and splitting). Let a group G act on P by degree-preserving
k-algebra automorphisms, and let I C P be a G-stable ideal.

(a) The ideal inges(I) and the degree filtration 0 = F_y C F, C Fy C --- from Lemma 14
are G-stable, and the canonical isomorphism (29) is G-equivariant.
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(b) Assume, in addition, that G is finite, that |G| is invertible in k, that the filtration of P/
stabilizes (i.e., we have Fp = P/I for some D € N), and that every k-module Fy/Fy_,
is projective. Then there is a (generally noncanonical) isomorphism of ungraded k [G]-
modules

P/I= gro(P/I). (34)

(c¢) The projectivity hypothesis from part (b) (i.e., the assumption that every k-module
F,;/F,_, is projective) holds automatically if the associated graded algebra gry (P/I)
has a graded k-basis (i.e., a k-basis consisting of homogeneous elements).

Proof. (a) For g € Gand 0 # f € I, degree preservation gives 7(gf) = g7(f). Hence ingeg(1)
is G-stable. That the filtration 0 = F_; C Fy C F; C --- is GG-stable is even more obvious
(since P<4 and I are G-stable). The map ¢ in the proof of Lemma 14 is defined only from
the grading, the quotient map, and the induced filtration, all of which are G-equivariant.
Thus (29) is G-equivariant.

(b) Since the filtration stabilizes, there exists a large enough D € N such that Fp = P/I.
Consider this D. Of course, this entails that F; = P/I for all d > D; therefore, all successive
quotients Fy/Fy 1 with d > D are zero.

For every d, the projectivity of Fy/Fy_1 gives a k-linear splitting of the short exact
sequence

0— Fy1 — Fy—> Fd/Fd—l — 0.

Lemma 15 upgrades this to a k [G]-linear splitting. Thus, we can choose a G-stable comple-
ment L, C Fj such that

Fo=Fq_1® Ly and therefore Li= Fy/Fy 4

as k [G]-modules. Choose such L, for each d > 0; note that all d > D will satisfy Ly = 0
(since Fy/Fy_q is zero).
Now, successively applying the equalities Iy = Fy_ 1 ® Ly, we see that each k& > 0 satisfies

Fro= Fe1 ©Ly= Fro OLi1® Ly

—~— ~——
=Fj_o®Lk_1 =Fi_30Lg_»
=l 3O Lk 2@ Ly 1O Lr=-=F1®Lo® L1 DD Ly

~—
=0

k
d=0

Applying this to k = D, we obtain an (ungraded) k [G]-module isomorphism

D D
Fo=@) Li =EPFuFis=grp(P/I).
=0 ~p,/Fy 4 d=0

(since all successive quotients Fj/Fy_1 with d > D are zero). In view of Fp = P/I, this
yields precisely (34).
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(c) If grp (P/I) has a graded k-basis, then each of its graded components Fy/Fy ; is a
free k-module (just take the appropriate subset of the basis of grp (P/I)), and therefore is
projective. ]

We shall now construct specific ideals I to apply the above results to. In the rest of this
section, we shall really use the assumption that 1y # 0. Of course, Theorem 2 (c) is trivial
if 1 = 0 (since any two modules over a trivial ring are isomorphic).

The symmetric group &,, acts on k™ by

g - (bl, bg, PN ,bn) = (bo-—l(l), 60—1(2), PN ,ba—1(n)).
This action is compatible with the action on P: that is,
(cf)(o-v) = f(v) forany 0 € 6, f € P and v € k"

(where polynomials in P are evaluated at points in k™ in the obvious fashion).
Definition 17. A finite subset Y C k™ will be called strongly discrete if, for any two distinct
points
y=(y1,92,.--,Yn) and z=(21,29,...,2,)

of Y, at least one coordinate difference y; — z; is a unit of k.
Example 18. Assume that n! is invertible in k. For any integer u, let uy denote the image
of w under the canonical ring homomorphism Z — k (that is, the element u- 1 of k). Then,
the pairwise differences of the n elements 1y, 2y, ...,nyx are units of k. Indeed, if i < j are
any two integers in [n], then j —i € [n — 1] C [n| and therefore j — i | n!, so that j — i is
invertible in k (since n! is invertible in k); in other words, jx — ix Is a unit of k.

Thus, the finite subset {1y, 2, ..., nk}" C k™ (which consists of all points in k™ whose all
coordinates belong to {1y, 2y, ...,nk}) Is strongly discrete: Any two distinct points in this

set differ in at least one coordinate, and thus (by the preceding paragraph) the difference of
these respective coordinates is a unit of k.

If Y is a finite set, let k¥ denote the k-algebra of all functions Y — k, with pointwise
addition and multiplication.

Lemma 19. Let Y be a finite strongly discrete subset of k™, and define the ideal
I(Y):={pe P|ply) =0 for every y € Y}
of P (called the vanishing ideal of Y'). Then:
(a) Evaluation induces a canonical k-algebra isomorphism
evy : P/IY) =K, p+I(Y)— (y— ply)). (35)

(b) IfY is &,-stable, then the isomorphism (35) is &,-equivariant, where S,, acts on kY
by the rule

(00)(y) = p(c™" - y) forallo € &,, pc k¥ andy €Y.

Thus it is an isomorphism of k-algebras and of k [&,,]-modules.
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Proof. For each point y = (y1,¥2,...,yn) € Y, define the ideal
my = (21 —y1) P+ (z2 — )P+ + (20 — ) P

of P. Evaluation at y is a surjective k-algebra homomorphism P — k with kernel m, (by
Lemma 13). Hence, by the first isomorphism theorem, we have a k-algebra isomorphism

P/m, =k, (36)

which sends each p +m, to p(y).
Moreover, by the definition of I (Y'), we have

I(Y)=()m, (37)

yey

The ideals m,, for y € Y are pairwise comaximal. Indeed, if y # z, then strong discreteness
of Y gives an i for which u := y; — z; is a unit, and thus we have

l=ut(y; —2z) = —u Y (z; — yi)J—FEL_l(:Ei — Zl)l cmy, +m,,
em, em.

which shows that m, and m, are comaximal. The Chinese remainder theorem thus gives
P/Nyeymy = [[,ey P/my as k-algebras (and even as P-algebras). In view of (37), this
rewrites as

P/I(Y) = H P/m, = H k =k" as k-algebras.
veY X ueY
(by (36))

This is precisely the evaluation map in (35). Thus, (a) is proved.
(b) Assume that Y is &,,-stable. Let 0 € &,, and p € P. Then, each y € Y satisfies

(0 evy(p+ I(Y)))(y) = (evY(p + I(Y))) (et y)
=plo"-y) = (op)(y) = (evy(op + 1(Y))) (y).

In other words, o evy(p + I(Y)) = evy(op + I(Y)). This shows that the map evy is &,-
equivariant (since op+ I (Y) =0 (p+ I(Y))). Thus, (b) is proved. O

Proposition 20. Assume that n! is invertible in k. Then the coinvariant algebra C = P/.J
is isomorphic, as an ungraded k [&,,]-module, to the regular module k [S,,].

Proof. Let 1y, 2k, ...,nx be as in Example 18. Define a point
vi= (1, 2, ..., nk) € K" and its &,,-orbit X =6, .

The elements of X are the n! points in k™ obtained from v by permuting its coordinates.
Recall from Example 18 that the pairwise differences of the n elements 1y, 2y, ..., nx are
units of k; in particular, these n elements 1y, 2y, ..., nyx are distinct (since 1x # 0 entails
that all units of k are nonzero). Hence, permuting the coordinates of the vector v leads to n!
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distinct vectors. In other words, X is an n!-element set, and is an &,,-torsor (i.e., isomorphic
to the regular &,,-set &,, as an &,,-set). Moreover, X is strongly discrete (since the pairwise
differences of the n elements 1y, 2y, . . ., ny are units of k). Lemma 19 (a) (applied to Y = X))
therefore gives a k-algebra isomorphism

P/I(X) =k~ (38)

Moreover, Lemma 19 (b) (applied to Y = X) shows that this isomorphism is &,,-equivariant
(since X is &,-stable). Thus, it is an isomorphism of k [&,,]-modules.

For z € X, let §, € k¥ be its indicator function (sending z to 1 and sending all other
elements of X to 0). The functions (8,),cx form a k-basis of k%, and satisfy o6, = J,., for
all v € X and 0 € G,,. Since X is an &,,-torsor, the map

k[G,) —k* = 00 (39)

is an isomorphism of k [&,,]-modules.
Set

¢ :=e(v)ek  forallien], and
K:=(e1—c)P+(e2—c)P+---+ (e, — cn)P.

The ideal K satisfies
KCI(X).

(Indeed, for each ¢ € [n], we have ¢; (x) = e; (v) for each € X, because the polynomial
e; is symmetric (and x is obtained from v by permuting the coordinates). That is, e; (z) =
e; (v) = ¢; for each x € X; in other words, the polynomial e; — ¢; vanishes on z. Since this
holds for each z € X, we thus obtain e; — ¢; € I (X). Since this holds for each i € [n], this
shows that all the n generators of the ideal K belong to I (X)), and thus K C I(X) follows.)

We next identify P/K explicitly. Evaluation at v restricts to a surjective k-algebra
homomorphism

€ A — Kk, f— f(v),

whose kernel is
kere, = (e; — c1)A+ (ea — co)A + - -+ + (e, — cn)A.

(Indeed, if we identify A with the polynomial ring k [t1, s, ..., t,] using the isomorphism
k[tl,tg,...,tn]%A, t; — €,

then this map is simply evaluation at (c¢y, ¢, ..., ¢,), and its kernel is therefore the ideal
(tr —c)k [t ta, .. ty] + (ta — )k [th, o, .. by + - 4 (tn — cn)K [t1, ta, .. . 1], by Lemma
13.) Thus,

(kere,) P = ((e1 —c1))A+ (ea — co)A+ -+ (e, — ¢u)A) P
=(eg—c)P+(ea—c)P+---+(en —cy)P

= K.
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Let A be the set of all n! Artin monomials. Corollary 11 shows that A is a A-basis of P.
This gives the graded direct-sum decomposition

P =P Am. (40)
Since K = (kere¢,)P, this decomposition also gives

K = P (kere,)m. (41)

meA

Indeed, multiplying the decomposition (40) by the ideal ker €, yields

(kere,)P = (kere,) (@ Am) = Z kere,)Am = Z(ker €,) M,

meA meA —ker ¢y meA
and this sum is direct because it is contained in the direct sum €, , Am.

Now, let H be the k-submodule of P spanned by the Artin monomials. Thus, A is a
basis of H. Moreover, A = k @ kere¢, (where k denotes the span of 1 € A), since ¢, : A — k
is a k-algebra homomorphism that sends 1 € A to 1 € k (so that each f € A satisfies
f—e (f) 1€ kere,). Hence, each m € A satisfies

Am = (k@ kere,) m = km @ (kere,) m

Indeed, multiplication by the monomial m is injective on P (it merely shifts the exponent
vector of every monomial), so it preserves the directness of the decomposition A = k@ kere,.
Therefore, (40) becomes

P:EB Am :@(km@(kerev @km @EB kere,)m = H & K.
meA =km(ker e,)m meA meA meA
=span A=H =K
b (by (41))

Consequently, the canonical projection P — P/K becomes an isomorphism when restricted
to H. Thus the residue classes of the Artin monomials form a k-basis of P/K (since the
Artin monomials themselves form a k-basis of H). In other words, the family (m),,. 4 is a
basis of P/K, where m denotes the residue class m + K of a given m € Ain P/K.

The inclusion K C I(X) gives a k-linear surjection

P/K — P/I(X) =2 k*~.

The source of this surjection has the n! residue classes of Artin monomials as a basis (as we
have shown in the above paragraph), while the target has the n! indicator functions 9, as a
basis. Hence Lemma 9 shows that this surjection is an isomorphism. Thus

K = I(X). (42)
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We now consider the degree filtration of P/I(X) = P/K, that is, the filtration 0 =
FEI;/K) - FéP/K) - FI(P/K) C - - defined by

Pey+ K
FIPIK) T T

i for every d > —1.

This is the filtration 0 = Fy C Fy C Fy C --- from Lemma 14, but constructed for P/K
instead of P/I. Thus, grp(P/K) = @0 Fy"/™ /F™). Note that Pe_; = 0.
For every d > 0, we claim that

the k-module FCEP/K) has basis (M),,c 4. degm<d 1 (43)
where M denotes the residue class m + K of m € P modulo K.
(Proof: The residue classes m for m € A satisfying degm < d clearly belong to F CEP/ K),

since the corresponding m’s belong to P<4. Moreover, the family (m),,. A: degm<d 15 @ sub-
family of the basis (m),,. , of P/K, and thus is k-linearly independent. It remains to show

that this family spans F d(P/ K 1o prove this, we let p = p + K be an arbitrary element

of F CEP/ K), with p € P-;. We must show that p is a k-linear combination of the family
(m)mEA; degm<d-*

By decomposing p € P<4 into its homogeneous components, it is enough to treat the case
in which p is homogeneous of some degree at most d; replacing d by this degree, we may
assume that p is homogeneous of degree d. We can write p uniquely as

p= Z Amm  with A\, € A (44)

meA

(since A is a basis of the A-module P). By projecting this equality onto the d-th graded
component of P, we obtain
p= Z A, (45)
meA;
degm<d
where A, is the (d — degm)-th homogeneous component of A, (since each m € A is ho-
mogeneous, and since p is homogeneous of degree d). Projecting this equality onto P/K

yields
p= Y o m= > ev()\m)m,
meA; ~ meEA;
degm<d N ~:EU(/\m) degm<d
(since A —é€y (Am)eker ey C(ker €y) P=K

and thus szev (Xm) mod K)

which is clearly a k-linear combination of the family (M),,c 4. qogm<a» JUSt as we desired to
show. Thus, (43) is proved.)
Consequently, for every d > 0,

the k-module FCEP/K)/Fde{K) has basis (m”") (46)

meA; degm=d >
where m* is the residue class of m € F, CEP/ M in F ép/ ) / Fg{K).
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(Proof: The k-module F ép/ K) has basis (M), A: degm<d (by (43)), whereas the k-module
FCEI,D{K) has basis (M),,c.4. degm<a_1 (again by (43)). The latter basis is clearly a subfamily
of the former basis. Thus, a basis of the quotient k-module F ép/ K) /F y_){K) can be obtained
by listing the (residue classes of the) elements of the former basis that don’t belong to the
latter basis. This means listing the m* for all m € A that satisfy degm < d but don’t satisfy
degm < d — 1 — that is, that satisfy degm = d. Thus, (46) is proved.)

Note that if d is larger than the degrees of all Artin monomials m € .A3 then the basis
(M) iea: degmea i1 (46) is empty, so that (46) shows that FéP/K)/Fg{K = 0, that is,
FCEP/K) = ij{K). This shows that the filtration 0 = FET/K) - FSP/K) - FI(P/K) C ... of
P/K stabilizes.

Taking the direct sum of (46) over all d > 0, we conclude that the associated graded
algebra

P/K) , +(P/K
are(P/K) = D 7 /E

d>0
has the graded k-basis
(M) e - (47)
For each i € [n|, we have 7 (e; — ¢;) = €; (since e; € P; while ¢; € k = ), so that
e; =T (e; — ¢;) € ingeg(L (X)) (since e; — ¢; € K =1 (X)). Therefore, by (3), we obtain

J C ingeg(1(X)).
Thus we obtain a canonical surjective graded homomorphism
C =P/J - P/ingeg(I(X)) = grp(P/I1(X)) (48)

by Lemma 14 (applied to I = I (X)); moreover, this homomorphism is &,-equivariant by
Lemma 16 (a) (since the ideal I (X) is &,-stable). This homomorphism sends the residue
class m + J of each Artin monomial m to m* € grp(P/I(X)). Proposition 7 says that the
former classes are a k-basis of C', whereas our observation (47) says that the latter classes are
a k-basis of grp(P/K) = grp(P/I(X)) (since K = I (X)). Hence, (48) is an isomorphism
(since a k-linear map sending a basis to a basis must be an isomorphism). In particular, the
first arrow P/J — P/inge,(/(X)) in (48) must be injective, so that

J = ingeg(1(X)). (49)

Also, (48) is an &,,-equivariant k-module isomorphism, hence a k [&,,]-module isomorphism.
The filtration 0 = FE?/K) - FO(P/K) C Fl(P/K) C ... stabilizes (as we saw above).
Moreover, the basis (47) is graded, so Lemma 16 (c) (applied to I = I(X) = K) shows

that every successive quotient F CEP/ ) / Féf{K) is projective. Hence Lemma 16 (b) (applied
to I = I(X) = K) gives an isomorphism of ungraded k [S,,]-modules

P/I(X) = grp(P/I(X)) (50)
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(since |&,| = n! is invertible in k). Now, we have the following chain of isomorphisms of
ungraded k [S,,]-modules:

C = grp(P/1(X)) (by (48))
= P/I(X) (by (50))
= k* (by (38))
=k[6,)] (by (39))-

This proves Proposition 20, i.e., Theorem 2 (c). ]

Thus, we have recovered the classical statement recorded by Haiman that the coinvariant
algebra affords the regular representation [12, Section 1.5]. Over a field of characteristic 0,
this result is due to Chevalley [4, last sentence of Theorem (B)] (in the more general setting
of a Coxeter group).

Remark 21. The preceding proof follows the orbit-harmonics strategy of Oh and Rhoades
[15, Section 1] at two distinct points: it passes from the coordinate ring of the finite orbit
X to its associated graded algebra, and it uses the fact that the function module of a free
orbit is the regular module. The proof concerns the coinvariant algebra only as an ungraded
&,,-module. In graded refinements of orbit harmonics, special point sets involving roots of
unity carry an additional cyclic symmetry whose eigenvalues record the grading; no such
refinement is needed here.

Remark 22. The part of the construction preceding the equivariant splitting requires less
than the invertibility of n!. Namely, suppose that a1, as,...,a, € k have pairwise invertible

differences, and let
v = (ay,as,...,a,) € k", X=6," .

Then X is a strongly discrete &,,-torsor, and the same argument gives the canonical graded
isomorphism

C = grp(P/1(X)).
The invertibility of n! is used only to average the splittings that identify the filtered mod-

ule P/1(X) with its associated graded module equivariantly (as we did in the proof of
Lemma 15).

6 Proof of the equivariant normal-basis statement

We are now ready to prove the last part of Theorem 2: part (d), about the A [S,,]-module
structure of P.

Proof of Theorem 2 (d). Assume that n! is invertible in k. For each d > 0, the k-module
Cy is free (since Proposition 7 shows that C' has a graded basis), and thus the quotient map

Py — Cq
has a k-linear section. That is, the short exact sequence

0—J;— P —C;—0

25



of k[&,,]-modules (where J; — P, is the inclusion and P; — Cj the projection) splits as
a sequence of k-modules. Since |S,| = n! is invertible in k, this sequence thus also splits
as a sequence of k [S,]-modules by Lemma 15. That is, the quotient map P; — C, has a
k [&,,]-linear section. Let Hy C P, be the image of this section, and set

H:@Hd.

d>0

Then H is a graded k [S,]-submodule of P, and the quotient map P — C restricts to an
isomorphism
H-—C

of graded k [&,,]-modules.

Forgetting the gradings in this isomorphism gives an isomorphism H — C' of ungraded
k [6,,]-modules. Proposition 20 gives an isomorphism k [&,] — C' of such modules. Com-
posing the latter isomorphism with the inverse of H = C, we obtain an isomorphism
k[&,] = H. So choose a k [&,]-module isomorphism

0:k[6,] — H,
and put f :=6(1). For every 0 € &,,, we have 0 = ¢ - 1 and thus
O(c)=0(c-1)=0c-0(1) (since 0 is S,-equivariant)
=o(f) (since 0(1) = f). (51)

Thus the family (o (f)),cg, is the image of the basis (), of k [&,] under the isomorphism
0. Hence, the former family (o (f)),ce, is a k-basis of H (since a k-module isomorphism
sends bases to bases). Consequently, the family (1® o(f)),cg, 15 a A-basis of A @y H.

But Proposition 10 (a) says that the multiplication map

m: Ao H = P, a® h+— ah

is an isomorphism of graded A-modules. This isomorphism sends each 1®c(f) to o(f). Hence
the family (0(f)),ce, is a A-basis of P (since it is the image of the A-basis (1® o(f))
of A ® H under this A-module isomorphism m).

Note that the A-module isomorphism m is also &,-equivariant by Proposition 10 (b),
and thus is a A [S,]-module isomorphism. Also, idy ®6 : A @ k[6,] - A®x H is a A [6,,]-
module isomorphism (since 6 : k [S,] — H is a k [S,]-module isomorphism), and there is a
canonical A [S,]-module isomorphism

O'EGn

k:A@k[6,] = A[G,], a® o ao.
Composing the A [&,,]-module isomorphisms

A6, s A @i k[6,] “ 220 Aoy H - P,
we thus obtain a A [S,]-module isomorphism from A [S,,] to P, which shows that P = A [S,)]
as A [6,,]-modules. Moreover, this composed isomorphism is easily seen to send each ao (with
a€Nand o €6,) toal (o) =ao (f) (by (51)), and thus must send each ) o a,0 (with
as € A)to Y s o0 (f). So it is precisely the map @ from (5). Thus the proof of Theorem
2 (d) is complete. O
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Remark 23 (The isomorphism is not graded). The element f in the above proof cannot be
chosen homogeneous when n > 2. Indeed, if deg f = d, then all o(f) have degree d, and the
resulting isomorphism would imply

Hilb(P; q) = ¢*n! Hilb(A;q),
which is false. What is graded is the decomposition
P=A®yH,

where H has the nontrivial coinvariant grading. Only after forgetting this grading is H the
regular module.

Example 24. Let n = 2 and assume that 2 is invertible in k. Then
A=k (x) + 9, 7129] and H = span, {1, 21 — z2}.
For the transposition s = (1 2), the element
f=1+(z1 — 1)

has orbit
f=1+ (21 —2), s(f) =1—(v1—z2),
which is a k-basis of H and therefore a A-basis of P.

7 A modular counterexample

The invertibility hypothesis in Theorem 2 (c¢) and (d) cannot simply be omitted. For
example, take n = 2 and k = Fy. Writing s = (1 2), we have
k [%1, .1'2] k [t]

C= = :
(.1'1 + .CIZ’Q)P -+ l‘ll'gp 2k [t]

The relation x; + x5 = 0 becomes x; = xs, so s acts trivially on all of C'. On the other hand,
s does not act trivially on the regular module k [&,]: it interchanges the basis vectors 1 and
s. Hence, C'is not isomorphic to k [G;] as k [Ss]-modules, and Theorem 2 (c) fails.

Theorem 2 (d) fails as well in this generality. Indeed, tensoring a hypothetical A [S,]-
module isomorphism P = A [&,] over A with A/A, = k — or, equivalently, reducing modulo
AP = e; P+ ey P — would produce the impossible isomorphism C' = k [&,].

Notes on the origins of the proofs

The two field-valued ingredients underlying Theorem 2 are stated in Haiman’s treatment of
the ordinary coinvariant algebra [12, Section 1.5]: the coinvariant algebra affords the regular
representation, and a homogeneous space of representatives freely generates the polynomial
ring over the invariant subring. The proofs above formulate both statements over a commu-
tative coefficient ring, under the hypotheses stated in Theorem 2.
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The degeneration from a finite point locus to the quotient by leading homogeneous parts
follows the orbit-harmonics framework of Oh and Rhoades [15, Section 1]; their Section 3.1
explains the reflection-group coinvariant case via a regular orbit. Our orbit

<1k> Qk, e ,nk)

is chosen so that distinct orbit points are strongly discrete. The additional cyclic action
used in graded refinements of orbit harmonics is not needed here. The associated-graded
construction is also recorded by Reiner and Rhoades [16, Propositions 2.1 and 2.7]. Signif-
icant changes were necessary to make the proofs of (c¢) and (d) apply not only to fields of
“good” characteristic, but to arbitrary commutative rings k in which n! is invertible, as this
level of generality rendered several linear-algebraic shortcuts inaccessible.

Our proof of Theorem 2 (a) imitates [17, proof of Theorem 1.2.7], but replaces the
additional variables y1,ys,...,y, by 0,0,...,0.
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