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Poincaré-Birkhoff-Witt type results for
inclusions of Lie algebras

Remark on this version:

This is the long (detailed) version of this paper. Its goal is to provide proofs for most
of the results involved, even if the results are well-known or their proof is an almost
verbatim imitation of another (already given) proof. As a consequence, it is very long
(even longer than the supposedly “short” version), so I recommend the short VersionEI
for reading.

At the moment, Sections [5] and [6] are almost identical in the long and short versions.
This will probably be changed when I have some more time.

0.1. Introduction

The goal of this paper is to give an elementary and self-contained proof of the rel-
ative Poincaré-Birkhoff-Witt theorem that was formulated and proved by Calaque,
Caldararu and Tu in [2]. While our proof passes the same landmarks as the one given
in [2], it will often take a different path in between. In particular, it will completely
avoid the use of Koszul algebras and Hopf algebras in the proofs of two crucial lem-
mata. It will be completely elementary except for applying the (standard, non-relative)
Poincaré-Birkhoff-Witt theorem - something I was not able to eschew.

Besides the elementarity, an advantage of our approach is that it applies to a slightly
more general setting than the one given in [2]. The proofs of the first two main lemmata
still hold true for Lie algebras which are modules over an arbitrary commutative ring &
(rather than vector spaces over a field k), as long as a weak splitting condition (which
is always satisfied in the case of a field) is satisfied (an inclusion of Lie algebras is
supposed to split as a k-module inclusion). Unfortunately this generality is lost in
the proof of the third main lemma, but it still applies to some rather broad cases
encompassing that of k being a field.

Let us sketch the course of action of [2], and meanwhile point out where our course
of action is going to differf

One of the many (albeit not the strongest or most general) avatars of the Poincaré-
Birkhoff-Witt theorem states that if k is a field of characteristic 0, and g is a k-Lie
algebra, then the universal enveloping algebra U (g) is isomorphic to the symmetric
algebra Sym g as a g-modulef| Even dropping the characteristic 0 condition, we still
know (from another ” Poincaré-Birkhoff-Witt theorem”) that the canonical filtration of
U (g) (the one obtained from the degree filtration of the tensor algebra ®g) results in

Lavaliable at http://www.cip.ifi.lmu.de/"grinberg/pbw.pdf

2Note that the aim of this Introduction is to give an overview of the results some of which we are
going to prove in the following, not to define and formulate everything in full detail. The reader
can safely skip this Introduction: Every notion we define in it will be defined in greater detail
(and often in greater generality) in one of the subsequent Sections (unless it will not ever be used
outside this Introduction). The situation we consider in this Introduction (a Lie algebra g over a
field k, and a Lie subalgebra § of g) will not be the situation we consider in the rest of this paper;
instead we will consider slightly more general situations in the rest of this paper.

3See Remark for the right definition of the g-module structure on U (g).



an associated graded algebra gr (U (g)) which is isomorphic to the symmetric algebra
Sym g as a g-algebra['|

The paper [2] is concerned with generalizing these properties to a relative situation,
in which we are given a Lie algebra g and a Lie subalgebra h C g, and we consider
the h-modules U (g) /(U (g) - ) and Sym (g,h) instead of U (g) and Symg. (Here,
U (g) - h means the right ideal of U (g) generated by the image of h C g under the
canonical map g — U (g).) In this relative situation, we do not get much for free
anymore, but [2] proves the following results:

e If kis afield of arbitrary characteristic, then we have an isomorphism U (g) / (U (g) - b)
Sym (g,/h) of filtered k-modules (here, the filtration on U (g) / (U (g) - h) comes
from the canonical filtration on U (g)), even if not necessarily of h-modules. This
isomorphism needs not be canonical. However, there is a canonical isomorphism
of associated graded h-modules gr,, (U (g) /(U (g) - b)) = Sym" (g,/h) for every
n € N.

o If k£ is a field of characteristic 0, then we do have a canonical isomorphism
U(g)/(U(g)-bh) = Sym(g,h) of filtered h-modules if and only if a certain
Lie-algebraic condition on g and b is fulfilled. This condition takes three equiva-
lent forms (Assertions 2, 3 and 4 in Theorem [0.1)), is (comparably) easy to check
and is rather often fulfilled in classical cases.

We will now come to the exact statements and strengthenings of these results.
Theorem 1.3 of [2] (the main result of the paper) states:

Theorem 0.1 (Relative Poincaré-Birkhoff-Witt theorem). Let k be a field of char-
acteristic 0, and let g be a k-Lie algebra. Let h be a Lie subalgebra of g. Let n
denote the quotient h-module g h.

Preparations:

1. Consider the universal enveloping algebra U (g) of g. By using the canonical
embedding g — U (g) (this is an embedding due to the standard Poincaré-Birkhoff-
Witt theorem), we can consider g a subset of U (g), and thus h C g C U (g).

2. Now, define a new k-Lie algebra h") as follows (see Proposition for a more
detailed definition): Let FreeLieg denote the free Lie algebra on the k-module g,
and let ¢ : g — FreeLie g be the corresponding embedding. Let h® denote the k-Lie
algebra obtained by factoring the free Lie algebra FreelLie g by the Lie ideal gener-
ated by its k-submodule ([¢ (v), ¢ (w)] — ¢ ([v,w]) | (v,w) € h x g).

We have a canonical injective k-Lie algebra homomorphism b — ) (see Proposi-
tion (a) for its construction).

3. Let 3: h®n — n be the k-linear map defined by

B (h®n) = (the action of h € h on the element n of the h-module n)
for every h € h and n € n '

inclusion projection 0

4. Consider the exact sequence 0 b

4See Definition for the definition of the notion of a g-algebra. (It is a very natural notion and
probably known in literature under a similar name. Hopf algebraists can translate it as "U (g)-
module algebra”.)
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of h-modules. Tensoring this exact sequence with n, we obtain an exact se-
quence 0 ——h®n gon n®n——0 of h-modules. This exact se-

quence gives rise to an element of Exté (m®@n,hb®n). Applying the map

Ext} id,B
Exty (n®@n,h®n) L ) Exty (n @ n,n) (this map is owed to the functoriality

of Exty) to this element, we obtain an element of Exty (n ® n,n) which we call o.
Statement of the theorem:

The following assertions are equivalent:

Assertion 1: The natural filtration on the h-module U (g) /(U (g) - h) (the one ob-
tained by quotienting from the natural filtration on U (g) which, in turn, is obtained
by quotienting from the degree filtration on ®g) is h-split. (By ”h-split” we mean
"split as a filtration of h-modules”, i. e., the splitting must be h-linear.)

Assertion 2: Considering the natural filtration on the h-module U (g) / (U (g) - h),
there exists an isomorphism U (g) / (U (g) - h) = Symn of filtered h-modules. (Here,
an "isomorphism of filtered h-modules” means an isomorphism of h-modules which
respects the filtration, as does its inverse.)

Assertion 3: The class a € Ext, (n® n,n) is trivial.

Assertion 4: The h-module n is the restriction of an hY-module to b (via the above-
mentioned k-Lie algebra homomorphism h — h1)).

Before we proceed any further, let us note that the equivalence of Assertions 3 and 4
in this theorem is rather easy and was proven in [2] (even in greater generality). More
precisely, it is a particular case of the following lemma ([2, Lemma 2.3]):

Lemma 0.2. Let k be a field, and let g be a k-Lie algebra. Let b be a Lie subalgebra
of g. Let E be an h-module. Let n denote the quotient h-module g,h.
Preparations:

1. Define a Lie algebra hM as in Theorem .

2. Let B : h® E — E be the k-linear map defined by

EE (h ® E) = (the action of h € b on the element e of the h-module F)
for every hehand e € E ’

. inclusi projection
3. Consider the exact sequence 0 [—— n 0

of h-modules. Tensoring this exact sequence with FE, we obtain an exact se-
quence 0 —h® F gk n® E——0 of h-modules. This exact se-

quence gives rise to an element of Ext; (n® E,h ® E). Applying the map
1(:q 3

Exty (n® E,h @ E) EXt'&BE) Exty (n® E, E) (this map is owed to the functori-

ality of Exty) to this element, we obtain an element of Exty (n ® E, E)) which we call

aE.

Statement of the lemma:

The class ap € Exté (n® E, FE) is trivial if and only if the h-module E is the restric-

tion of an hY-module to b (via the k-Lie algebra homomorphism b — h) mentioned

in Theorem (0.1)).

This lemma is proven in |2, Lemma 2.3]. The proof generalizes to the case when k is



a commutative ring, as long as we require the inclusion h — g to split as a k-module
inclusion.E] We are not going to repeat the proof here.

We are actually going to avoid the use of the Lie algebra hV) in this paper. While it
is a very natural construction, it is rather cumbersome to deal with, and it is nowhere
actually used in [2]; the only things used are the notion of an h™™-module and the
universal enveloping algebra U (hV). Instead of the notion of an hV-module, we
will use the equivalent notion of a (g, h)-semimodule (a notion we define in Definition
, and whose equivalence to that of an hM-module we prove in Proposition .
Instead of U (h(l)), we will use a k-algebra U (g, ) that we define in Definition ,
and which turns out to be isomorphic to U (f)(l)) (Proposition . Thus, Assertion
4 of Theorem [0.1] will rewrite as follows:

Assertion 4: The h-module n is the restriction of a (g, h)-semimodule to b.

In a nutshell, a (g, h)-semimodule is the same as a g-module, except that we no
longer require

a,b) ~v=a—(b—v)—b— (a —v)

to hold for all @ € g and b € g (where — denotes the action of the Lie algebra g on the
g-module/(g, h)-semimodule), but only require it to hold for all @ € h and b € g. This
is a rather down-to-earth notion, and in my opinion it is much more primordial than
that of h(V. Tt actually gives a justification for the interest in h™) - as the Lie algebra
whose module category is equivalent to the category of (g, h)-semimodules.

The next step in the proof of Theorem 0.1]is showing the following lemma ([2, Lemma
3.4]):

Lemma 0.3. Let £ be a field, and let g be a k-Lie algebra. Let h be a Lie subalgebra
of g. Let n denote the quotient h-module g,b.
Let J be the two-sided ideal

(®9) - (v@w—wev—[v,w] | (v,w) €gxbh)-(2g)

of the k-algebra ®g. The degree filtration of the tensor k-algebra ®g descends to a
filtration of the quotient algebra (®g) / (J + (®g) - h), which we denote by (F,), -
This is actually a filtration of the h-module (®g) / (J + (®g) - b). -
Then, for every n € N, the n-th associated graded h-module of (®g) / (J + (®g) - b)
with this filtration is isomorphic to n®™ as h-module. In other words, every n € N
satisfies F,, /F,,_; = n®" as h-modules.

This lemma is proven using the theory of Koszul algebras in [2]. We are going to
prove it elementarily (by recursive construction of an isomorphism and its inverse) in
Section[2 Our elementary approach has the advantage of not depending on homological
algebra and thus not requiring k£ to be a field; we only need the inclusion h — g to
split as a k-module inclusion. It would not surprise me if this generality could also be
attained by means of the argument from [2] using relative homology, but this would
require redoing the theory of Koszul algebras in the relative setting, which was too
time consuming a task for me (although probably a rewarding one).

°This is a reasonable requirement, as we also need it for Lemma to make sense: If we do not
require it, it is no longer clear why the sequence 0 —— hRQF ——gQ F nRkE 0 is

exact, but we need this sequence to be exact in order to define the class ag € Exté MR EHRE).



Note that the above statement of Lemma [0.3]is not exactly what this lemma wants
to state. Just knowing that F,,/F,_; = n®" as h-modules is not enough for us;
we need to know that a very particular homomorphism F, /F,_; — n®" is well-
defined and an isomorphism. This is what Lemma |0.3| actually should tell, if we would
allow it to be twice as long. We refer the reader to Theorem (c) below for the
"right” statement of this lemma. This "right” statement actually shows that we have
a canonical isomorphism F,, /F,_; — n®". However, we are going to construct it by
means of a non-canonical isomorphism (®g) / (J + (®g) - h) — @n (which, however, is
non-canonical only by virtue of depending on the choice of a k-vector space complement
for b in g); this will be the isomorphism % in Proposition . The canonicity of the
resulting isomorphism F, /F,,_; — n®" will come as a surprise.

Lemma tells us what the associated graded h-modules of the filtered h-module
(®g9),/ (J + (®g) - h) are isomorphic to, but it does not directly show how the filtered
h-module (®g) / (J + (®g) - h) itself looks; in fact, passing from a filtered h-module
to its associated graded h-modules entails loss of information (even though a lot of
important properties are preserved). However, when a filtration on a filtered h-module
is h-split, then it is determined up to isomorphism by its associated graded h-modules.
We therefore can ask ourselves when the filtration (F,),., on the filtered h-module
(®g),/ (J + (®g) - h) is h-split. This is answered by the next lemma, which is [2,
Lemma 3.9]:

Lemma 0.4. Let k be a field, and let g be a k-Lie algebra. Let b be a Lie subalgebra
of g.

Let (F}.),o be defined as in Lemma Let a be defined as in Theorem .
Then, the filtration (F),),5, is h-split if and only if the class a is trivial.

Note that one direction of this lemma is more or less straightforward: Namely, if the
filtration (F},),>, is h-split, then abstract nonsense (of the trivial sort) shows that the

short exact sequence 0 —— Fy /' Fj _Inclusion , p S Fy projection F/F,—0

must also be h-split, and thus the class « is trivial (because it is, up to isomorphism,
the class of this sequence, as [2, Lemma 3.4] shows). We are not going to delve in the
details of this argument.

The interesting part is the other direction: to assume that the class « is trivial,
and then to show that the filtration (F),),, is b-split. In [2], this is proven using
a Lie-algebraic analogue of the famous projection formula from representation theory
([2, Lemma 3.8]). The proof uses Hopf algebras (although only as a language - no
nontrivial facts are used; as opposed to the proof of Lemma[0.3] this one is completely
elementary). Here we are going to give a different proof (somewhat similar to our
proof of Lemma in Section {4| (more precisely, our Theorem (d) yields that
the filtration (F7,),,5, is h-split even in a more general context than Lemma (0.4] claims
it). Both our proof and the proof given in [2] begin by applying the equivalence of
Assertions 3 and 4 in Theorem so that we know that n is the restriction of an
h(V-semimodule (i. e., of a (g, h)-semimodule) to b, and we want to prove that the
filtration (£},),, is h-split. Both proofs hold true for & being an arbitrary ring as long
as the inclusion h — g splits as a k-module inclusion. Actually, it seems to me that
the proofs are kindred (as opposed to the proofs for Lemma , although written in
different lingos.



The next step is the passage from (®g) / (J + (®g) - h) to U (g) /(U (g) - h). This
is done in [2, Lemma 4.3]. While the precise assertion of |2, Lemma 4.3] is contained
in our Theorem (d), its actual significance to the proof lies within the following
consequence of [2, Lemma 4.3]:

Lemma 0.5. Let k be a field, and let g be a k-Lie algebra. Let h be a Lie subalgebra
of g. Let n denote the quotient h-module g,h.
Let n € N. Then, there exists a canonical h-module isomorphism O,

gr, (U(g) /(U(g)-bh)) — Sym" n for which the diagram

er, (9g) —= L or (U(g)./ (U (g) - b))

gr, (®n) On
gradn’,lilN
n®n Sym" n

Symy

commutes. Here, m denotes the canonical projection g — g, = n, while ¢ de-
notes the canonical projection ®g — U (g), while p denotes the canonical projec-
tion U (g) — U (g) /(U (g)-b), while grad,,, denotes the canonical isomorphism
n®" — gr (®n), and while sym, ,, denotes the canonical projection n®" — Sym" n.

This will be proven in parts (¢) and (d) of our Corollary The proof is identic
to that in [2, proof of Lemma 4.3|, except that we give more details (as usual) and
replace the "k is a field” condition by something more general - albeit not as general
as for the results before. In Subsection [6.4] we will somewhat improve this condition.

So what remains is the proof of Theorem using all of these lemmata. We already
know that Assertions 3 and 4 are equivalent, which allows us to forget Assertion 3.
Assertions 1 and 2 are also easily seen to be equivalent (by Proposition ; see the
proof of Proposition for how this is used). So we only need to show the equivalence
between Assertions 1 and 4. We will not show that Assertion 1 implies Assertion 4 as
this is not difficult and well-explained in [2], proof of Theorem 4.5 (¢) = (a)] (and is,
apparently, not of too much use: Assertion 1 is much harder to check than Assertion
4). We will show that Assertion 4 implies Assertion 1 in Theorem [5.20]

0.2. Remarks on the structure of this paper

The plan of this paper is as follows:

In Section (1) we define a number of notions related to Lie algebras and their mod-
ules, and prove some basic theorems that will later be used. Every statement in this
Section is either well-known or follows easily from well-known facts; most proofs are
only given for the sake of completeness and would be more appropriate as solutions
to homework exercises in a first course of algebra. Therefore Section [If can be safely
skipped by anyone acquainted to Lie algebra theory, except for Definition m (this
is a well-known notion, but I am not sure whether it is well-known under this exact
name) and Remark (for the disambiguation of the g-module structure on U (g)
that I will be using - as it is one of two different, but equally natural structures).



Section [2|is devoted to the proof of Lemmal0.3|in a more general setting. The proof
is based on a k-module homomorphism ¢ : ®g — ® N (where N is a k-module comple-
ment to b in g) which is constructed recursively in Definition . This homomorphism
¢ was obtained by educated guessing (which, I believe, is the main contribution of this
paper) based on experience with similarly constructed maps for Clifford algebras (see
Subsection [6.3| for them).

Section (3| defines the notion of a (g, h)-semimodule. This is my replacement for
the notion of an hM-module used in [2] (the equivalence to this latter notion is proven
in Proposition and shares many properties with the familiar notion of g-module.
We will state some of these properties; many of them are analogous to (and often more
general than) similar properties of g-modules given in Section

Section [4|proves Lemma in the equivalent form given above (instead of assuming
that « is trivial, we assume that n is the restriction of a (g, h)-semimodule). Again,
the proof is given in more generality than Lemma [0.4] itself. The idea of the proof -
a recursive construction of a homomorphism v : ®g — ®n (this time, as opposed to
Section , we use ®@n instead of ® N, albeit these two k-algebras are isomorphic), which
is an h-module homomorphism this time - is similar to that of Section [2| and so are
some further steps of the proof.

Section [5] then states the Poincaré-Birkhoff-Witt theorem in several versions, and
completes the proofs of Lemma [0.5) and Theorem Again, the situation considered
in Section [f] is more general than that of Lemma [0.5] and Theorem 0.1} although not
as general as that of Sections [2] and [4]

The final Section [6]is a kind of odds-and-ends section. It begins with Subsection
6.1, which tries to squeeze out some additional generality from the results of Sections
and [4] Subsection discusses analogues of the results of [2] in the Clifford algebra
of a quadratic space (instead of the universal enveloping algebra of a Lie algebra).
Subsection [6.2|is devoted to generalization to Lie superalgebras. Subsection [6.4] extends
Theorem to a less restrictive case (rather than requiring h and N to be free k-
modules, we only demand g, to be a flat k-module), whose proof is due to Thomas
Goodwillie.

Here is a graph depicting the dependencies of the sections of this note on each other:

Section 1

Section 2 §ection 3 Section 4

Section 5“ Section 6

(arrow means dependency; dotted arrow means very minor dependency).

I have tried to keep this paper as detailed and unambiguous as possible. In particu-
lar, I have abdicated many of the common abuses of notation, like silently identifying
things which are actually only isomorphic rather than equalﬁ, or saying "U and V are

6T have not abdicated this completely. I do make such identifications in certain places: For example,
I identify V& @ V®™ with V®(+7) for any k-module V and n € N and m € N. And I identify

V®" with a submodule of @ V®". However, I try to keep these identifications to a minimum; in
neN
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isomorphic” when actually meaning the stronger assertion ”a very particular homo-
morphism U — V is an isomorphism”. This noticeably contributes to the length of
this paper, but hopefully does so to its readability as well.

Also I have tried to keep theorems self-contained. This means that all notations used
in a theorem are defined there, or the places where they are defined are referenced in
the theorem. Unsurprisingly, this has stretched the lengths of theorems, but again I
hope it was not a vain endeavour.
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Andreas Rosenschon advised this thesis and helped out with many valuable dis-
cussions. I have learned much of what I am using in this paper from Hans-Jiirgen
Schneider’s lectures on Hopf algebra and Pavel Etingof’s texts and e-mails.
Further thanks go to my parents for starting off my mathematical education.

0.4. Basic conventions

Before we come to the actual body of this note, let us fix some conventions to prevent
misunderstandings from happening:

Convention 0.6. In this note, N will mean the set {0,1,2,3,...} (rather than the
set {1,2,3, ...}, which is denoted by N by various other authors).

Convention 0.7. In this note, a ring will always mean a ring with 1. If k is a ring,
a k-algebra will mean a (not necessarily commutative, but necessarily associative)
k-algebra with 1. Sometimes we will use the word "algebra” as an abbreviation for
"k-algebra”. If L is a k-algebra, then a left L-module is always supposed to be a left
L-module on which the unity of L acts as the identity. Whenever we use the tensor
product sign ® without an index, we mean ®;. Similarly, whenever we use the Hom
and End signs without index, we mean Hom, and Endy, respectively.

1. Basics about Lie algebras and their modules

First we are going to recollect the most fundamental definitions and results (and,
sometimes, even proofs) from the theory of Lie algebras. While most of these appear
in literature, we will recapitulate them already in order to introduce all of the notations
that we are going to use.

Almost all results in Section [I] are classical and well-known, so there is no need
to prove all of them. However, I will prove some of them, in order to counter the

particular I never identify F,, /F;,_; with n®” in Theorem (although F,, /F,_1 = n®" canon-
ically), and I never identify gr,, (U (g)) with Sym" g in Proposition (despite the isomorphism
gr,, (U (g)) = Sym™ g when the n-PBW condition is satisfied), and I do not even identify gr, (®V')
with V®? in Proposition (although gr, (®V) = V®P rather trivially).
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unfortunate trend in literature of leaving such proofs to the reader. For example, our
Proposition [1.45] which more or less says that the tensor product of several g-modules
does not depend on the bracketing (in the sense that different bracketings produce
different but canonically isomorphic g-modules), is known to and considered obvious
by everyone working in the field. But I have not seen a detailed proof anywhere in a
text. While the proof is straightforward, I did not consider my text complete until the
proof was written out.

1.1. Lie algebras
First we recall the basic properties of Lie algebras. Some fundamental definitions:

Definition 1.1. Let k£ be a commutative ring. A k-Lie algebra will mean a k-module
g together with a k-bilinear map 3 : g X g — g satisfying the conditions

(8 (v,v) =0 for every v € g) and (1)

(B (u, B (v,w)) + B (v, B (w,u)) + B (w, 5 (u,v)) =0 for every u € g, v € g and w(e)g) )
2

This k-bilinear map S : g x g — g will be called the Lie bracket of the k-Lie algebra
g. We will often use the square brackets notation for 3, which means that we are
going to abbreviate § (v, w) by [v, w] for any v € g and w € g. Using this notation,
the equations (1)) and (2)) rewrite as

([v,v] = 0 for every v € g) and (3)
([u, [v, w]] + [v, [w, u]] + [w, [u,v]] =0 for every u € g, v Egand w € g).  (4)

The equation ([2) (or its equivalent version (4f)) is called the Jacobi identity.
Also, we will abbreviate the notion ”k-Lie algebra” as ”Lie algebra”, as long as the
underlying ring k£ will be obvious from the context.

Note that Lie algebras are not algebras (in our nomenclature), since we require
algebras to be associative.

Convention 1.2. We are going to use the notation [v, w] as a universal notation for
the Lie bracket of two elements v and w in a Lie algebra. This means that whenever
we have some Lie algebra g (it needs not be actually called g; I only refer to it by g
here in this Convention), and we are given two elements v and w of g (they need not
be actually called v and w; I only refer to them by v and w here in this Convention),
we will denote by [v, w] the Lie bracket of g applied to (v,w) (unless we explicitly
stated that the notation [v, w] means something different).

Proposition 1.3. Let k be a commutative ring. Every k-Lie algebra g satisfies
([v,w] = — [w,v] for every v € g and w € g). (5)

(Here, according to Convention [I.2] we denote by [v,w] the Lie bracket of the Lie
algebra g, applied to (v, w), and we denote by [w, v] the Lie bracket of the Lie algebra
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g, applied to (w,v).) In other words, if 8 denotes the Lie bracket of g, then we have
(B (v,w) =—p (w,v) for every v € g and w € g). (6)
Proof of Proposition[1.5. Let v € g and w € g be arbitrary.

Let 5 denote the Lie bracket of g. Applying to v + w instead of v, we obtain
B (v+w,v+w)=0. Thus,

0=B0w+wv+w)= Bw+wv) + (v+ww) (since (3 is bilinear)
—6o0)+Bwe)  =low)+B(ww)
(since B is bilinear)  (since 8 is bilinear)
= B v,v) +6(w,v) + B (v,w) + B (w, w) =045 (w,v) + 3 (v,w) +0
—— ——
=0 (by (1) =0 (by (1,

applied to w instead of v)

= B (w,v) + B (v,w).

This rewrites as 3 (v,w) = —f (w,v). Thus () is proven.

According to Convention , we denote by [v,w] the Lie bracket of g, applied to
(v,w). Since the Lie bracket of g is 3, this becomes [v,w] = f(v,w). Similarly,
[w,v] = f(w,v). Thus, [v,w] = (v,w) = — f(w,v) = — [w,v]. This proves 1) We

——

:[wvv]

have thus proven Proposition [1.3]

1.2. Lie subalgebras and Lie algebra homomorphisms

The following definition of the notion of a Lie subalgebra holds little surprise:

Definition 1.4. Let k be a commutative ring. Let g be a k-Lie algebra. Let h be a
k-submodule of g. Then, we say that b is a k-Lie subalgebra of g if every u € h and
v € b satisty [u,v] € b.

We will abbreviate ” k-Lie subalgebra” as ”Lie subalgebra” when k is clear from the
context.

This Definition is fundamental to this paper, as we are going to study the inter-
play between the universal enveloping algebra U (g) (defined in Definition with a
Lie subalgebra b of g.

As opposed to this, the following four definitions will only be used marginally
(namely, in Subsection [3.11)):

Definition 1.5. Let k£ be a commutative ring. Let g and h be two k-Lie algebras.
Let f: g — b be a map. This map f is said to be a Lie algebra homomorphism if
and only if it is k-linear and satisfies

(f ([v,w])) = [f (v), f (w)] for every v € g and w € g).

(In this equation, according to Convention[1.2] the term [v, w] denotes the Lie bracket
of g applied to (v, w), whereas the term [f (v), f (w)] denotes the Lie bracket of b

applied to (f (v), f (w)).)
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Definition 1.6. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let S be
a subset of g.

(1) Consider the subset of g which consists of every element which can be obtained
by repeated addition, scalar multiplication (i. e., multiplication with elements of
k) and forming the Lie bracket from elements of S. This subset is called the Lie
subalgebra of g generated by S. (It is easy to see that this subset indeed is a Lie
subalgebra of g, so this name is justified. It is also easy to see that this subset is the
smallest Lie subalgebra of g which contains S as a subset, where ”smallest” means
”smallest with respect to inclusion”.)

(2) The Lie algebra g is said to be generated (as a Lie algebra) by the subset S (or
also generated (as a Lie algebra) by the elements of S) if and only if g is identical
with the Lie subalgebra of g generated by S.

(Note that assertions like ”The Lie algebra g is generated (as a Lie algebra) by the
subset S” should never be confused with assertions like " The k-module g is generated
(as a k-module) by the subset S”, even though every Lie algebra is a k-module. If we
have a Lie algebra g and we know that the k-module g is generated (as a k-module)
by some subset S, then we can conclude that the Lie algebra g is generated (as a
Lie algebra) by S as well; but the converse direction does not hold.)

Definition 1.7. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let i be a
subset of g.
(a) We say that i is a Lie ideal of g if and only if i is a k-submodule of g satisfying

([v,2] € for every v € g and x € i) .

(b) If i is a Lie ideal of g, then the k-module g,/i can be made into a k-Lie algebra
by setting
([6, w] = [v,w] for every v € g and w € g>

(where for every ¢ € g, the residue class of ¢ modulo i is denoted by ). This k-Lie
algebra is indeed well-defined, as can easily be seen.

Definition 1.8. Let k be a commutative ring. Let g be a k-Lie algebra. Let S be
a subset of g.

For any a € g, define a map ad, : g — g by (ad, () = [a, z] for every z € g).
Consider the subset of g which consists of every element which can be obtained by
repeated addition, scalar multiplication (i. e., multiplication with elements of k)
and application of the maps ad, (where a € g can be arbitrarily chosen and does
not have to be the same each time we apply ad,) from elements of S. This subset
is called the Lie ideal of g generated by S. (It is easy to see that this subset indeed
is a Lie ideal of g, so this name is justified. It is also easy to see that this subset
is the smallest Lie ideal of g which contains S as a subset, where "smallest” means
”smallest with respect to inclusion”.)
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1.3. Modules over Lie algebras

While Lie algebras are interesting for themselves, they are often better understood
through their modules. Here is a definition of this notion:

Definition 1.9. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V' be a
k-module. Let p: g x V' — V be a k-bilinear map. We say that (V, u) is a g-module
if and only if

(1 ([, 6], 0) = g (a, 1 (b, 0)) — 2.(b, 1 (a,0)) for every a € g, b€ g and v € V).
(7)
If (V,u) is a g-module, then the k-bilinear map p : g x V' — V is called the Lie
action of the g-module V.
Often, when the map pu is obvious from the context, we abbreviate the term p (a,v)
by a — v for any a € g and v € V. Using this notation, the relation @ rewrites as

([a,) ~v=a—(b—=v)—b—(a—w) foreveryacg,begandv e V). (8)

Also, an abuse of notation allows us to write "V is a g-module” instead of ”(V, ) is
a g-module” if the map u is clear from the context or has not been introduced yet.
Besides, when (V, u) is a g-module, we will say that p is a g-module structure on V.
In other words, if V' is a k-module, then a g-module structure on V means a map
p:gxV — V such that (V,u) is a g-module. (Thus, in order to make a k-module
into a g-module, we must define a g-module structure on it.)

Convention 1.10. We are going to use the notation ¢ — v as a universal notation
for the Lie action of a g-module. This means that whenever we have some Lie algebra
g and some g-module V' (they need not be actually called g and V; T only refer to
them as g and V here in this Convention), and we are given two elements a € g and
v € V (they need not be actually called a and v; I only refer to them by a and v here
in this Convention), we will denote by a — v the Lie action of V' applied to (a,v)
(unless we explicitly stated that the notation a — v means something different).
Convention on the precedence of the — sign: When we use the notation
a — v, the — sign is supposed to have the same precedence as the multiplication
sign (i. e. bind as strongly as the multiplication sign). Thus, a — v 4+ w means
(e = v) + w rather than ¢ — (v+w), but a = v - w is undefined (it may mean
both (¢ — v)-w and a — (v - w)). Application of functions will be supposed to bind
more strongly than the — sign, so that f (v) — ¢ (w) will mean (f (v)) = (g (w))
(rather than f (v — g(w)) or (f (v — ¢)) (w) or anything else), but we will often
use brackets in this case to make the correct interpretation of the formula even more
obvious.

Notational remark. Most authors abbreviate the term p (a,v) (where p is the Lie
action of a g-module) by a - v or (even shorter) by av, wherever a is an element of a
Lie algebra g and v is an element of a g-module V. However, we cannot afford using
this abbreviation, since we will define a g-module structure on ®g which is not the
left multiplication, so, if we would abbreviate the term p (a,v) by a - v, we would risk
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confusing it with the product of a and v in the tensor algebra ®g. This is why I prefer
the abbreviation a — v.

Remark 1.11. The notion of a ”g-module” that we defined in Definition[I.9]is often
referred to as a ”left g-module”. There is also a similar notion of a "right g-module”.
However, there is not much difference between left g-modules and right g-modules
(in particular, every left g-module can be canonically made a right g-module and
vice versa) E] When we speak of g-modules, we will always mean left g-modules.

Now that we have defined a g-module, let us do the next logical step and define a
g-module homomorphism:

Definition 1.12. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V
and W be two g-modules. Let f: V — W be a k-linear map. Then, f is said to be
a g-module homomorphism if and only if

(f(a—=v)=a—(f(v)) for every a € gand v € V).

Often, we will use the words ”g-module map” or the words "homomorphism of g-
modules” or the words ”g-linear map” as synonyms for ” g-module homomorphism”.

It is easy to see that for every commutative ring k£ and every k-Lie algebra g, there is
a category whose objects are g-modules and whose morphisms are g-module homomor-
phisms. We further define a g-module isomorphism as an isomorphism in this category;
this is equivalent to the following definition:

Definition 1.13. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V
and W be two g-modules. Let f:V — W be a k-linear map. Then, f is said to be
a g-module isomorphism if and only if f is an invertible g-module homomorphism
whose inverse f~! is also a g-module homomorphism.

We can easily prove that this definition is somewhat redundant, viz., the condition
that f~! be also a g-module homomorphism can be omitted:

Proposition 1.14. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V
and W be two g-modules. Let f : V — W be a k-linear map. Then, f is a g-module
isomorphism if and only if f is an invertible g-module homomorphism. In other
words, f is a g-module isomorphism if and only if f is a g-module homomorphism
and a k-module isomorphism at the same time.

The proof of this proposition uses the same idea as the standard proof that the
inverse of an invertible A-linear map is A-linear (where A is a ring).
It is easy to see that kernels and images of g-module isomorphisms are g-submodules.

"This situation is contradistinctive to the situation for A-modules, where A is an associative algebra.
In fact, when A is a non-commutative associative algebra, there is (in general) no way to transform
left A-modules into right A-modules.
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1.4. Restriction of g-modules

If h is a Lie subalgebra of a k-Lie algebra g, then we can canonically make every
g-module into an h-module according to the following definition:

Definition 1.15. Let k£ be a commutative ring. Let g be a k-Lie algebra, and let b
be a Lie subalgebra of g. Then, every g-module V' canonically becomes an h-module
(by restricting its Lie action p: g x V' — V to h x V). This h-module is called the
restriction of V' to b, and denoted by Resﬁ V. However, when there is no possibility
of confusion, we will denote this h-module by V', and we will distinguish it from the
original g-module V' by means of referring to the former one as "the h-module V”
and referring to the latter one as "the g-module V7.

1.5. The g-modules g and &

Now we notice that the Lie algebra g itself is a g-module:

Proposition 1.16. Let & be a commutative ring. Let g be a Lie algebra. Let § be
the Lie bracket of g (so that (v, w) = [v,w] for all v € g and w € g). Then, (g, )
is a g-module. This g-module satisfies

v = w = [v,w] for all v € g and w € g. (9)

Definition 1.17. Let k be a commutative ring. Let g be a Lie algebra. Whenever
we speak of "the g-module g” without specifying the g-module structure, we mean
the g-module (g, 8) defined in Proposition [1.16]

Proof of Proposition . According to Definition , in order to prove that (g, )
is a g-module, we need to show that § is a k-bilinear map, and that the equation (7))
holds with p and V' replaced by 5 and g.

Every a € g, b € g and v € g satisty

B ([a,b],v) = |[a,b] ,v] (since f (v, w) = [v,w] for any v € g and w € g)
= —v,|a,b]| (due to (B]), applied to [a,b] and v instead of v and w)
= la, [b,v]] + |b, [v,a]
=l
(due tg ,, applied
| toa instead of w) |

since (applied to v, a, b instead of u, v, w) yields
[Uv [av b]] + [aa [bv UH + [b> [U7 a]] =0

= [av [b’ UH + [bv - [av UH = [av [b’ UH - [b> [a> UH

==1[b,[a,v]
(since the Lie bracket is k-bilinear)

= 6 (aaﬁ (b7v>> - B (baﬁ (aa U))

(since [v,w] = B (v,w) for any v € g and w € g).
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In other words, the equation holds with p and V replaced by § and g. Since [ is
a k-bilinear map (since (3 is the Lie bracket of g, and the definition of a Lie algebra
requires that the Lie bracket is a k-bilinear map), Definition therefore yields that
(g, ) is a g-module. This module satisfies v — w = [ (v, w) = [v,w] for all v € g and
w € g. Thus, Proposition is proven.

There is one yet simpler g-module:

Proposition 1.18. Let k£ be a commutative ring. Let g be a Lie algebra. Then,
(k,0) is a g-module (where 0 denotes the map g x kK — k which sends everything to
zero). This g-module satisfies

v—=A=0 for all v € g and \ € k.

Definition 1.19. Let k be a commutative ring. Let g be a Lie algebra. Whenever
we speak of "the g-module k" without specifying the g-module structure, we mean

the g-module (k,0) defined in Proposition [1.18] This g-module is called the trivial
g-module.

1.6. Submodules, factors and direct sums of g-modules

There are more interesting g-module structures around. One way to obtain them is to
factor existing g-modules by submodules:

Definition 1.20. Let £ be a commutative ring. Let g be a Lie algebra. Let V' be a
g-module.

a -submodule 0 is said to be a g-submodule o if and only i
A k-submodule W of V/ dtob bmodule of V' if and only if
(a — w e W for every a € g and w € W).

In other words, a k-submodule W of V' is said to be a g-submodule of V' if and only
if u(g x W) C W, where p denotes the Lie action of V. (We remind ourselves that
the Lie action of V means the k-bilinear map p: g x V' — V from Definition [1.9])
(b) If W is a g-submodule of V', then the quotient k-module VW becomes a
g-module by setting

(a~v=a—uv for every a € gand v € V)

(where @ denotes the residue class of u modulo W for every v € V). (This g-module
structure is indeed well-defined, as can be easily seen.)

We can also add g-modules via the direct sum:

Proposition 1.21. Let k£ be a commutative ring. Let g be a Lie algebra. Let V
and W be two g-modules. Define a map pyew :gx (VO W) -V oW by

(vew (a, (v,w)) = (a = v,a = w) for every a € g, v €V and we W).
(10)
Then, this map pyew is k-bilinear, and (V & W, uyaw) is a g-module satisfying

a— (v,w) =(a—v,a—w) foreverya€g,veVandweW. (11)
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This proposition is straightforward to prove, so we are not going to elaborate on its

proof. Anyway it allows a definition:

18

Definition 1.22. Let k be a commutative ring. Let g be a Lie algebra. Let V' and
W be two g-modules.

The g-module (V & W, pyew) constructed in Proposition is called the di-
rect sum of the g-modules V' and W. We are going to denote this g-module
(Ve W, pyew) simply by V& W.

We can similarly define the direct sum of several (not necessarily just two) g-modules:

Proposition 1.23. Let k£ be a commutative ring. Let g be a Lie algebra. Let S be a
set. For every s € S, let Vi be a g-module. Define a map pug : g X (@ V;) — PV

ses ses
by
(,u@ (a, () seg) = (@ = vs) g for every a € g and every family (v,),.q € @ Vs
ses

(12)

Then, this map ug is k-bilinear, and < P Vs, u@) is a g-module satisfying
ses
a— (Vs)seq = (@ — Vg),ecqg for every a € g and every family (v,),.q € @VS
s€S
(13)

Definition 1.24. Let k£ be a commutative ring. Let g be a Lie algebra. Let S be a
set. For every s € S, let V; be a g-module.

The g-module (@ Vs, u@) constructed in Proposition|1.23|is called the direct sum of
seS

the g-modules V; over all s € S. We are going to denote this g-module (@ Vs, u@)

ses
simply by € V.
s€S

Again, there is nothing substantial to prove here. Notice that if S = @, then @ Vj
ses
to be understood as 0.

Working with direct sums is greatly simplified by using the following convention:

Convention 1.25. Let k be a commutative ring. Let S be a set. For every s € .S,
let V, be a k-module. For every t € S, we are going to identify the k-module V;

with the image of V; under the canonical injection V; — @ V. This is an abuse of
seS
notation, but a relatively harmless one. It allows us to consider V; as a k-submodule

of the direct sum @ V.

seS

The same applies for g-modules:
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Proposition 1.26. Let k be a commutative ring. Let g be a Lie algebra. Let S be
a set. For every s € S, let V; be a g-module. In Convention [1.25] we have identified

the k-module V; with the image of V; under the canonical injection V; — @ V; for
ses
every t € S. Thus, by means of this identification, V; becomes a k-submodule of
the direct sum € V;. But actually, something stronger holds: By means of this
ses

identification, V; becomes a g-submodule of the direct sum € V.
seS

We notice an important, even if trivial, fact, which will often be silently used:

Proposition 1.27. Let k£ be a commutative ring. Let g be a Lie algebra. Let § be
a Lie subalgebra of g.

(a) If V and W are two g-modules, then Resj (V & W) = (Resj V) & (Resj W) as
h-modules. This allows us to speak of "the h-module V & W’ without having to
worry whether we mean Resy (V & W) or (Resy V') & (Resy W) (because it does not
matter, since Res] (V & W) = (Res] V) @ (Resp W)).

(b) If S is a set, and if V; is a g-module for every ¢ € S, then Resj (@ Vs) =

ses
b (Resﬁ I/;) as h-modules. This allows us to speak of "the h-module € V" with-
seS seS
out having to worry whether we mean Resg (929 VS> or i‘% (Resﬁ VS) (because it

does not matter, since Resg <6€% Vs) = 662 (Resg Vs))
(c) The h-module £ is identical with the restriction Resy k of the g-module & to b.

(d) If V is a g-module, and if W is a g-submodule of V, then ResyWW
is an h-submodule of the bh-module ResgV and satisfies Resf]4 (V,/ W) =
(Resg V) ,/ (Resﬁ W) as b-modules.  This allows us to speak of “the b-
module V /W7 without having to worry whether we mean Resﬁ (VW)
or (ResjV), (Resg W) (because it does not matter, since Resj (V,/W) =
(Resg V') / (Resy W)).

1.7. A convention regarding k-spans

Before we proceed any further, let us fix one convention that we are going to use several
times in this text:

Convention 1.28. (a) Whenever k is a commutative ring, M is a k-module, and S
is a subset of M, we denote by (S) the k-submodule of M generated by the elements
of S. This k-submodule (S) is called the k-linear span (or simply the k-span) of S.
(b) Whenever k is a commutative ring, M is a k-module, ® is a set, and P : & — M is
a map (not necessarily a linear map), we denote by (P (v) | v € ®) the k-submodule
({P(v) | ve ®}) of M. (In other words, (P (v) | v € ®) is the k-submodule of
M generated by the elements P (v) for all v € ®.)

Note that some authors use the notation (S) for various other things (e. g., the
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two-sided ideal generated by S, or the Lie subalgebra generated by S), but we will only
use it for the k-submodule generated by S (as defined in Convention[1.2§ (a)).
Let us record a trivial fact for later use:

Proposition 1.29. Let k be a commutative ring. Let M be a k-module. Let S be
a subset of M.

(a) Let @ be a k-submodule of M such that S C Q. Then, (S) C Q.

(b) Let R be a k-module, and f : M — R be a k-module homomorphism. Then,

F(S)) = (f(9)).
Proof of Proposition[1.29 (a) Let o € (S). Then, « is a k-linear combination of the

elements of S. This means that there exists some n € N, some elements A;, o, ..., A,
n

of k, and some elements s, s, ..., s, of S such that « = > A\;s;. But s; € @ for every
i=1

e {1,2, ..., i i €85 C . Thus, a = A S €
ie{ n} (since s Q) us, « Zl s

1=

AiQ € @ (since @ is a
o
k-module). Thus we have proven that every o € () satisfies a € Q. In other words,
(S) C Q. Thus, Proposition (a) is proven.
(b) First let us prove that f ((S)) C (f (9)).
In fact, let S € f((S)). Then, there exists some « € (S) such that 8 = f («). Since
a € (5), we know that « is a k-linear combination of the elements of S. This means

that there exists some n € N, some elements \{, Ao, ..., A\, of k, and some elements s,

S9y «.ry Sp Of S'such that a = > A;s;. Thus, f (a) = f (Z )\isi> => N f(s:)
i=1 =1 =1 —
€f(S) (since s;€S)
(since f is a k-linear map), so that f («) is a k-linear combination of the elements of
f(S). In other words, f(a) € (f(S)). Since f(a) = S, this becomes 5 € (f (9)).
We have thus proven that every 5 € f((S)) satisfies § € (f(S)). In other words,

FUS)) € (f(9)).

Let us now show that (f (S)) C f ((S5)).

In fact, let v € (f (S)). Then, ~ is a k-linear combination of the elements of f (95).
This means that there exists some n € N, some elements A, Ao, ..., A, of k, and some

elements t, tq, ..., t, of f(5) such that v = > A\it;. For every i € {1,2,...,n}, there
i=1

exists some s; € S such that t; = f (s;) (because t; € f(S)). Thus, y=> N\ t; =
I—

SNf(s) = f (Z )\isi) (since f is a k-linear map). Since Y A\;s; € (S) (because

i=1 i=1 =1

s; € S for every i € {1,2,....,n}, and thus ) A;s; is a k-linear combination of the

i=1
elements of S), this yields v € f((S)). Thus we have proven that every v € (f (5))

satisfies v € f ((S)). In other words, we have proven that (f (S)) C f ((S)). Combined
with f ((S)) C (f (S)), this yields f ((S)) = (f (S)). This proves Proposition [1.29 (b).

1.8. Tensor products of two g-modules

But now let us go back to methods of obtaining new g-modules from given g-modules.
We already know factor modules and direct sums. Another way to construct g-modules
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is by tensor multiplication. This is based upon the following fact (which will be proven
further below):

Proposition 1.30. Let k£ be a commutative ring. Let g be a Lie algebra. Let
V and W be two g-modules. Then, there exists one and only one k-bilinear map
m:gx (VeW)—V&®W which satisfies

(m(a,v@w)=(a—=v)QW+v& (a = w) for every a € g, v e Vandwe W).
(14)

If we denote this map m by pyew, then (V @ W, uyew) is a g-module. This g-

module satisfies

a— (vew)=(a—=v)Quw+v®(a — w) for everya € g, v eV and w e W.
(15)

Definition 1.31. Let k£ be a commutative ring. Let g be a Lie algebra. Let V' and
W be two g-modules.

The g-module (V ® W, uygw) constructed in Proposition is called the ten-
sor product of the g-modules V' and W. We are going to denote this g-module
(V& W, pyew) simply by V & W.

Thus, for any two g-modules V' and W, the g-module V ® W satisfies .

Proof of Proposition [1.30,

In order to prove Proposition [1.30, we must verify the following assertions:

Assertion c: There exists a k-bilinear map m : gx (V @ W) — V®@W which satisfies
i)

Assertion B: There exists one and only one k-bilinear map m : gx (V@ W) — VW
which satisfies (14).

Assertion ~y: If we denote by pygw the k-bilinear map m:gx (VW) -V W
which satisfies (14), then (V @ W, pyew) is a g-module.

Assertion §: The g-module (V @ W, uygw ) defined in Assertion v satisfies .

Proof of Assertion «: First, we note that for every a € g, themapV — V, v +—a — v
is k—linear.ﬁ Similarly, for every a € g, the map W — W, w — a — w is k-linear.

For every a € g, let m, denote the map V x W — V @ W given by

(me (v,w) =(a—=v) QW+ v® (a— w) for every v € V and w € W).

This map m, : V x W — V ® W is k-bilinear (since the maps V" — V, v — a — v
and W — W, w +— a — w are k-linear). Hence, the universal property of the tensor
product yields that there exists one and only one k-linear map p, : VO W - VW
satisfying (uq (v ® w) = m, (v,w) for every v € V and w € W). Denoting this map p,
by m,, we thus have

(M, (v®w) =mg (v,w) for every v € V and w € W).
Thus, every v € V and w € W satisfy

m, (V@w)=m, (v,w)=(a—=v)Quw+rvR (a— w). (16)

8This is because a — v is the image of (a,v) under the Lie action of g, and because the Lie action
is k-bilinear.
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It is easy to see that

(Mrginy = AMg + KMy, foreverya € g, beg, N€ kand k € k). (17)

Bl
Now, let M : g x (V@ W) — V ® W be the map defined by

(M (a, T) =m, (T) foreverya€gand T e Ve W).

This map M is k-bilinear (because m, (') depends linearly on a (since m, depends
linearly on a, due to ([17))) and depends linearly on 7' (because m, is k-linear)) and
satisfies

M (a,v @ w) =m, (v w) (by the definition of M)
=(a—=v)Quw+v® (a = w)

for every a € g, v € V and w € W. In other words, is satisfied for m = M.

Hence, we have shown that there exists a k-bilinear map m: gx (V@ W) - VW
which satisfies (namely, the map M). This proves Assertion .

Proof of Assertion B: Let m : g x (VW) — V ® W be a k-bilinear map which
satisfies . We are going to prove that m = M, where M is the map defined in the
proof of Assertion o above.

Indeed, for every a € g, let m, : V@ W — V ® W be the map m, defined in the
proof of Assertion o above, and let m, : V@ W — V @ W be the map defined by

(me (T) =m(a,T) forallacgand T e V@ W).

9Proof. Let a € g, b€ g, A € k and k € k be arbitrary. For every v € V and w € W, we have

m, (VR w) =(a—=v)@w+v®(a—w) (by (16)),
my (vRw)=0b—-v)Qw+v® (b— w) (by (16)), applied to b instead of a)
and
Mygrup (VO W)= (MNa+kbD) v | Qw+ov® | (Aa+kb) = w
S — |\ ——
=Aa—v+rb—v =Aa—w+Krb—w
(since the Lie action (since the Lie action
of V is k-bilinear) of W is k-bilinear)

(by , applied to Aa + kb instead of a)
Ma—v+rb—=v)Qw+v® (Ao — w+ kKb — w)
(a—=v)@uw+k(b—=v)Quw+I®(a—w)+ kK (b— w)
(a—=v) Qw4+ (a—=w)+rk(b—v)Qw+ KV ® (b = w)

A
A

=A((a—v)Quw4vR(a—w)) =k((b—v)@W+vR(b—w))
=Ala—v)Qw4+vR(a—=w)+r (b= v)QuW+v® (b = w))

=mg, (VW) =my (vRw)

=dm, (V@ w) + kM (VR w) = (Amg + kM) (V@ w) .

Thus, the maps myq44p and Am, 4+ km; are equal to each other on all pure tensors. But since the
pure tensors generate the tensor product V ® W, two arbitrary k-linear maps defined on V @ W
must be equal if they are equal to each other on all pure tensors. Thus, since the two k-linear
maps Myq4.p and Am, + kmy are equal to each other on all pure tensors, we can conclude that
these k-linear maps my,+xp and Am, + kmy are equal. That is, mygyep = AMg + KMy, qed.
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This map m, is k-linear (since the map m is k-bilinear). Furthermore, every v € V
and every w € W satisty

me (V@w) =m(a,v@w)=(a—=v)dw+v® (a = w)
(since we assumed that m satisfies ((14)))

=m, (v ®w) (as proved in the proof of Assertion «).

In other words, the maps m, and m, are equal to each other on all pure tensors. But

since the pure tensors generate the tensor product V ®@ W, two arbitrary k-linear maps

defined on V ® W must be equal if they are equal to each other on all pure tensors.

Thus, since the two k-linear maps m, and m, are equal to each other on all pure tensors,

we can conclude that these k-linear maps m, and m, are equal. That is, m, = m,.
Now, every a € g and T € V ® W satisty

m(a,T) = ma (T) =m, (T) = M (a,T).

mCL
—~~
Thus, m = M.

So we have proved that every k-bilinear map m : g X (V@ W) — V ® W which
satisfies must satisfy m = M. Hence, there is at most one k-bilinear map m :
gx (VW) —V ®W which satisfies (because every such map m must satisfy
m = M, and hence be equal to M). Combined with Assertion «, this yields that there
exists one and only one k-bilinear map m : g x (V ® W) — V@ W which satisfies .
This proves Assertion [3.

Proof of Assertion ~y: Let us denote by puygw the k-bilinear map m : gx (V@ W) —
V ® W which satisfies . Letacgand be g. Defineamap P: VW - VW
by

( P(T) = pvew (a, pvew (0,T)) — pvew (b, pvew (a, T)) — pvew ([a,b], T)
forevery T e VoW
(18)
This map P is k-linear (due to the k-bilinearity of pyew ), and thus its kernel Ker P is
a k-submodule of V @ W.
We have

tvew (a,v@w) = (a = v)Qw+v®(a — w) foreveryae g, veVandwe W
(19)
(since pygw is the k-bilinear map m: g x (V ® W) — V @ W which satisfies (14))).
Everyaeg,beg,veV and w e W satisty

pvew (b,v@w) = (b —=v)®w+v® (b — w)
(by (19), applied to b instead of a)
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and thus

tvew (a, pvew (b,v @ w))
= pvew (a,(b—v)@uw+v® (b = w))
= pvew (a,(b=v)@w) + pyew (v (b—w))

=(a—(b—2))Quw+(b—v)®(a—w) =(a—v)R(b—w)+vR(a—(b—w))
(by (19), applied to (by , applied to
b—w instead of v) b—w instead of w)

(since pygw is k-bilinear)
=la—~0b—-v)Qu+b—=v)@a—w)+(a—=v)@b—-w)+v®(a— (b—w)).
(20)

The same argument, with a and b transposed, yields

tvew (b, tvew (a,v @ w))
=b—(a—v)@u+a—v)eb—-w+b—-v)®(@a—w)+v®(b— (a —w)).

Subtracting this equation from ([20)), we obtain

tvew (a, pyvew (b,v @ w)) — pvew (b, pvew (a, v ® w))

=(la=b—=v)Qw+b—=v)®(@—=w)+(@—=v)0b—=w)+ve(@—(b—w))
—(b=(@a—=v)@ut+@@—=v)@b—=w)+(b—=v)®(@—w)+v® (b (a—w))

=la=0b—=v)ow-(b—=(a—v)Qutve(@—(b—=w)-vd (b~ (a—w)

-~

:(aé(bév):gé(aév))@)w =v®(a—(b—w)—b—(a—w))

(here we just cancelled some equal terms)
=la=b=v)-b=(e=v)Quwtv@(@—(b—=w)-b=(a—w)).

Comparing this to

wew (@b vow) = (0 —v) ewtve (o —w)
—— —

=a—(b—v)—b—(a—v) =a—(b—w)—b—(a—w)
(by (&) (by (), applied

to w and W instead of v and V')

(by (19), applied to [a,b] instead of a)
=a—=b—v)-b—=(a—v)Qu+v®(a—(b—=w)—b—(a —w)),

we conclude that

tvew (@, pvew (b,v @ w)) — pvew (b, pvew (a,v @ w)) = pvew ([a, 0] ,v @ w).
Now, (18)) (applied to T = v ® w) yields that

Pv@w) = pvew (@, pvew (b0 @ w)) — pvew (b, pvew (a,v @ w)) —pvew ([a,b],v @ w) =0

-~

:ﬂV®W([a7b]7U®w)

for every v € V and w € W. In other words, the kernel Ker P contains v ® w for every
v eV and w € W. Since Ker P is a k-submodule of V' ® W, we can conclude that

Ker P
D (the smallest k-submodule of V' ® W which contains v ® w for every v € V and w € W)
=@wRw | (vyw) eVXW)=VaW
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(because by the definition of the tensor product, V®@W equals the span (v @ w | (v,w) € V x W)).
Thus, P = 0. Hence, every T € V ® W satisfies P (T) = 0. Due to ((18)), this rewrites
as follows: Every T' € V ® W satisfies

pvew (a, ivew (0,T)) — pvew (b, pvew (a,T)) — pyvew ([(a,b],T) = 0.

In other words, every T' € V @ W satisfies

tvew (a, pyew (b,T)) — pvew (b, pvew (a,T)) = pvew ([a, 0], T) .

Since this holds for all @ € g and b € g, we have thus proven that holds with m
and V replaced by pyew and V ®@ W. Since pygw is a k-bilinear map, this yields (by
Definition that (V @ W, pyew) is a g-module. Assertion + is now proven.

Proof of Assertion §: Consider the g-module (V & W, uygw) defined in Assertion +.
This g-module satisfies

a— (v®w) = puyew (a,v® w) (because the Lie bracket of this g-module is pyew )
=@—=v)@w+v® (a— w) (by (19))

for every a € g, v € V and w € W. In other words, it satisfies (15). This proves
Assertion 4.
Now that we have proven all four assertions «, , v and ¢, Proposition is proven.

Remark 1.32. In most advanced literature, proofs like the one we gave for Propo-
sition [1.30] are not detailed, and not even the necessity of formulating such a propo-
sition is mentioned. As a consequence, the definition of the tensor product of two
g-modules given in advanced texts about Lie algebras usually does not look like the
Definition that we gave, but instead roughly looks like follows:

Definition 1.33. Let k£ be a commutative ring. Let g be a Lie algebra. Let V
and W be two g-modules. Then, the k-module V' ® W becomes a g-module by
setting

a— (vew)=(a—v)Quwtv®(a — w) for every a € g, v € V and w € W.
(21)

Such a definition can be confusing to an untrained reader: It is not immediately
clear that Definition really defines a g-module structure on V@ W or even just
a well-defined k-bilinear map g X (V@ W) — V ® W. For example, if we would

replace the equation by
a— (vew)=(a—=v)Qw+v®s for everya € g, v e Vand w e W,

where s is some fixed nonzero element of W, then it would not be well-defined,
because one and the same pure tensor 7' € V ® W can be written in the form v ® w
(with v € V and w € W) in several different ways, and they lead to different values
of (a = v)®@w+v®s. What saves us in the case of is that the right hand side
of is linear in a, linear in v and linear in w, and thus can indeed be seen as
the definition of a k-bilinear map g x (V@ W) = V @ W. [ The details of this
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argument we have given in our proof of Proposition [1.30}

A reader well-experienced with bilinear maps and tensor products, of course, will
not have any trouble with understanding a definition like Definition [I.33] He will
(in most cases) be able to check in his mind that it is indeed a legitimate definition,
except that sometimes he will need to perform an explicit computation to show that
the k-bilinear map indeed satisfies the equation (7)) (which is necessary to make sure
that we indeed get a g-module).

We now move on to showing properties of these tensor products:

Proposition 1.34. Let k£ be a commutative ring. Let g be a k-Lie algebra.
(a) Let V' be a g-module. Then, the k-linear map

VoV, v 1®v

is a canonical isomorphism of g-modules. (Here, as usual, k& denotes the g-module k

defined in Definition [1.19))
(b) Let V' be a g-module. Then, the k-linear map

V > V®Ek, v vl

is a canonical isomorphism of g-modules. (Here, as usual, k denotes the g-module k
defined in Definition [1.19))
(c) Let U, V and W be g-modules. Then, the k-linear map

UV)eW U (VeW), (uRv) W~ u® (v w)
is a canonical isomorphism of g-modules.

Remark 1.35. Part (c) of this proposition suffers from the roughly the same flaw
as Definition [1.33} In Proposition (c), it is not immediately clear why ”the
k-linear map

UV)eW U (VeW), (uRv) W~ u® (v w)

7

is well-defined. We refer to standard algebra texts for a construction of this
map (it is similar to the construction of M in the proof of Assertion a during the
proof of Proposition [1.30); for us it is enough to know that it is a k-linear map
UV)eW — U (VeW) which maps (u®v) @ w to u ® (v ® w) for every
ueU,v eV and w e W (and, in fact, the only such map).

Proof of Proposition|1.34 (a) Let &y denote the k-module homomorphism
VoV, v 1 ®o.

Then, in order to prove Proposition (a), it is enough to show that dyy is a
canonical isomorphism of g-modules.

10This still does not show that this k-bilinear map makes V ® W into a g-module (because to show
this we still must prove ([7])) But this can be shown separately by a direct computation, which we
did in the proof of Assertion 7 during the proof of Proposition [1.30}
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It is clear that oy is canonical. Now let us prove that d; 1 is a homomorphism of
g-modules:

Every a € g and v € V satisfy dpyv (v) = 1 ® v (by the definition of ;) and
dey (@ —=v) =1® (a — v) (by the definition of 5 ). Thus, every a € g and v € V
satisfy

a— O =a—(18v)= (a—=1) Sv+le(a—0y)
—— ——
=1®v =0 (since the Lie

action of k is 0)

(by (L5), applied to k, V, 1 and v instead of V, W, v and w)
Oiv +1® (a —v) ®(a = v) =00y (a—v)

This proves that d; v is a homomorphism of g-modules. Since d;y is an isomorphism
of k-modules, this yields that d;y is an isomorphism of g-modules. Thus, 05y is a
canonical isomorphism of g-modules. As we said above, this proves Proposition [1.34]
(a).

(b) The proof of Proposition (b) is completely analogous to the above-given
proof of Proposition (a), and thus will not be elaborated on.

(c) Let apyyw denote the k-linear map

UeV)oW U (VeW), (uRV) QU u® (vRw).

We know from linear algebra that this map ayyw is well-defined and a canonical
isomorphism of k-modules. Now, we are going to show that this map ayyw is an
isomorphism of g-modules.

The Lie action of a g-module is always k-bilinear. Therefore, for every a € g, the
maps (U@ V)W - (UV)W, T—a—-TandUQ (VW)U (VeW),
T+ a — T are k-linear.

Foreverya€ g, let &, : (U V)W — U ® (V ® W) be the k-linear map defined
by

(. (T) =apyvw(a—=T)—a— (ayyvw (T)) forevery T € (U@ V)@ W).

This map @, is k-linear (because the maps (U@ V)W — (U V)W, T —a—T
and U@ (VeoW) > U (VeW), T — a — T are k-linear, and so is the map
apvw). Hence, Ker @, is a k-submodule of (U@ V)@ W.

We will now show that (u ® v) @ w € Ker ®, for every u € U, v € V and w € W. In

28



fact, every u € U, v € V and w € W satisty

D, ((u®v)®w)

= Qu,v,w g—\ ((U@’U) ®wl —a— oy v,w ((U@U) ®’LU)
— (0= (@0))Bu +Huv)B(a—w) —ug(vew)
(by , applied (by the definition of ay,v,w)

to U®V and u®u instead of V and v)

= apvw (a = (u®v)) Qw4 (uv)R@—w) | —a— (u® (v w))
~—_—

() @otus(a—v)
(by (15), applied
to U, V, u and v instead of V, W, v and w)

=apyw | (=) @v+u®(a—v)Qu+uv)®@@—w)| —a— (v® (v w))

N

:((a—‘u)®v)®1;:-(u®(a4v QW
=avyw (@ =) ®@v)@w+ (u® (@ —=v)) Qw+ (URV)® (a = w)) —a = (u® (v W))

=ay,v,w ((a—u)@v)@w)+ay,v,w (u@(a—v))@w)+au,v,w (u@v)®(a—w))
(since ay,v,w is k-linear)

= ayyw (((a = u) ®@v) @w) +ayyw (u® (a = v)) ©w)+ayyw (u®v) ® (a = w))

J S/

VvV vV Vv
—(—0)B(v8w) —ud((e—0)@w) —ug(v8(a—w))
(by the definition of ay,v,w) (by the definition of ay,v,w) (by the definition of ay,v,w)

- 0= (e @ w)

J

~(a— W) (v&w) +uB(a— (v8w))

(by , applied
to U, VW, u and v®w instead of V, W, v and w)

=la—u)RvRw) +u® ((a—v)Qw)+u® (v (a— w))
—((a—~u)@Wew)+u® (a— (vew)))
—u® (=) Bt u® (@~ w)—u® (1 (ow)
~—

=(a—v)Qw+vR(a—w)
(by (I3))

:u®((aév)®w)+u®(v®(a—\w))—y@((aév)@mg—l—v@(aéw))

=u®((a—v)Q@w)+uR (v (a—w))
=u® ((a—=v)Quw)+u® W (a—w))—(u® ((a—=v)Qw)+u® (v (a— w)))=0.

Thus, every u € U, v € V and w € W satisfy (v ® v) ® w € Ker ®,. Hence, Ker ¢,
contains (u ® v) ® w for all (u,v,w) € U x V x W. Since Ker ®, is a k-submodule of
(U®V)®W, this yields that]
Ker ®, O (the smallest k-submodule of (U ® V) ® W which contains
(u®v)@w for all (u,v,w) €U xV x W)
=(u®v)w | (u,v,w)elUxV xW).

"Here, we are using Convention m
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But since (u®@v)@w | (w,v,w) eUxV xW) = (UV)® W (this is easy to
sed?), this rewrites as Ker®, 2 (U® V) ® W, so that &, = 0. Hence, every T €
(U®V)® W satisfies

0=29o, (T) = oy, v,w (CL — T) —a— (aU,V,W (T)) .

In other words, every 7' € (U ® V) ® W satisfies apyvw (a = T) = a — (agyw (T)).
This shows that ay v is a g-module homomorphism. Since we also know that agvw
is a k-module isomorphism, we conclude that ayyw is a g-module isomorphism.

Thus, ay,vw is a canonical isomorphism of g-modules. Since ay v, was defined as
the k-linear map

V)W U (VeW), (URV) QW u® (vew),
it thus follows that the k-linear map

V)W U (VeW), (uRV) W~ u® (v w)
is a canonical isomorphism of g-modules. This proves Proposition (c).

Corollary 1.36. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V
be a g-module. Then, the canonical k-module isomorphism k£ ® V' — V (this is
the k-module homomorphism that sends A® v to Av for all A € kand v € V) is a
g-module isomorphism.

Proof of Corollary . According to Proposition (a), the k-linear map V —
k®V, v 1®wvis an isomorphism of g-modules. Thus, the inverse of this map
V> k®V, v~ 1®uvis an isomorphism of g-modules as well (because the inverse of
an isomorphism of g-modules is an isomorphism of g-modules). But since the inverse
of themap V — k®V, v +— 1 ® v is the canonical k-module isomorphism k@ V — V
(this is easy to show), this yields that the canonical k-module isomorphism k@ V — V
is an isomorphism of g-modules. In other words, Corollary is proven.

12 Proof. Let T € (U ® V) @ W be arbitrary. Then, T is a tensor in the tensor product (U @ V)@ W,

P

and thus can be written in the form T = > \;S; ® w; for some p € N, some elements Ay, Ao, ...,
i=1

Ap of k, some elements Sq, Sa, ..., Sp of U ® V' and some elements wq, wa, ..., w, of W (because

every tensor is a k-linear combination of pure tensors). For every i€{1,2,...,p}, we know that .S;

is a tensor in U ® V, and thus can be written in the form S; = Z i jUi 5 @ v; 5 for some ¢; € N,

j=1
some elements fi; 1, f4i2, ..., [iq Of k, some elements u; 1, U2, ..., U;q of U and some elements
Vi1, V32, -y Vi, of V' (because every tensor is a k-linear combination of pure tensors). Thus,
P P 4
T = E i S; E Y E Wi Ui 5 QU5 | @ w; = E i E i (U@j@’l)i,j)@’wi
i=1 j=1 i=1 j=1

=% i, j Ui @V j
j=1
c{u®v)@w | (u,v,w) elU xV x W)

(because for every i € {1,2,...,p} and every j € {1,2,...,¢;}, the tensor (u; ; ® v; ;) ® w; has the
form (u® v) ® w for some (u,v,w) € U x V x W (namely, for (u,v,w) = (u;;,vi;,w;))). So we
have proven that every T € (U® V) ®@ W satisfies T € (u®v)@w | (u,v,w) €U XV x W).
In other words, (U®V) @ W C (u®v)®@w | (y,v,w) €U xV xW). Combined with
the obvious relation {((u®v)@w | (u,v,w) eU XV xW) C (U®V) ® W, this yields
(u@v)@w | (u,v,w) eUXxVxW)=UV)®W, ged.
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Convention 1.37. Let k£ be a commutative ring. Let V' be a k-module.

We are going to identify the three k-modules V ® k, £ ® V and V with each other
(due to the canonical isomorphisms V — V @k and V — k® V).

If V is a g-module, where g is some k-Lie algebra, then this identification will not
conflict with the g-module structures on V @k, k@ V and V (because the canonical
isomorphisms V' — V®@k and V — k®V are g-module isomorphisms (as Proposition

(a) and (b) shows)).
Finally a straightforward fact:

Proposition 1.38. Let k£ be a commutative ring. Let g be a k-Lie algebra.

Let V., W, V' and W’ be four g-modules, and let f : V — V' and g : W — W’
be two g-module homomorphisms. Then, f® g: V @ W — V' ® W’ is a g-module
homomorphism.

Proof of Proposition[1.38. Let a € g be arbitrary.
Clearly, the maps VW = VW, T +—a—T and VW' - VW' T+ a—T
are k-linear (because the Lie action of a g-module is k-bilinear).

Let R, : VW — V'@ W’ be the map defined by
(Ro(T)=a—(f®g9)(T)—(f®g)(a—T) forevery T e V@ W).

This map R, is k-linear (since the maps VW — VW, T+—a—T and V'@ W' —
Vi@ W' T +— a — T are k-linear, and so is the map f ® g). Thus, Ker R, is a

k-submodule of V@ W.

Now let us prove that
every (v,w) € V x W satisfies v ® w € Ker R,. (22)

Proof of (23). Let (v,w) € V x W be arbitrary. Then, v € V and w € W. Now, the
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definition of R, yields
R, (v ® w)

=a—|(fegwew) | -(feg) | a=@vaw)

— F(w)@g(w) —(—0) a0 (a—w)
(according to ((15))
= o~ (f)®g9W) —(f®g)(l@a—=v)@w+v®(a—w)
—(a—(f(0)))Dg(w) + (v h( —(g(w))) =(f©g)((a—v)@w)+(f@g)(v@(a—w))
(according to (15 (since f®g is a k-linear map)

applied to V/, W', f(v) and g(w) instead of V, W, v and w)

= ((a = (f () @g(w)+ f(v)®(a—=(g(w))

(@9 (la—=v)@w)+(f®g)(v®(a—w))
=f(a—v)®g(w) =f(v)®g(a—w)

=((a=(f @) @gw)+ f(v)®(a—(g(w)))

- S la—v) ®g(w)+fw)e  gla—w)
S——— ——
=a—(f(v)) =a—(g(w))

(since f is a g-module map) (since g is a g-module map)
= ((a—= () ©@g(w)+ f(v)®(a—(9(w))
—((a=(f ) ®@g(w)+ ()@ (a—(g(w)))

=0.

Thus, v ® w € Ker R,. This proves (22).

The relation yields {fv @ w | (v,w) € V x W} C Ker R,.

Now, we have VW = (v®@w | (v,w) € V x W) (since the tensor product V @ W
is generated by its pure tensors). In other words,

VeaW=wow | (vyw)eVxW)={veow | (v,w)eV xW}) CKerR,

(due to Proposition[1.29 (a) (applied to VW, {v@w | (v,w) € V x W} and Ker R,
instead of M, S and (), which can be applied since {v@w | (v,w) € V x W} C
Ker R, and since Ker R, is a k-module). Hence, R, = 0. Thus, every T € V @ W
satisfies R, (T') = 0. Therefore, every T' € V @ W satisfies (f®g¢g)(a =~ T) = a —
((f ) (T)) (because 0 = R, (T) =a — ((f © g) (T))— (f ® ) (a — T) and thus a —
(feg)(T)=(f®g)(a—T)). In other words, f ® g is a g-module homomorphism.
This proves Proposition [1.38]
We notice an analogue of Proposition for tensor products:

Proposition 1.39. Let k£ be a commutative ring. Let g be a Lie algebra. Let § be
a Lie subalgebra of g.

If V and W are two g-modules, then Res] (V @ W) = (Resj V) ® (Res] W) as b-
modules. This allows us to speak of "the h-module V @ W” without having to worry
whether we mean Resﬁ (Vo W)or (Resg V) ® (Resg W) (because it does not matter,
since Resp (V @ W) = (Resp V) @ (Resf W)).
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This follows from the definitions.

1.9. Tensor products of several g-modules

We now define multi-factor tensor products of g-modules. First we recall one of the
possible definitions of the tensor product of several k-modules:

Definition 1.40. Let k be a commutative ring. Let n € N.

Now, by induction over n, we are going to define a k-module V; ® Vo, ® ... ® V,, for
any n arbitrary k-modules Vi, V5, ..., V,,:

Induction base: For n = 0, we define V; ® V5 ® ... ® V,, as the k-module k.
Induction step: Let p € N. Assuming that we have defined a k-module V; ® Vo ®
... ®V, for any p arbitrary k-modules Vi, V5, ..., V,, we now define a k-module
VieV,®...®@V,4, for any p+ 1 arbitrary k-modules Vi, Vs, ..., V41 by the equation

Vie,. . @Vu=Vie(lhel®..0V,). (23)

Here, V1 @ (Vo ® V3 ® ... ® Vj41) is to be understood as the tensor product of the
k-module V; with the k-module Vo ® V3®...® V11 (note that the k-module Vo ® V3 ®
... ® V11 is already defined because we assumed that we have defined a k-module
Vi@ Vo ®...® YV, for any p arbitrary k-modules Vi, V4, ..., V,,). This completes the
inductive definition.

Thus we have defined a k-module V; ® V5 ® ... ® V,, for any n arbitrary k-modules
Vi, Vo, ..., V,, for any n € N. This k-module V; ® V5 ® ... ® V,, is called the tensor
product of the k-modules Vi, V5, ..., V.

Remark 1.41. (a) Definition is not the only possible definition of the tensor
product of several k-modules. One could obtain a different definition by replacing

the equation by
Nehe. . oVu=VMelhe..0V,)® V.

This definition would have given us a different k-module V; ® V5 ® ... ® V,, for
any n arbitrary k-modules Vi, V5, ..., V,, for any n € N than the one defined in
Definition [1.40] However, this k-module would still be canonically isomorphic to
the one defined in Definition [1.40] and thus it is commonly considered to be "more
or less the same k-module”.

There is yet another definition of V}; ® Vo ®...®V,,, which proceeds by taking the free
k-module on the set V] x V5 x ... x V,, and factoring it modulo a certain submodule.
This definition gives yet another k-module V; ® Vo ® ... ® V,,, but this module is also
canonically isomorphic to the k-module V} ® Vo ® ... ® V}, defined in Definition [1.40]
and thus can be considered to be "more or less the same k-module”.

(b) Definition applied to n = 1, defines the tensor product of one k-module
Vi as V3 ® k. This takes some getting used to, since it seems more natural to define
the tensor product of one k-module V; simply as V;. But this isn’t really different
because there is a canonical isomorphism of k-modules V; = Vi ® k, so most people
consider V] to be "more or less the same k-module” as V; ® k.

Now, by analogy, we define the tensor product of several g-modules.

33



Definition 1.42. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let n € N.
Now, by induction over n, we are going to define a g-module V; ® V5, ® ... ® V,, for
any n arbitrary g-modules Vi, Vo, ..., V;:

Induction base: For n = 0, we define V; ® Vo ® ... ® V,, as the g-module k defined in
Definition [L19l

Induction step: Let p € N. Assuming that we have defined a g-module V} ® Vo ®
.. ®V, for any p arbitrary g-modules Vi, V5, ..., V,, we now define a g-module
VieV,®...®@V,y for any p+ 1 arbitrary g-modules Vi, Vs, ..., V41 by the equation

Me®.0Vun=Ve(1eVz®..0 V). (24)

Here, V1 @ (Vo ® V3 ® ... ® Vj41) is to be understood as the tensor product of the
g-module V; with the g-module V@ V3®...® V41 (note that the g-module Vo ®@ V3 ®
... ® V11 is already defined because we assumed that we have defined a g-module
Vi@ Vo ®...® YV, for any p arbitrary g-modules Vi, V5, ..., V). This completes the
inductive definition.

Thus we have defined a g-module V; ® V4, ® ... ® V,, for any n arbitrary g-modules
Vi, Vo, ..., V,, for any n € N. This g-module V} ® V4, ® ... ® V,, is called the tensor
product of the g-modules Vi, Vs, ..., V.

Remark 1.43. (a) In Definition [1.42) we could have replaced the equation by
Vi@V, . @Vm=MeVhe.. .0V, V.

This would have given us a different g-module V; @ Vo ®...®@V,, for any n arbitrary g-
modules V1, Vs, ..., V, for any n € N than the one defined in Definition[I.42] However,
this g-module would still be canonically isomorphic to the one defined in Definition
1.42| (we will prove this and actually something more general in Proposition ,
and thus it is commonly considered to be "more or less the same g-module”.

(b) Definition , applied to n = 1, defines the tensor product of one g-module V;
as V1 ® k. This takes some getting used to, since it seems more natural to define the
tensor product of one g-module Vi simply as V;. But this isn’t really different because
Proposition (b) gives a canonical isomorphism of g-modules V; = V; ® k, so
most people consider V; to be "more or less the same g-module” as V; ® k.

(c) Definition does not conflict with Definition [1.40] because the underlying
k-module of the g-module V; ® V2 ® ... ® V;, defined in Definition is indeed the
k-module V; @ Vo ® ... ® V}, defined in Definition [1.40} (This is trivial by induction.)

Convention 1.44. A remark about notation is appropriate at this point:

There are two different conflicting notions of a ”"pure tensor” in a tensor product
Vi®oVe®...QV, of n arbitrary k-modules Vi, V5, ..., V,,, where n > 1. The one notion
defines a "pure tensor” as an element of the form v ® T" for some v € V; and some
TeV,V:®..0V, H The other notion defines a ”pure tensor” as an element of
the form v; Ve ®...Qv,, for some (vy, v, ..., v,) € Vi x Vo x...xV,,. These two notions
are not equivalent. In this note, we are going to yield right of way to the second of
these notions, i. e. we are going to define a pure tensor in V; ® Vo ® ... ® V,, as an
element of the form v; @V ®...®Qv, for some (v, vo, ..., v,) € Vi x Vo x...x V. The first
notion, however, will also be used - but we will not call it a ”pure tensor” but rather
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a "left-induced tensor”. Thus we define a left-induced tensor in V; @ Vo ® ... ® V,, as
an element of the form v ® T for some v € V; and some T € Vo @ V3 ® ... @ V,,.

We note that the k-module V} ® Vo ® ... ® V,, is generated by its left-induced tensors,
but also generated by its pure tensors.

Before we continue, we need a technical result:

Proposition 1.45. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let
n € N.

Then, for any n arbitrary g-modules Vi, V5, ..., V,, and every i € {0,1,...,n}, the
canonical k-module isomorphism (V@ Vo®..0V) ® (Vii1 @ Vi ®...0V,) —
VieV,®..®V,is a g-module isomorphismE

Proof of Proposition [1.45 Let py, : k ® k — k denote the multiplication map, i.
e. the map which sends A (1 ® 1) to A for every A € k. (This map puy is well-defined
because every element of k ® k can be written uniquely in the form A (1 ® 1) with
A€ k)

We are going to prove Proposition by induction over n:

Induction base: For n = 0, Proposition states that for any 0 arbitrary g-modules
Vi, Va, ..., Vo and every i € {0}, the canonical k-module isomorphism (V; ® V2 ® ... @ V;)®
(Vi1 @ Vi ®...0 V) - V1@ V4o ® ... ® V is a g-module isomorphism. But this is
true because the k-module isomorphism (V; @ Vo ® ... @ V;)@(Viy1 @ Vija ® ... @ V) —
V1@ Vo®...® Vj is simply the multiplication map py, : k ® k — k (because each of the
tensor products V1 @ Vo ® ... @V, Vi1 @ Ve ® ... ®@ Vogand V1 ® Vo ® ... ® V is an
empty tensor product (since i = 0 due to ¢ € {0}), and therefore equals k), and the
multiplication map py : £ ® k — k is a g-module isomorphism (because every a € g
and v € k® k satisfy py (@ = v) =a — pg (v)  [¥). Thus, Proposition is true for
n = 0. This completes the induction base.

BIn fact, if we look at Definition we see that the k-module V; ® V5 ® ... ® V,, was defined as
Ne(VheV;e...V,),so it is the k-module A ® B where A=V, and B=12Q@V3® .. V,.
Since the usual definition of a pure tensor in A ® B defines it as an element of the form v ® T for
some v € A and T € B, it thus is logical to say that a pure tensor in V; ® V5 ® ... ® V,, means an
element of the form v @ T forv e Viand T € Vo @ V3 ® ... ® V,.

4Here and in the following, whenever I speak of ”the canonical k-module isomorphism
VeaVh®.0V,)® (Vit1®Viie®..0V,) - V1@V, ® ... ®V,”, I mean the k-module ho-
momorphism (V1 @ 12®..0V;) @ (Vit1® Ve ®...0V,) = V1 @ Vo ® ... ® V,, which sends
(V1 RV ® ... V) ® (Vir1 BVi12® ... Q V) to V] R V2 ® ... ® v, for every (vi,v9,...,0,) €
Vi X Va x ... x V,,. This homomorphism is known (from linear algebra) to exist, be unique and be
a k-module isomorphism. (This is independent of the g-module structures on Vi, Va, ..., V;,.)

15 Proof. Let a € g and v € k ® k. Then, there exists some A € k such that v = A (1 ® 1) (because
(1®1) is a basis of the k-module k ® k, since (1) is a basis of the k-module k). Thus,

a—=v=a—=A1®1)=Aa—(1®1)) (since the Lie action is k-bilinear)

= (a—1) ®141® (a—1)

—— ——
=0 (since the Lie =0 (since the Lie
action of k is 0) action of k is 0)

(by,appliedtoV:k,W:k,vzlandwzl)
=20®1+1®0)=0

=0
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Induction step: Let N € Ny be arbitrary. Assume that Proposition holds for
n = N —1. We now must prove that Proposition holds for n = N. In other words,
we must prove that

for any N arbitrary g-modules Vi, V5, ..., Viy and every
i €{0,1,..., N}, the canonical k-module isomorphism
Mehe.eV)e(Vii®Vine®.eVWy) > elhe..eVy
is a g-module isomorphism

(25)

We have assume that Proposition holds for n = N. In other words, we have
assumed that

for any N — 1 arbitrary g-modules Vi, V5, ..., Vy_1 and every
i€{0,1,...,N — 1}, the canonical k-module isomorphism
ViVe. V)@ (Vii®Vi®..eVy 1) > Vehe..®Vy,

is a g-module isomorphism

(26)

Now let us prove . Let Vi, Vs, ..., Vx be N arbitrary g-modules. Let i €
{0,1,...,N}. Let p be the canonical k-module isomorphism (V@ V2 ® ..®@V;) ®
Vii1®Vie®...0Vy) - V1 ® Vo ® ... ® Viy. We are now going to prove that p
is a g-module isomorphism.

We distinguish between two cases:

Case 1: We have i = 0.

Case 2: We have ¢ > 0.

Let us first consider Case 1: In this case, 1 = 0, so that V; ® Vo, ® ... ® V; = k and
Viii® Vi ® ... @Vy =V @V, ® ... ® Viy. Hence, p (being the canonical k-module
isomorphism (Vi @ Vo® .0 V) ®@ (Viz1 ® Vi ® .0 Vy) - V1@ Vh® ... ® Vy) is
the canonical k-module isomorphism £ ® (V1 @ Vo ® ...@ Vy) - V1 @ V7 ® ... ® Vy.
But this canonical k-module isomorphism is a g-module isomorphism (by Corollary
1.36] applied to V =V} ® Vo ® ... ® Viy). Thus, we have proven that p is a g-module
isomorphism in Case 1.

Let us now consider Case 2: In this case, ¢ > 0, so we have V; @ Vo ® ... ® V; =
V1@ (VKheV;e...0V;) (as a g-module) by the definition of V; ® Vo ® ... ® V;. Also,
Veh®. VW=V (heV®..®Vy) (as a g-module) by the definition of
Vieh®..®Vy.

We have denoted by p the canonical k-module isomorphism (V; @ Vo ® ... @ V;) ®
(Vii1®@Viio®..0Wy) - V@ Vh®..eVy. Snce Vielhe..V, =V ®
(VLoeVi®..@V;)and VieVh...@Vy = V1®(Vo® V3 ® ... ® Vy), this isomorphism p
thus is the canonical k-module isomorphism (V; @ (V2 @ V3 ® ... @ V) )@(Vig1 @ Vipa ® ... @ V) —
NR(heV,e..e Vy).

In the following, let id denote the identity idy, : V3 — V4.

Let us denote by p’ the canonical k-module isomorphism

(VeVe.0V)e[Vim®Vim®.0 VW) »1helze..0 Vy.
Then, id ®p’ is the canonical k-module isomorphism

Ve (VaeVs®..0V)®@Vim®Vim®.0Ww) 2o (heVie..0 Vy).

and thus py (a — v) = pg (0) = 0. Combining this with a — pg (v) = 0 (since the Lie action of k
is 0), we obtain py (@ = v) = a — pg (v), qed.
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We are going to denote the g-modules Vi, Vo @ V3 ® .. @V, and V11 ® V10 ® ... Vy
by U, V and W, respectively. Then,

UV=Vi@(heoWke..oV)=Veolhe..eV and thus
UV)W=WNoVe..0V)® Vi ®Vi®.0Vy).

Now, denote by oy y,w the k-linear map
UV)eW U (VeW), (uRV) W~ u® (v w)

(this map is well-defined according to linear algebra). From Proposition (c),
we know that this map oy vy is an isomorphism of g-modules. Moreover, this map
apy,w turns out to be a map from (V; @ (Va @ V3® ... @ V;))®@ (Vi1 @ Vige ® ... @ Viy)
to Vi@ (1@ Vs®...0 V) ® (Vig1 ® Via ® ... ® Viy)) (because agyw is a map from
(UeV)aW toU @ (V®W), but we know that U =13, V =1, ® V3 ® ... ® V; and
W=V ®Vis®..®Vy), and it is actually the canonical k-module isomorphism

V1@ (12@V3®..0V))® (Vi1 ® Vi ®...Q Vy)
V@ (1heV;e.0V)e (Ve Vie®...eVy))

(because it maps
(Ul X (’U2 RU3® ... U,)) (%9 ('Ui-i-l R Viy2 ® ... & UN)

to
11 Q (1 RV3® ... ;) R (Vi1 R Viyo ® ... UN))

for every (v, va,...,on) € Vi X Vo X ... x Vi, according to its definition).
We now recollect our knowledge:

e The map p is the canonical k-module isomorphism

VMeo(heoV:e. aV)o(Vim®Vie®..oVy) 2 Vie(leeVs®...0 Vy).

e The map id ®p’ is the canonical k-module isomorphism

Vi(Va@Vs®..0 V)@ (Vi@ Vie® .0 VW) 2 Ve(lha®h®...0 Vy).

e The map ay,v,w is the canonical k-module isomorphism

V1@ (1@ V3®..0V))® (Vi1 @ Vi ®...0 Vy)
V(e Ve.2V)e (Vin®Via®..0Vy)).

Hence, the diagram

Vie(2eVe..0V)® (Vi ®Vipe®...0 Vy)) e Vi@ (1eV;®..0 Vy)

TQU,V,W /

Me1eV;®..0V))® (Vi1 ®@ Vi ®...0 Vy)
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is commutative (because each of its arrows is the canonical k-module isomorphism be-
tween the respective objects, and because it is known from linear algebra that canonical
isomorphisms between various bracketings of a tensor product form a commutative di-
agram). In other words, p = (id®p) o ayvw.

Now, we know that the canonical k-module isomorphism

(VoVs®..0V)® (Vi1 ®Vie®..0Vy) 2o ls®..0 Vy

is a g-module isomorphism (by , applied to the g-modules V5, V3, ..., Vy and the
number i — 1 instead of the g-modules V;, V5, ..., Viy_; and the number i). Since the
canonical k-module isomorphism

VoV . oV)e(Vin®Vie®..oVWy) 2 1helse ..o Vy

is p/, we thus have shown that p’ is a g-module isomorphism. Combined with the
fact that id : V3 — V; is a g-module isomorphism, this yields that id ®p’ is a g-
module homomorphism (by Proposition [I.38] applied to V4, Vi, (1b®@ V3® ...Q V;) ®
(Vis1®Via® ... @ Vy), Vo ® V3 ® ... ® Vi, id and p’ instead of V., V', W, W’  f and
g). On the other hand, id ®p’ is a k-module isomorphism (since both id and p’ are
k-module isomorphisms). Thus, id ®p’ is a g-module homomorphism and a k-module
isomorphism at the same time. This yields that id ®p’ is a g-module isomorphism (by
an application of Proposition [I.14). Combined with the fact that ay,y,w is a g-module
isomorphism, this yields that (id ®p’) o ayyw is a g-module isomorphism. In other
words, p is a g-module isomorphism (since p = (id ®p') o apy.w).

Hence, in both Cases 1 and 2, we have shown that p is a canonical g-module iso-
morphism. So we now know that p is a canonical g-module isomorphism in every
case.

Since p is the canonical k-module isomorphism (V; @ Vo ® ... @ V) )®@(Vi1 @ Ve ® ... @ V) —
V1®@Va®...®Vy, this means that the canonical k-module isomorphism (V; ® Vo ® ... ® V;)®
(Vii1®Via ® ... @ Vy) > V1@ Vo®...® Vy is a g-module isomorphism. Since we have
proven this for any N arbitrary g-modules Vi, V5, ..., Viy and every i € {0,1,..., N},
we have thus verified . This completes the induction step, and thus the induction
proof of Proposition is complete.

In Definition [I.42] we defined the g-module V; ® V2 ® ... ® V}, by induction over n. It
turns out that we can also easily describe the g-module structure on V; @ V5 ® ... ® V,,
explicitly. First a convention:

Convention 1.46. Let k be a commutative ring. Let n € N. Let Vi, V5, ..., V,
be n arbitrary k-modules. Let i € {1,2,...,n}, and let W; be a k-module. Let
(v1, 09, ...y vy) € VI X Vo x ... x V,, and w; € W; be arbitrary. Then, we are going to
denote by

VI QU ® ... ® 1:’ ®...Q v,

the result of replacing the i-th tensorand (this tensorand is equal to v;) of the tensor

product v; ® vy ®... v, by the vector w;. In other words, v; ®Vy®...® Wi R...QU,

%
is defined by

Wy
V1 QU@ ... K X ...V, =11 ®v2®...®vi_1®wi®vi+1 ®Ui+2®---®vn-
(5 N ~ v ~ _
tensor product of the tensor product of the
first i—1 vectors vy last n—1i vectors vy
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Proposition 1.47. Let k be a commutative ring. Let g be a k-Lie algebra. Let n €
N. Let V4, Va, ..., V,, be n arbitrary g-modules. Then, the g-module V; ® Vo ®...®V,
defined in Definition [[42] satisfies

" a — U;
aé(vl®v2®...®vn):201®v2®...® o R

for every a € g and every (vy,vq,...,v,) € Vi X Vo X ... X V,,. Here, we are using
Convention [L.46]

We are going to prove this later. First an obvious lemma:

Proposition 1.48. Let k be a commutative ring. Let g be a k-Lie algebra. Let n €
N, . Let Vi, Va, ..., V,, be n arbitrary g-modules. Then, the g-module V; @ Vo ®...QV,
defined in Definition [[.42] satisfies

a—(weT)=(@—=v)T+v®(a—1T) (27)

foreveryacg,veViand T € Vo @ V3 ® ... QV,.

Proof of Proposition[1.48. According to Definition the g-module V;®@V5®...QV,
is defined as the tensor product V; ® (Vo ® V3 ®...®V,,). Hence, applying (15)) to
V=Viand W =V, ®V3® ... ® V,, we see that

a— (vew)=(@@—v)Qw+v® (a = w)
foreveryaeg,veViandw e Vo0 V3®...Q0V,

(because the tensor product V @ W of two g-modules V and W always satisfies (15])).

If we rename w as 7', this rewrites as follows:

a—wRT)=(a—=v)@T+v®(a—T)
foreveryaceg,veViand T e Vo @ Vs®...QV,.

This proves Proposition [1.48]
Proof of Proposition . Let a € g and (vq,vg,...,v,) € VI X Vo X ... x V,, be
arbitrary. We are now going to show that

n

a — v;

a— (Vn—pt1 @ Up_pro @ ... @ V) = E Un—pt1 @ Un_pt2 ® ... @ " R ...y,
1

i=n—p+1
(28)
for every p € {0,1,...,n}. (The equation is to be understood as an equation
between two elements of V,,_,11 @ V,_p12 ® ... @ V)
Proof of (@ In fact, we are going to prove by induction over p:
Induction base: For p = 0, the equation holdﬁ. This completes the induction
base.

16This is because for p = 0, we have

a— (Vpept1 QUp_pt2a®..QU,) =a—1=0 (since the Lie action of k is 0)

=(empty tensor product)=1
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Induction step: Let ¢ € {0,1,...,n — 1} be arbitrary. Assume that holds for
p = q. Now we must show that holds for p = ¢ + 1.
We have assumed that holds for p = ¢; in other words,

0= (U1 @ Vg2 ® . ®U) = 3 Upgb1 O Vng42® e ® o @ ... @ Uy

Uy

i=n—q+1

(29)

Applying Proposition to the number ¢ + 1 and the g-modules V,,_4, Vi,—g41, ...
V,, instead of the number n and the g-modules Vi, V5, ..., V,,, we obtain

Y

a—(wRT)=(a—=0)@T+v®(a—T)

foreveryac g,veV, jandT € V,_ ;11 ®V,_442®...®V,. Applying this to v = v,,_,

and
n

Z Un—p+1 & Un—p+2 X ... ®
i=n—p+1

a — v;
Vi

® ... ® v, = (empty sum) = 0.
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and T' = vp_gq1 ® Vg2 @ ... ® v, We obtain

a— (Vn—q @ Vp—gi1 @ Vp_gia @ ... @ y,)
- (CL - Un—q) ® vn—q—i—l ® Un—q+2 XK. Up, +Un—q X (CL - (Un—q-‘rl X Un—q+2 ®.Q Un))

S/

Vv Vv
a— Un—gq n a— v;
:Un—q®vn7q+l®~~~® RX...QUn = Z Un7q+1®’0nfq+2®m® RX...QUn
Un—q i=n—q+1 V4
(due to (29))
a — Un—q
=Up—gqg @ Up—gt1 & ... & X ... v,
q q v
n—q
n
a — U;
+ Upg ® E Un—gt1 @ Up_gr2 ® ... ® o X ... v,
1=n—q+1 i

J/

-

n

a — v;
= Z Up—q@® ('Unq+l®7}nq+2®---® ®®'Un)

i=n—q+1

Vs
a — Up—
q
=Up—qg @ Un_gy1 ® ... &® X ... ® vy,
'Un_q
>y
~~
n—q a — v;
= Z ’Un—q®’0n—q+l®-~~® RX...Qun
i=n—q Vi

_ a — v;
+ Y vy ® (vnqﬂ D Vg2 ® ... ® — 1 ®.® vn)

. Vj
i=n—q+1 /
vV
a— v;
:Un—q®vn—q+1®--~® : ®...QUn
Vi
~— a — v;
— E Vn—g @ Vp_qi1 @ ... ® — R ... v,
1=n—q !
" —\
a V;
+ E Uneq O Up_g41 ® ... ® o X ... R v,
i=n—q+1 ?
n
a — v;
= E Un7q®vnfq+1®---® " & ... ® v,
i=n—q !
n
. a — v;
= Un—(g+1)+1 & Un—(g+1)+2 & ... & o & ... Uy
i
i=n—(q+1)+1

(sincen—¢g=n—(¢g+1)+landn—qg+1=n—(¢g+1)+2).

In other words, holds for p = ¢+ 1. This completes the induction step. Thus, the
induction proof of is complete.

Now that we have proven for every p € {0,1,...,n}, we can apply top=n,
and obtain

a— (UnfnJrl X Un—n+42 X.Q0 Un) = Z Un—n+1 ®Unfn+2®---® a Ui X ... @Uy,.

(%

i=n—n+1
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Since n —n+1=1and n —n+ 2 = 2, this simplifies to

a a — v;
aé(vl®vg®...®vn):21)1@@2@...@ o R ... U,

This proves Proposition [1.47]
Finally we record the multi-factor version of Proposition [1.38}

Proposition 1.49. Let k be a commutative ring. Let g be a k-Lie algebra.

Let n € N. Let Vi, Va, ..., V,, be n arbitrary g-modules. Let V{, Vj, ..., V! be
n arbitrary g-modules. Let f; : V; — V! be a g-module homomorphism for every
ie{l,2,...,n}. Then, iR fo®.0f VNeWWw..V, =>V/V]/®..V!isa
g-module homomorphism.

This proposition follows from Proposition by induction (the details being left
to the reader).
We also notice that Proposition has a multi-factor version:

Proposition 1.50. Let k£ be a commutative ring. Let g be a Lie algebra. Let § be
a Lie subalgebra of g. Let n € N.

If Vi, Vo, ..., V,, are n arbitrary g-modules, then Resf]l VeWh..eV,) =
(Resf]1 Vl) ® (Resg Vg) R ... Q (Resg Vn) as b-modules. This allows us to speak
of "the h-module V; ® V5 ® ... ® V,,” without having to worry whether we mean
Res (Vi@ Vo ® ... ®@V,) or (Resg Vi) ® (Resﬁ V5) ®...® (Resg V,.) (because it does
not matter, since Resg VeVhe..eV,) = (Resﬁ Vl) ® (Resﬁ Vg) ®R..Q (Resﬁ Vn))

1.10. Tensor powers of g-modules

Next we define a particular case of tensor products of g-modules, namely the tensor
powers. First we recall the classical definition of the tensor powers of a k-module:

Definition 1.51. Let k£ be a commutative ring. Let n € N. For any k-module V/,
we define a k-module V" by V¥" =V @V ® ... ® V. This k-module V" is called

n times

the n-th tensor power of the k-module V.

Remark 1.52. Let £ be a commutative ring, and let V' be a k-module. Then,
V& =k (because V" =V ®V ®...® V = (tensor product of zero k-modules) =

0 times

k according to the induction base of Definition [1.40) and V& = V @ k (because
Vel = VeVe..®V =V®k according to the induction step of Definition |1.40)).

1 times

Since we identify V ® k with V, we thus have V®! =V,

Now, by analogy, we define the tensor powers of a g-module:
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Definition 1.53. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let n € N.
For any g-module V, we define a g-module V" by V¥" = V@V ®..® V. This

n times

g-module V®" is called the n-th tensor power of the g-module V.

Remark 1.54. Let k£ be a commutative ring, let g be a k-Lie algebra, and let V' be
a g-module. Then, V& =k (as g-modules) and V' =V (as g-modules), where we
identify the g-module V' ® k with V. This is proven the same way as Remark [1.52]

As a consequence of Proposition [1.49, we now have:

Proposition 1.55. Let k be a commutative ring. Let g be a k-Lie algebra. Let n €
N. Let V and V' be g-modules, and let f: V — V' be a g-module homomorphism.
Then, f®": V%" — V'®" is a g-module homomorphism.

Here we are using the following convention:

Convention 1.56. Let k be a commutative ring. Let n € N. Let V and V' be k-

modules, and let f : V — V' be a k-module homomorphism. Then, f®" denotes the

k-module homomorphism f®@ f®@.@f : VoVe.V - VeV .V,
n t;?nes n a;es n a;les

Since V@V®..@V =V and V'V’ '®@..QV = V'® this f*" is thus a

n times n times
k-module homomorphism from V®" to V'™,

We notice the following:

Proposition 1.57. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let
n € N.

Then, for any g-module V' and every ¢ € {0,1,...,n}, the canonical k-module iso-
morphism V& ® V&=) 5 V& is a g-module isomorphism[]

This proposition follows directly from applying Proposition toV, V, .,V
instead of Vi, V5, ..., V..

Convention 1.58. Let k£ be a commutative ring. Let g be a k-Lie algebra. For every
g-module V', every n € N and every i € {0,1,...,n}, we are going to identify the g-
module V¥ ® V&= with the g-module V" (this is allowed because of Proposition
. In other words, for every g-module V', every a € N and every b € N, we are
going to identify the g-module V& @ V% with the g-module V®@+0),

Actually, there is no reason to restrict ourselves to g-modules in this Convention
[1.58} we can do the convention same for k-modules:

I"Here and in the following, whenever I speak of ”"the canonical k-module isomorphism V®' @
yem=1) _ y@n» 1 mean the k-module homomorphism V& @ V&("=1) _ V& which sends
(V1 @V2® ... ®V;) ® (Vi1 ® V42 ® ... B Uy) 10 V] ® V2 @ ... ® vy, for every (vy,ve,...,v,) € V™
This homomorphism is known (from linear algebra) to exist, be unique and be a k-module isomor-
phism. It is actually the canonical k-module isomorphism V@V ®.. VaVeV ..V —

7 times n—1t times

VeaVe.eV.
~—_————

n times
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Convention 1.59. Let k£ be a commutative ring. For every k-module V', every n € N
and every i € {0,1,...,n}, we are going to identify the k-module V¥ @ V2"~ with
the k-module V®" (this is allowed because of the canonical isomorphism V% ®
y®m=i) o yen)  In other words, for every k-module V, every a € N and every
b € N, we are going to identify the k-module V®¢ ® V& with the k-module V®(+b),

Needless to say, Convention does not conflict with Convention [I.58] because if
V is a g-module, then both of these conventions identify V& @ V2"~ with V& by
means of the same isomorphism V& @ V®n—9) = y/on,

Finally, Proposition yields:

Proposition 1.60. Let k£ be a commutative ring. Let g be a Lie algebra. Let § be
a Lie subalgebra of g. Let n € N.

If V is any g-module, then Resg (Vem) = (Resg V) " as h-modules. This allows us to
speak of “the h-module V#"” without having to worry whether we mean Resj (V")

or (Res] V) “" (because it does not matter, since Resp (V") = (Resy V) )

1.11. Tensor algebra and universal enveloping algebra

The tensor powers V" of a k-module V' can be combined to a k-module ®V which
turns out to have an algebra structure: that of the so-called tensor algebra. Let us
recall its definition (which can easily shown to be well-defined):

Definition 1.61. Let £ be a commutative ring.
(a) Let V be a k-module. The tensor algebra @V of V over k is defined to be the

k-algebra formed by the k-module @ V® = V0 @ VO @ V2 @ ... equipped with
ieN
a multiplication which is defined by

(ai)ien:(0) ey = (Z a; ® bni> for every (a;);cy € @ Ve and (b;),y € @ Ve
i=0 neN ieN ieN

(30)

(where for every n € N and every i € {0, 1,...,n}, the tensor a;®b,_; € V'@V ®n=)

is considered as an element of V& due to the canonical identification V& @V ®r—1) =~

V@ which was defined in Convention [1.59).

The k-module @V itself (without the k-algebra structure) is called the tensor module

of V.

(b) Let V and W be two k-modules, and let f : V' — W be a k-module homo-

morphism. The k-module homomorphisms f®¢ : V® — W®! for all 1 € N can be

combined together to a k-module homomorphism from V& @ VO o Ve2 @ .. to

W @ W @ W2 @ ... This homomorphism is called @f. Since V&0 @ V&l ¢

VO2g . =V and WP WE oW @ ... = W, we see that this homomorphism

®f is a k-module homomorphism from ®V to ®W. Moreover, it follows easily from

that this ® f is actually a k-algebra homomorphism from @V to @W.

(c) Let V be a k-module. Then, according to Convention [L.25] we consider V" as

a k-submodule of the direct sum @ V® = QV for every n € N. In particular, every
ieN
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element of £ is considered to be an element of @V by means of the canonical embed-
ding k = V® C @V, and every element of V is considered to be an element of @V
by means of the canonical embedding V = V® C @V. The element 1 € k£ C ®V is
easily seen to be the unity of the tensor algebra ®V'.

Remark 1.62. The formula (30) (which defines the multiplication on the tensor
algebra ®V') is often put in words by saying that ”the multiplication in the tensor
algebra ®V is given by the tensor product”. This informal statement tempts many
authors (including myself in [35]) to use the sign ® for multiplication in the algebra
®V, that is, to write u® v for the product of any two elements u and v of the tensor
algebra ®V. This notation, however, can collide with the notation u ® v for the
tensor product of two vectors u and v in a k—modulef;g] Due to this possibility of
collision, we are not going to use the sign ® for multiplication in the algebra @V in
this paper. Instead we will use the sign - for this multiplication. However, due to
(30]), we still have

(a-bza@b for any n € N, any m € N, any a € V" and anyb€V®m),
(31)
where a ® b is considered to be an element of V"™ by means of the identification
of VO @ VO™ with V®ntm),

Next we define the universal enveloping algebra of a Lie algebra g. First, a convention
about the notation we are using:

Convention 1.63. Let k£ be a commutative ring. Let U be a k-algebra.

(a) If A and B are two k-submodules of U, then we denote by A- B the k-submodule
(ab | (a,b) € A x B) of U. We also will sometimes abbreviate A - B by AB.

(b) If A, B and C are three k-submodules of U, then it is easily seen that (AB) C' =
A (BC), so that we can denote each of the two equal k-submodules (AB)C' and
A(BC) by ABC.

Definition 1.64. Let k£ be a commutative ring. Let g be a k-Lie algebra. We define
the wuniversal enveloping algebra U (g) to be the factor algebra (®g) I, where I,
is the two-sided ideal

(@g) - (vOw-wev—[v,w] | (v,w)ecgxg)-(29)

of the algebra ®g.

BFor example, if z is a vector in the k-module V, then we can define two elements u and v of @V
by v = 14 2z and v = 1 — z (where 1 and z are considered to be elements of ®V according
to Definition (c)), and while the product of these elements u and v in ®V is the element
(142)-(1-2)=1-1-1-241-2—282=1—2® 2z € QV, the tensor product of these elements
uw and v is the element (1+2)®@(1—2) of (k®V)@ (kdV)2kdV oV @ (V®V), which is
a different element of a totally different k-module. So if we would use one and the same notation
u®u for both the product of v and v in ®V" and the tensor product of w and vin (k@ V)@ (k@ V),
we would have ambiguous notations.
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Remark 1.65. In Definition 1.64} the term
v@w—-—w®v—|v,w] | (v,w)€egxg) is to be understood according to
Convention [1.28], and the multiplication sign - in

(@g)- (vOw-—wev—[v,uw] | (v,w)ecgxg)-(29)

is to be understood according to Convention [1.63] We note that, although the
multiplication in ®g is related to the tensor product by (31)), the product (®g) -
(vew—-—w®v—|v,w | (v,w) € gxg)-(®g) has nothing to do with the tensor
product (®g) @ (v wW —w v — [v,w] | (v,w) € gXg) R (Rg) !

But we are not going to linger over universal enveloping algebras now. Let us intro-
duce the canonical g-module structure on ®V for any g-module V:

Definition 1.66. Let £ be a commutative ring. Let g be a k-Lie algebra.
Let V be a g-module. Since V¥ is a g-module for all i € N (by Definition [1.53]),
the direct sum €@ V' is also a g-module (by Definition [1.24]). In other words, the
ieN
tensor algebra ®V thus becomes a g-module (since @V = @ V®'). This g-module
ieN

®V is called the tensor g-module of the g-module V.
Whenever we will speak of the g-module ®V', we will be meaning this g-module
(although there might be many different g-module structures on the k-module ®@V).

Remark 1.67. We will often consider the g-module ®g. This is the tensor g-module
of the g-module g itself. In other words, it is the result of applying Definition [1.66|
to V = g. A look at Proposition quickly yields that it satisfies

[CL, Ui]
U;

aé(vl®v2®...®vn):Zv1®02®...®
i=1

foralln € N, a € g and (v, 09, ...,v,) € g".

X ... v,

We can show that the ideal /; constructed in Definition is a g-submodule of
this g-module ®g. (In fact, this follows from Proposition [2.3] (a), applied to h = g.)
Thus, (®g) /I, becomes a g-module. Since (®g) /I, = U (g), this yields that U (g)

becomes a g-module. This g-module satisfies

[CL, vi]
U;

a— (11 QU ® ... Q) :Zv1®v2®...®
i=1
forallm € N, a € gand (vy,v2,...,u,) € g

X ... ® v,

n

(where T means the residue class of 7' modulo I for every T € ®g). However, this
g-module structure is not the only interesting g-module structure on U (g). There
is a different one, which satisfies

a— (V1 RVWK.QU,) =0Qv QU & ... Uy,
foralln € N, a € g and (vy, vy, ...,v,) € g". (32)
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It is important not to confuse these two g-module structures, as they define two
different g-modules U (g) (although, as k-modules, they are the same)!

Whenever we will speak of the g-module U (g) in the following, we will
mean the g-module structure which is obtained by applying Definition
to V = g and setting U (g) = (®g) I;, not the g-module structure

given by (32)!

It is very easy to see that:

Proposition 1.68. Let £ be a commutative ring. Let g be a k-Lie algebra. Let V'
and W be two g-modules, and let f : V' — W be a g-module homomorphism. Then,
®Rf : @V — ®W is a g-module homomorphism.

Definition 1.69. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V' be a
g-module. Then, according to Proposition we consider V®™" as a g-submodule

of the direct sum @ V® = @V for every n € N. In particular, k = V®° and
ieN
V = V%! become g-submodules of @V this way.

1.12. g-algebras

The next notion we introduce is that of a g-algebra (also called a g-module algebra or
g-Lie module algebra):

Definition 1.70. Let k be a commutative ring. Let g be a k-Lie algebra. A g-algebra
will mean a k-algebra A equipped with a g-module structure such that

(a— (wv)=(a—u)-v+u-(a—v) foreverya € g,uce Aandv e A). (33)

Remark 1.71. In Definition[1.70, when we speak of "a k-algebra A equipped with a
g-module structure”, the words ”a g-module structure” mean ”a g-module structure
on the underlying k-module of the k-algebra A 7. This g-module structure must
therefore be k-bilinear with respect to the underlying k-module structure of the

k-algebra A.
Remark 1.72. Definition [1.70] is often rewritten as follows:

Definition 1.73. Let k& be a commutative ring. Let g be a k-Lie algebra. A
g-algebra will mean a k-algebra A equipped with a g-module structure such that
g acts on A by means of derivations. Here, we say that ”g acts on A by means of
derivations” if and only if the map A — A, u — (a — u) is a derivation for every
a € g.

This Definition is indeed equivalent to Definition because the condition
that g acts on A by means of derivations is equivalent to (as can be easily seen).

It is easy to see that, when b is a Lie subalgebra of a k-Lie algebra g, every g-algebra
canonically can be made into an h-algebra:
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Definition 1.74. Let k£ be a commutative ring. Let g be a k-Lie algebra, and let b
be a Lie subalgebra of g. Then, every g-algebra A canonically becomes an h-algebra.
(In fact, the g-module A canonically becomes an h-module according to Definition
1.15] and thus A is a k-algebra equipped with an h-module structure which satisfies
with g replaced by b, so that A thus is an h-algebra.). This h-algebra is called the
restriction of A to b, and denoted by Resg A. However, when there is no possibility
of confusion, we will denote this h-algebra by A, and we will distinguish it from the
original g-algebra A by means of referring to the former one as "the h-algebra A”
and referring to the latter one as ”"the g-algebra A”.

A basic property of g-algebras:

Proposition 1.75. Let k be a commutative ring. Let g be a k-Lie algebra. Let A be
a g-algebra. Let P and @) be two g-submodules of A. Then, P - @ is a g-submodule
of A.

I Remark 1.76. Here, P- (@) is to be understood as according to Convention (a).

Proof of Proposition . According to Convention (a), the k-submodule P-Q
of Ais defined by P-Q = (pq | (p,q) € P x Q).

Let a € g be arbitrary.

Now, let (u,v) € P x @ be arbitrary. Then, u € P and v € Q. Since P is a g-
submodule of A, we have a — u € P (since u € P). Since @ is a g-submodule of A,
we have a — v € @ (since v € Q). Now, shows us that

aé(uv):(aéu)-\v/—i—\u/-(aév) eP-Q+P-Q
eP €Q ep €Q
CP-Q (since P - @ is a k-module) .
We have thus proven that
a— (uv) € P-Q for every (u,v) € P x Q. (34)

From this it is easily seen that a =t € P-(Q for every t € P - Q. ] Since this
holds for every a € g, we can conclude that P - @ is a g-submodule of A. This proves
Proposition [L.75]

19 Proof. In fact, let t € P - Q be arbitrary. Then, t € P-Q = (pq | (p,q) € P x Q). Hence, t is
a k-linear combination of terms of the form pq for various (p,q) € P x Q. In other words, there
exist some n € N, some elements A;, Ao, ..., A, of k, some elements p1, pa, ..., p, of P and some

n
elements q1, q2, ..., g, of @ such that t = > \;p;q;. Hence,
i=1

n n
aétCLA(E )\ipiqi) = g Ai a— (pig;)
— — ~—_———
i=1 i=1 )
(this follows from applying
to p; and g; instead of u and v)

(since the Lie action of A is k-bilinear)

€Y MNP-QCP-Q (since P - Q is a k-module) ,

i=1

qed.
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1.13. ®V is a g-algebra

Now the prime example of a g-algebra is exactly what we would expect:

Proposition 1.77. Let k be a commutative ring. Let g be a k-Lie algebra.

Let V be a g-module. If we equip the k-algebra ®V (this k-algebra was defined
in Definition (a)) with the g-module structure defined in Definition [1.66 we
obtain a g-algebra.

Definition 1.78. Let k£ be a commutative ring. Let g be a k-Lie algebra.

Let V be a g-module. The g-algebra ®V defined in Proposition is called the
tensor g-algebra of the g-module V. Whenever we will speak of the g-algebra @V,
we will be meaning this tensor g-algebra @V (unless we explicitly say that we are
talking about a different g-algebra structure on ®V).

Remark 1.79. By far the most important particular case of Proposition is the
following one: Whenever k is a commutative ring and g is a k-Lie algebra, the tensor
algebra ®g of the g-module g is a g-algebra. This is a consequence of Proposition
[L.77] (applied to V = g). We are going to use this several times.

Proof of Proposition . In the following proof, we are not going to identify V®' ®
Ve with Ve (for n € N and i € {0,1,...,n}) as we did in Definition [L.61]P] As a
consequence, the equation 1} must be rewritten as

(@i)sen = (0i)sen = (Z Kin—i (@; ® bn—i))
i=0 ‘ neN . (35)
for every (a;),cy € PV and (b;);.y € PV
ieN ieN
where #;,,_; denotes the canonical k-module isomorphism V& @ V®n=i) _ yen,
Proposition states that the canonical k-module isomorphism V& @ V®r—) _
V@ is a g-module isomorphism. Since we denoted this isomorphism by £;,_;, we can
thus conclude that k;,_; is a g-module isomorphism.
Now, let u € ®V and v € ®V be any two elements. Let a € g be arbitrary. Since
ue V =@V, we can write u as a family (a;);cy € B V. Since v € QV =

ieN ieN
G%V@’i, we can write v as a family (b;), € G%V‘X’i. Thus, u = (a;);cy and v = (b;),y,
(S 1€
so that

wo = (a5);en - (0i)sen = <Z Kin—i (a; ® bni)>

(by (39))), and therefore

a— (uww) =a — (Z Kin—i (@; @ bn_i)) = (a — (Z Kin—i (@ ® bn_i)>)

neN

=0 =0

20The purpose of this is to make the proof more transparent. In fact, identifying V®* @ V(=% with
V@™ would obscure the place where we actually use Proposition [L.57]
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(by (13))). Since every n € N satisfies

& . since the Lie action of
a (ZO Kin—i (@; ® brz—i)) = Zg (Kin—i(a; ® bn—i)l ( @V is k-bilinear

=0 ~
=Kin—i(a—(a;®by,_;))
(since Ki,n—; is a g-module
isomorphism)

J

n
= Z Kin—i a— (a; ® by_;)
i=0

~
=(a—ai)®bn—i+ai®(a—bn i)
(by , applied to V®i, V®n—9) 4. and b,_;
instead of V, W, v and w)

= fini (@ = a;) @ by + a; ® (@ = by_y))
=0 NG

:’ii,n—i((aAai)®bn—i)+’€i,n—i(ai®(a4bn—i))
(since K n—; is linear)

n

= Z (Kin—i ((@ = a;) @ bpy) + Fin—i(a; @ (@ = byy)))

1=0

= Z Kin—i((@ = a;) ® by—;) + Z Kin—i(@; @ (@ = bp—y)),
i=0 i=0

this rewrites as

1=0

a— (uwv) = a— (Z Kin—i (@i ® bnz))

J/

-~

=3 Kin—i((a—a;)®bp_i)+ > Kin—i(a;@(a—bp_;))
i=0 =0 neN

= (Z Kin—i ((a — ai) X bn—z) + Z Kin—i (ai X (CL — bn—z)))
= (Z Kin—i((@ = a;) ® bn—i)) + (Z Kin—i (@i @ (a = bn—z‘D) :
= neN = nE(N36)

We have u = (a;);ey and thus a — u = a = (a;);ey = (@ = a5);ey (by (13)).

Together with v = (b;),y, this yields

(a - u) U= (a - ai)ieN ) (bi)ieN = <Z Kin—i ((a - ai) ® bn—%’)) (37)

1=0

(by (35), applied to (a — a;),oy instead of (a;);cy)-
On the other hand, v = (b;);cy and thus a = v = a — (b;),cy = (@ = b;),cy (by
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(13)). Together with u = (a;),cy, this yields

u-(a=v) = (a)ey - (@ = bi)jey = <Z Rin—i (@ ® aébm))>

(by , applied to (a — b;),.y instead of (b;),.y). Adding this equation to , we
obtain

(a - u)'v"f_u a— U (Z Rin—i CL,-) ® bn—Z)) + (Z Kin—i (ai & (CL - bn—l))) .
neN =0 neN

Compared with (36), this yields @ — (uv) = (¢ —=u) - v+ u - (a = v). Since this
holds for every a € g, u € ®V and v € ®V, we can conclude that holds with
A replaced by ®V. Hence (by Definition we see that @V is a g-algebra. This
proves Proposition

We notice that the g-algebra ®V behaves under restriction as we would want it to:

neN

Proposition 1.80. Let k be a commutative ring. Let g be a Lie algebra. Let § be
a Lie subalgebra of g.

If V is any g-module, then Res (®V) = (Resg V) as h-algebras. This allows us to
speak of ”the h-algebra ®@V” Wlthout having to worry whether we mean Resﬁ (®V)

or @ (Res] V) (because it does not matter, since Res (9V) = @ (Resj V)).

Proving this is a matter of applying the definitions.
A consequence of Proposition that we are going to use:

Corollary 1.81. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let h be
a Lie subalgebra of g.

Let V be a g-module. Then, ®V is a g-module (according to Definition [L.66]). As
we know from Definition [I.15] this ®V therefore becomes an h-module as well.

(a) Let P and @ be two h-submodules of V. Then, P - @ is an h-submodule of
®V as well.

(b) Let R be an h-submodule of ®V. Then, (®V) - R - (®V) is an h-submodule of
®V as well.

(c) Let p € N, and let R be an h-submodule of ®V. Then, V¥P- R is an h-submodule
of @V as well.

Here, we are using Convention [1.63|

Proof of Corollary[1.81. According to Definition [I.74] the h-module @V, equipped
with its k-algebra structure, becomes an h-algebra (because it is a g-algebra (according
to Proposition [L.77)).

(a) Since @V is an h-algebra, Proposition [L.75| (applied to ®V and b instead of A
and g) yields that P - @ is an h-submodule of ®V'. This proves Corollary (a).

(b) Corollary[1.81] (a) (applied to ®V and R instead of P and Q) yields that (®V)-R
is an h-submodule of @V (because both ®V and R are h-submodules of ®V). Now,
Corollary (a) (applied to (®V) - R and ®V instead of P and Q) yields that
(®V)-R)-(®V) is an h-submodule of @V (because both (®V) - R and ®V are b-
submodules of ®V'). Since (®V) - R)-(®V) = (®V)-R-(®V), we can thus conclude
that (®V) - R-(®V) is an h-submodule of ®V'. This proves Corollary (b).
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(c) We know that V®? is a g-submodule of @V, and thus an h-submodule of @V as
well. Now, Corollary (a) (applied to V¥ and R instead of P and Q) yields that
V@ . R is an h-submodule of @V (because both V® and R are h-submodules of @V).

This proves Corollary (c).

1.14. g-modules are U (g)-modules

The present Subsectionis, apart from the (easy) Proposition , of no importance
for this paper, as the results of this subsection will not be used anywhere further in
this paper, except in the (equally unimportant) Subsection [3.11] However, it provides
some context for the theory of g-modules as well as one motivation for considering the
universal enveloping algebra U (g).

Many results about g-modules (where g is a Lie algebra) are analogous to similar

results about A-modules, where A is an associative algebra. For example, Proposition
is the analogue of the following fact:

Proposition 1.82. Let k& be a commutative ring. Let A be a k-algebra. Let V
and W be two A-modules. Let f : V — W be a k-linear map. Then, f is an
A-module isomorphism if and only if f is an invertible A-module homomorphism.
In other words, f is an A-module isomorphism if and only if f is an A-module
homomorphism and a k-module isomorphism at the same time.

Now, of course, Proposition and Proposition are both (more or less) trivial,
so there is no wonder that they are analogous. However, the analogy between A-
modules and g-modules goes much further, and there are much deeper theorems about
A-modules that have their counterparts for g-modules. This has a reason: Namely,
the category of g-modules is isomorphic to the category of A-modules for a particular
(associative) algebra A depending on g. Namely, this A is the universal enveloping

algebra U (g) defined in Definition [1.64] More precisely:

Proposition 1.83. Let k£ be a commutative ring. Let g be a k-Lie algebra. Consider
the universal enveloping algebra U (g) and the ideal I, defined in Definition [1.64]
(a) For every g-module V', there is one and only one U (g)-module structure on V'
satisfying

(@-v=a—v for every a € g and v € V)

(where @ denotes the projection of @« € g C ®g on (®g) /I, = U (g)). This U (g)-
module structure is canonical. Thus, every g-module V' canonically becomes a U (g)-
module.

(b) Conversely, for every U (g)-module V', we can define a g-module structure on V'
by

(a—v=a-v for every a € g and v € V)

(where @ denotes the projection of ¢ € g C ®g on (®g) /I, = U (g)). This g-module
structure is canonical. Thus, every U (g)-module V' canonically becomes a g-module.
(c) Let V and W be two g-modules. Then, according to Proposition (a), each
of V- and W canonically becomes a U (g)-module. Let f:V — W be a map. Then,
f is a homomorphism of g-modules if and only if f is a homomorphism of U (g)-
modules.
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(d) Let V and W be two U (g)-modules. Then, according to Proposition (b),
each of V and W canonically becomes a g-module. Let f : V' — W be a map.
Then, f is a homomorphism of g-modules if and only if f is a homomorphism of
U (g)-modules.

(e) We can define a functor U; from the category of g-modules to the category of
U (g)-modules as follows: For every g-module V', let Uy (V') be the U (g)-module V
defined in Proposition (a). For every homomorphism f between g-modules, let
Uy (f) be the same homomorphism f, but considered as a homomorphism between
U (g)-modules this time (this is legitimate due to Proposition (c)).

(f) We can define a functor U, from the category of U (g)-modules to the category
of g-modules as follows: For every U (g)-module V, let Uy (V') be the g-module V'
defined in Proposition (b). For every homomorphism f between U (g)-modules,
let Us (f) be the same homomorphism f, but considered as a homomorphism between
g-modules this time (this is legitimate due to Proposition (d)).

(g) The two functors U; and U, defined in Proposition[1.83| (e) and (f) are mutually
inverse.

(h) Both functors U; and U, are additive, exact and preserve kernels, cokernels and
direct sums.

Note that the two functors U; and U, are mutually inverse (and not just quasi-
inverse, as many pairs of functors in algebra tend to be) in Proposition (g).

Proposition explains why, for a number of results about A-modules (with A an
associative algebra), there are analogous results for g-modules (with g a Lie algebra).
However, it does not explain everything; in particular, it does not explain anything
about tensor products of g-modules, because, in general, there is no reasonable notion of
a tensor product between two A-modules, where A is an associative algebra. However,
there is such a notion when A is a bialgebra. And there is a canonical way to turn
U (g) into a bialgebra, and even into a Hopf algebra (so that, in addition to tensor
products of modules, we also get Hom modules). Before I show this way, let us define
a Hopf algebra structure on the tensor algebra ®g, and, more generally, on @V for any
k-module V:

Proposition 1.84. Let k be a commutative ring. Let V' be a k-module.

(a) Let gy : ®V — k be the projection from the direct sum @V = @ V' onto its
ieN
addend V®° = k. Then, gy is a k-algebra homomorphism. It is given by

1,if n=0;
€®V(U1®U2®...®Un): 0.ifn>0

for every n € N and every (v, v, ...,v,) € V".

(b) There exists one and only one k-algebra homomorphism d : @V — (®@V)®(®V)
satisfying (d (v) =1 ® v + v ® 1 for every v € V). Denote this homomorphism d by
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Agy. Then, this homomorphism Agy is given by
A@V (?}1 ® (%) ® ® Un)

=> > (Vr(1) @ Vr(2) ® - @ Ur(i)) @ (Un(i1) ® Vn(itz) ® - ® Un(n))
1=0 7T657L;
(1) <m(2)<...<m(3);
m(i4+1)<m(i42)<...<m(n)

for every n € N and every (vy,vs,...,v,) € V™.

(Here, the two tensors vx(1) ® Vr(2) @ ... ® Ur(s) aNd V(1) @ Vn(iy2) @ ... @ Un(y) are
considered as elements of the tensor algebra ®V', and their tensor product is a tensor
in (®V)® (®V).)

(c) There exists one and only one k-algebra homomorphism S : @V — (V) sat-
isfying (S (v) = —v for every v € V). Denote this homomorphism S by Sgy. Con-
cretely, this Sgy is given by

Sev (11 @2 ® ... @ v,) = (—1)" v, @Up1 ® ... @ 11
for every n € N and every (vy,vs,...,v,) € V™.

(d) The homomorphisms Agy, egy and Sgy defined above make @V into a Hopf
algebra. This Hopf algebra is called the tensor Hopf algebra of the k-module V.
This Hopf algebra @V is cocommutative.

Proposition 1.85. Let £ be a commutative ring. Let g be a k-Lie algebra. In the
following, we will use the notations U (g) and I; which were defined in Definition
Recall that U (g) = (®g) /1.

(a) The ideal I; is a Hopf ideal of the tensor Hopf algebra ®g of the k-module
g. (For the definition of the tensor Hopf algebra ®g, see Proposition M) Thus,
(®g) /1, becomes a Hopf algebra. Since (®g) I, = U (g), this means that U (g)
becomes a Hopf algebra. This Hopf algebra U (g) is cocommutative.

(b) If the Hopf algebra U (g) defined in Proposition (a) is used to define the
tensor product of two U (g)-modules, then the functors U; and U, defined in Propo-
sition preserve tensor products. These functors as well preserve internal Homs
and the ground-field object, if these are also defined using the Hopf algebra structure
on U (g).

A proof of Proposition [I.83] can be found in most standard references about Lie
algebras (such as [27, Chapter ITI, Corollary 3.6]), while a proof of Proposition can
be found in references for Hopf algebras (such as [20], §1.2.6, Example 6]; more precisely,
[26, §1.2.6, Example 6] proves what amounts to an equivalent form of Proposition m
independent of Proposition [1.84). Proposition is proven in [26, §1.2.6, Example
8]. All these proofs are rather standard, however. None of these three propositions will
be used in the following, except for the easiest part of Proposition (a) - namely,
the one about the counit of the Hopf algebra U (g):
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Proposition 1.86. Let £ be a commutative ring. Let g be a k-Lie algebra. In the
following, we will use the notations U (g) and I; which were defined in Definition
Recall that U (g) = (®g) /1. Let ¢ be the canonical projection from ®g onto
U (g). Clearly, this projection # is a surjective k-algebra homomorphism.

Applying Proposition (a) to V = g, we obtain a k-algebra homomorphism
Eag 1 ®g — k.

(a) Then, egq(ly) = 0. Thus, by the universal property of the factor algebra,
there exists one and only one k-algebra homomorphism gy : U (g) — k such that
Exg = Eag © ¥. Denote this homomorphism g4 by €y (). Then, egq = cp(q) © 1.

(b) This homomorphism (4 satisfies

1,if n=0;
0,ifn>0

for every n € N and every (vy,vs,...,v,) € g".

EU(g) (?}1 RV R...R Un) = {

For the sake of completeness, we record the proof of this proposition:

Proof of Proposition[1.86 (a) In order to prove Proposition (a), we only need
to show that eg4 (I;) = 0, because all the other assertions of Proposition (a) follow
trivially from it.

By the definition of £gq, we know that egq is the projection from the direct sum
D ¢ onto its addend g®° = k. Thus, gy must map every addend of the direct sum
iEN
@ g® different from g*° to 0. In other words, every n € N such that n # 0 must
iEN
satisfy egg (§°") = 0 (because whenever n € N satisfies n # 0, the k-submodule g®" is
an addend of the direct sum @ g®* different from g®°). Applying this to n = 1 yields

iEN
£og (%) = 0. On the other hand, applying eg, (g%™) = 0 to n = 2 yields £g4 (%2) = 0.
Since eg,q is k-linear, we have egq (g% 4+ §%%) = g4 (8%') + 250 (8%%) =0+0=0.
=0 =0
Now, every (v, w) € g X g satisfies

v®w—wey—[ou] = - [ul+oew - wey e ® + g
—_—
cg®! €g®?

In other words, {v @ w —w®v — [v,w] | (v,w) € g x g} C g®' +g*?. Thus, Proposi-
tion (a) (applied to ®g, {v@w —w v — [v,w] | (v,w) € g x g} and g®' + g2
instead of M, S and Q) yields ({v @ w —w @ v — [v,w] | (v,w) € g x g}) C g®'+g%2.
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Since I; = (®g) - (v@w —w@v —[v,w] | (v,w) € g X g) - (®g), we have

cag (Iy) = €ey (®9) - (V@ W —w v —[v,w] | (v,w) € gxg)-(2g))

= 0 (®9) oy | W@W—w®@V—[v,w] | (v,w)Egxg) |- cay(®g)
—— ——

N J/

Ck ={v@w—w@v—[v,w] | (v,w)Egxg}) Ck
Cg®l4g®2

(because g, is a k-algebra homomorphism)
Chk-eog (9 +9%°) k=k-0-k=0.

J/

-

=0

In other words, egy (I;) = 0. This completes the proof of Proposition (a).
(b) Every n € N and every (vy, v, ...,v,) € g™ satisfy v; @ v, ® ... ® v, = ¢ (V] @ V3 ®
(since v is the canonical projection from ®g onto U (g)) and thus

EU(g) (V1 ® V2 ® ... ®Up) = €p(g) (Y (11 ® V2 ® ... ®Up)) = (5U(g) o 1/1) (V] @V @ ... @ vy)
—_——

—€®g
1,if n=0;
0,ifn>0

(by Proposition (a), applied to g instead of V).
This proves Proposition (b).

Also, we note in passing that g-algebras (as introduced in Definition [1.70)) are left
U (g)-module algebras (where we are using the terminology of Hopf algebra theorists).

:€®9(U1®U2®...®Un):{

1.15. Splitting of exact sequences of g-modules

Next we are going to introduce the notion of splitting for an exact sequence of g-
modules. This notion is based on the following known result:

Proposition 1.87. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let
A, B and C be three g-modules. Let f : A — B and g : B — C be two g-module
homomorphisms such that

0 Al B 20—

is a short exact sequence. Then, the following three assertions S;, S; and S5 are
equivalent:

Assertion S;: There exists a g-module homomorphism f’: B — A such that f'of =
ida.

Assertion Sy: There exists a g-module homomorphism ¢’ : C' — B such that gog’ =
ide.

Assertion S3: There exists a g-submodule P of B such that B = f (A) & P.

Proof of Proposition [1.87 In order to prove Proposition [I.87, we must show the
equivalence of the three assertions S, So and S3. In order to achieve this, let us show
that S; =— Sg, Sy — Sg, Sg — S; and Sg =— Sy
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Proof of the implication S1 = S3: Assume that Assertion S; holds. Then, there
exists a g-module homomorphism [’ : B — A such that f' o f = id4. Consider this
homomorphism f’. Now let P = Ker f’. Then, P is a g-submodule of B (since f’ is
a g-module homomorphism, while the kernel of every g-module homomorphism is a
g-submodule). Every b € B satisfies

o= f ) =r ) = 0) (since f" is k-linear)
=(fofof")(b)

=f'(b) - &;_JjOf’ (0) = f(b) — (idaof’) (b) = f"(b) — f'(b) = 0,
=id 4 7

so that b — f (f" (b)) € Ker f' = P and thus

b=f1f )] +b—f (1) e f(A)+P
Thus, B = f (A) + P. Now let us show that f (A)N P = 0:

Let z € f(A) N P be arbitrary. Then, z € f(A) NP C f(A), so there exists some
y € A such that z = f (y). Consider this y. But on the other hand, z € f(A) NP C

P = Ker f’, so that f’'(z) = 0. Thus, 0 = f’ 2| = W) =(of)y) =
=f(v) =ida

ida (y) =y, sothat x = f| vy = f(0) = 0 (since f is k-linear). We have thus

=0
proven that every x € f (A) N P satisfies = 0. This shows that f (A)N P = 0.

Since B = f(A)+ P and f(A)N P =0, we have B = f(A) @ P. Thus, we have
shown that there exists a g-submodule P of B such that B = f(A) @ P. In other
words, Assertion S3 holds. This proves the implication S; = Ss.

Proof of the implication S = S3: Assume that Assertion S, holds. Then, there
exists a g-module homomorphism ¢’ : C' — B such that g o ¢ = id¢. Consider this
homomorphism ¢’. Now let P = ¢’ (C). Then, P is a g-submodule of B (since ¢ is
a g-module homomorphism, while the image of every g-module homomorphism is a
g-submodule). Every b € B satisfies

g(b—4g (g()) =g(b)—g(g (g(b))) (since g is k-linear)

=(gog’og)(b)

=g(b) - gjﬁiog (b) = g (b) — (idc og) (b) = g (b) — g (b) =0,

/ B2.C 0 is an exact

so that b—g¢' (g (b)) € Kerg = f (A) (since 0 A
sequence) and thus

b=(0b—-g(g®)+g | g®) | € f(A)+¢'(C)=[f(A)+P
cf(A) \26/ =P
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Thus, B = f (A) + P. Now let us show that f (A)N P = 0:
Let z € f(A) N P be arbitrary. Then, z € f(A)N P C f(A) = Kerg. But on the
other hand, z € f(A)NP C P = ¢ (C), so that there exists some z € C such that

xr = ¢’ (z). Consider this z. Thus, g [ ¢’ (2) | = g (z) = 0 (since x € Kerg). In other
S~

=T

words, 0 = g(¢'(2)) = (9o ¢') (2) =idc (2) = 2z, so that z = ¢ ( 2 ) =¢(0)=0
- 0
=id¢ =

(since ¢’ is k-linear). We have thus proven that every x € f(A) N P satisfies x = 0.
This shows that f(A)NP =0.

Since B = f(A)+ P and f(A)NP =0, we have B = f(A) & P. Thus, we have
shown that there exists a g-submodule P of B such that B = f(A) @ P. In other
words, Assertion S3 holds. This proves the implication S = Ss.

Proof of the implication S3 = S;: Assume that Assertion Sz holds. Then, there
exists a g-submodule P of B such that B = f (A) @ P. Consider this g-submodule P.

The g-module homomorphism f : A — B induces a g-module homomorphism
fi + A — f(A) defined by (f1(a) = f (a) for every a € A). Since f is injective (be-

cause 0 AL 2.¢ 0 is an exact sequence), this homomorphism f; is

bijective. That is, f; is a k-module isomorphism. Thus f; is a g-module homomorphism
and a k-module isomorphism at the same time. By an application of Proposition [I.14]
this yields that f; is a g-module isomorphism. Thus, its inverse f; ! also is a g-module
isomorphism.

On the other hand, let 7 : f (4) @ P — f (A) be the projection from the direct sum
f(A)@® P to its addend f (A). Since f (A) and P are g-modules, this projection 7 is a
surjective g-module homomorphism from f (A) @ P onto f (A). Since f(A) & P = B,
this 7 is thus a surjective g-module homomorphism from B onto f (A).

Let f' = f;'om. Then, f'is a g-module homomorphism (since it is the composition
of the g-module homomorphisms 7 and f; '). Moreover, every a € A satisfies

7 (f(a)) = f(a) (since f (a) € f(A), while 7 is a projection onto f (A))

and thus

\f/’_/Of (@)= (fitomof)(a)=fi"| 7(f(a) | = fi' (fi(a)) =a=ida(a).

:fl_lo7r :f(a):fl (a)

Thus, f'o f =idj.

Thus, we have shown that there exists a g-module homomorphism f’: B — A such
that f' o f = id4. In other words, Assertion S; holds. This proves the implication
Sg = 5.

Proof of the implication S3 = Sy: Assume that Assertion Ss3 holds. Then, there
exists a g-submodule P of B such that B = f (A) & P. Consider this g-submodule P.

Since 0 AL
f(A) =Kerg.

B—2-C 0 is an exact sequence, we have g (B) = C' and
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Define a map ¢; : P — C through g; = g |p. Then,
Kerg; =Ker (g |p) =KergNnP=f(A)NP=0 (since B= f(A) & P),
(4)
=f

so that the map ¢, is injective.
On the other hand, B = f (A) & P = f (A) + P, so that

gB)=g(f(A)+P)=g | f(A |+ g(P) (since g is k-linear)
=Kerg =(glp)(P)
=g(Kerg)+(glp)(P)=0+g(P)=g1(P).
=0 =9

Since g (B) = C, this becomes C' = g; (P). Thus, g; is surjective.

The map g is bijective (since it is injective and surjective), and thus it is a k-module
isomorphism. An application of Proposition now shows that ¢g; is a g-module
isomorphism (since it is a g-module homomorphism and a k-module isomorphism).
Thus, its inverse g; ' also is a g-module isomorphism.

Let ¢ be the canonical inclusion of P in B. Then, ¢ is a g-module homomorphism.

Let ¢’ =10g;". Then, ¢ is a g-module homomorphism (since it is the composition
of the g-module homomorphisms g; ' and ¢). Moreover, every c € C satisfies

90 9 |(@=(gorea) () =g((og) () =(g]r)((ros) (c))

g =(glp)((rog7 ) (@) 9
(since (Logl_l)(c)ep)

=g | o)) | =a| (0’ (0) [=a (9" (0) =c=idec(c).
=(91"() =91 (¢)

(since ¢ is just an
inclusion map)

Thus, go ¢’ = ide.

Thus, we have shown that there exists a g-module homomorphism ¢’ : C' — B such
that g o ¢ = ide. In other words, Assertion Sy holds. This proves the implication
Sg = 5s.

We have thus shown the four implications S| = S3, S; = S3, S35 = §; and
S3 = S,. These implications, when combined, yield the equivalence S| <= Sy <=
Ss. This proves Proposition [1.87]

Proposition is in no way peculiar to g-modules. A completely analogous propo-
sition (with exactly the same proof) would hold if we replace g by A and ”Lie algebra”
by ”algebra” throughout Proposition [I.87] More generally, an analogue of Proposition
holds in every abelian category.
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Definition 1.88. Let k be a commutative ring. Let g be a k-Lie algebra. Let A,
B and C be three g-modules. Let f : A — B and g : B — C be two g-module
homomorphisms such that

0 Al B 20—

is a short exact sequence. Then, we say that the exact sequence

0 AL.p2.¢ 0 of g-modules is g-split if and only if the three
equivalent assertions Sy, Se and S3 from Proposition [I.87] are satisfied.

Corollary 1.89. Let k& be a commutative ring. Let g be a k-Lie algebra. Let A,
B and C' be three g-modules. Let f : A — B and g : B — C be two g-module
homomorphisms such that

is a short exact sequence. Then, the exact sequence 0 AL.p ¢ 0
of g-modules is g-split if and only if there exists a g-submodule P of B such that
B=f(A)aP.

Proof of Corollary[1.89 We have the following equivalence of assertions:

(the exact sequence 0 At.p 2. ¢ 0 of g-modules is g—split)

<= (the three equivalent assertions S;, S and Sz from Proposition [I.87] are satisfied)
(by Definition [I.88])
<= (the assertion S3 from Proposition is satisfied)

because the assertions S, Sy and Sz from Proposition [1.87] are
equivalent, and thus they are all satisfied if any of them is satisfied

<= (there exists a g-submodule P of B such that B = f (A) & P)

because Assertion S3 says that there exists a
g-submodule P of B such that B=f(A)® P |~

This proves Corollary [1.89]

1.16. Filtrations of g-modules

Now we are going to define the notion of a filtration of a k-module. Not that this is an
unknown notion, but it is one of the most overloaded notions in algebra (there are at
least four different meanings of a "filtration”, and every author defines it to mean the
one he wants), so let us settle what we are going to call a filtration:

Definition 1.90. Let k£ be a commutative ring. Let V' be a k-module.
A k-module filtration of V' will mean a sequence (V,), -, of k-submodules of V' such
that | V,=Vand 1 CV; CV, C ...

n>0
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Similarly we define the notion of a g-module filtration:

Definition 1.91. Let £ be a commutative ring. Let g be a k-Lie algebra. Let V be
a g-module.
A g-module filtration of V will mean a sequence (Vn)nZO of g-submodules of V' such

that | V,=Vand V, CV; CV, C L.

n>0
The following is obvious:

Proposition 1.92. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V
be a g-module.

(a) Every g-module filtration of V' is a k-module filtration of V.

(b) If (Vu),so is a k-module filtration of V= such that
(V,, is a g-submodule of V for every n € N), then (V,) -, is a g-module filtra-
tion of V. -

We also record a definition:

Definition 1.93. Let k£ be a commutative ring. Let g be a k-Lie algebra.

Let V be a g-module. Consider the tensor g-module @V of the g-module V.

For every n € Z, let V®=" denote the g-submodule @ V' of the g-module @V. (In

i=0

fact, @ V® is a g-submodule of @V, because ®V = @ V® as a g-module.) Note
i=0 iEN

that this definition yields V®<" = 0 for every integer n < 0.

It is clear that (V®§”)n>0 is a g-module filtration of ®V. This filtration is called

the degree filtration of V.

We will also use the notation V<" in a slightly more general context:

Definition 1.94. Let k£ be a commutative ring. Let V' be a k-module. Consider the

tensor k-module ®V of the k-module V.

For every n € N, let V®=" denote the k-submodule @ V®' of the k-module @V. It
i=0

is clear that (V®5”)n>0 is a k-module filtration of ®V'. This filtration is called the

degree filtration of QV.
We notice a known fact:

Proposition 1.95. Let k be a commutative ring. Let V be a k-module. Then,
considering V®" as a k-submodule of @V for every n € N, we have:

(a) Every i € N and j € N satisfy V& . V% = Y@+,

(b) Every n € N and m € N satisfy V&< . /@sm C y@s(ntm)
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Proof of Proposition[1.95 (a) Every i € {0,1,...,n} and j € {0,1,...,m} satisfy
Vi e
=(ab | (a,b) eV x V) =(a®b | (a,b) € V¥ x V)
since every (a,b) € V® x V& gatisfy ab=a-b=a®1b

(according to (applied to i and j instead of n and m),
because (a,b) € V¥ x V& yields a € V¥ and b € V)

_ i g O since the tensor product V& @ V® is spanned by pure tensors,
i. e., by tensors of the form a ® b for (a,b) € V& x V&

— Y®>+i)

This proves Proposition (a).
(b) Definition yields

n+m n+m

yesntm) @ Ve = @ Ver (here we renamed i as 7 in the sum).

On the other hand, Proposition (a) yields that every i € {0,1,....,.n} and j €
) ) o ntm

{0,1,...,m} satisfy V® . V& = Veit) C @ Ve (because i € {0,1,....,n} and
r=0

j€{0,1,..m} yield i +j € {0,1,...,n +m}, so that V®(+7) is one of the addends of

n+m n+m
the direct sum € V®"). Since @ Ve = Y@srtm) we have thus proven that every
r=0

i€{0,1,...n} and j € {0,1, .. m} satlsfy Ve YOl C V®<(”+m)

Now, Definition [1.94] yields V®<" = @V@”’ yesm _ @V@” and VE<(+m) _
i=0 i=0

n+m

@ V®i,
=0

n n
Since V=" = @V = 3"V (since direct sums are sums) and

i=0
yEsm — é Ve = é V& (here we renamed i as j in the sum)
= Z Vi (since direct sums are sums),
we have
72 o 72 e =0 =0 j=0 cy/ ®<<n+m> i=0 j=0
C y@s(ntm) (since Y Es(ntm) o 5 k—module) i

This proves Proposition (b).
Our next definition is concerned with k-module homomorphisms:
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Definition 1.96. Let k£ be a commutative ring. Let V' and W be two k-modules.
Let f:V — W be a k-module homomorphism. Let (V},), -, be a k-module filtration
of V, and let (W,), -, be a k-module filtration of W.

We say that the map f respects the filtrations (V,), <, and (W,), s, if it satisfies
(f (V;,) €W, for every n € N). Sometimes we abbreviate "the map f respects the
filtrations (V,,),,sq and (W,,),~, 7 to "the map f respects the filtration”, as long
as the filtrations (V4,), >, and (W,,), s, can be inferred from the context.

Filtrations of k-modules and homomorphisms respecting them lead to new modules

rsp. homomorphisms:

Definition 1.97. Let k be a commutative ring.

(a) Let V' be a k-module. Let (V,),-, be a k-module filtration of V. Then,
for every p € N, we denote the k-module Vo Vp—1 (where V_; means 0) by
gr, (V. (Vn)nzo)' When the filtration (V7,),,5, is clear from the context, we will ab-
breviate gr, (v, (v”>n20) by gr, V.

(b) Let V and W be two k-modules. Let (V,),~, be a k-module filtration of V/,
and let (W), -, be a k-module filtration of W. Let f : V — W be a k-module
homomorphism respecting the ﬁltration.@ Then, for every p € N, we can define
a k-module homomorphism gr, f : gr,V — gr, W as followﬂ: Since f respects
the filtration, we have f(V,) € W,. Thus, f induces a k-module homomorphism
fp : Vp = W, defined by (f, (v) = f (v) for every v € V,,). This homomorphism f,
sends V,_; to W,_y (since f(V,—1) € W,_1, which is because f respects the filtra-
tion), and thus gives rise to a k-module homomorphism f; : V,, /V, 1 — W, /W), 4

which satisfies < [y (@) = fp (v) for every v € Vp> (where © denotes the residue class

of v modulo V,_y, and f, (v) denotes the residue class of f,(v) modulo W,_,).
Since V,,/V, 1 = gr,V and W, /W, ; = gr, W, this k-module homomorphism
fo Vo, Voor = Wy /W1 is a k-module homomorphism f) : gr, V' — gr, W. We
will denote this homomorphism f; by gr,, f. (Strictly speaking, the notation gr, f is
ambiguous, because the homomorphism gr,, f depends not only on p and f, but also
on the filtrations (V},), -, and (W,),~,. But we will never run into ambiguities with
this notation, because in our cases the filtrations (V,,), -, and (W), s, will always
be clear form the context.) - -

As one could expect, we can get additional structure if we start at g-modules and

g-module homomorphisms:

Proposition 1.98. Let k£ be a commutative ring. Let g be a k-Lie algebra.

(a) Let V be a g-module. Let (V},),,+, be a g-module filtration of V. Then, for every
p € N, the k-module gr, V' canonically becomes a g-module, since it is the quotient
module V,, /V,_; and since both V,, and V,,_; are g-modules.

(b) Let V and W be two g-modules. Let (V;),-, be a g-module filtration of V,

”

210f course, "respecting the filtration” means "respecting the filtrations (V,,), s, and (W,),,>o

here, because the only filtrations of V and W inferrable from the context are (V;,),,5 o and (Wy,), 5.
22Here, gr, V means gr, (V, (Vn)n20>7 and gr, W means gr, (VV, (Wn)nzo)’ because the only filtra-

tions of V' and W inferrable from the context are (V,,),,5, and (Wy),,5¢-
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and let (W,),5, be a g-module filtration of W. Let f : V — W be a g-module
homomorphism respecting the filtration. Then, for every p € N, the k-module
homomorphism gr,, f : gr, V' — gr, W is a g-module homomorphism.

Proof of Proposition [1.98 Part (a) of this proposition is obviously true (there is
nothing to prove here). Part (b) follows from the definitions (the details are left to the
reader).

The following fact is also easy to see:

Proposition 1.99. Let k£ be a commutative ring.

(a) Let V be a k-module. Let (V},), <, be a k-module filtration of V. Then, the map
id : V — V respects the filtration, and satisfies gr,id = id for every p € N.

(b) Let U, V and W be three k-modules. Let (U,),-, be a k-module filtration of
U. Let (V,,),o be a k-module filtration of V. Let (W,,), -, be a k-module filtration
of W. Let f:U —V and g : V — W be two k-module homomorphisms respecting
the filtration. Then, the homomorphism go f : U — W also respects the filtration
and satisfies gr,gogr, f = gr, (g o f) for every p € N.

(c) Let V and W be two k-modules. Let (V},),-, be a k-module filtration of V.
Let (W,),~o be a k-module filtration of W. Let f:V — W and g : V — W be
two k-module homomorphisms respecting the filtration. Then, f —g: V — W also
respects the filtration, and satisfies gr, (f — g) = gr,, f — gr, g for every p € N.

(d) Let V and W be two k-modules. Let (V,),-, be a k-module filtration of V.
Let (W,),>o be a k-module filtration of W. Then, the k-module homomorphism
0:V — W (which maps everything to 0) respects the filtration and satisfies gr, 0 = 0
for every p € N.

In the language of category theory, Proposition says that for each p € N,
Definition defines an additive functor gr, from the category of k-modules with
filtration (where morphisms are k-module homomorphisms respecting the filtration) to

the category of k-modules.

Warning 1.100. Filtrations of k-modules have one somewhat dangerous property:
If we have two k-modules V' and W with filtrations (V,),~, and (W,), >, respec-
tively, and an isomorphism f : V' — W of k-modules which respects the filtration,
then we cannot (in general) be sure that gr, f : gr, V' — gr, W is an isomorphism
for every p € N. In order to be able to tell that gr, f is an isomorphism, we need to
require that f~! also respect the filtration. This is enough due to the following fact:

Proposition 1.101. Let k£ be a commutative ring. Let V' and W be two k-modules.
Let (V,,),~o be a k-module filtration of V', and let (W,,),~, be a k-module filtration
of W. Let f:V — W be a k-module isomorphism. If each of the maps f and f~*
respects the filtration, then gr, f : gr,V — gr, W is a k-module isomorphism for
every p € N.

Proof of Proposition [1.101. Assume that each of the maps f and f~! respects
the filtration. Then, according to Definition (b), both maps gr, f : gr,V —
gr, W and gr, (f~") : gr, W — gr, V are well-defined. Proposition (b) (applied
to W, (Wa),s0s f~1 and f instead of U, (Un)pso> [ and g) now yields that gr, f o
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gr, (f7') = gr, (fof™") for every p € N. On the other hand, Proposition (b)
(applied to V', (Va),500 W, (Wa)ps0, Vs (Vi) and f~! instead of U, (Un)psor Vs
(Vi)nsor W, (W), and g) now yields that gr, (f~') ogr, f = gr, (f~" o f) for every
p € N. Thus, every p € N satisfies gr, f o gr, (f7') = gr, (fof_l) = gr,id = id
id
(according to Proposition [1.99] (a)) and gr, (f ™) ogr, f =gr, (f "o f) = gr,id =id
T
(according to Proposition [1.99] (a)). This means that for every p € N, the two k-
module homomorphisms gr, f and gr, (f~!) are inverse to each other. Thus, gr, f is a
k-module isomorphism. This proves Proposition [1.101]
Another easy fact:

Proposition 1.102. Let k& be a commutative ring. Let V' and W be two k-modules.
Let (V,.),,>0 be a k-module filtration of V', and let (W},,),, be a k-module filtration
of W. Let f:V — W be a k-module homomorphism which respects the filtration.
Let p € N. If f (V,) = W), then gr, f : gr, V — gr, W is surjective.

Proof of Proposition|1.10%. Assume that f (V,) = W,,.
We are going to use the notations introduced in Definition (b). With these nota-

tions, gr,, f = le) (because this is how gr, f was defined), < f; (0) = f, (v) for every v € V,,
and (f, (v) = f (v) for every v € V).

Now let w € gr, W be arbitrary. Then, w € gr,W = W, /W, 4, so there ex-
ists some u € W, such that w = @ (where @ denotes the residue class of w modulo
W,—1). Since u € W, = f(V,), there exists some v € V, such that v = f (v). Thus,

(grp f) (v) = f]'7 () = f, (v) = (since f, (v) = f (v) = u) leads to (grp f) (v)
_fl

Thus, w € (grp f) (grp U ) Hence, we have shown that every w € gr, W satisfies w €

(grp f) (grp U). In other words, gr, W C (grp f) (grp U). Thus, gr, f : gr,V — gr, W

is surjective. Proposition [1.102]is now proven.

u=uw.

Proposition 1.103. Let k& be a commutative ring. Let V and W be two k-modules.
Let (V,.),,>0 be a k-module filtration of V', and let (W},,), -, be a k-module filtration
of W. Let f:V — W be a k-module homomorphism which respects the filtration.
Let p € N. If f (V,,) € W,_1, then gr, f = 0.

Proof of Proposition|1.105. Assume that f(V,) C W,_;.
We are going to use the notations introduced in Definition (b). With these nota-

)

tions, gr, f = f, (because this is how gr,, f was defined), < [y (@) = fp (v) for every v € V;,)

and (f, (v) = f (v) for every v € V},). This means that every v € V), satisfies f; (v) =

f, () = 0 (because v € V, yields f(v) € f(V,) € W,_; and thus f, (v) = f(v) €
W,_1). Since every element x € V,/V,_; can be written in the form z = v for some
v € V,, this yields that f, (v) = 0 for every x € V,,/V,_; (because writing x in the
form z = v for some v € V,,, we get f, () = f, (v) = 0). In other words, f;, = 0. Thus,
gr, f = f, = 0. Proposition is now proven.

One more triviality:
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Proposition 1.104. Let k£ be a commutative ring. Let V and W be two k-modules.
Let f: V — W be a k-module homomorphism. Then, the k-module homomorphism
Rf : @V — W respects the filtration, where the filtrations on ®V and QW are
the degree filtrations (i. e., the filtration on ®V is (VE=<") and the filtration on

n>0’
QW is (W®=")

nZO)'
Another definition related to degree filtrations:

Definition 1.105. Let k be a commutative ring. Let V be a k-module. Let p € N.
Let grady, denote the map V& — V®=<P /V®<r-1) which sends every T € V& to
the equivalence class of T € V& C V®=<P modulo V®=P-1,

Since V&= /V @<=l = gr (®V') (because the filtration on @V is the degree filtra-
tion (V®=") _ , and thus gr, (®V) is defined as Vese /@<p-1)) we see that this
map grady,, : V& — V=P /YO0 is a map VE — gr, (2V).

Proposition 1.106. Let k£ be a commutative ring. Let V' be a k-module. Let p € N.
Then, the map grady,, : V¥ — gr, (®V) defined in Definition [1.105|is a canonical
k-module isomorphism.

-1

p .
Proof of Proposition |1.106. We have V®<t~D) = @ V® (by the definition of

i=0
V@=(r=1) and

p
vesr = (Hve (by the definition of V®<F)
=0

p—1
= (@ V®i> AVer = YOs-1) g &P,
i=0

—y®<(p-1)

Now, we need a known lemma from algebra:

Lemma 1.107. Let A and B be two k-modules. Consider A as a k-submodule of
A@B. Then, the map B — (A @ B) /A which sends every T' € B to the equivalence
class of T'¢ B C A® B modulo A is a k-module isomorphism.

Lemma (applied to A = V®=<(P~1) and B = V®?) yields that the map V& —
(Vves- g yer) /y@<@-1 which sends every T € V®? to the equivalence class of
T € ver C vos=1) @ Ve modulo V®<P~1 is a k-module isomorphism. Since
Ves-1) g V8 = V®<P_ this rewrites as follows: The map V& — V®<p //®<(-1)
which sends every T € V&P to the equivalence class of T € V& C V®<-1) g y&r
modulo V®=(P-1 ig a k-module isomorphism. Since the map V& — V&= /| ®=<(-1)
which sends every T € V&P to the equivalence class of T € V& C V@<=l g y&r
modulo V&<(~1 is simply the map grady,, (by the definition of grady,,), this yields
that the map grady, is a k-module isomorphism. Since this map grad,,, is clearly
canonical, we have thus proven Proposition [I.1006]

Also, we can easily see that:

66



Proposition 1.108. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let
V be a g-module. Let p € N. Then, the map grady,, : V¥ — gr, (®V) defined in
Definition [1.105|is a canonical g-module isomorphism.

Proof of Proposition |1.108. In order to obtain a proof of Proposition [1.108] it is
enough to apply the following changes to the proof of Proposition [1.106}

e Replace "Proposition [1.106]" by ”Proposition [1.108]".
e Replace the words ”k-module” by ”g-module”.

This completes the proof of Proposition [1.108

1.17. Filtrations and isomorphisms

The next proposition will not be used until Section [, but is still very elementary:

Proposition 1.109. Let £ be a commutative ring. Let V be a k-module. Let
(Vi),.>0 be a k-module filtration of V. Let f : V' — V be a k-module homomorphism
which satisfies

(f (V) C Vo for every n € N),

where V_; denotes the k-submodule 0 of V. Then:
(a) The k-module homomorphism id —f is an isomorphism.
(b) Each of the maps id —f and (id —f) ™" respects the filtration.

Note that this proposition is a generalization of the following well-known fact:

Corollary 1.110. Let k£ be a commutative ring. Let m € N. Let A € M,, (k) be a
strictly upper triangular m x m matrix over k. Then, I,, — A is an invertible matrix,
and its inverse is an upper triangular matrix.

The following quick proof of this fact by means of applying Proposition [1.109] is not
here because we are going to use it, but rather because it provides a kind of intuition
for the meaning of Proposition (even if only in a particular case).

Proof of Corollary (sketched). Define a filtration (V},),-, of the k-module £™
(€1,€9,...,e,),if n < m;
by \ Ve = k™ ifn>m
standard basis of the k-module £™. Let f be the k-linear map k™ — k™ represented
by the matrix A. Then, since A is a strictly upper triangular matrix, it is easy to
see that f (V) C V,_; for every n € N (where V_; denotes the k-submodule 0 of £™).
Thus, Proposition (a) yields that id — f is an isomorphism, and Proposition
(b) yields that its inverse (id —f) ™" respects the filtration. Translating this back into
the language of matrices, we obtain that I,,, — A is an invertible matrix, and its inverse
is an upper triangular matrix. This proves Corollary [I.110}

Proof of Proposition . We notice that every n € N satisfies V,,_; C V,, EL

for every n € N), where (eq, e, ..., €,,) is the

23 Proof. Let n € N be arbitrary. Then, two cases are possible: the case when n = 0, and the case
when n > 0. In the case n = 0, we have V,,_1 = Vp_1 =V_1 =0 C V,. In the case n > 0, we have
V-1 €V, (because (Vy,),,~( is a k-module filtration). Hence, in both cases n =0 and n > 0, we

have V,,_1 C V,,. Thus, V,,_; C V,, always holds.
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Now, every n € N satisfies f(V,,) C V,,_1 C V,,. Hence, the map f respects the
filtration. Since the map id also respects the filtration, it follows from Proposition |1.99
(c) (applied to id, f, V and (V,),~, instead of f, g, W and (W,,),~,) that the map
id — f also respects the filtration. -

Next, let us show that for every m € N,

the map Z f%:V — V respects the filtration. (38)
rk=0

Proof of @ We are going to verify by induction over m:

m 0

Induction base: For m = 0, the map >_ f*:V — V equals > f* = f° = id and
k=0 k=0

thus respects the filtration (since it is known that id respects the filtration). Thus,

holds for m = 0. The induction base is thus complete.
Induction step: Let n € N, be arbitrary. Assume that holds for m =n—1. We
then must prove that holds for m = n.

n—1
Since holds for m = n — 1, we know that the map > f*:V — V respects the

k=0
filtration. Combined with the fact that the map f respects the filtration, this yields that

n—1
the map f o > f* respects the filtration (according to Proposition [1.99) (b), applied
k=0

to f, Z 5V, (v )n>0, V and (V, )n>0 instead of g, f, U, (U, )n>0, W and <Wn)nzo)-
Combmed with the (trivial) fact that the map —id respects the filtration, this yields

n—1
that the map fo > f* — (—1id) respects the filtration (according to Proposition [1.99
k=0

n—1
(c), applied to fo > f*, —id, V and (V},),+, instead of f, g, W and (W,,),~,). Since
k=0 - -

-1

fo Zf —(-id)= fo) fr +id = Zf fraf0 = Zf“+1+f°

=0 =50 K= 0 —frtl

n—1
=2 fof"
=0

(since f is k-linear)

3

E

= Z o4 f° (here we substituted « for x + 1 in the sum)
=> f
~k=0

this rewrites as follows: The map »_ f* respects the filtration. In other words,
~k=0

holds for m = n. This completes the induction step. Thus is proven for every

m € N.

Next we will prove that every ¢ € N satisfies

A (v,) =o. (39)
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Proof of @ We are going to verify by induction over ¢:
Induction base: For £ = 0, we have

FEEWe) = £ (Vo) = (Vo) € Vo
==/
(due to the condition (f (V,,) C V,_; for every n € N), applied to n = 0)
=V_,=0.

In other words, for £ = 0, we have f1(V;) = 0. Thus, holds for ¢ = 0. The
induction base is thus complete.

Induction step: Let n € N, be arbitrary. Assume that holds for £ =n — 1. We
then must prove that holds for ¢ = n.

Since (39) holds for £ = n — 1, we have f"~D*1(V,,_;) = 0. Now,

n+1 —(f" o _ n (n—1)+1 _
ff f(Vn) = (f"o f)(Va) (f ) f‘(/Vn) cf (V1) =0,
=fno :f n—1)+1 g 1

so that ™™ (V,) = 0. In other words, holds for ¢ = n. This completes the
induction step. Thus is proven for every ¢ € N.

Now, let us define a map R:V — V as follows:

For every v € V, let us define the element R (v) as follows:

Since (V},),,5o is a k-module filtration of V', we have |J V,, = V (by the definition
- n>0
of a filtration). Now, v € V = (J V,, yields that there exists some m € N such that
n>0

v € V. Now, the element >  f*(v) does not depend on m (but only depends on
k=0

v). Y Therefore, we can define an element R (v) of V (only depending on v) by

24 Proof. Let m1 be an element of N such that v € V,,,,. Let ma be an element of N such that v € V,,,,.
ma ma
We are now going to prove that > f*(v) = Y. f* (v).
=0 k=0

In fact, we can WLOG assume tﬁat my > moy (otherwise, we switch m; and ms). So let us assume
this. We have v € V,,, and thus fm2+1 (v) € fm2+1(V,,,.) =0 (by ’ applied to £ = my), so that
21 (v) = 0. Now, every k > my + 1 satisfies f* = flr=(mat1))olmatl) — gr—(matl) o gmatl

Hence, every k > mo + 1 satisfies f* (v) = (f<=(m2+1) o fmatl) (y) = fpr—(ma+l) (fm“ (v)) =
——

=0
frmm2+D (0) = 0 (since f#~(m2+1) is k-linear). Now,

mi ma mi mao mi m2
P HOED SN HOEESY ) =3+ Y 0= ().
k=0 k=0 k=mo+1 ,H’_/ k=0 k=mo+1 k=0
=0 (since k>mo+1) N ,
=0
Thus we have proven that, for every element m; € N such that v € V,,,,, and for every element

mi mao
mz € N such that v € V,,,,, we have > f*(v) = > f*(v). In other words, we have proven that
k=0 k=0

any two values of m € N such that v € V,,, lead to the same value for > f* (v). In other words,
x=0

m
we have proven that the element Y. f* (v) does not depend on m (as long as m satisfies v € V,,,).
k=0

69



Rv) =2 f*(v).
Thus we have defined an element R (v) € V for every v € V. In other words, we

have thus defined a map R: V — V.
According to its definition, this map R satisfies

R(v) = Z % (v) for every m € N satistying v € V. (40)
rk=0
Now we are going to show that Ro (id —f) =
Proof of Ro (id—f) =1id. Let w € V be arbitrary. Let v = (id — f) (w).
Since w € V = |J V,,, there exists some m € N such that w € V,,,. Consider this m.

n>0
Then,
(id = f) (w) = id (w) — f (w)
—— ——
=weVm  €f(Vin) (since weViy,)
C Vi — (Vi) cV,-V,CV, (since V,, is a k-module) .
—
CVi, (since the map f
respects the filtration)
Now,

(Ro(id—f)) (w)

=R\ (d—f)(w) | =R(v)
——

=v

= Z fe v (according to ([40]), since v € V)
k=0 =(id — f)(w)=w— f(w)
—Zf”w fw)=> |71 FEF@) | =D F w) = (f5o f) (w)
xk=0 k=0
O =) (f(w)) =(frof)(w) =frtt
(since f* is k-linear)
m m m+1
3 () 1 ) = 30 ) - 30 Zf“ - D [fw)
k=0 k=0 k=0 k=1
=f(w)+ 2:31 frw) = 2::1 fr)+fmtt (w)

(here, we substituted x for x + 1 in the second sum)
= <f° (w)+>_ 1 <w>> (Z f* () + F74 (w >> = [0 (w) = [ (w).
k=1

Since f° (w) = id(w) and f™*'(w) = 0 (because w € V, and thus f™*'(w) €
=id

fm (Vi) = 0 (due to (B9), applied to £ = m), so that f™*! (w) = 0), this rewrites
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as (Ro(id—f))(w) = id (w) — 0 = id (w). Since this holds for all w € V, we thus
conclude that Ro (id —f) =i

This completes the proof of Ro (id —f) =

Proof of (id—f)o R=1d. Let v € V be arbitrary.

Since v € V = |J V,,, there exists some m € N such that v € V;,,. Consider this m.

n>0
Then,

((id=f)o R)(v) = (id=f) (R(v)) = (id —f) <Z /" (v)>

k=0

(sinee says that R (v) = f: " (v))

k=0
—id (Z fr (v)) —f (Z " <v>> =Y ) =) ()
k=0 x=0 k=0 k=0 —
~ ~- ~ - =(fof*)(v)
=5 o) =5 )
(since f is k- 1inear)
K H K Kk+1
— v
Z%f();ff Zf Z%f (v)
K= K= _fm+1 K=
m m—+1
= > ) = D W)
k=0 k=1
=Pk F0) =2 SR e)

(here, we substituted & for x + 1 in the second sum)
= (f“ (0)+>_f* (v)) - (Z fr )+ (v)) = f* W) = " ).
k=1 k=1

Since \fi/(v) = id(v) and f™ (v) = 0 (because v € V,, and thus f™*!(v) €
=id

™ (Vi) = 0 (due to (39), applied to £ = m), so that f™*! (v) = 0), this rewrites as

((id=f) o R) (v) =id (v) — 0 =id (v). Since this holds for all v € V', we thus conclude

that (id —f) o R = id.

The proof of (id —f) o R = id is thus complete.

We have thus shown that Ro (id —f) = id and (id — f) o R = id. In other words, the
two maps id —f and R are mutually inverse. Hence, the map id —f is invertible, and
its inverse is R.

The k-module homomorphism id —f is a k-module isomorphism (since it is invert-
ible). This proves Proposition (a).

We already know that the map id — f respects the filtration. Let us now prove that
so does R:
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Let n € N be arbitrary. Every v € V,, satisfies

R(v) = Z £ (v) (by (40), applied to m = n)
k=0

- (Z f"””) (v) € (Z f"‘) (Vy) (since v € V},)

since (38) (applied to m = n) says that

C .
€V the map > f* respects the filtration

k=0
In other words, R (V,,) C V,. Since this holds for every n € N, we thus have proven
that the map R respects the filtration. Since R = (id —f)~" (because we know that
R is the inverse of id —f), this yields that the map (id —f)~" respects the filtration.
Combined with the fact that id —f respects the filtration, this completes the proof of

Proposition [1.109 (b).

1.18. A consequence about isomorphisms

We are not going to use Proposition [1.109] directly; instead we will apply the following
corollary:

Corollary 1.111. Let k be a commutative ring. Let V' and W be two k-modules.
Let (Vi),>o be a k-module filtration of V. Let (W,), -, be a k-module filtration of
W.Let f:V—=Wandg: W — V be two k-module homomorphisms such that

(id—go f) (V) C Vo for every n € N),

where V_; denotes the k-submodule 0 of V. Assume further that f is a k-module
isomorphism, and that f and f~! respect the filtration. Then:

(a) The k-module homomorphism g is an isomorphism.

(b) Each of the maps g and ¢! respects the filtration.

Proof of Corollary[1.111] Since (id —g o f) (V,,) C Vi1 for every n € N, we can apply
Proposition to id —g o f instead of f. Hence, Proposition (a) (applied to
id —g o f instead of f) yields that the k-module homomorphism id — (id —g o f) is an
isomorphism. On the other hand, Proposition (b) (applied to id —g o f instead
of f) yields that each of the maps id — (id —g o f) and (id — (id —g o f))*1 respects the
filtration.

We know that id — (id —g o f) is an isomorphism. Since id — (id—go f) = g o f,
we thus conclude that g o f is an isomorphism. But since f~! is an isomorphism
(this is because f is an isomorphism), the composition (go f) o f~ must also be an
isomorphism (because g o f and f~! are isomorphisms, and because the composition
of two isomorphisms is an isomorphism). Since (go f) o f~! = g, this yields that g is
an isomorphism. This proves Corollary (a).

Now, we know that each of the maps id — (id —g o f) and (id — (id —g o f)) ™" respects

~1

the filtration. Since id — (id —go f) = go f and [id—(id—go f)| = (gof) ™' =

=gof
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f~tog1, this result rewrites as follows: Each of the maps go f and f~tog™!

the filtration.

Since each of the maps f~! o ¢! and f respects the filtration, Proposition (b)
(applied to V., (Vo),50: V', (Va),is0s Wy (Wa),n0, f 109t and f instead of U, (Uy), <0,
V, (Vi)sos W, (W), <0, f and g) yields that the map f o (f~'og™!) respects the
filtration. Since f o (f~'og™') = g7!, this rewrites as follows: The map g~' respects
the filtration.

Since each of the maps g o f and f~! respects the filtration, Proposition (b)
(applied to W, (W,),.50, Vs (Va),sos Vs (Vi),s0, £ 1 and go f instead of U, (U,),,s0, V,
(Vi)sos Wy (W), 50, f and g) yields that the map (g o f)o f~! respects the filtration.
Since (g o f) o f~! = g, this rewrites as follows: The map ¢ respects the filtration.

This completes the proof of Corollary

respects

1.19. Splitting of filtrations of g-modules

Some filtrations are simpler than others. One particular property some g-module fil-
trations have is being g-split:

Definition 1.112. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V
be a g-module. Let (V,),~, be a g-module filtration of V.

For every integer n > 1, let ¢,, denote the canonical inclusion of V,,_; into V,,, and
let 7, denote the canonical projection of V,, onto V,, /V, 4.

We say that the g-module filtration (V,),~, is g-split if and only if

( the short exact sequence )

0— V1 —=V, 5V, / Vg ——0 is g-split for every n > 1

The next proposition shows that g-split filtrations are those coming from direct sum
decompositions of V:

Proposition 1.113. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let
V be a g-module. Let (V;),-, be a g-module filtration of V. Then, the filtration
(Vi) >0 1s g-split if and only if there exists a family (W),), oy of g-submodules of V/

p
such that V = @@ W,, and such that every p € N satisfies V, = €@ W,,.

neN n=0

Note that this Proposition [1.113| depends on the countable Axiom of Choice.

Remark 1.114. A remark about notation: In Proposition [I.113] we could have just
as well written (W), 5, instead of (W),),,cy. In fact, (Wy,), 5, and (W), oy are two
equivalent ways to denote one and the same family. However, we prefer to use the

notation (W,,), _y for families of g-submodules of V' satisfying V' = €@ W,, (such
neN
families are called " g-module gradings” of V') as opposed to the notation <Vn)n20 for

filtrations, in order to make gradings easier to distinguish from filtrations (there is
no deeper reason behind this).

neN
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Proof of Proposition |1.115. In order to verify Proposition |[1.113] we must show two
lemmas:

Lemma 1.115. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V' be

a g-module. Let (V},),-, be a g-module filtration of V. If the filtration (V},), -, is g-

split, then there exists a family (W),), .y of g-submodules of V such that V = @ W,
neN

p
and such that every p € N satisfies V, = @ W,,.
n=0

Lemma 1.116. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V
be a g-module. Let (Vn)n20 be a g-module filtration of V. If there exists a family
(Wh),en of g-submodules of V' such that V = € W, and such that every p € N

neN

p
satisfies V,, = @ W, then the filtration (1), is g-split.

n=0

Proof of Lemma|1.115. Assume that the filtration (V,),5, is g-split.

For every n > 1, let 1, denote the canonical inclusion of V,,_; into V,,, and let m,
denote the canonical projection of V,, onto V,,/V,,_1.

The filtration (Vn)nzo is g-split. According to Definition , this means that the

short exact sequence 0 Vg =V, 5V, /Vi_1 ——0 is g-split for every n >
1. Thus, for every n > 1, the short exact sequence 0 Vi1 —=V, =V, SV, —— 0
is g-split.

Let n € N, be arbitrary. Then, n > 1. Applying Corollary to Vi1, Vi,
Vi/ Va1, tn, and m, instead of A, B, C, f and g, we see that the exact sequence
0 Vi1 —V, 5V, / Vi1 ——0 is g-split if and only if there exists a g-
submodule P of V,, such that V,, = ¢, (V,_1) @ P. Since we know that the exact
sequence 0 ——V,_y ——V, 5V, /V,_1 ——0 is g-split, we thus conclude that
there exists a g-submodule P of V,, such that V,, = ¢, (V,,_1) @ P. Denote this g-
submodule P by W,,. Then, V,, = ¢, (V,,_1)®W,, = V,,_1 & W,, (since ¢, is the inclusion
map, and thus ¢, (V,,_1) = V,,_1).

We have thus defined a g-submodule W,, of V,, for every n € N,, and this g-
submodule satisfies V,, = V,,_1 & W,,.

Let us additionally define a g-submodule Wy of V[, by Wy = V4. Thus, a g-submodule
W, of V,, is defined for every n € N (because we have defined a g-submodule W,, of V,,
for every n € N, and we have defined a g-submodule Wy of V;, but N, U {0} = N).
Hence, we have defined a family (W),), . of g-submodules of V.

Now let us prove that

p
every p € N satisfies V,, = @ W,. (41)
n=0
Proof of (41). We are going to verify (41] . ) by 1nduct10n over p:
Induction base: For p =0, we have V, =V = @ W, = @ W, (since 0 = p).

In other words, . holds for p = 0. This completes the mductlon base
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Induction step: Let ¢ € Ny be arbitrary. Assume that is proven for p = q¢ — 1.

Now we must prove for p = q.
q—1
Since 1) is proven for p = ¢ — 1, we have V,_; = @ W,,. Now, we know that every
n=0
n € Ny satisfies V,, = V,,_; & W,,. Applying this to n = ¢, we obtain V,, = V,_1 & W,

and thus ,
q— q
V,= V. oW, = (@Wn> oW, =P w..
q\r/ n=0 n=0
=P W,
n=0

Thus, we have proven for p = ¢q. This completes the induction step. The proof of

is thus complete.
Next we are going to show that V = @ W,,.

neN
In fact, we first note that every p € N satisfies

p
v, = w, (by (1))
n=0

= E W, (since direct sums are sums)

oo
> W,
n=0

and thus
V= V, (since (V,.),so is a g-module filtration of V)
—~— =
peN
X Wn
n=0
Uy

n=0

S
M
Z
S

Il
o

Combined with the obvious relation Z W, C V, this yields V = Z W,. Now, in

order to prove that V = @ W,,, we only need to show that the sum Z W, is a direct

neN n=0
sum.

Let (ay),cy be a sequence of elements of V satisfying (a,, € W, for every n € N),
(an, = 0 for all but finitely many n € N) and Z a, = 0.

Since (a, = 0 for all but finitely many n € N) there exists a finite subset S of N
such that (a, = 0 for all n € N\ Y). Consider this S. Clearly, the set S has an upper
bound (because S is finite). Let M be this upper bound. Then, every n € S satisfies
n < M (because M is an upper bound of the set S). Hence, every n € N satisfying
n > M must satisfy n ¢ S (because otherwise, it would satisfy n € S, therefore n < M,
which would contradict n > M). Hence, every n € N satisfying n > M must satisfy
a, = 0 (because n > M yields n ¢ S, so that n € N\ S and thus a, = 0). On the
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M M
other hand, 1’ (applied to p = M) yields Vy = @ W,,. Thus, the sum > W, is a
n=0 n=0
direct sum.

Now,

00 M 00 M (o) M
O:E anzg an + E an :5 a, + E Ozg Q.
n=0 n=0 n:A4+1:0(ﬁnm3n>Aﬂ n=0 n=M+1 n=0

=0

Now, (an),cqo1,..ary 18 an (M + 1)-tuple of elements of V' satisfying
)

M
(a, € W, for every n € {0,1,..., M}) and > a, = 0. Therefore, a, = 0 for every
n=0

M
n € {0,1,..., M} (because the sum > W, is a direct sum).

n=0
Now, every n € N satisfies a, = 0. [
We have thus shown that every sequence (ay),,oy of elements of V' satisfying

(a, € W, for every n € N), (a, = 0 for all but finitely many n € N) and >  a, = 0
n=0

must also satisfy (a, = 0 for every n € N). In other words, the sum »_ W, is a di-
n=0

rect sum. Hence, V = > W, rewrites as V=P W,, = @ W,.
n=0 n=0 neN
Altogether, we have now proven that there exists a family (W},), oy of g-submodules

P
of V such that V = @ W, and such that every p € N satisfies V, = @ W,,. This
n=0

neN

proves Lemma [1.115]
Proof of Lemma |(1.116, Assume that there exists a family (W),),, .y of g-submodules

p
of V such that V' = @ W,, and such that every p € N satisfies V, = @ W,,.

neN n=0
For every n > 1, let ¢, denote the canonical inclusion of V,,_; into V,,, and let =,

denote the canonical projection of V,, onto V,,/V,,_;.
We know that every p € N satisfies

p p
%I@an@wm (42)

(here, we renamed n as m in the sum).

Now let n > 1 be arbitrary. Then, V,, = @ W,, (due to , applied to p = n)

m=0

n—1 n
but also V,,_1 = @ W,, (due to , applied to p =n —1). Thus, V,, = @ W,, =

m=0 m=0

25 Proof. Let n € N be arbitrary. Then we must have one of the following two cases: either n < M
orn > M. But if n < M, then a,, = 0 (since n < M leads to n € {0,1,..., M} and thus a, = 0).
On the other hand, if n > M, then a,, = 0 (as we already know). Thus, in each of the two cases
n < M and n > M, we have a,, = 0. Hence, a,, = 0 holds in every case.
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map), this rewrites as V,, = ¢, (V,_1) @ W,.

Now, applying Corollary to Vi1, Vi, Vi, Vi1, 1, and m, instead of A, B, C,
f and g, we see that the exact sequence 0 Vi ==V, 2V, Vg ——0 is
g-split if and only if there exists a g-submodule P of V,, such that V,, = ¢, (V,,_1) & P.
Since we know that there exists a g-submodule P of V,, such that V,, = ¢, (V,,_1) ® P
(namely, P = W, because V,, = 1, (V,—1) ® W,,), we can thus conclude that the exact
sequence 0 Vior 2V, 5V, Vo1 —— 0 is g-split.

Hence, we have shown that for every n > 1, the exact sequence
0 Vi 2V, 5V, /V, 1 ——0 is g-split. According to Definition [1.112]
this means that the filtration (V},),+, is g-split.

We have hence shown that the filtration (V/,),5, is g-split. Thus, Lemma is
proven.

Proposition immediately follows from Lemma [I.115] and Lemma [I.116]

We will apply Proposition in a slightly different version. First a definition:

Definition 1.117. Let k£ be a commutative ring. Let V' and W be two k-modules.
Let f: V — W be a k-module isomorphism. Let (V},),, be a k-module filtration
of V, and let (W,), -, be a k-module filtration of W.

The isomorphism f is said to be bifiltered if and only if both maps f and f~! respect
the filtration.

Proposition 1.118. Let k be a commutative ring. Let g be a k-Lie algebra. Let V'
be a g-module. Let (V},) -, be a g-module filtration of V. Consider the g-module

n>0
@ gr, V, and the filtration (@ gr, V) of this g-module € gr, V.

peN p=0 n>0 peN

Then, the filtration (Vn)n20 is g-split if and only if there exists a bifiltered g-module

isomorphism V' — P gr, V.
peEN

Proof of Proposition|1.118. In order to verify Proposition [1.118, we must show two
lemmas:

Lemma 1.119. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V
be a g-module. Let (V},) -, be a g-module filtration of V. Consider the g-module

n>0

@ gr, V, and the filtration (@ gr, V) of this g-module € gr, V.
n>0

peN p=0 > peN
If the filtration (V},), is g-split, then there exists a bifiltered g-module isomorphism
V= Der,V.

peEN

Lemma 1.120. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V
be a g-module. Let (VN)nzo be a g-module filtration of V. Consider the g-module

@ gr, V, and the filtration <@ gr, V) of this g-module P gr, V.
p=0 n>0

peEN peN
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If there exists a bifiltered g-module isomorphism V' — €D gr, V, then the filtration
peN

(Vi) >0 18 g-split.

Proof of Lemma|1.119. Assume that the filtration (V). is g-split. Then, Lemma
1.115| yields that there exists a family (W),), .y of g-submodules of V' such that V' =

p
€ W, and such that every p € N satisfies V, = € W,,. Consider this family (W,,), cx-
neN n=0
qg—1
Every ¢ € N satisfies V,_1 = @ W,,. Renaming ¢ as p in this fact, we thus
n=0
p—1
obtain: Every p € N satisfies V,_y = @ W,,. Thus, every p € N satisfies
n=0
P p—1
o <@W") Wy = Vor &,
n=0 n=0
=V, 1
Let p € N.

Let p, be the canonical projection from V, to V,/V,_;. Clearly, p, is a surjective
g-module homomorphism satisfying p, (V,—1) = 0.

Let m, be the projection from the direct sum V,,_; ® W), onto its addend W,. Then,
mp is a surjective g-module homomorphism V,_; & W, — W,,. Since V,_1 ©@ W, =V,
we thus conclude that , is a surjective g-module homomorphism V,, — W,,.

Let ¢, be the injection of the g-module W), in the direct sum V,_; & W,,. Then, ¢,
is an injective g-module homomorphism W, — V,_; & W,. Since V,_1 ® W), = V},, we
thus conclude that ¢, is an injective g-module homomorphism W, — V,,.

Since , is the projection from the direct sum V,_; @ W), onto its addend W), it
must send the other addend V,_; to 0. In other words, m,(V,—1) = 0. Therefore,
by the homomorphism theorem, the homomorphism 7, factors through V, "V, ;. In
other words, there exists a g-module homomorphism 7, : V,,/V,_; — W, such that
T, 0 pp = T, (since p, is the canonical projection from V,, to V,,/V,_1).

We have thus defined four g-module homomorphisms p,, m,, ¢, and 7, for every
peN.

Let p € N again.

26 Proof. Let g € N. We distinguish between two cases:
Case 1: We have ¢ = 0.
Case 2: We have ¢ > 1.

qg—1 0—1
In Case 1, we have Vo1 = Vy_1 =V_1; =0and @ W,, = @ W,, = (empty sum) = 0, so that
n=0 n=0

q—1
Vg—1 = @ W, in Case 1.
n=0
q—1 P
In Case 2, we have V,_1 = €@ W,, (this follows from V,, = @ W,, applied to p = ¢ — 1).
n=0 n=0
g—1
Therefore, we have proven that V,_1 = € W, holds in both possible cases 1 and 2. Thus,
n=0

q—1
Vo1 = € W, is proven.
n=0
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Every v € W, satisfies ¢, (v) = v (since ¢, is the injection of the g-module W), in the
direct sum V,_; & W,,) and 7, (v) = v (since 7, is a projection onto W, but v € W,).

Thus, every v € W, satisfies (7, 0v,) (v) =7, [ ¢, (v) | =7, (v) = v =id (v). In other
=v

words, T, 0 ¢, = id.

Now,

T 0 (pp O ty) =Tp 0 ppoty, =myou, =id.
~——
=Tp

On the other hand, let us prove that (p, o¢,) o, =id. In fact, let w € V,,/V,,_; be
arbitrary. Then, there exists some v € V), such that w = p, (v) (since p, is surjective).
Consider this v. Since w = p, (v), we have

((pp 0 1p) 0 7p) (w) = ((pp o tp) 0 ) (pp (v)) = | (ppotp) 0 Tpopy | (V)
_
= ((pp o tp) omp) (v) = pp (1p (mp (v))) -
Now, we can write the element v € V), in the form v = v; + v, for some v; € V,,_; and
vy € W, (because v € V,, = V,_1 & W,). Consider these v; and v,. Since 7, is the

projection from the direct sum V,_; @ W), onto its addend W,,, it satisfies 7, [y, _,= 0
and 7, |w,= id. Now, v = v; + vy yields

T, () =7, (nn+v2) = m(v1) +  mp(ve) (since 7, is linear)
N—— N——

=(mplv, ) (w1)  =(mplw, ) (v2)

(since v1€Vp_1)  (since v2€W)p)

= (WP |Vp71) (v1) + (7Tp |Wp) (v2) = 0 (vy) +1id (vg) = vs.
— ~—— N e Y

=0 =id =0 =v2

Besides, ¢, (v2) = vy (since ¢, is the injection of the g-module W), in the direct sum

Vo1 @ W,). Thus,

((pp o tp) 07p) (W) = py | 1p | mp (V) = pp | tp (v2) | = pp(v2).
" -

Comparing this with

id (w) = w = p, ( v ) =pp(v14+ve)= pp(v1)  +pp(ve) (since p, is k-linear)
=v1+v2

=0 (since v1EVp—1
and pp(Vp—1)=0)

= Pp (1}2) )

we obtain
((pp 0 1p) 07T) (w) = id (w).
Since this holds for every w € V,/V,_;, we have thus shown that (p, o¢,) o7, = id.
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We have now proven that 7, o (p, 0 ¢,) = id and (p, 0 ¢,) o T, = id for every p € N.

For every p € N, the g-module homomorphism 7, : V,,/V,_1 — W, is a g-module
homomorphism gr, V' — W, (since gr, V' = V,,/V,_1 by the definition of gr, V). There-
fore, the direct sum P 7, is a g-module homomorphism € gr,V — @ W,. Since

peEN peEN peEN
V=gW,= W, (here, we renamed n as p), we can thus conclude that € 7, is
neN peN peN
a g-module homomorphism  gr,V — V.
peEN

For every p € N, the g-module homomorphism p, o ¢, : W, — V,/V,_; is a g-
module homomorphism W), — gr, V' (since gr, V' = V,,/V,,_; by the definition of gr, V).
Therefore, the direct sum P p, o ¢, is a g-module homomorphism @ W, — @ gr, V.

peEN peEN peEN
Since V.= @ W,, = @ W, (here, we renamed n as p), we can thus conclude that
neN peN
@ pp o tp is a g-module homomorphism V' —  gr, V.
peEN peEN
Since
<EB7T_I9> © (EDPP © Lp) = @W_po (ppotp) = @id =id
—_——
peEN peEN peEN - peEN
and

(@ppobp) © (@W_p) :@(ppobp)oﬂ_p:@id:ida

peN peN peN —d peN

the two g-module homomorphisms € 7, and € p, o ¢, are mutually inverse. Thus,

peN peN
these two g-module homomorphisms € 7, and € p, © ¢, are g-module isomorphisms
peN peEN

pEN peN

~1
and satisfy (@ Pp © Lp> =P 7.

Every m € N satisfies (@ Pp © Lp> (Vin) € Dogr, V. If we rename m as n in
p=0

peEN

this fact, we obtain the following result: Every n € N satisfies (@ pPp O Lp) (V) C
peN

@ gr, V. This yields that the map € p, o, respects the filtration (since the filtration
p=0 peN

on V' is (Vi,),5o, while the filtration on € gr, V' is (@ gr, V) ).
n>0

peN p=0

2T Proof. Let m € N be arbitrary. Let v € Vj, be arbitrary. Then, v € V,,, = @ W, (due to
n=0

P
V, = @ W,, applied to p = m). Thus, there exist m + 1 elements wg, w1, ..., wy, of V such

n=0

m
that (w; € W; for every i € {0,1,...,m}) and v = }_ w;. Consider these elements wq, w1, ..., Wpy,.
i=0
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On the other hand, every m € N satisfies | @ 7, (@ gr, V) CV, PI
p=0

peN
we rename m as n in this fact, we obtain the following result: Every n € N satisfies

P 7, <G§O ar, V) C V,. This yields that the map @ 7, respects the filtration
p:

peEN peEN
n
(since the filtration on V' is (V},),,~, while the filtration on € gr, V' is <@ gr, V) ).
peEN p=0 n>0
Then,
m m
@pp ol | (v) = Pp © Lp <Z wl> (since v= Z w1>
peN peN i=0 i=0
m
= @ Pp oty | (wy) since @ Pp © Lp is k-linear
i=0 \ peN peEN
=(pioti)(wi)
(since w; EW;)
m m m
= 2 (piot)(w;) € ; gr,V = Z%grp 14 (here, we renamed i as p)
- cgr, V - p=
(since pjor;:Wi—gr; V)
m m
= @ gr,V (since the sum Z gr, V is a direct sum) .
p=0 p=0

m
Since this holds for every v € V,,,, we obtain (@ Pp © L,,) (Vi) € @ gr, V, qed.
peN p=0

m
28 Proof. Let m € N be arbitrary. Let v € € gr, V be arbitrary. Then, there exist m + 1 elements
p=0

m
Vg, V1, -, Um Of €D gr, V such that (v; € gr; V for every i € {0,1,...,m}) and v = }_ v;. Consider

peEN =0
these elements vg, vy, ..., v;,. Then,
m m
@Tp (v) = @Tp E v; since v = E oy
pEN pEN =0 i=0
m
= E @Tp (v) since EBT,, is k-linear
1=0 \ peN peEN

=77 (vi)
(since v;€gr; V)

m m m
= 77 (v) € Z W; = Z Wi, (here, we renamed 7 as n)
i=0 E\’Wi i=0 n=0
(since 7;:gr; V—W;)
and
m p
Vin = @ W (due to V), = @ W, applied to p = m)
n=0 n=0
m
= Z W (since direct sums are sums),
n=0
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-1 -1
Since (@ Pp O Lp = P 7, this rewrites as follows: The map (@ ppOLp>

peEN peEN peEN
respects the filtration.

According to Definition [1.117] (applied to € gr, V/, (@ gr, V) and @ p, o 1,
n>0

peEN p=0 peEN

instead of W, (W,,),~, and f), the isomorphism € p, o ¢, is bifiltered if and only if
- peN

-1
both maps € p, o ¢, and (@ Pp © Lp> respect the filtration. Since we know that
peN peEN

peEN peN
the isomorphism €p p, o ¢, is bifiltered.
peEN
Thus we know that there exists a bifiltered g-module isomorphism V' — &P gr, V'
peN

-1
both maps € p, o, and <@ Pp O Lp respect the filtration, we thus conclude that

(namely, the isomorphism € p, o ¢,). This proves Lemma [1.119]
peEN

Proof of Lemma[1.120. Assume that there exists a bifiltered g-module isomorphism

V — @ gr,V. Let f be such an isomorphism.
peEN

For each n € N, let W, be the g-submodule f~! (gr, V) of V' (here, of course, gr,, V
is considered as a g-submodule of & gr, V).

peEN
Then,

V=f" EB gr, V) (since f is a k-module isomorphism)

= f1 <@ er, V) (here, we renamed p as n)
f

g, V) (since f is a k-module isomorphism)

peN

(Wh),>0) vields that the map f is bifiltered if and only if both maps f and f ~1 respect
the filtration. Since we know that f is bifiltered, we thus conclude that both maps f
and f~! respect the filtration.

Also, Definition [1.117| (applied to € gr,V and (@ gr, V) instead of W and
p=0 n>0

so that

(@wp) (v) €Y Wy =V
n=0

peEN

Since this holds for every v € P gr, V, we obtain <@ 7rp> (@ gr, V) C Vi, qed.
p=0 peN p=0
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Every n € Nsatisfies f (V) € € gr, V (since f respects the filtration) and f~* (@ gr, V) -
p=0 p=0

V,, (since f~! respects the filtration). Thus, every n € N satisfies V,, C f~1 (@ gr V)

p=0

(since f(V,) € @gr,V). Combined with f~! <@ gr, V) C V,, this yields that
p=0 p=0
V,=f! (@ gr, V) for every n € N. Renaming n and p as p and n in this fact, we
p=0

p
obtain the following result: V, = f~* (@ gr, V) for every p € N.
n=0
Thus, every p € N satisfies

V, = (EB ar, V> =P (e, V)
n=0 n=0 =W,

(since f is a k-module isomorphism)

_dw.
n=0

Thus we have found a family (W),), .y of g-submodules of V' such that V = @ W,

neN
p
and such that every p € N satisfies V, = @ W,,. Therefore, we can apply Lemma

n=0
1.116 and as a result we obtain that the filtration (Vn)nzo is g-split. This proves
Lemma [L.120
Proposition [1.118] immediately follows from Lemma [1.119] and Lemma [1.120]

1.20. A trivial lemma
Here is one lemma, hardly worth the name, that we are going to use later in the proof:

Lemma 1.121. Let k£ be a commutative ring. Let h be a k-Lie algebra. Let A,
B and C be three h-modules. Let f : A — B and g : B — C be two k-module
homomorphisms such that f is a surjective h-module homomorphism. Assume that
go fis an h-module homomorphism. Then, ¢ is an h-module homomorphism.

Proof of Lemma|1.121]. Let a € h and v € B be arbitrary.
Since f is surjective, there is a u € A such that v = f (u). Thus,

a—v=a—(f(u)=f(a—u) (since f is an h-module homomorphism),
and thus

gla—=v)=g(fla—=u)=(gof)(a—u)

=a— ((gof)(u) (since g o f is an h-module homomorphism)

~—_—
=9(f(u))
=a—=|g|f(w)]]=a—(g(v)).
~

=

83



Thus, we have shown that every a € h and v € B satisfy g (a — v) =a — (g (v)). In
other words, ¢ is an h-module homomorphism. This proves Lemma [1.121]

1.21. A variation on the nine lemma

The following fact is completely unrelated to Lie algebras. It is one of several algebraic
statements related to the nine lemma, but having both weaker assertions and weaker
conditions. We record it here to use it in Section [5

Proposition 1.122. Let k be a commutative ring. Let A, B, C' and D be k-modules,
andlet z: A—- B, y:A—C,z: B— D and w: C — D be k-linear maps such
that the diagram

Sy

x
—

AN

(43)

Q(qd_
U<N—

—
w

commutes. Assume that Kerz C x (Kery). Further assume that y is surjective.
Then, Kerw = y (Ker z).

Proof of Proposition |1.124. We know that the diagram

A—5B

ok

commutes. In other words, woy = zox.

We have

w(y (Kerx)) = (woy)(Kerz) =(zox)(Kerz) =z |z (Kerz) | =2(0)=0

=zox =0

(since z is k-linear) ,

and thus y (Kerz) C Kerw. We will now prove that Kerw C y (Kerx):
Let ¢ € Kerw be arbitrary. Then, w (¢) = 0. Now, since y is surjective, there exists
some a € A such that ¢ =y (a). Consider this a. Then,

0=w :% =w(y(a) = (woy)(a) = (z02)(a) = 2 (x(a)),

so that z (a) € Kerz C z(Kery). Thus, there exists some a’ € Kery such that
x (a) = z (a’). Consider this a’. Since x is k-linear, we have z (a — ') = 2 (a) —x (d') =
~—~—

=z(a’)

z(a') —x(a') =0, so that a —a’ € Kerz. Thus, y(a —d’) € y (Kerz). But since

y(la—d)=vy(a)— y(a') (since y is k-linear)
~~ S~
=c =0 (since a/€Kery)
=c—0=c,
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this rewrites as ¢ € y (Ker z).

We have thus shown that every ¢ € Kerw satisfies ¢ € y (Kerz). Thus, Kerw C
y (Kerz). Combined with y (Ker z) C Kerw, this yields Ker w = y (Ker x). This proves
Proposition [I.122]

Note that we would not lose any generality if we would replace k by Z in the statement
of Proposition [1.122] because every k-module is an abelian group, i. e., a Z-module
(with additional structure). We could actually generalize Proposition by replac-
ing ”k-modules” by ”groups” (not necessarily abelian), but we will not have any use
for Proposition in this generality here.

2. The isomorphism gr, ((®g) / (J + (®g) - b)) = n®"

2.1. Statement of the theorem

In this chapter, we are going to show the following fact (which generalizes Lemma 3.4
in [2]):

Theorem 2.1. Let k£ be a commutative ring. Let g be a k-Lie algebra, and let b
be a Lie subalgebra of g. Assume that the inclusion h < g splits as a k-module

inclusion (but not necessarily as an h-module inclusion).
Let J be the two-sided ideal

(®g) - WOw—-—wev—[v,w] | (v,w) €gxbh)-(Dg)
of the k-algebra ®g.
As we know, g is a g-module, and thus also an h-module (by Definition . Let
n=g,h. This n is an h-module (because both g and b are h-modules).
Let m : g — n be the canonical projection with kernel . Obviously, 7 is an b-
module homomorphism. Thus, ®7 : ®g — ®n is also an h-module homomorphism
(according to Proposition [1.68)).
We consider h as an h-submodule of ®g by means of the embedding h — g — ®g.
(a) Both J and (®g) - h are h-submodules of ®g. Thus, (®g),/ (J + (®g) - h) is an
h-module. Let ¢ : ®g — (®g) / (J + (®g) - h) be the canonical projection. Then, ¢
is an h-module homomorphism.
(b) For every n € N, let F,, be the h-submodule ¢ (g%=") of (®g),/ (J + (®g) - h).
P Also define an h-submodule F_; of (®g),/ (J + (®g)-h) by F_; = 0. Then,
(Fh),>0 is an h-module filtration of (®g) / (J + (®g) - h) and satisfies F,, /F,_1 =
n®" as h-modules for every n € N.

(c) Let n € N. There exists one and only one k-module homomorphism €, :
F./F,_1 — gr, (®n) for which the diagram

gr, (®g) (44)
. Cl gr,, (®m)
gr, (®9) / (J +(®g) b)) = F./ Fra o gr, (®n)

commutes. Denote this homomorphism €2, by w,,. Then, w, is an h-module isomor-
phism, and the diagram

gr, (®g) (45)
l gr,, (®m)
gr, ¢

gr, (®g) / (J+(®¢) b)) = Fo/F, ™ gr, (®n)
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commutes.
Applying Definition [I.105| to n and n instead of V' and p, we obtain a map grad,,, :
n®" — or (®n). According to Proposition [1.108 (applied to b, n and n instead

of g, p and V), this map grad, ,, is a canonical h-module isomorphism. Thus, its
—1
n,n

F,./F,_1 = n®"is an h-module isomorphism (because w,, and grad, ! are h-module
isomorphisms).

nn

inverse grad, ,, is an h-module isomorphism as well. The composition grad, iL owy, :

We are going to prove this theorem at the end of Section [2| (by means of explic-
itly constructing an isomorphism F, /F, 1 — n®") after paving our way with some
auxiliary results. But let us first remark what this theorem actually says:

Theorem (a) is a result of computational nature and does not require the condi-
tion that the inclusion b < g splits as a k-module inclusion. We are going to prove it
in Proposition [2.3] (a). This is not the difficult part of Theorem [2.1]

Theorem (b) (or, more precisely, its " F,,/F, 1 = n®" as h-modules” part) is
what Lemma 3.4 in [2] states (except that [2] only considers the case when k is a field,
and of course the condition that the inclusion h < g splits as a k-module becomes void
in this case).

Theorem (c), however, is what Lemma 3.4 in [2] actually means to state. In
[2], as in many papers on algebra, there is a slight discrepancy between the statements
of some results and the actual meaning that the authors give to these results. This
discrepancy manifests itself in the fact that Lemma 3.4 in [2] formally only states that
F,/F,_1 = n®" as h-modules, i. e., that there exists some h-module isomorphism
F,/F,_1 — n®" but the authors actually want to say that a very particular map
F./F,_1 — n®" is an h-module isomorphism (namely, the map grad, 711 ow, of our
Theorem (c)). This assertion (that grad,, ow, is an h-module isomorphism) is a
stronger assertion than just the existence of an h-module isomorphism F), “F,, 1 —
n®" and this stronger assertion is the one actually used later on (for example,
in the proof of Theorem 4.4 in [2]). Therefore, if we would only prove Theorem [2.1| (b)
(but not Theorem (c)), we would miss some of the tools we would need later on.

Also note that Theorem [2.] (c) shows that not only does there exist an h-module
isomorphism F, /F,_; — n®" but also that there exists an h-module isomorphism
F,/ F,_1 — n®"independent of choice of the splitting of the kA-module inclusion b < g.
See Proposition for the details of this.

Remark 2.2. The condition that the inclusion b < g split as a k-module inclusion
cannot be removed from Theorem as the counterexample k = Z, g = s[,Q,
b = (s,Q) NZ?*? shows. (In this counterexample, (®g) - b contains g®* for all i > 2,
and thus we can easily see that J + (®g) - b contains g®° for all ¢ > 1, so that
(®g) / (J+ (®g) - h) X Z and F; = Fy, whereas n®! = (s,Q) / ((5l,Q) N Z**?) #
0.)
I do not know whether a flatness hypothesis of some kind (like requiring g, to be
a flat k-module) could be used instead of this splitting condition.

29n fact, ¢ (g®§") is indeed an h-submodule (because ( is an h-module homomorphism and because
g®<" is an h-submodule of ®g).
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2.2. J and (®g) b are h-submodules of ®g

Let us start by proving Theorem[2.1] (a) without the condition that the inclusion h < g
splits as a k-module inclusion. More precisely let us prove the following:

Proposition 2.3. Let k£ be a commutative ring. Let g be a k-Lie algebra, and let
h be a Lie subalgebra of g.
Let J be the two-sided ideal

(®9) - (v@w—wev—[v,w] | (v,w) cgxbh)-(2g)

of the k-algebra ®g.

As we know, g is a g-module, and thus also an h-module (by Definition [I.15). We
consider b as an h-submodule of ®g by means of the embedding h — g — ®g.

(a) Both J and (®g) - b are h-submodules of ®g. Thus, (®g) / (J + (®g) - b) is an
h-module. Let ¢ : ®g — (®g) / (J + (®g) - h) be the canonical projection. Then, ¢
is an h-module homomorphism.

(b) Let Jy denote the k-submodule (v ® w —w @ v — [v,w] | (v,w) € g x bh) of ®g.
Then, J = (®g) - Jo - (®g). Both Jy and Jy - (®g) are h-submodules of ®g.

Proof of Proposition 2.5, (b) Clearly,
J=(®g) wOw—-—wv—[v,u] | (v,w)€gxh) (2g)=(2g)-Jo-(g).

-~

=Jo

Next, we are going to prove that Jj is an fh-submodule of ®g.
Clearly, Jo = (vQw —w®v —[v,w] | (v,w) € g x h) yields that

VW —w®uv—[v,w| € Jy for every v € g and w € b. (46)
Let a € b be arbitrary. Let us denote by L, the map ®g — ®g, x — a — x. This

map L, is k-linear (since the Lie action of ®g is k-bilinear).
We are now going to prove that

a— (pRq¢—q®p—[p,q|) € Jo for every p € g and ¢ € b. (47)
Proof of ([47). Let p € g and ¢ € b be arbitrary. Then, [¢,a] = — [a,q] (by (5),
applied to ¢ and a instead of v and w) and [q, [a,p]] = — [[a,p], ¢] (by (B), applied to ¢

and [a, p] instead of v and w). Also, note that [a,p] € h (because a € h and p € b, and
because b is a Lie subalgebra of g). Furthermore, @D (applied to a and p instead of v
and w) yields a = p = [a,p]. On the other hand, (9) (applied to a and ¢ instead of v
and w) yields a = ¢ = [a, ¢|. Besides, () (applied to a and [p, ¢ instead of v and w)
yields

a—[p,q=la[pql=~|p la.a | —[gapl]
:[:;] =—[[a,pl,q]

( since (4] (applied to a, p, ¢ instead of u, v, w) yields )
0. [p, ll + [p.la. ] + [g: [a, 7)) = 0

= —[p,—la,ql] = (= la,p],ql) = [p, [a, q]] + [[a,p] , q] -
~[p.fa.q]]
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Now,

a—(p®qg—qp—I[p,q])

= a—=(p®q - a—=(®p —a—I[pq
S——— S——
=(a—p)®q+p®(a—q) =(a—q)®p+q®(a—p)
(by (15), applied to (by (15), applied to
p and q instead of v and w) ¢ and p instead of v and w)

(since the Lie action of ® g is k-bilinear)
=(a—=p)q+p®(a—q —(a—=qp—q®(a—p)— a—[p
—— —_—— — —— ——
=[a,p] =[a,q] =[a,q] =[a,p] =[p,[a,q]]+][a,p] q]
=la,pl®@q+p®la,q] —[a,q ®p—q® [a,p| — [p, [a,q]] — [[a,p],q]
= (la,p] ®q—q@][a,p] = [la,p],q]) + (P®a,q] —a,q ®@p—[p,]a,q]])

(. J/ (. J/

€Jo (by (applied to v:T;,p] and w=q), since [a,p]€h)  EJo (by (applied to v;’p and w=[a,q]), since peh)
e Jo+ Jy C Jy (since Jy is a k-module) .
This proves (47)).

Now we have:
fam wew-wav—[nu]) | (v,w)€gxb}C (18)

Proof of (4§). Let y € {a = (v@w—w®v—[v,w]) | (v,w) € g X h} be arbitrary.
Then, v has the foom vy =a — (p® ¢—q & p — [p, q]) for some (p,q) € g x h. Hence,
y=a— (p®q¢—q®p—I[p,q]) € Jo (by (A7)). Thus, we have shown that every
vye{a— v@uwW—-—w®v—[|v,w]) | (v,w) € gx b} satisfies v € Jy. In other words,
{fa—=(veow—-—wev—|vw]) | (v,w)€gxh}C J. This proves (4g).

Now,

J0:<U®w_w®v_[vaw] | (v,w)EQXh>
={rew—-—wev—|v,w | (v,w)€gxh}) (by Convention [1.2§ (b))
and thus

Ly(Jo) =L ({vew—-—w®v—|[v,w] | (v,w) € gxh}))

<gx@®w—w®v—Wm4|@m»egwa

—{La(v@w—w@v—[ow]) | (v,w)Egxbh}

according to Proposition (b) (applied to M = ®g, R = ®g,
f=Loand S={v@w—-—w®v—|v,w] | (v,w)€gxh})

={L.(v@w—-—w®v—|v,w]) | (v,w)e€gxh})
={e—(v@w—-—wev—|v,w]) | (v,w)e€gxh})
since every (v,w) € g x b satisfies
Livew—-—w®uv—|v,uw])=a— (v@w—w®v— [v,w)
by the definition of L,

C Jy

(according to Proposition (a) (applied to M = ®g, Q = Jy and
S={a—(vow—-—wv—|v,w]) | (v,w)€ g xbh}), because of ([AJ)).
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Thus, every a € h and every = € Jy satisfy a — = € Jy (since L, (z) = a — z by

the definition of L,, and thus a =z = L, | _ = € Ly (Jo) € Jy). In other words,

eJo
Jo is an h-submodule of ®g. Now, Corollary (a) (applied to V =g, P = Jy and
() = ®g) yields that Jy - (®g) is an h-submodule of ®g. This completes the proof of
Proposition (b).

(a) Since both ®g and b are h-submodules of ®g, it follows from Corollary (a)
(applied to V =g, P = ®g and Q = b) that (®g) - b is an h-submodule of ®g.

Since Jp is an h-submodule of ®g, Corollary (b) (applied to V =g and R = Jp)
yields that (®g) - Jo - (®g) is an h-submodule of ®g. Since (®g) - Jy - (®g) = J by
Proposition (b), we conclude that J is an h-submodule of ®g.

Since we now know that both J and (®g) - h are h-submodules of ®g, the sum
J + (®g) - h must also be an h-submodule of ®g. Thus, (®g),/ (J + (®g) - h) is an
h-module. Therefore, the canonical projection ¢ : ®g — (®g) ,/ (J + (®g) - h) is an
h-module homomorphism. This completes the proof of Proposition (a).

Thus we have proved Theorem (a) (because it trivially follows from Proposition

23 (a)).

2.3. Planning the proof of Theorem (b) and (c)

Now that we have proven part (a) of Theorem without even using the whole
assumptions, it is time to sketch our further procedure to prove the hard one - part
(b) and (c).

In the situation of Theorem [2.I] there exists a k-submodule N of g such that
g = h @ N (because the inclusion h — g splits as a k-module inclusion). The pro-
jection m : g — n has the property that 7 |y: N — n is an isomorphism (this is
easily seen). We are going to define a projection ¢ : ®g — ®N which, composed
with the isomorphism ® (7 |y) : ® N — ®n, will entail a homomorphism ®g — ®n
(of k-modules). This homomorphism respects the filtration and (as we will prove)
satisfies ¢ (J 4+ (®g) - h) = 0, so we will conclude that ¢ induces a homomorphism
(®g9),/ (J+ (®g) - h) — @n. This homomorphism is a k-module isomorphism (as we
will, again, prove), but is not an h-module isomorphism in general. But as it respects
the filtration, it yields a homomorphism from F,, /F,,_; to n®", which will prove to be
an h-module isomorphism. Additionally it turns out that this isomorphism does not
depend on the (non-canonical) choice of N and can be described by a simple formula.

We now proceed to the execution of this plan.

2.4. Definitions and basic properties of N and ¢

Definition 2.4. Consider the situation of Theorem 2.1l

(a) Since the inclusion h < g splits as a k-module inclusion, there ezists a k-
submodule N of g such that g = h @ N (as k-modules).

Let s : g — b be the projection from g on h with kernel N (this projection exists
since g=hH @ N).

Let t : g — N be the projection from g on N with kernel § (this projection exists
since g=h @ N).
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Note that both s and ¢ are k-module maps (but not necessarily h-module maps;
actually this would not even make sense for ).

(b) Let us now define a k-linear map ¢, : g¥» — ®N for every p € N. We are going
to define this map ¢, by induction over p:

Induction base: For p = 0, define the map ¢, : g7 — @N by

(o (N) = A for every X € g®°) (49)

(this definition makes sense since g = k C @N).
Induction step: For any p > 0, we assume that the map ¢, : g~ 5 @N is
already defined, and now we define a map ¢, : g — @N as follows: The map

g x g®°P V) 5 @N, (u, U) =t (u) - op_1 (U) + pp-1 (s (u) = U)

is k-bilinear (because the maps ¢,_1, t and s are k-linear and the Lie action of ®g

is k-bilinear). Thus, by the universal property of the tensor product, this map gives

rise to a k-linear map g ® g®?~!) — ®N which sends u ® U to t (u) - ¢, 1 (U) +

©p_1 (s (u) = U) for every (u,U) € g x g®®~Y. This k-linear map is going to be

denoted by ¢,. It is a map from g®” to ® N because g @ g®P~1) = g®.

This completes the inductive definition of ¢, for every p € N.

(c) Now, we define a k-linear map ¢ : ®g — ®N as follows: The sum »_ ¢; of the

i€N

maps ¢; : ¥ — ®N is a map from € g¥ to ®N. Since P g®° = ®g, the sum
ieN ieN

>~ @; of the maps ¢; : g — QN is thus a map from ®g to ® N. Denote this map

ieN

by .

Convention 2.5. Throughout the rest of Section [2, we are going to work in the
situation of Definition [2.4] So, for example, when we refer to h, we mean the Lie
subalgebra h of Theorem [2.1], and when we refer to ¢, we mean the map ¢ of Definition

2.4

Remark 2.6. (a) As a consequence of the inductive step in the definition of ¢, (in
Definition (b)), we know that for every p > 0, the map ¢, is the k-linear map
g ®g®P~) — @N which sends u®@U to t (u) - ¢p_1 (U) +@p_1 (s (u) = U) for every
(u,U) € g x g®®P=V. In other words,

oy (W@ U) =t (u)-ppr (U)+pr (s (w) = U)  for every (u,U) € gx g®@ .
(50)

(b) According to Definition [2.4] (¢), the map ¢ : ®g — ®N is the sum Y ; of the
ieN
maps @; : g¥° — ®@N. Hence,

o (T) = (Z 4,0@) (T) = ¢, (T) for every p € N and every T € g®?.  (51)

1€N
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(c) Every X € k satisfies

©(N) = o () (by (applied to p = 0 and T' = \), because A € k = g*°)
@), 52)

This yields, in particular, that ¢ (k) = k.
(d) Every u € g satisfies

¢ (u) = 1 (u) (by (applied to p = 1 and T' = u), because u € g = g*")
= (u®1) (since u = u ® 1 under the identification g = g ® k)

:t(u)-@(l)—i—@ s(u)—1

=%o0 =0 =0 (since the
Lie action of k is 0)

(by (B0)), applied to p =1 and U = 1)

=t (u)- &]Q + w =t(u)-1+0=t(u). (53)
=1 (by (49), =0 (since

applied to A=1) g is linear)

This yields ¢ (g) =t (g) = N (since t is a projection of g on N).

(e) We now know that ¢ (k) = k and ¢ (g) € N. But in general, we cannot generalize
this to ¢ (g®?) C N®? for all p € N. However, Proposition will give us a weaker
result that is actually true.

First let us show an extension of to all of ®g:

Proposition 2.7. Every u € g and U € ®g satisfy

pu-U)=t(u)-oU)+¢(s(u) =U). (54)

Proof of Proposition . Let u € gand U € ®g be arbitrary. Since U € ®@g = € g%,
ieN
we can write U as a family U = (U;), .y, where (U; € g for every ¢ € N). Taking into

account that we consider g®? as a k-submodule of @ g®' for every p € N, we have
ieN
(Us)jen = 22 Ui, and thus U = (U;),ey = > Us. Thus,

1€N 1€eN

s(u) = U=s(u) = (Zu) = (s(u) = Uy)

ieN ieN
(since the Lie action of ® g is k-bilinear) .

On the other hand, every i € N satisfies s (u) — U; € g®' (because U; € g® and because

g® is a g-module) and _u ® U; € g® g¥ = g®li+h. Also, since p = >_ i = Y ¢,

i €N N
€y €g®i e pe

is the sum of the maps ¢, : g¥? — ®N for all p € N, we have

v (v) = ;i (v) for every v € g% (55)
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Similarly,

(0) = pinn () for every v € gD, (56)

Every ¢ € N satisfies ¢ (u ® U;) = ¢;41 (u ® U;) according to (applied to u ® Uj;
instead of v), because u ® U; € g®(+1),

Every i € N satisfies ¢ (U;) = ¢; (U;) according to (55)) (applied to U; instead of v),
since U; € g®°.

Every ¢ € N satisfies ¢ (s (u) — U;) = ¢; (s (u) — U;) according to (applied to
s (u) — Uy instead of v), since s (u) — U; € g®'.

Now, U = > U; leads to

1EN
u-U
1€EN i€EN 1€EN

since every i € N satisfies u € g = g®! and U; € g®° and therefore
u-U; =u® U; (due to (31)), applied to u, U;, 1 and 7 instead of a, b, n and m) }’

and therefore

eu-U)=¢ (Z U® U,») = Z ¢ (u® ;) (since ¢ is k-linear)
- et e —
ieN ieN =pi+1(u®U;)

= Z Vi1 (L@ U;) = Z t(u) - pitr1)—1 (Us) + @arny—1 (s (u) = U;)

i€N ieN
=p; =p;

since every ¢ € N satisfies

Pir1 (u@Us) =t (u) - pivn-1 (Us) + -1 (s (w) = Uy)
according to (50| (applied to ¢ + 1 and U; instead of p and U)

=D (W) i (U) + i (s (u) = V) =D t(w)- @i (Us) + > i (s (u) = Us)

i€N i€N Y i€EN o~

=p(Ui) =p(s(u)—U;)
=Y W) e U)+ Y p(s(u) = U).

1€EN 1€EN

Since

Dot pU)=t) Y o) =t-o|d U=t )

ieN ieN ieN
——— ——
=U
=p( 2 U;
1eN

(since ¢ is k-linear)
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and

Z o(s(u) = U;)=¢ Z (s (u) — U;) (since ¢ is k-linear)

€N €N
—s(w)—~U
= (s(u) = U),

this becomes

pu-U)=> "t oU)+Y ¢ls(w) =U)=t(u) ¢ U)+¢(s(u) =U).
ieN €N
=t(uﬁo(U) :so(s(‘zf)AU )
This proves Proposition 2.7
Two obvious corollaries of Proposition [2.7;

J

Corollary 2.8. Every u € h and U € ®g satisfy

p(u-U)=¢u—="0). (57)

Corollary 2.9. Every u € N and U € ®g satisty

p(u-U)=u-¢(U). (58)

Proof of Corollary (2.8 Since u € h, we have ¢ (u) = 0 (since ¢ is a projection with
kernel ) and s (u) = u (since s is a projection on h). Thus, yields

w(u-U)Zw-w(U)+¢ f\(ﬂlAU =0-pU)+p(u—=U)=pu—U).

=0 =u =0

This proves Corollary
Proof of Corollary[2.9 Since u € N, we have s (u) = 0 (since s is a projection with
kernel N) and ¢ (u) = u (since t is a projection on ). Thus, yields

w(u-U)=@~so(U)+<ﬂ s\(@AU =u-90(U)+90<~04U,>=u-s0(U)+s\0\@=uw(U)-

=0 =0 =0

=u

This proves Corollary

Before we go on, let us make another convention:

Convention 2.10. Let V' be any k-module. Let p € N,.
According to Convention [1.44] (applied to V; =V, Vo =V, ., V, =V and n =p), a

left-induced tensor in V @ V ® ... ® V means an element of the form v ® T for some

TV
p times
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veEVandsomeT €V RQVE®...QV.
p—lﬁmes
Since VOV®..@V =V and VaVe..0V € VeP-1) we can rewrite this
p arrnes p— 1ﬂtrimes
fact as follows: A left-induced tensor in V®P means an element of the form v ® T for
some v € V and some T € V®@P—1),
We denote by Vi5 the subset of VP consisting of all left-induced tensors in V&P,

| Proposition 2.11. Let V be any k-module. Let p € N;. Then, V& = (V2h).

Proof of Proposition[2.11. According to what we said in Convention [1.44] we know
the following fact: For every n arbitrary k-modules Vi, Vs, ..., V,,, where n > 1, the
k-module V} ® Vo ® ... ® V,, is generated by its left-induced tensors. Applying this to
Vi=V,Va=V,..,V,=Vandn = p, we conclude that the k-module V @ V® .. @V

p times

is generated by its left-induced tensors. Since V @ V ® ... ® V. = V®P this rewrites as

p times

follows: The k-module V®? is generated by its left-induced tensors. In other words:
The k-module V®? is generated by Vﬁﬁ (because the set of all left-induced tensors in
Ve is ViZF). In other words, V&P = <Vﬁﬁ>. This proves Proposition m

The next (rather trivial) property will again be proven by induction:

Proposition 2.12. The map ¢ : ®g — ®N respects the filtration. Here, the
filtration on ®g is the degree filtration (g®5") and the filtration on ®N is the

degree filtration ( N@Sn)

n>0’

n>0"
Proof of Proposition[2.13. We are going to show that
¢ (g%7) C N®= for every p € N. (59)

Proof of (@/ We will prove by induction over p:
0

Induction base: We know that g®° = k and N®<Y = Y N® = N®0 = k. and we
0

know (from Remark [2.6] (c)) that ¢ (k) = k. Thus, g®° = k yields ¢ (g%°) = p (k) =
k = N®<0_ In other words, holds for p = 0. This completes the induction base.

Induction step: Let ¢ € Ny. Assume that holds for p = ¢ — 1. Now we must
prove that holds for p = q.

We have assumed that holds for p = ¢ — 1. In other words, ¢ (g®(q_1)) C
N®<(¢—1)

Now we are going to prove that every U € ¢ (g;e,) satisfies U € N®=1.

In fact, let U € ¢ (gty) be arbitrary. Then, there exists a U’ € gp?; such that
U =¢(U’) (since U € ¢ (gp%)). Consider this U’. This U’ is a left-induced tensor in
g®? (since U’ € gi,); this means that there exists some v € g and T € g®@ ) such
that U’ = v ® T. Consider these v and T Since v € g = g®' and T € g®@ Y we have
v-T=v®T (due to (31)), applied to v, T, 1 and ¢ — 1 instead of a, b, n and m).
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Now,

— ! — . — . N
U—go( U >—gp(v T) t(v) © T + s(v) =T
=v@T=v-T EN=N®ICN®=1 €g®la—1) cg®@=1) (since Teg®@—1)

and since g®(4—1) is a g-module)

(by (54), applied to v and T instead of u and U)

e N®<L. o (g®(q71)) + © (g®(q71)) C NO<L, y©<(g—1) + N©®<q,
———— ————
CN®<(g—1) CN®<(le-1)CN®=q

(since (N®§")n>0 is a filtration)

Since Proposition (b) (applied to N, 1 and g — 1 instead of V', n and m) yields
Nest. Nos-D) ¢ yos(+@-1) = N®=0_this becomes

U e N®§1 L N®<-1) 4 N®<e C N®<ey N¥<a C B¢ (Since N®< ig g k:—module) .

QN®§q

We have thus proven that every U € ¢ (gfr‘l}d) satisfies U € N®=4. In other words,
% (O1ma) © N=1.

Now, Proposition m (applied to ¢ and g instead of p and V') says g®7 = <g§fd ,
and thus

2 (0°7) = ¢ ((gima)) = (¥ (ghma))
by Proposition (b) (applied to
g%, g9, ® N and ¢ instead of M, S, R and f)

c N®<a by Proposition (a) (applied to ® N, ¢ (gi?y) and N®=¢
- instead of M, S and @), since ¢ (gfifd) C N®=a '

In other words, holds for p = ¢. This completes the induction step, and thus the
induction proof of is done.

Now, let m € N. The definition of g¥=™ says g®=™ = @ g%, so that g®=™ =
i=0

7

0 (@%5) = ¢ ( g®i> - ¢ (%) (since ¢ is k-linear)

CN®<i

(by , applied

to i instead of p)

m m
g% = > g® (since direct sums are sums) and thus
=0 i=0

m m
C Z NOs C Z NOsm C Ny®sm (since NOS™ ig a k—module) )
=0 CN®S<M (since i<m =0

is

and since <N®§n)n>0 i

a filtration)

Since this holds for every m € N, this yields that ¢ respects the filtration. This proves

Proposition [2.12]
The next, still very trivial, result shows how ¢ acts on ® N (when ®@N is considered
as a k-subalgebra of ®g):
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Proposition 2.13. Let us consider @ N as a k-subalgebra of ®g (since N is a k-
submodule of g). Then, ¢ |gny= idgn-

Proof of Proposition[2.13. We are going to prove that
N® C Ker (¢ |on —idgn) for every p € N. (60)

Proof of (@) We will prove by induction over p:
Induction base: Every A € N®° satisfies

(¢ len —iden) (A) = (¢ ]en) () —idegy (A) = A=A =0.

—o(N=A by GBI, =A
since Ae N®0=Fk)

Thus, every A € N®0 satisfies A € Ker (¢ |gy —idgy). In other words, N®° C
Ker (¢ |gn —idgy). Hence, holds for p = 0. This completes the induction base.

Induction step: Let ¢ € N,. Assume that holds for p = ¢ — 1. Now we must
prove that holds for p = q.

We have assumed that holds for p = ¢ — 1. In other words, N®@—1) C
Ker (¢ o — idon).

Now we are going to prove that every T € Nﬁ% satisfies T' € Ker (¢ |gny —idgn).

In fact, let T € N4 be arbitrary. Then, T is a left-induced tensor in N®9 (since
T € Nj%); this means that there exist some u € N and U € N®@~Y such that
T = u®U. Consider these v and U. Sinceu € N C g = g®' and U € N2~ C g®a-1)
we have u-U = u® U (due to (31)), applied to u, U, 1 and ¢ — 1 instead of a, b, n and

On the other hand, U € N®@ 1) C Ker (¢ |on — idgy) yields (¢ |on —idgy) (U) =
0, so that

0= (¢ |leny —idgn) (U) = (¢ |en) (U) —idegn (U) =@ (U) = U

=(U) =U
and thus ¢ (U) =U.
Now, T'=u®U = u- U yields
p(T)=¢u-U)=u- o) (due to (58))
=U

=u-U=T.

Hence,
(¢ len —iden) (T') = (¢ |en) (T') =iden (T) =T =T =0,
—_———— N —
—p(T)=T =7

and thus 7" € Ker (¢ |gn —idgn).

We have thus proven that every T € N4 satisfies T' € Ker (¢ |on — idgn). In other
words, Nt C Ker (p |on — idgn).

Thus, Proposition (a) (applied to ®@N, N% and Ker (¢ |gn —idgy) instead
of M, S and Q) yields (N;%) C Ker (¢ |gn —idgn). Since Proposition (applied
to ¢ and N instead of p and V') says N®? = <N§fﬁ>, we thus conclude that N®1 =
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<N1%51> C Ker (¢ |gny —idgn). In other words, holds for p = ¢. This completes
the induction step, and thus the induction proof of is done.

Now,
QN = @ N® = Z N®P (since direct sums are sums)
peN PEN CKer(plgy —idgn)
(by (69))
< ZKGT (¢ lon —iden) € Ker (¢ |on —idgn)
peN

(since Ker (¢ |gn —idgn) is a k-module),

so that ¢ |gn —idgny = 0 and thus ¢ |gy= idgy. This proves Proposition [2.13|
As a consequence of Proposition [2.13] we can easily see:

I Corollary 2.14. The map ¢ satisfies ©* = .

But we are not going to use this.

2.5. A lemma on ¢ and h-submodules of ®g

Our next plan is showing that ¢ (J) = 0 and ¢ ((®g) - h) = 0. We will simplify this
task by the following lemma:

Lemma 2.15. Let C' be an h-submodule of ®g satisfying ¢ (C') = 0. Then,
v ((®g)-C) =0

Proof of Lemma[2.15. We are going to prove that
¢ (g®r-C) =0 for every p € N. (61)

Proof of . We will prove by induction over p:
Induction base: We have g®° = k and thus g*° - C = k- C = C (since C is a

k-submodule), so that ¢ (g%°-C) = ¢ (C) = 0. Thus, holds for p = 0. This
completes the induction base.

Induction step: Let ¢ € N,. Assume that holds for p = ¢ — 1. Now we must
prove that holds for p = q.

We have assumed that holds for p = ¢ — 1. In other words, ¢ (g®(q_1) . C) =0.

Let D = g®@=1 . C. Corollary (c) (applied to g, ¢ — 1 and C instead of V', p
and R) yields that g . C is an h-submodule of ®g (since C' is an h-submodule of
®g). Thus, D is an h-submodule of ®g (since D = g®@~1 . ). Also, D = g®=D . C
yields ¢ (D) = ¢ (g1 - C) = 0.

On the other hand, Proposition (a) (applied to V =g,i=1and j = ¢—1)
yields g®! - g®a—1t = g@0+a-1) — g®a Thys,

®q _ 4®1  ®(g—1) _
g C=4g" -9 C=g-D.
~N Y—
:g@l-‘g@(CI*l) =g =D

We are now in the following situation: We know that D is an h-submodule of ®g
satisfying ¢ (D) = 0. We want to prove that ¢ (g- D) = 0.
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Let E be the subset {u-U | (u,U) € g x D} of ®g. Then,

g-D=(u-U | (u,U)ngD):<iu-U | (u,U)ngD}J>:<E>.

=F

Now we are going to show that £ C Ker ¢.

In fact, let T € E be arbitrary. Then, T'€ E = {u-U | (u,U) € g x D}, so that
there exists some (u,U) € g x D such that T' = u - U. Consider this (u,U). Clearly,
uegand U € D. Now, yields

eD

sO(U'U)Zt(U)wP(\U/)w s(w) —~U

(since s(u)eh, since UeD
and since D is an h-module)

et(u)-p(D)+¢(D)=t(u)-04+0=0,
—— ——
=0 =0
so that ¢ (u-U) = 0. Since u - U = T, this rewrites as ¢ (T') = 0. Thus, T' € Ker ¢.
We have therefore shown that every T' € E satisfies T' € Ker ¢. Thus, E¥ C Ker ¢.
Consequently, Proposition (a) (applied to ®g, F and Ker ¢ instead of M, S and
Q) yields (E) C Ker ¢ (since Ker ¢ is a k-submodule of ®g, since ¢ is k-linear). Since
(E) = g- D, this rewrites as g- D C Ker ¢, and thus ¢ (g - D) = 0. Since g®?-C' = g- D,
this becomes ¢ (g®7 - C') = 0. In other words, holds for p = ¢q. This completes the
induction step, and thus the induction proof of is done.

Now, ®g = P g® = > g® (since direct sums are sums) yields (®g) - C =
peN peN

(Z g®p> -C'=Y (g% - C) and thus
peN pEN

p((®g) - C)=¢ (Z (g% C)> = Z ¢ (g% - C) (since ¢ is k-linear)
peN peN g—~—
=0 (due to (6I))
~To-y
peN

This proves Lemma

2.6. o(J)=0and p((®g)-h) =0

We are now ready to prove the following facts:

| Proposition 2.16. We have ¢ (J) = 0.

I Proposition 2.17. We have ¢ ((®g) - h) = 0.

Proof of Proposition [2.16. Consider the k-submodule .J; defined in Proposition
(b).
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We are going to prove that ¢ (Jo - (®g)) = 0 now (this will quickly yield ¢ (J) =0
then, due to J = (®g) - Jo - (®g) and Lemma [2.15).

Let Sy denote the subset {v @ w —w @ v — [v,w] | (v,w) € g X h} of ®g. Then, we
know from the definition of J; that

Joz(v®w—w®v—[v,w] | (U,U))ngrﬁ

:<iy®w—w®v—[v,w] | (v,w)Eth}/>:<SO>-

=S

Now, let T' € ®g be arbitrary. Let or : ®g — ®N be the map defined by
(or (U) =9 (U -T) for every U € ®g) .

This map or is k-linear (since it is the composition of the two k-linear maps ¢ and
®g — ®g, U — U -T). Thus, Ker g7 is a k-submodule of ®g.

We are now going to prove that every s € Sy satisfy s € Ker p7.

In fact, let s € Sy be arbitrary. Sinces € Sy ={v@w —-w®v—[v,w] | (v,w) € g x b},
there exists some (v,w) € g X b such that s = v @ w — w ® v — [v,w]. So we have
vegand w e bh. Note that ve g=g® andw € h C g=g® yield v-w=v®w (by
, applied to 1 and 1 instead of n and m), and similarly w - v = w ® v. Using these
observations, we see that

s=1Qu—wRu—[v,w]=v-w—w-v— [v,w).
——  N——

=vw =w-v

Now, we are going to prove that o7 (s) = 0. In order to do this, we will compute
or (v-w), or (w-v) and or ([v,w]). First let us compute ¢ (v-T) and ¢ (w - T).

We have p (v-T) =t (v)-o(T)+¢(s(v) = T) (according to (54), applied to u = v
and U = T) and ¢ (w-T) = ¢ (w—T) (according to (57)), applied to u = w and
u="rT).
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The definition of or yields

er(v-w) =¢@-w-T)=t)-p(w-T)+p s(v) =~ (w-T)
—— —~ v
—p(w—T) =(5(v)—w) T-+w-(s(v)~T)

(by (applied to ®g, s(v), w and T
instead of A, a, u and v), because ®g is a g-algebra)

(according to (54)), applied to u =v and U = w - T)
— ) o —T)+ (5 (0) = w) T +w-(s(v) = T)

—p((5(2) ) T) +p(w(5(2)~T))
(since ¢ is k-linear)

=t()-pw—=T)+¢ (s(v) ~w) T|+ew-(s(v)>T))

= [s(v) ] —p(w—(s(0)T))
(according to @D, applied (by , applied
to s(v) instead of v) to u=w and U=s(v)—T)
=t(v)-p(w—=T)+ e([s),w]-T) +e(w— (s(v) = T))

-~

=¢(ﬁ)) w]—=T)
(by (57) (applied

to u=[s(v),w| and U=T), because
[s(v),w]€h (since s(v)€h and weh and
since b is a Lie subalgebra of g))

=t)-pw—=T)+¢(s),w] =T)+o(w—=(s) =T)). (62)

The definition of or yields

or(w-v)=pw-v-T)=¢ w— (v-T)
—_——
=(w—v)-T+v-(w—=T)

(by (applied to ®g, w, v and T
instead of A, a, u and v), because ®g is a g-algebra)

(by (7). applied to u =w and U = v - T)
=p((w—v)-TH+v-(w—=T))

= (w—v) T+ pl-(w=T)
—— N ~~ 4
ol —t(0)p(w—T)+(s(0) = (w—T))
(according to (9)), applied (according to (54)),
to w and v instead of v and w) applied to u=v and U=w—T)
(since ¢ is k-linear)
=@(w o] - T)+t@)-ow—=T)+¢(s() = (w—=T)). (63)
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Finally, the definition of g yields

or ([an]) =y {Uu U)] T = ¥ <_ [IU,’U] ’ T) =¥ ([wa U] ' T) (64)
=—[w,w
(d;e 1Eo’)

(since ¢ is k-linear).
Now, s =v-w —w-v — [v,w] yields

or (s)
=or(v-w—w-v—|v,w)
= or (v-w) - or (w-v) — or ([v,w])
—_—— —_—— —_—
TR (0=T)) =T o)) el
(due to ) (due to (63)) (due to (64))

(since pr is k-linear)
=) -ew—=T)+¢(s@),w] =T)+¢w—=(s(v) = T)))

—(p(fw, o] - T)+t(v) - ow—=T)+¢(s(v) = (w—=T))) = (—¢(w,v]-T))
=¢(s@),w]=T)+pw—=_(s(v) =T)) —p(s(v) = (w—T))

(after some obvious cancellations)

= [s (v),w] =~ T tw = (s(v) = T) =s(v) = (w—=T)
—_———

=s(v)=(w—T)—w—(s(v)~T)
(according to (8) (applied to
®g, s(v), w and T instead of V, a, b and v),
since ®g is a g-module)

(since ¢ is k-linear)

=g |sw) = (w=T)—w—=(s(v) ~T)+w—=(s(v) = T) =s(v) = (w=T)

(.

~~

=0

= (0) =0,

so that s € Ker gr.

We have thus proven that every s € S, satisfies s € Ker or. Thus, Sy C Ker or.
Since Ker o7 is a k-module, Proposition[1.29] (a) (applied to ®g, Sy and Ker o7 instead
of M, S and Q) now yields (Sp) C Kerpr. Since (Sy) = Jo, this rewrites as Jy C
Ker o7. Thus, or (Jo) = 0. In other words, every j € Jy satisfies oy (j) = 0. Since
or (j) = ¢ (j-T) (by the definition of o7), this rewrites as ¢ (j-7) = 0, and thus
j - T € Kerp for every j € Jy.

We have thus shown that every j € Jy and T € ®g satisfy j-T € Ker. In other

words, every (j,T) € Jox(®g) satisfies j-T' € Ker ¢. In other words, {j - T | (j,T) € Jo x (®g)} C

Ker ¢.
Now, applying Proposition (@) towg, {j-T | (j,T) € Jo x (®g)} and Ker ¢
instead of M, S and @, we see that ({j-T | (4,T) € Jo x (®g)}) C Keryp (since
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{j-T | (4,T) € Jo x (®g)} C Ker ¢ and since Ker ¢ is a k-module). Now
Jo- (@) =0T | G.T)edox(@g)={i-T | (;T) € Jox(®g)}) CKere

and thus ¢ (Jp - (®g)) = 0.

Now, Jy - (®g) is an h-submodule of ®g (according to Proposition (b)). Thus,
Lemma (applied to C' = Jy - (®g)) yields that ¢ ((®g) - (Jo - (®g))) = 0 (because
v (Jo- (®g)) = 0). Since (®g) - (Jo- (®g)) = (®g) - Jo - (¥g) = J (according to
Proposition (b) again), this rewrites as ¢ (J) = 0. Thus, Proposition is
proven.

Proof of Proposition[2.17. Every u € b satisfies

¢ (u) =t(u) (according to (53)), since u € h C g)
=0 (since u € b, while ¢ is a projection with kernel b) .

Thus, ¢ (h) = 0. Since we know that b is an h-submodule of ®g, we can thus follow
from Lemma (applied to C' = b) that ¢ ((®g) - h) = 0 (because ¢ (h) = 0). Thus,
Proposition is proven.

2.7. ¢ induces a filtered k-module isomorphism

We recall that, in order to prove Theorem (b), we want to construct an h-module

isomorphism F), /F,_; — n®"*. We will do this by constructing a k-module isomor-

phism (®g) / (J + (®g) - h) — @n which respects the filtration. The associated graded

morphism of this isomorphism will then turn out to be an h-module isomorphism.
Here is how we construct our k-module isomorphism:

Proposition 2.18. (a) The homomorphism ¢ is surjective and satisfies Ker ¢ =
J + (®g) - b. Thus, ¢ induces a k-module isomorphism @ : (®g) / (J + (®g) - h) —
®N which satisfies ¢ = @ o ( (where ¢ denotes the canonical projection ®g —
(®g) / (J 4+ (®g) - h) as in Theorem [2.1)).

(b) The isomorphism @ respects the filtration. Here, the filtration on
(®g),/ (J + (®g) - b) is given by (F},), -, and the filtration on @N is given by
(V<)

(c) The k-module homomorphism 7 |y: N — n is an isomorphism. Thus, the k-
algebra homomorphism ® (7 |y) : ® N — ®n is an isomorphism as well. We are
going to denote this isomorphism & (7 |x) by 1. The homomorphism 7 respects the
filtration (where the filtrations on ® N and ®n are the degree filtrations, as usual).
(d) Let ¢ : ® N — ®g be the canonical inclusion of ® N in ®g. Then, the inverse
! of the isomorphism © equals ¢ o ¢. This inverse ! also respects the filtration.
(e) The composition nop : (®g) / (J + (®g) - h) — ®n respects the filtration. For
every p € N, the homomorphism gr, (70 @) : gr, (®g) / (J + (®g) - b)) — gr, (®n)
is an h-module isomorphism.

In order to prove this, a very technical result:
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Lemma 2.19. We have ®g = J + (®g) - h + (®N) (where we, as before, identify
®N with a k-subalgebra of ®g).

There are two ways to prove this lemma. Let us sketch the first one (which is hard
to formalize, but rather straightforward) and detail the second one (which is easier to
formalize, but is not the simplest proof).

First proof of Lemma (sketched). 1t is enough to prove that every pure tensor
in ®@g lies in J+ (®g)-h+ (R@N) (because the pure tensors generate ®g as a k-module).
So we must show that g ® g2 ®...® g, € J + (®g) - h+ (®N) for every n € N and any
elements ¢y, go, ..., gn of g.

Since g; =t (g;) + s (g;) for every i € {1,2,...,n}, this rewrites as (¢ (g1) + s (1)) ®
(t(g2) +5(92)®@...@ (t(gn) + s (gn)) € J+ (®g) - b+ (®N). Expanding the left hand
side, it becomes a sum of 2" addends. One of these addends is t (g1) ®t (g2) ®... @t (gn)
and lies in @ N. Every of the other 2" — 1 addends is a pure tensor with at least one
tensorand lying in h. Some of these tensors have their rightmost tensorand lying in b,
which means that these tensors lie in (®g) - h. The other ones still have a tensorand
lying in h, but it is not their rightmost tensorand. Transform each of these latter
tensors according to the following rewriting rule:

V1 QU2 @ ... QU1 QU QU1 QUp2 ® ... QU
V1 QU2 Q... ®Up—1 @ Vpy1 @ Vp @ Vpg2 @ ... @ Uy,
— V0 QU R ... VU1 ® [Vpy1, V0] @ Vg2 R ... Ry,
— U QU ® ... ®Up_1 @ (Vpy1 @ Vg — Vg ® Vg1 — [Vp41, Ve]) ® Vg2 @ ... @ vy,

(whenever vy, vs,...,v, € g and vy € b)) .

This rewriting rule splits the tensor v1 @ V3 ® ... @ Vy_1 @V @ Vp11 @ Vpr2 @ ... @ v, iNtO
three tensors:

e a tensor v; ® v @ ... ® V1 @ Vg1 @ Vg ® Vpro & ... @ v, (we call this tensor the
"primary product”) which still has a tensorand lying in b (namely, v,), but now
this tensorand has moved one step to the right;

e a tensor —v; ® vy @ ... ® Vp_1 @ [Vpy1, V] ® Vo2 @ ... @ v, (we call this tensor a
"fission product”) which is of degree smaller than n;

e atensor —v; ® Uy ® ... ® Up—1 @ (Vpy1 @ Vg — Vg @ Vi1 — [Vps1,Ve)) @ Uppa @ ... @ vy
(we call this tensor a ”J-product”) which lies in J.

After applying this rewriting rule to all the tensors to which it can be applied, let us
apply it again to the primary products, then again to the resulting primary products,
etc. - until each of the primary products has its rightmost tensorand lying in § and
thus cannot be rewritten anymore. As a result, we obtain a sum of tensors whose
rightmost tensorand lies in b (these tensors clearly lie in (®g) - h), of "fission products”
(these are tensors of degree smaller than n) and of ” J-products” (which lie in J). And
do not forget the tensor ¢ (g1) ® t (¢92) ® ... ® t (g,) which lies in ® N. As a result we
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know that

91 ® go ® ... ® g, = (sum of some tensors in (®g) - h)
sum of some tensors of degree smaller than n)

+
+ (sum of some tensors in J) + (a tensor in ® N)
€ (®g) - h+g*=""V+J+ (aN).

Since this holds for every pure tensor ¢ ® g ® ... ® g, € g®", this yields g®" C
(®g) - b+ g®<"=V + J 4+ (®N). But if we do an induction over n, we can assume that
we already know that g®<("=Y) C J + (®g) - h + (®N), so that this becomes

g°" C (®g) - b+ (J + (@g) - b+ (®N)) + J + (®N) = J + (®g) - h + (&N) ,

completing the induction.
So much for the first proof of Lemma [2.19]
Second proof of Lemma[2.19 Let us first show that

J-(®g)=J and (®g)-J=J (65)

Proof of (63). In fact, Proposition 2.3 (b) yields J = (®g) - Jo - (®g) (where Jy was
defined in that proposition). This leads to J - (®g) = (®g) - Jo - (®9) - (®g) = (Rg) -
——

=Qg
Jo- (®g) = J, but also leads to (®g) - J = (®g) - (®g) -Jo - (®g) C (®g) - Jo- (®g) = J.
————

:®g

This proves .

Next, we consider the k-submodule J; of ®g defined in Proposition (b). This
k-submodule Jy was defined as (v ®@w —w ® v — [v,w] | (v,w) € g x h). Hence, ob-
viously,

VRW—w®v—[v,w] € Jy for every (v,w) € g x b. (66)

Now we are going to show that
vw —wv — [v,w] € J for any v € gand w € b (67)

(where vw means the product of v and w in ®g, and similarly wv means the product
of w and v in ®g).

Proof of (@ Clearly, ve g=¢g® andw e h Cg=g® yieldv-w =v®@w (by
, applied to 1 and 1 instead of n and m), and similarly w-v = w®v. On the other
hand, v € g and w € b lead to (v,w) € g x h. Now,

vw, — wuv, —[w=rvuw-—wv-—|v,w=_1 -Sv@w—w?v— [U,w]z-
Srw=v@w  =wu=w@u €@y €Jo (according to )
€ (®g)-Jo-(®g)=J (by Proposition 2.3 (b)) .
This proves .

Next, let us show that
bg C J +gh+g. (68)

Proof of (68). Let G be the subset {hg | (h,g) € b x g} of ®g. We are going to
prove that G C J + gh + g now.
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Indeed, let U € G be arbitrary. Then, U € G = {hg | (h,g) € b x g}, so there
exists some (w,v) € h x g such that U = wv. Thus, w € h and v € g, and U = wo.
Now,

U:wv:_va—wti—[U,w]l%—\v/\w/jt(—[v,w])e —J  +gh+g
€J (according to @) €g  €h Eg =J (since J is
a k-module)
=J+gh+ag.

We have thus shown that every U € G satisfies U € J + gh + g. In other words,
GCJ+gh+g.

Therefore, Proposition (a) (applied to ®g, G and J + gh + g instead of M, §
and @) yields (G) C J + gh + g. Since

(G) = ({hg | (h,9) €hxg}) (since G ={hg | (h,g) € b xg})
= (hg | (h,9) €b xg) = bhg,

this rewrites as hg C J + gh + g. Thus, is proven.
Let us next conclude that

g®P~Vpg C J + g®Ph + g@=P for every p € N,. (69)

Proof of (69). Proposition (a) (applied to g, p— 1 and 1 instead of V', i and j)
yields g®(p—1) g®l = g®((p—1)+1) = g®. Since g®' = g, this becomes g®(7’—1) L= g
In other words, g®®~tg = g®.

From ([68)), we have

®(p—1) Ca®P=D(Jrah+q)=g®P D JyLg@e-Dgp4 g®r-D
g hg Cg (J+gh+g9) =g g gh+ g g

~—
CJ+gh+g C®g =g®P =g®PCg®=p
C (®g) - J +g®ph+g®§p C J+g®ph+g®§p_
——
=J (by (63))
This proves .

Our next step is to prove that
g®1 C g®@slab) 4 4 g®-Dp 4 N®a for every ¢ € N;. (70)

Proof of (@ We are going to prove by induction over ¢:
Induction base: In the case ¢ = 1, we have g®? =g®' =g=h S N =h + N and

®<(@-1) L j 4 ¢®@Dpy 4 N®1 > ®(g—1) 4+ N® — L +N=h+N.
g g b 2 g h+ N9 b b
=g®(1-1)=g®0—f =N®l=N =b (since b is

a k-module)

Thus, in the case ¢ = 1, we have g&® = h + N C g®<le-1) 4 J 4 g®-Dp 4 N®_ Ip
other words, holds for ¢ = 1. This completes the induction base.

Induction step: Let p € N, be arbitrary. Assume that holds for ¢ = p. Now
our task is to prove that holds for ¢ = p + 1 as well.

Since holds for ¢ = p, we have g® C g®<r~1) 4 J 4 ¢g®r-Dp 1 N©P,
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Now, Proposition (a) (applied to g, p and 1 instead of V, ¢ and j) yields
g® - g® = g®P+_ Since g®! = g, this becomes g7 - g = g®**+V. Thus,

g®(p+1) — g®P g C (g®§(p71) +J+ g®(p71)b + N®p) g
~~~
Cg®<(p=1) 4 J4g®(P-Dph4+NOp

~~~ ~~~ S——— ~~

=g®lCg®<1 C®g CJ+g®Ph4g®=p =hBSN=h+N

(by )
C g®§(p71) g®<t + J-(®g) +J + g%h + g®<P 4 N®P . (h+ N)

—_— ——— ————

gg®§((p71)+1) =J (by ) =N®P.h4+ N®P.N
(by Proposition (b),

applied to g, p—1 and 1 instead of V', n and m)

C q®<((p—1)+1) J+J ®p ®<p 4 NOP, N® . N
Cyg + J+ +g7"h + 97" + h+

~~
—=g®<p =J (since J Cg®p —N®1
is a k-module)
C q®<p ®p ®<p ®p ®p . O
=9 +J+g7"b+g +g°"h + NP . N

=N®@+1) (by Proposition (a),
applied to N, p and 1 instead of V, i and j)

— g®§p_|_ J + g®Pp +g®§p+g®pb + N®@tD)
— g®§P+g®§p +J_|_ g®pb_'_g®pb +N®(p+1)
—— ——

=g®=P (since g®=P =g®Ph (since g®Ph
is a k-module) is a k-module)
= g% 4J+  g®  ph4 NOOHD = @)D gy q@((eH)=Dp  yerrD)
=g®<((p+1)-1) =g®((p+1)—-1)

In other words, holds for ¢ = p + 1. This completes the induction step, and thus

is proven.

Now, our next (and, for this proof, our last) claim is:
g®<P C J+ (®¢) - b+ (®N) for every p € N. (71)

Proof of . We are going to verify by induction over p:
0
Induction base: For p = 0, we have g = g¥<0 = P g® = g® = k C QN C

=0
J+ (®g) - b+ (®N). Thus, holds for p = 0. This settles the induction base.
Induction step: Let ¢ € N. Assume that is already proven for p = ¢ — 1. We

now must prove for p=gq.
Since we assumed that is already proven for p = ¢ — 1, we know that g®<(¢—1) C

T+ (®g) b+ (®N),
Now, yields

®q ®<(¢—-1) J —+ q®-1) N®C (] . N J . N
g<c g g7 b+ N C(J+(®0) b+ (ON)) + T+ (2g) - b+ (@N)
CJ+(®9)h+(®N) Ceg coN
=(J+(®9) b+ (ON)) + (J + (®g) - b+ (&N)) = J + (®g) - h + (®N)
since J + (®g) - h + (®N) is a k-module
(because J, (®g)-h and ® N are k-modules)
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q )
Now, the definition of g®<¢ says g®<? = @ g%, and the definition of g®<@=1 says
i=0

g®<(a-1) @ g®!. Therefore,

q—1

=0 CI+(®9)H+(@N)  CJ+(®g)-b+(®N)

=g®<(q¢—1)
C (J+(®g) b+ (ON))+ (J + (®g) - b+ (®N)) € J + (®9) - h + (QN)

since J + (®g) - h + (®N) is a k-module
(because J, (®g)-hand ® N are k-modules)

In other words, holds for p = ¢. This completes the induction step, and thus the
induction proof of is done.
Now we are ready to make short shrift of Lemma [2.19f We have

®g = @g@)i = @g®p (here we substituted p for ¢ in the sum)
1€N peEN
= Z g®P (since direct sums are sums)
peN

Cg®=PCJ+(®g)h+(®N)
(according to )
CY (J+(®g)- b+ (2N)) CJ+(®g) b+ (®N)

peN
( since J + (

®g) - b+ (®N) is a k-module
(because J, (®g)-h a
C ®g (

nd ® N are k-modules)

Together with J+ (®g)-h+ (@N) C
h+ (®N). This proves Lemma [2.19]

which is obvious), this yields ®g = J + (®g) -

2.8. The factor map

Before we start proving Proposition [2.18} let us show that (F},),, is a filtration of
(®9) / (J + (®g) - h) (this is part of the claim of Theorem [2.1] (b)):

Every n € N satisfies g¥<" C g®<("*1) (since (g®=") _ is a filtration of ®g), and
thus ¢ (g®=") C ¢ (g®="*). Since F, = ¢ (g®=") (by the definition of F},) and F, 11 =
¢ (g®< (1)) (by the definition of F,,41), we thus have F,, = (g®<”) C ¢ (g¥=tntD)) =

F, 1. Since this holds for all n € N, we thus have Fy C F; C F; C .... On the other
hand, |J g¥=" = ®g (since (g®<”)n>0 is a filtration of ®g). Now,
neN -

U B =UcE@) =¢| U | =@ = (®8)/ (J+ (@) -b)

n) neN neN
:®g

(since ¢ is the canonical projection on (®g),/ (J + (®g)-bh)). Together with Fy C
Fy C F, C ..., this yields that (F,),, is a filtration of (®g) /(J + (®g) - h).
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We are now able to show the first four parts of Proposition [2.18}

Proof of Proposition [2.18 (a) For every U € ®N, we have U = ¢ (U) (because
we know from Proposition that ¢ |gny= idgn, and now U € QN yields ¢ (U) =
(¢ lon) (U) =idgy (U) = U). Thus, for every U € ®N, we have U € ¢ (®g). In other
~——

=idg
words, ¢ is surjective.
Next we must prove that Ker p = J 4 (®g) - b.
First of all, we know that

o (J+(®g)-h) = ¢ (J) + ¢ ((®g)-bh) (since ¢ is k-linear)
=0 (by Proposition2.16) =0 (by Proposition [2.17)
=0+0=0.

Lemma 2.19 yields ®g = J + (®g) - h+ (®N). In other words, ®g = (J + (®g) - h) +
(®N).

We are going to strengthen this to ®g = (J + (®g) - ) © (®N) now:

Any element U of (J + (®g) - h)N(®@N) satisfies ¢ (U) = 0 (because U € (J + (®g) - h)N
(®N) yields U € J + (®g) - b and thus ¢ (U) € ¢(J+ (®g)-h) = 0, so that
¢ (U) = 0). But on the other hand, any element U of (J + (®g)-h) N (QN) satis-
fies p(U) = U (since U € (J+ (®g)-h) N (R®N) yields U € ®N, so that ¢ (U) =

(¢ |lon) (U) = idgn (U) = U). Thus, any element U of (J + (®g) - h) N
N——
=idgn (by Proposition [2.13)
(®N) satisfies U = ¢ (U) = 0. Hence, (J+ (®g)-h) N (R®N) = 0. Thus, the sum
(J+(®g)-h) + (®N) is a direct sum; hence, ®g = (J + (®g) - h) + (®N) becomes
®g = (J+ (®g) - h) ® (®N). Thus, there exists a k-linear projection ¢’ of ®g on @ N
with kernel J + (®g) - h. We are now going to show that ¢ = ¢'.
In fact,

(6= (J+(®g)-h)=p(J+(®g)-b)— ¢ (J+(®g)-h) =0-0=0
=0 =0 (since ¢’ is a projection
with kernel J+(®g)-h)

and thus J 4 (®g) - h € Ker (¢ — ¢'). On the other hand, every U € ® N satisfies

e (U) = (¢ lon) (U) =iden (U) =U = ¢'(U)
———
=idgn (by Proposition
(since ¢’ is a projection on ® N, whereas U is an element of @ N)
and thus (¢ —¢') (U) = ¢ (U) —¢' (U) = 0, so that U € Ker (¢ — ¢’). So we have
——
=¢'(U)
shown that every U € ®N satisfies U € Ker (¢ — ¢’). Thus, ® N C Ker (¢ — ¢’). Now,
®g=J+(®g) h+ (®N) CKer(p—¢')+Ker(p—¢)
N———— ——"
CKer(p—¢’) CKer(p—¢’)

= Ker (¢ — ¢') (since Ker (¢ — ¢') is a k-module (since ¢ — ¢’ is k-linear)) ,

so that ¢ — ¢/ = 0. Thus, ¢ = ¢'. Thus, Ker ¢’ = J + (®g) - h (since ¢’ is a projection
with kernel J + (®g) - h) rewrites as Ker ¢ = J + (®g) - b.
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By the isomorphism theorem, the k-module homomorphism ¢ : ®g — QN induces a
k-module isomorphism @ : (®g) / Ker ¢ — ¢ (®g) which satisfies ¢ = @ o ¢/, where ¢’
is the canonical projection of ®g onto (®g), Kerg. Since Kerp = J + (®g) - b
and ¢ (®g) = ®N (because ¢ is surjective), this is therefore a k-module isomor-
phism (®g) / (J + (®g)-h) — ®N. Moreover, (' is the canonical projection of
®g onto (®g) /Kerp, and therefore equal to the canonical projection of ®g onto
(®g) / (J+ (®g) - b) (since Kerp = J + (®g) - h). Since the canonical projection of
®g onto (®g) / (J + (®g) - h) is ¢, this yields that (" is equal to ¢. Therefore, ¢ = Bo(’
rewrites as ¢ = P o (. This completes the proof of Proposition (a).

(b) Let n € N be arbitrary. Since F, = ¢ (g®="), we have

— Fn _ = ®<n — (5 @<n) _ ®<n CN@Sn
P(F) =9 (C(g°5") = (o) (6°%") = v (=) C
=
(according to Proposition 2.12)) .

In other words, the isomorphism © respects the filtration. This proves Proposition [2.18

(b).

(c) The homomorphism 7 respects the filtration (because n = ® (7 |y), and because
Proposition|1.104] (applied to 7 |y, N and n instead of f, V and W) yields that @ (7 | )
respects the filtration). Everything else claimed in Proposition (c) is trivial. Thus,

Proposition (c) is proven.
(d) We have defined ¢ : ® N — ®g as the canonical inclusion of ® N in @g. Therefore,
¢ clearly respects the filtration. Also, we know that ( respects the filtration, because the

filtration on (®g) / (J + (®g) - h) was defined to be F, = (¢ (9®§"))n>o-

Since ¢ and ¢ respect the filtration, the composition { o ¢ respects the filtration as

well (by Proposition (b)).

Besides, po ((ot) =po o= por=1idgy (because every U € @ N satisfies
~~

=
(por)(U)=¢ L (U) =¢(U) = (¢ lon) U) (since U € ®N)
~—~— ——
=U (since ¢ is the =idgn
inclusion map) (due to Proposition

= idgn (U)

). Hence, (ot = p~! (here we know that ! exists, because ¥ is a k-module iso-

morphism). Thus, ! respects the filtration (since ¢ o ¢ respects the filtration). This

proves Proposition (d).

2.9. ¢ and ¥ on the associated graded objects

Before we can verify Proposition (e), we are going to show the next result, which
will also help us in explicitly describing the associated graded morphism of @ later:
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Proposition 2.20. Consider the k-module homomorphism ®t : ®g — ®N induced
by the k-module homomorphism ¢ : g — N. This homomorphism ®¢ respects the
filtration and satisfies

(p — (1)) (g%=") C N&s(-D for every n € N. (72)

Proof of Proposition |2.2(]. Proposition [1.104] (applied to ¢, g and N instead of f, V'
and W) yields that ®t respects the filtration. Thus, the only thing that remains to be

done for the proof of Proposition is proving the relation .
We are going to prove by induction over n:

0

Induction base: Every A\ € g®=0 satisfies A € k (since g®=0 = @ g% = g®° = k).

i=0

Therefore, every A € g®=0 satisfies ¢ (\) = A (according to (52)), since A\ € k)
and (®t) (A) = A (by the definition of ®t, since A € k), so that (¢ — (®t)) (A) =
©(A)—(®t)(A) = 0 and thus A € Ker(p — (®t)). We have thus shown that ev-
:;./ T
ery A € g®=0 satisfies A\ € Ker (¢ — (®t)). Hence, g®=° C Ker (p — (®t)), so that
(¢ — (®1) (g9=°) = 0 C N®=O=D_ In other words, (72) holds for n = 0. This com-
pletes the induction base.

Induction step: Let p € N. Assume that holds for n = p. We now must show
that also holds for n = p + 1.

Since (72) holds for n = p, we have (¢ — (®t)) (g¥<P) C N®<=1),

We are now going to show that (¢ — (®t)) (g2®*?) C N®<P. This will quickly yield
(¢ — (®t)) (g¥=P*D) C N®=<P, which will bring us to the end of the induction step.

Proposition m (applied to p + 1 and g instead of p and V) yields g®®+) =

®(p+1)
<glind >

Note that ¢ — (®t) is a k-linear map (since ¢ and ®t¢ are k-linear), and thus
Ker (¢ — (®t)) is a k-module.

®(p+1

Now we are going to prove that gih™") C (o — (@t))" (N®=P). Indeed, let V €

gfégﬂ) be arbitrary. Then, V is a left-induced tensor in g®®*+Y (since V € gffrfgﬂ)),

and thus there exist u € g and U € g®P such that V = u ® U. Consider these u and
U. Since u € g = g® and U € g®7, we have u- U = v ®@ U (due to , applied to u,
U, 1 and p instead of a, b, n and m).

Since U € g® and since g®? is a g-module, we have s(u) — U € g® C g®=P.
Thus ¢ (s(u) = U) € ¢ (g¥<P) C NP (according to Proposition , so that
¢ (s(u) = U) =0mod N®=P.

On the other hand, U € g C g®<P yields (¢ — (®1)) (U) € (¢ — (®t)) (g®=F) C
N®<(=1) " Since (¢ — (®t)) (U) = ¢ (U) — (®t) (U), this rewrites as ¢ (U) — (2t) (U) €
N®=(=1_ On the other hand, ®t is a k-algebra homomorphism, so that

(@) (w-U)= (&) () (&) U)=t(u)- (@) U).
=t(u) (by the definition
of ®t, since ucg=g®!)
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Now,

t(u)-so(U)—(@t)( Vo )

=uU=u-U
=t(u)-o(U) = (@) (u-U) =t(u) ¢ U) —t(u)- (&) (U)
=t(u)-(®)(U)
= tlw) - (pU) = (®t)(U)) e N¥=H NO=CTY

S~~~ ~ ~
EN=N®ICNO®=! EN®<(p-1)
C N®<(+(-1) according to Proposition (b), applied
B to N, 1 and p — 1 instead of V', n and m

— N®§p'

In other words, t (u) - ¢ (U) = (®t) (V) mod N®=P.
Now, V=u®U = u- U yields

p(V)=¢W-U)= t)- olU) +o(s(u)—=U) (by (54))
E(®t)(V)Tnod N®<p =0 mo:i,N‘X’SP

= (®t) (V) +0 = (®t) (V) mod NP,

In other words, ¢ (V) — (®t) (V) € N®=P. Since ¢ (V) — (&t) (V) = (¢ — (&t)) (V),
this rewrites as (¢ — (®t)) (V) € N¥=. In other words, V € (¢ — (®t)) " (N®=P).

So we have proven that every V € gf?rfgﬂ) satisfies V € (¢ — (®1)) " (N®=F). In
other words, gfégﬂ) C(p— (®t))_1 (N®=P). Therefore, Proposition |1.29] (a) (applied
to g®+1), gfégﬂ) and (¢ — (®t))” (N®<p) instead of M, S and Q) yields <ghn§+1)> C
(p — (®1)) " (N®=P) (since (¢ — (@)~ (N®=P) is a k-module). Altogether we now
have g®r+l) = <9h§§“)> C (p— (@) (N®=P), so that (p — (1)) (g°**)) C
NO<p

p+1
Now, the definition of g®<P+1) i g®<(+1) — @3 g® while the definition of g&¥<? =
=0
J4 )
P g®'. Thus,
1=0

p+1 p
<(p+1) @gQ@z (@ > ®g®(p+1) — g <p Dg ®(p+1) _ g®<p +g ®(p+1)

=0
—_———
:g®§p

(since direct sums are sums). Thus,
(p — (1)) (g®§(p+1)) = (¢ — (1)) (g <p 4 g®(p+1))
= (o= (@) (")  +(p—(®0) (¢°")

TV
CN®<(p-1)CN®<P CN®=<p
(since (N®§")

is a filtration)
n>0

(since p — (®t) is k-linear)
C N®SP 4 N®<P — NO=P (since NO=P ig a k—module)
_ Ne<(et)-1)
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In other words, holds for n = p + 1. This completes the induction step. Thus,
is proven for all n € N. In other words, Proposition is proven.

Now let us finally prove Proposition (e):

Both maps @ and 7 respect the filtration. Hence, their composition no@ : (®g) / (J + (®g) - h) —
®@n respects the filtration as well (by Proposition (b)). In order to prove Propo-
sition (e), it thus only remains to show that the homomorphism gr,(no®) :
gr, (®g) / (J+ (®g) - b)) = gr, (®n) is an h-module isomorphism for every p € N.
In order to do this, we must show two things: we must show that it is a k-module
isomorphism, and that it is an h-module homomorphism.

First, we notice n o @ is a k-module isomorphism, since both 7 and @ are k-module
isomorphisms. But this alone is not enough to conclude that gr, (7 o ) is a k-module
isomorphism (see Warning [1.100]). However, we can get around this as follows:

We also know that 7! = (® (7 [x))"" = ® ((m |v)"'), so that 5! respects the
filtration (by Proposition [1.104). Since 7! and 5! respect the filtration, the com-
position P! o 7! respects the filtration as well (by Proposition (b)). Since
7 lon ' =(no®) ", this means that (no %)~ respects the filtration.

Now, Proposition [1.101f (applied to (®g) / (J + (®g) - ), @n, (F,),50, (N®=")
and now instead of V, W, (V3,) 5, (Wh),,>, and f) yields that gr, (n 0 @) : gr, (®g) / (J + (®¢) - b)) —
gr, (®n) is a k-module isomorphism for every p € N.

It remains now to prove that it is an h-module homomorphism. In order to do this,
we make some preparations:

We have (7 |v)ot =7n [ Thus, @ ((r |x)ot) = ®n. Since ® (7 |v)ot) =
(@ (7 |n)) o (®t) =no (), this becomes n o () = 7.

—_——

=n
Thus,
noy— (®m) =nop—no(®t)=no(p—(SM)).
~——

=no(®t)

30 Proof. Let v € g be arbitrary. Then, v € g =h @ N. Thus, v = h + n for some h € h and n € N.
Consider these h and n. Then, v = h 4+ n yields

t(v)=t(h+n)= t(h) + t(n) (since t is k-linear)
=0 (since h€bh, while t is a  =n (since n€N, while ¢ is a
projection with kernel b) projection on N)

But

Compared with

T ( v ) =m(h+n)= 7 (h) +7 (n) (since 7 is k-linear)
~~ ——
=h+n =0 (since h€bh, while 7 is a

projection with kernel b)

=7(n),

this yields ((7 |x) o t) (v) = 7w (v). We have thus shown that every v € g satisfies ((7 |§) o t) (v) =
7 (v). Thus, (7 |y) ot =.
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Both maps ¢ and ®t respect the filtration. Thus, their difference ¢ — (®t) also
respects the filtration (by Proposition (c)). Together with the fact that n respects
the filtration, this yields that the composition no (¢ — (®t)) also respects the filtration
(by Proposition (b)). Since no (¢ — (®t)) =nop — (m), we have thus proven
that the map n o ¢ — (®m) respects the filtration.

Now let p € N. Proposition m (applied to n = p) yields (¢ — (®t)) (g9<F) C
N®<=D Now,

o~ (@m) | (6%5) = (e (¢ = (20)) (6°) =n | (¢ — (@1)) (a°%)
=mle={@t) CN®Z(-1)
Cn (N®§(p—l)> C n®§(p—1) (73)

(since n respects the filtration). Using this relation, Proposition (applied to ®g,
@n, (g9=7) oo (0®=") _ and no (¢ — (®t)) instead of V., W, (V,),50, (Wh),5o and
f) yields that gr, (no¢ — (®7)) = 0. Thus, 0 = gr,(noy — (®1)) = gr,(noy) —
gr, (®@m) (by Proposition (c)), so that gr, (o p) = gr, (®7).
Now, F}, was defined by F,, = ¢ (g®<P). Now, gr, ¢ : gr, (®g) — gr, (®g) / (J + (®g) - b))
is an h-module homomorphism (because  is an h-module homomorphism) and is surjec-
tive (according to Proposition [1.103{ (applied to ®g, (®g) / (J + (®g) - b), (=), .,
(Fh),>o and ¢ instead of V', W, (V,,),~0, (Wh),>o and f), because ¢ (g®§p) = F, (by
the definition of F,)).
Now, Proposition (b) yields gr, (no®) o () = gr, (no®) ogr,(. Thus,

gr, (nop)ogr, ¢ =gr, (o) o) =gr, | nogol | =gn,(no¢) =g, (@m). (74)
=

Since gr, (®m) is an h-module homomorphism (because 7 is an h-module homomor-
phism, and thus ®7 is an h-module homomorphism), this yields that gr, (7 o p)ogr,  is
an h-module homomorphism. Thus, Lemma (applied to gr, (®g), gr, (®g) / (J + (®g) - b)),
gr, (®n), gr, ¢ and gr,, (n o p) instead of A, B, C, f and g) yields that gr, (1 o) is an
b-module homomorphism. Since we know that gr, (o @) is a k-module isomorphism,
we can thus conclude that gr, (o @) is an h-module isomorphism (due to Proposition
1.14). This completes the proof of Proposition (e). Thus, Proposition is
finished.

Now we can finish off Theorem 2.1k

Proof of Theorem . (a) We have already proven Theorem (a).

(b) We have already proven farther above that (F},), ., is an h-module filtration of
(®g) /(J + (®g) - b).

Let p € N be arbitrary. According to Proposition (e), there exists an h-module
isomorphism gr, (0 7) - gr, () / (J + (@) - b)) — gr, (@n). Thus, gr, (9g) / (] + (@g) - b)) =
gr, (®n) as h-modules. Since gr, (®g) / (J + (®g) - b)) = F,/F, -1 (because the fil-
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tration on (®g) / (J + (®g) - h) is given by (F,),,5,) and

gr, (®n)

= n®<P /@< (since the filtration on ® n is (n®§”)n>0>

p .
P p—1 since n®<P = P n®" by the definition of n®=r
(@) (@)
i=0

—1
i=0 and since n®<P~1) = @ n® by the definition of n®<r~1)
i=0

~

Xp
)

n

this becomes F, F, 1 = n®’ as h-modules. Renaming p as n, we conclude that
F,/F,_1 = n®" as h-modules for every n € N. This completes the proof of Theorem
(b).

(c) Every n € N satisfies gr,, ((®g) / (J + (®g) - b)) = F,/F,_1 (because the fil-
tration on (®g) / (J + (®g) - h) is given by (F,), <)

Now let n € N be arbitrary. -

Proposition @ (e) yields that gr, (7 0 %) is an h-module isomorphism for every p €
N. Applying this to p = n, we conclude that gr, (n o ®) is an h-module isomorphism.

During the proof of Proposition (e), we have showed that every p € N satis-
fies gr, (no®) o gr, ¢ = gr, (@) (due to (74)). Applying this to p = n, we obtain
gr, (no®)ogr, (=gr, (®m). In other words,

(the diagram commutes if Q, = gr, (noP)). (75)

Now, let us prove that

(76)

if Q,: F,/F,_1 — gr, (®n) is a k-module homomorphism
for which the diagram (44]) commutes, then Q, = gr, (n0®)

Proof of (76). Let Q, : F,/F,_1 — gr, (®n) be a k-module homomorphism for
which the diagram commutes. Then, the diagram (44)) commutes, so that €2, o
gr, ¢ = gr, (®m). Combining this with gr, (no®) o gr, = gr, (®7), we obtain 2, o
gr, ¢ =gr,(nop)ogr,(.

So now we know that €2, o gr, ( = gr, (no®) o gr, ¢, and we want to show that
Q, =gr, (no®).

During the proof of Proposition (e), we have showed that gr, ¢ is surjective for
every p € N. Applying this to p = n, we obtain that gr, ¢ is surjective. Now let us
show that €2, = gr, (no®):

Let v € F,/F,_; be arbitrary. Since gr,, ( is surjective, there exists some w €
gr,, (®g) such that v = (gr,, ¢) (w). Consider this w. Then,

ol o | = W)= [ Luogr, ¢ | (w)=(gr,(noP)ogr,()(w)

:(grn C)(w) =gr, (noa)ogrn ¢

= (gr,(no®)) | (er,¢) (w) | = (gr, (noP)) (v).
—_————

=
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Since this holds for every v € F,, /F,_1, we thus have proven that 2, = gr, (no®).
This proves .

From (7€), we see that every k-module homomorphism Q, : F, /F,_1 — gr, (®n)
for which the diagram commutes must be equal to gr, (no®). Hence, there
exists at most one k-module homomorphism Q,, : F,, /F,_; — gr, (®n) for which the
diagram commutes. But since we also know that there exists at least one k-module
homomorphism 2, : F,/F,_1 — gr, (®n) for which the diagram commutes
(namely, the homomorphism gr, (1 o %), because of (75))), we thus conclude that there
exists one and only one k-module homomorphism Q,, : F,, /F, 1 — gr, (®n) for which
the diagram (44) commutes. This proves part of Theorem (c).

According to Theorem (c), we define w, as the k-module homomorphism 2, :
F./F,_1 — gr, (®n) for which the diagram (44]) commutes (the existence and unique-
ness of this homomorphism 2, was already proven above). This definition immediately
yields that the diagram commutes. In other words, the diagram commutes if
Q,, = w,. Thus, (applied to Q,, = w,) yields that w, = gr, (n 0 ®). Thus, w, is an
h-module isomorphism (because we know that gr, (1 o ®) is an h-module isomorphism).

Now, all nontrivial statements in Theorem (c) are proven. This completes the
proof of Theorem [2.1]

2.10. Independency of the splitting

As a bonus from the above proof of Theorem 2.1, we obtain the following strengthening
of this theorem:

Proposition 2.21. In the context of Theorem [2.1] (b), for every n € N, there exists
an h-module isomorphism F, /F,,_; — n®" which is independent of the choice of V.

First proof of Proposition @ According to Theorem (c), the map grad, L ow,
(where grad, ,, and w, are defined in Theorem (c)) is an h-module isomorphism
F,/F,_1 — n®" This isomorphism is clearly independent of the choice of N (since
the definitions of grad,, and w, are independent of the choice of N). This proves
Proposition [2.21]

We can also show Proposition without reference to Theorem (c):

Second proof of Proposition[2.21] Let p € N be arbitrary.

In our above proof of Theorem (b), we have constructed an h-module isomor-
phism gr, (n09) : gr, (®g) / (J + (®g) - b)) = gr, (®n). Let us now prove that this
isomorphism gr,, (1 o @) is independent of the choice of V. (Note that this is absolutely
not trivial from its definition, because @ does depend on N.)

In fact, let us show that

for every v € gr, (®g) / (J + (®g) - b)), the image (77)
(gr, (no®)) (v) is independent of the choice of N

n

Proof of (77). Let v € gr, ((®g) / (J + (®g) - b)) be arbitrary.
In the proof of Proposition (e), we showed that gr, ¢ is surjective. Hence, there

exists some w € gr,, (®g) such that v = (gr, ¢) (w). Thus
(gr, (1 09)) (v) = (g1, (N ?)) ((gr, ¢) (w)) = (gr, (n°P) 0 gr,¢) (w) = (gr, (¥7)) (w).

. >

=gr,(®m) (due to )
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Since (gr, (®m)) (w) is obviously independent of the choice of N, it thus follows that
(gr, (no®)) (v) is independent of the choice of N. This proves .

Now, yields that the map gr, (n09) is independent of the choice of V. Since
gr, (n 0 @) is an h-module isomorphism gr,, (®g) / (J + (®g) - b)) — gr, (®n), we have
thus found an h-module isomorphism gr, ((®g) / (J + (®g) - b)) — gr, (®n) indepen-
dent of the choice of N. Since gr,((®g) / (J + (®g)-h)) = F,/F,_1 (because the
filtration on (®g) / (J + (®g) - h) is given by (F},),~,) and gr, (®n) = n@sp /p@<(r—1)
(since the filtration on ®n is (n®§”)n>0), this can be rewritten as follows: We have

found an h-module isomorphism F, /F, 1 — n®=<F / n®=(-1) independent of the choice
of N. Composing it with the canonical h-module isomorphism n®<P /n@<F-1) _ n&p
[ﬂ which is also independent of the choice of N, we thus obtain an h-module isomor-
phism F, /F,_1 — n®? which is independent of the choice of N.

Thus, we have shown that for every p € N, there exists an h-module isomorphism
F,/ F, 1 — n®P which is independent of the choice of N. Renaming p into n here, we
obtain the assertion of Proposition [2.21] Thus, Proposition is proven.

3. (g,h)-semimodules

Before we prove some more interesting results, we are going to introduce a notion -
that of a (g, h)-semimodule. This notion will be defined for every commutative ring k,
every k-Lie algebra g and every Lie subalgebra h of g. It will be a kind of intermediate
link between the notion of a g-module and that of an h-module. Here is the definition:

3.1. (g,bh)-semimodules: the definition

Definition 3.1. Let k be a commutative ring. Let g be a k-Lie algebra. Let h be a
Lie subalgebra of g. Let V' be a k-module. Let p1: g x V — V be a k-bilinear map.
We say that (V, u) is a (g, h)-semimodule if and only if

(1 ([a, ], 0) = (a1 (b,0)) — (b, (a,0)) for every a € b, be g and v e V).
(78)

If (V,p) is a (g, h)-semimodule, then the k-bilinear map p: g x V' — V' is called the

Lie action of the (g, h)-semimodule V.

Often, when the map p is obvious from the context, we abbreviate the term p (a,v)

by a — v for any a € g and v € V. Using this notation, the relation rewrites as

([a,b) ~v=a—(b—v)—b— (a—v) foreveryach,begandv e V). (79)

31This isomorphism is constructed as follows:

n®§p/n®§(p*1)

p )
P p—1 since n®<P = @ n®® by the definition of n®<P
- (@) (@) T
i=0 i=0 and since n®<(P~1) = @ n® by the definition of n®<(r-1)
i=0
>~ n®P,
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Also, an abuse of notation allows us to write "V is a (g, h)-semimodule” instead of
7(V, ) is a (g, h)-semimodule” if the map p is clear from the context or has not been
introduced yet.

Besides, when (V, 1) is a (g, h)-semimodule, we will say that u is a (g, b)-semimodule
structure on V. In other words, if V' is a k-module, then a (g, h)-semimodule structure
on V means a map p: g x V — V such that (V, ) is a (g, h)-semimodule. (Thus,
in order to make a k-module into a (g, h)-semimodule, we must define a (g, bh)-
semimodule structure on it.)

This definition is very similar to the Definition [I.9] We will see that this similarity
is not just superficial, and that most properties of g-modules have their analogues
concerning (g, h)-semimodules.

But first let us notice that:

Proposition 3.2. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let b be
a Lie subalgebra of g. Then, every g-module is a (g, h)-semimodule.

In fact, this proposition follows trivially from comparing Definition with Defi-
nition [3.1 The converse of this proposition does not hold. However, a g-module is
exactly the same as a (g, g)-semimodule, i. e., we have:

Proposition 3.3. Let k& be a commutative ring. Let g be a k-Lie algebra. Let V' be
a k-module. Let g : g x V — V be a map. Then, (V, i) is a g-module if and only if
(V, ) is a (g, g)-semimodule.

This is again clear from comparing Definition [I.9] with Definition [3.1]

Proposition shows that the notion of a (g, h)-semimodule is a generalization of
the notion of a g-module. Much of this Section (3| will be devoted to formulating some
properties of (g, h)-semimodules which are analogous to the well-known properties of
g-modules which we collected in Section We are not going to prove all of these
properties anew, because the proofs will often be almost identical to the corresponding
proofs for g-modules done in Section [T, We will only point out which changes must be
made to those proofs in order to make them apply to (g, h)-semimodules rather than
just to g-modules.

In this Section [3] we are also going to define several notions related to (g, b)-
semimodules, such as the notion of a (g, h)-subsemimodule, and the notion of the
tensor product of two (g, h)-semimodules. All the definitions that we are going
to give will be analogous to the definitions of the corresponding notions for
g-modules given in Section [1}, and therefore will not conflict with these lat-
ter notions. For example, Definition [3.25] (the definition of the tensor product of two
(g, b)-semimodules) will be analogous to Definition [I.31] (the definition of the tensor
product of two g-modules). Therefore, if we have a commutative ring k, some k-Lie
algebra g, some Lie subalgebra § of g, and two g-modules V' and W, then the tensor
product of the g-modules V' and W (as defined in Definition will be the same as
the tensor product of the (g, h)-semimodules V and W (as defined in Definition [3.25).
Similarly, the direct sum of the g-modules V and W (as defined in Definition |1.22)
will be the same as the direct sum of the (g, h)-semimodules V' and W (as defined in
Definition .
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We begin with a convention:

Convention 3.4. We are going to use the notation a — v as a universal notation
for the Lie action of a (g, h)-semimodule. This means that whenever we have some
Lie algebra g, some Lie subalgebra b of g and some (g, h)-semimodule V' (they need
not be actually called g, b and V; I only refer to them as g, h and V' here in this
Convention), and we are given two elements a € g and v € V (they need not be
actually called a and v; I only refer to them by a and v here in this Convention),
we will denote by a — v the Lie action of V' applied to (a,v) (unless we explicitly
stated that the notation @ — v means something different).

This convention is, of course, just the extension of Convention to (g, h)-semimodules.

Warning 3.5. We know from Proposition that every g-module is a (g, b)-
semimodule. Thus, when k£ is a commutative ring, g is a k-Lie algebra, b is a
Lie subalgebra of g, and V' is some g-module, then V' is a (g, h)-semimodule as well,
and thus, the notation a — v (where a € g and v € V) is overloaded: It can be
interpreted according to Convention [I.10] but it can also be interpreted according to
Convention However, fortunately these two conventions give the same definition
for a — v, and thus they do not conflict. So when we have a g-module V| then we
do not have to worry about Convention and Convention [3.4]leading to different
interpretations a — v; they don’t.

However, Convention [3.4] can conflict with Convention in two other cases: The
first case is when we have a g-module structure and a different (g, h)-semimodule
structure defined on one and the same k-module; the second case is when we have
an h-module structure and a (g, h)-semimodule structure defined on one and the
same k-module. The first of these cases will not appear in our studies; however, the
second will appear. In such a case, we will not be allowed to use Convention
until we verify that, for every a € h and v € V, the meaning of a — v according to
Convention [1.10] (that is, the Lie action of the h-module V applied to (a,v)) equals
to the meaning of a — v according to Convention (that is, the Lie action of the
(g, h)-semimodule V applied to (a,v)), so that the value of a — v does not depend
on which of the two Conventions we are using.

Fortunately, within this paper, this will always be fulfilled and easy to verify. In
fact, within this paper, each time when we have an h-module structure and a (g, b)-
semimodule structure defined on one and the same k-module, the h-module will be
the restriction of the (g, h)-semimodule to b (see Definition for the definition
of "restriction”), and thus we will be allowed to use Convention (according to

Remark [3.13)).

Now that we have defined a (g, h)-semimodule, let us do the next logical step and
define a (g, h)-semimodule homomorphism:

Definition 3.6. Let k be a commutative ring. Let g be a k-Lie algebra. Let b be a
Lie subalgebra of g. Let V and W be two (g, h)-semimodules. Let f:V — W be a
k-linear map. Then, f is said to be a (g, h)-semimodule homomorphism if and only
if

(f(a—=v)=a—(f(v)) for every a € gand v € V).
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Often, we will use the words ” (g, h)-semimodule map” or the words " homomorphism
of (g, h)-semimodules” or the words ” (g, h)-semilinear map” as synonyms for " (g, b)-
semimodule homomorphism”.

This Definition [3.6) is the analogue of Definition for (g, h)-semimodules. There-

fore, we have:

Proposition 3.7. Let £ be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g. Let V and W be two g-modules. Let f : V — W be a
map. Then, f is a g-module homomorphism if and only if f is a (g, h)-semimodule
homomorphism. (Here, it makes sense to say that ” f is a g-module homomorphism”
since V and W are (g, h)-semimodules (which is because Proposition [3.2] yields that
every g-module is a (g, h)-semimodule).)

It is easy to see that for every commutative ring k, for every k-Lie algebra g, and for
every Lie subalgebra b of g, there is a category whose objects are (g, h)-semimodules
and whose morphisms are (g, h)-semimodule homomorphisms. We further define a
(g, h)-semimodule isomorphism as an isomorphism in this category; this is equivalent
to the following definition:

Definition 3.8. Let k be a commutative ring. Let g be a k-Lie algebra. Let h be a
Lie subalgebra of g. Let V and W be two (g, h)-semimodules. Let f : V — W be
a k-linear map. Then, f is said to be a (g, h)-semimodule isomorphism if and only
if f is an invertible (g, h)-semimodule homomorphism whose inverse f~! is also a
(g, h)-semimodule homomorphism.

We can easily prove that this definition is somewhat redundant, viz., the condition
that f~! be also a (g, h)-semimodule homomorphism can be omitted:

Proposition 3.9. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let b be
a Lie subalgebra of g. Let V and W be two (g, h)-semimodules. Let f:V — W
be a k-linear map. Then, f is a (g, h)-semimodule isomorphism if and only if f
is an invertible (g, h)-semimodule homomorphism. In other words, f is a (g,b)-
semimodule isomorphism if and only if f is a (g, h)-semimodule homomorphism and
a k-module isomorphism at the same time.

The proof of this proposition is identical with the proof of Proposition [1.14]
Clearly, Deﬁnitionis the analogue of Definition for (g, h)-semimodules. Thus:

Proposition 3.10. Let £ be a commutative ring. Let g be a k-Lie algebra. Let
h be a Lie subalgebra of g. Let V and W be two g-modules. Let f : V — W be
a map. Then, f is a g-module isomorphism if and only if f is a (g, h)-semimodule
isomorphism. (Here, it makes sense to say that ” f is a g-module isomorphism” since
V and W are (g, h)-semimodules (which is because Proposition [3.2) yields that every
g-module is a (g, h)-semimodule).)

Also, Proposition is the analogue of Proposition for (g, h)-semimodules.
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3.2. Restriction of (g, h)-semimodules

If h is a Lie subalgebra of a k-Lie algebra g, then we can canonically make every
(g, h)-semimodule into an h-module according to the following definition:

Definition 3.11. Let k£ be a commutative ring. Let g be a k-Lie algebra, and let b
be a Lie subalgebra of g. Then, every (g, h)-semimodule V' canonically becomes an
h-module (by restricting its Lie action p: g x V — V to h x V). This h-module is
called the restriction of V to b, and denoted by Resf) V. However, when there is no
possibility of confusion, we will denote this h-module by V', and we will distinguish
it from the original (g, h)-semimodule V' by means of referring to the former one as
"the h-module V” and referring to the latter one as ”the (g, h)-semimodule V7.

This Definition is the analogue of Definition for (g, h)-semimodules. There-
fore:

Proposition 3.12. Let k be a commutative ring. Let g be a k-Lie algebra, and let
h be a Lie subalgebra of g. Let V be a g-module. Then, the restriction of V' to b
defined in Definition is the same h-module as the restriction of V' to b defined
in Definition [3.11] (which is well-defined since V is a (g, h)-semimodule (which is
because Proposition says that every g-module is a (g, h)-semimodule)). This
allows us to speak of "the restriction of V' to h” (or simply of "the h-module V")
without having to worry whether it is understood according to Definition or
according to Definition (because it doesn’t matter, as both definitions yield the
same result).

Remark 3.13. Let k be a commutative ring. Let g be a k-Lie algebra, and let h be
a Lie subalgebra of g. Let V be a (g, h)-semimodule. Then, Definition makes
V into an h-module. Hence, V is a (g, h)-semimodule and an h-module at the same
time. As we know from Warning [3.5], we are normally not allowed to use Convention
m when we have a k-module V' which is a (g, h)-semimodule and an h-module at
the same time, because in this case each of the two Conventions and defines
a — v for a € h and v € V, and these definitions might conflict. However, in
our case (the case when the h-module V' is obtained from the (g, h)-semimodule V'
according to Definition , these definitions cannot conflict, because every a € b
and v € V satisfy

(the meaning of the term a — v according to Convention [3.4])
= (the meaning of the term a — v according to Convention [I.10]

FZ so that both Conventions and define @ — v to mean one and the same
value. Therefore, we can use Convention in our case (the case when the h-module
V' is obtained from the (g, h)-semimodule V' according to Definition without
worrying that it might conflict with Convention [I.10}

In Definition we have defined the restriction of a (g, h)-semimodule to an b-
module. We could also define a more general kind of restriction, namely restriction

32 Proof. Let us denote by u the Lie action of the (g, h)-semimodule V. Then, the Lie action of the
h-module V is defined to be p |pxv (in fact, this is how the h-module V' was defined in Definition
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of a (g, h)-semimodule to a (g’, h’)-semimodule (where g’ is a Lie subalgebra of g and
where b’ is a Lie subalgebra of ), but we will not find need for this form of restriction
in the following and therefore overlook its (trivial) definition.

3.3. Subsemimodules, factors and direct sums of
(g, h)-semimodules

From Proposition , we know that every g-module is a (g, h)-semimodule (where g is a
k-Lie algebra, and b is a Lie subalgebra of g). This gives us plenty of examples of (g, b)-
semimodules: For instance, we know (from Definition that g itself canonically is
a g-module, and thus we conclude that g is a (g, h)-semimodule. Also we know (from
Definition that k& canonically is a g-module, and thus we conclude that k is a
(g, b)-semimodule.
To obtain more (g, h)-semimodule structures, we can factor existing (g, h)-semimodules

by submodules:

Definition 3.14. Let k be a commutative ring. Let g be a Lie algebra. Let § be a
Lie subalgebra of g. Let V' be a (g, h)-semimodule.
(a) A k-submodule W of V is said to be a (g, h)-subsemimodule of V' if and only if

(a —w e W for every a € g and w € W).

In other words, a k-submodule W of V' is said to be a (g, h)-subsemimodule of V'
if and only if pu (g x W) C W, where u denotes the Lie action of V. (We remind
ourselves that the Lie action of V' means the k-bilinear map p: g x V — V from

Definition [3.1])
(b) If W is a (g, h)-subsemimodule of V', then the quotient k-module VW becomes

a (g, h)-semimodule by setting
(a ~v=a—wvforeverya€gandveVl)

(where @ denotes the residue class of u modulo W for every u € V). (This (g,b)-
semimodule structure is indeed well-defined, as can be easily seen.)

This Definition is the analogue of Definition for (g, h)-semimodules. This
immediately yields:

. Now,

(the meaning of the term a — v according to Convention [3.4)
= (the Lie action of the (g,h)-semimodule V applied to (a,v)) (according to Convention
= p(a,v) (since the Lie action of the (g,h)-semimodule V is )
= (1 |pxv) (a,v) (since a € h and v € V, so that (a,v) € h x V)
= (the Lie action of the h-module V applied to (a,v))
(because |y« is the Lie action of the h-module V')
= (the meaning of the term a — v according to Convention ,

qed.
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Proposition 3.15. Let k£ be a commutative ring. Let g be a Lie algebra. Let § be
a Lie subalgebra of g.

(a) Let V be a g-module. Let W be a subset of V. Then, W is a (g,b)-
subsemimodule of V' if and only if W is a g-submodule of V. (Here, the words
"W is a (g, h)-subsemimodule” make sense because V' is a (g, h)-semimodule (which
is because Proposition [3.2] yields that every g-module is a (g, h)-semimodule).)

(b) Let V' be a g-module, and let W be a g-submodule of V. Then, the quotient
(g, h)-semimodule V /W defined in Definition (b) is identic with the quotient
g-module V /W defined in Definition (b). This allows us to speak of the
g-module V /W without having to worry whether it is understood according to
Definition or according to Definition [1.20] (because it doesn’t matter, as both
definitions yield the same result).

We can also add (g, h)-semimodules via the direct sum:

Proposition 3.16. Let £ be a commutative ring. Let g be a Lie algebra. Let b
be a Lie subalgebra of g. Let V and W be two (g, h)-semimodules. Define a map
tvew g xX (VoW)—-V oW by

(tvew (a, (v,w)) = (a = v,a — w) for every a € g, v eV and we W).
(80)
Then, this map pyew is k-bilinear, and (V & W, pygew) is a (g, h)-semimodule sat-
isfying

a— (v,w)=(a—v,a—w) forevery a € g, ve Vandwe W.  (81)

This proposition is straightforward to prove, so we are not going to elaborate on its
proof. Anyway it allows a definition:

Definition 3.17. Let k be a commutative ring. Let g be a Lie algebra. Let §h be a
Lie subalgebra of g. Let V' and W be two (g, h)-semimodules.

The (g, h)-semimodule (V & W, uyew) constructed in Proposition is called the
direct sum of the (g, h)-semimodules V' and W. We are going to denote this (g, b)-
semimodule (V & W, uygw) simply by V & W.

Note that Proposition is the analogue of Proposition for (g, h)-semimodules.
Also, Definition is the analogue of Definition for (g, h)-semimodules. This
yields:

Proposition 3.18. Let k be a commutative ring. Let g be a k-Lie algebra, and let §
be a Lie subalgebra of g. Let V and W be two g-modules. Then, the g-module VW
defined in Definition is identic with the (g, h)-semimodule V & W defined in
Definition [3.17] (which is well-defined since V and W are (g, h)-semimodules (which
is because Proposition says that every g-module is a (g, h)-semimodule)). This
allows us to speak of "the g-module V & W” without having to worry whether it is
understood according to Definition or according to Definition (because it

doesn’t matter, as both definitions yield the same result).
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We can similarly define the direct sum of several (not necessarily just two) (g,b)-
semimodules:

Proposition 3.19. Let k£ be a commutative ring. Let g be a Lie algebra. Let hh be a
Lie subalgebra of g. Let S be a set. For every s € S, let V; be a (g, h)-semimodule.

Define a map pug : g X <EBVS)—>@VSby

seSs seS

(,u@ (a, () yes) = (@ = vs) g for every a € g and every family (v,),.q € @ Vs
ses
(82)

Then, this map pg is k-bilinear, and ( P Vs, u@) is a (g, h)-semimodule satisfying

ses
a— (Vs)seq = (@ = V) g for every a € g and every family (v,),.q € @Vs
seS

(83)

Definition 3.20. Let k£ be a commutative ring. Let g be a Lie algebra. Let h be a
Lie subalgebra of g. Let S be a set. For every s € S, let V; be a (g, h)-semimodule.

The (g, h)-semimodule (@ Vs, u@) constructed in Proposition [3.19| is called the
seS

direct sum of the (g, h)-semimodules V; over all s € S. We are going to denote this

(g, b)-semimodule <@ Vs, M@) simply by € V.

ses seSs

Again, there is nothing substantial to prove here. Notice that if S = &, then @ Vj
ses
is to be understood as 0.

Note that Proposition is the analogue of Proposition for (g, h)-semimodules,
and that Definition is the analogue of Definition for (g, h)-semimodules. This
yields:

Proposition 3.21. Let k£ be a commutative ring. Let g be a k-Lie algebra, and let
h be a Lie subalgebra of g. Let S be a set. For every s € S, let Vi be a g-module.
Then, the g-module @ V; defined in Definition |1.24] is identic with the (g, b)-

ses

semimodule @ V; defined in Definition [3.20] (which is well-defined since V; is a

s€S
(g, h)-semimodule for every s € S (which is because Proposition says that every
g-module is a (g, h)-semimodule)). This allows us to speak of "the g-module & V,”

seS
without having to worry whether it is understood according to Definition [1.24] or

according to Definition (because it doesn’t matter, as both definitions yield the
same result).

Proposition also has an analogue for (g, h)-semimodules:
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Proposition 3.22. Let k£ be a commutative ring. Let g be a Lie algebra. Let fh be a
Lie subalgebra of g. Let S be a set. For every s € S, let V; be a (g, h)-semimodule. In
Convention [1.25 we have identified the k-module V; with the image of V; under the

canonical injection V; — @ V; for every t € S. Thus, by means of this identification,
s€S
V; becomes a k-submodule of the direct sum @ V;. But actually, something stronger
s€S
holds: By means of this identification, V; becomes a (g, h)-subsemimodule of the

direct sum @ V.

seS

There is also a natural generalization of Proposition to (g, h)-semimodules:

Proposition 3.23. Let k£ be a commutative ring. Let g be a Lie algebra. Let § be
a Lie subalgebra of g.

(a) If V and W are two (g, b)-semimodules, then Resy (V@& W) = (ResjV) @
(Resg W) as h-modules. This allows us to speak of "the h-module V & W’ without
having to worry whether we mean Resp (V @& W) or (Resg V) & (Resj W) (because
it does not matter, since Res] (V & W) = (Resj V) & (Resy W)).

(b) If S'is a set, and if V; is a (g, h)-semimodule for every t € S, then Resg <@ V;) =

ses
b (Resﬁ VS) as h-modules. This allows us to speak of ”the h-module @ V,” without
seS seS
having to worry whether we mean Resj ( ;‘62 Vs> or 5639 (Resﬁ V,) (because it does

not matter, since Resy (@ V;) = @D (Resy V4)).
s€S

seS
(c) The h-module £ is identical with the restriction Resj k of the g-module k to b.

(d) If V is a (g,h)-semimodule, and if W is a (g,h)-subsemimodule of
V', then Reng is an Bh-submodule of the h-module ResgV and satisfies
Resp (V/W) = (Resg V), (Resﬁ W) as h-modules. This allows us to speak of
"the h-module V /W’ without having to worry whether we mean Resﬁ (VW)
or (ResjV),/ (Resg W) (because it does not matter, since Resj(V,/W) =
(Resp V) / (Resp W)).

Just as Proposition [1.27] this generalization will often be tacitly used.

3.4. Tensor products of two (g, h)-semimodules

We can define tensor products of (g, h)-semimodules:

Proposition 3.24. Let k£ be a commutative ring. Let g be a Lie algebra. Let § be
a Lie subalgebra of g. Let V and W be two (g, h)-semimodules. Then, there exists
one and only one k-bilinear map m : g X (V@ W) — V ® W which satisfies

(m(a,v@w)=(a—=v)QW+0v& (a = w) for every a € g, v eV andw e W).
(84)
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If we denote this map m by pyew, then (V @ W, uyew) is a (g, h)-semimodule. This
(g, h)-semimodule satisfies

a— (vew)=(a—=v)Quw+v®(a — w) for everya € g, v eV and w e W.
(85)

Definition 3.25. Let k be a commutative ring. Let g be a Lie algebra. Let h be a
Lie subalgebra of g. Let V and W be two (g, h)-semimodules.

The (g, h)-semimodule (V ® W, uygw ) constructed in Proposition is called the
tensor product of the (g, h)-semimodules V' and W. We are going to denote this
(g, h)-semimodule (V & W, uygw) simply by V @ W.

Obviously, Proposition is a generalization of Proposition to (g, h)-semimodules,
and Definition is a generalization of Definition to (g, h)-semimodules. This
yields:

Proposition 3.26. Let k£ be a commutative ring. Let g be a k-Lie algebra, and let b
be a Lie subalgebra of g. Let V and W be two g-modules. Then, the g-module V&®W
defined in Definition is identic with the (g, h)-semimodule V' ® W defined in
Definition (which is well-defined since V' and W are (g, h)-semimodules (which
is because Proposition says that every g-module is a (g, h)-semimodule)). This
allows us to speak of "the g-module V @ W” without having to worry whether it is
understood according to Definition or according to Definition [3.25| (because it
doesn’t matter, as both definitions yield the same result).

Proof of Proposition[3.24 In order to obtain a proof of Proposition [3.24] it is enough
to apply the following changes to the proof of Proposition [I.30}

e Replace "Proposition [1.30]" by ”Proposition [3.24]".

e Replace " Definition [I.9] by ”Definition [3.1].

e Replace the words ”g-module” by " (g, h)-semimodule”.
e Replace the references to by references to ([84)).

e Replace the references to by references to (85)).

e In the proof of Assertion =, replace "a € g” by "a € h” (except in the formula

(19))-
e Replace the references to by references to ([79)).

This completes the proof of Proposition [3.24]
The next proposition is a generalization of Proposition to (g, h)-semimodules:

Proposition 3.27. Let k be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g.
(a) Let V be a (g, h)-semimodule. Then, the k-linear map

VoEkxV, v 1®u
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is a canonical isomorphism of (g, h)-semimodules. (Here, as usual, k denotes the
g-module & defined in Definition |[1.19})

(b) Let V be a (g, h)-semimodule. Then, the k-linear map
V> V®Ek, v U1

is a canonical isomorphism of (g, h)-semimodules. (Here, as usual, k£ denotes the
g-module k defined in Definition [1.19})

(c) Let U, V and W be (g, h)-semimodules. Then, the k-linear map

UV)eW U (VeW), (uRV) W~ u® (v w)

is a canonical isomorphism of (g, h)-semimodules.

Proof of Proposition[3.27. In order to obtain a proof of Proposition [3.27] it is enough
to apply the following changes to the proof of Proposition [1.34}

e Replace "Proposition [[.34]" by ”Proposition [3.27] .
e Replace the words ”g-module” by ”(g, h)-semimodule”.

e Replace the references to by references to (85)).

This completes the proof of Proposition [3.27]
We also have:

Corollary 3.28. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let § be
a Lie subalgebra of g.

Let V be a (g, h)-semimodule. Then, the canonical k-module isomorphism A®@V — V
(this is the k-module homomorphism that sends A® v to Av for all A € k and v € V)
is a (g, h)-semimodule isomorphism.

This Corollary [3.28| is the generalization of Corollary to (g, h)-semimodules.
Proof of Corollary[3.28 In order to obtain a proof of Corollary [3.28] it is enough to
apply the following changes to the proof of Corollary [1.36}

e Replace "Proposition [1.34]" by ”Proposition [3.27[".
e Replace ”Corollary [I.36]' by ”Corollary [3.28]".

e Replace the words ”g-module” by ”(g, h)-semimodule”.

This completes the proof of Corollary (3.28|
Next we formulate a generalization of Proposition to (g, h)-semimodules:

Proposition 3.29. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g.

Let V., W, V" and W’ be four (g, h)-semimodules, and let f: V — V' and g: W —
W’ be two (g, h)-semimodule homomorphisms. Then, f@g: VoW — V' @ W’ is
a (g, h)-semimodule homomorphism.
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Proof of Proposition[3.29. In order to obtain a proof of Proposition [3.29] it is enough
to apply the following changes to the proof of Proposition [1.38

e Replace ”Proposition [1.38" by ”Proposition [3.29]".
e Replace the references to by references to ([85)).

e Replace the words ”g-module” by ”(g, h)-semimodule”.

This completes the proof of Proposition [3.29|
We can also generalize Proposition to (g, h)-semimodules, obtaining the follow-
ing proposition:

Proposition 3.30. Let k£ be a commutative ring. Let g be a Lie algebra. Let § be
a Lie subalgebra of g.

If V and W are two (g, h)-semimodules, then Resp (V @ W) = (Resf V) ® (Resy W)
as h-modules. This allows us to speak of "the h-module V' @ W” without having to
worry whether we mean Resg (VW) or (Resf)l V) ® (Resg W) (because it does not
matter, since Res] (V @ W) = (Res] V) @ (Resp W)).

This follows from the definitions.

3.5. Tensor products of several (g, h)-semimodules

We now define the tensor product of several (g, h)-semimodules:

Definition 3.31. Let k be a commutative ring. Let g be a k-Lie algebra. Let h be
a Lie subalgebra of g. Let n € N.

Now, by induction over n, we are going to define a (g, h)-semimodule Vi @V5,®...QV,,
for any n arbitrary (g, h)-semimodules Vi, Vs, ..., V,:

Induction base: For n = 0, we define V; ® Vo ® ... ® V,, as the g-module k£ defined in
Definition [1.19

Induction step: Let p € N. Assuming that we have defined a (g, h)-semimodule
Vi®@Ve®...®V, for any p arbitrary (g, h)-semimodules Vi, Vs, ..., V,,, we now define
a (g, h)-semimodule V; ® Vo2 ® ... ® V11 for any p + 1 arbitrary (g, h)-semimodules
Vi, Va, ..., V11 by the equation

V@ @V =V®hoVe.. V). (86)

Here, V1 @ (Vo ® V3 ® ... ® Vj41) is to be understood as the tensor product of the
(g, h)-semimodule V; with the (g, h)-semimodule V2 ® V3 ® ... ® V41 (note that the
(g, h)-semimodule Vo ® V3 ® ... ® V11 is already defined because we assumed that
we have defined a (g, h)-semimodule V; ® Vo ® ... ® V,, for any p arbitrary (g, b)-
semimodules Vi, V5, ..., V,,). This completes the inductive definition.

Thus we have defined a (g, h)-semimodule V; @ V2 ®...®V,, for any n arbitrary (g, b)-
semimodules Vi, V3, ..., V, for any n € N. This (g, h)-semimodule Vi @ Vo ® ... @V,
is called the tensor product of the (g, h)-semimodules V3, Vs, ..., V..

This Definition is the obvious generalization of Definition to (g, h)-semimodules.
Therefore:
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Proposition 3.32. Let k be a commutative ring. Let g be a k-Lie algebra, and let
b be a Lie subalgebra of g. Let n € N. Let Vi, V5, ..., V, be n arbitrary g-modules.
Then, the g-module V; ® V3 ® ... ® V,, defined in Definition is identic with the
(g, b)-semimodule V; ® V2 ® ... ® V,, defined in Definition [3.31] (which is well-defined
since V1, Va, ..., V,, are (g, h)-semimodules (which is because Proposition [3.2]says that
every g-module is a (g, h)-semimodule)). This allows us to speak of "the g-module
Vi®V,®...®V,” without having to worry whether it is understood according to
Definition or according to Definition (because it doesn’t matter, as both
definitions yield the same result).

Remark 3.33. (a) In Definition [3.31] we could have replaced the equation by
VieV,®. . @Vm=MeVhe.. .V, V.

This would have given us a different (g, h)-semimodule V; ® Vo ® ... ® V,, for any n
arbitrary (g, h)-semimodules V;, Vs, ..., V,, for any n € N than the one defined in
Definition m However, this (g, h)-semimodule would still be canonically isomor-
phic to the one defined in Definition m (we will prove this and actually something
more general in Proposition , and thus it is commonly considered to be "more
or less the same (g, h)-semimodule”.

(b) Definition applied to n = 1, defines the tensor product of one (g,b)-
semimodule V; as Vi ® k. This takes some getting used to, since it seems more
natural to define the tensor product of one (g, h)-semimodule V; simply as V;. But
this isn’t really different because Proposition (b) gives a canonical isomorphism
of (g,b)-semimodules V; = V| ® k, so most people consider V; to be "more or less
the same (g, h)-semimodule” as V; ® k.

(c) Definition does not conflict with Definition , because the underlying
k-module of the (g,h)-semimodule V; @ Vo ® ... ® V;, defined in Definition is
indeed the k-module V; ® Vo, ® ... ® V,, defined in Definition m (This is trivial by

induction.)

Now we formulate the generalization of Proposition to (g, h)-semimodules:

Proposition 3.34. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g. Let n € N.

Then, for any n arbitrary (g, h)-semimodules Vi, Vs, ..., V,, and every i € {0,1,...,n},
the canonical k-module isomorphism (V; ® V2 ® ... @ V)@ (Vi1 @ Vij2 ® ... @ V,,) —
VI®V,®...®V,is a (g,h)-semimodule isomorphism‘ﬁ

Proof of Proposition[3.34 In order to obtain a proof of Proposition [3.34], it is enough
to apply the following changes to the proof of Proposition [I.45}

33Here and in the following, whenever I speak of ”the canonical k-module isomorphism
NMehe. V) (Vi1®Vie®.0V,) > Ve Ve®...®V,”, I mean the k-module ho-
momorphism (V1 @12 ®..0V,) ® (Viy1®Vipe®...0V,) - V1 ® V2 ® ... ® V,, which sends
(V1 RV ® ... V;) @ (Vit1 ®Vi42 ®...QV,) t0 V3 ® V2 ® ... ® v, for every (v1,va,...,v,) €
Vi x Vo x ... x V;,. This homomorphism is known (from linear algebra) to exist, be unique and be
a k-module isomorphism. (This is independent of the (g, h)-semimodule structures on Vi, Vo, ...,
Vi)
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Replace ”Proposition [I.45 by ”Proposition [3.34]".
Replace ”Proposition [1.34]" by ”Proposition 3.27[".
Replace ”Proposition [1.38]" by ”Proposition [3.29".

e Replace "Proposition [[.14]" by "Proposition 3.9 .
e Replace the words ”g-module” by ”(g, h)-semimodule”.

This completes the proof of Proposition [3.34]

In Definition [3.31} we defined the (g, h)-semimodule V} ® V2 ® ... ® V,, by induction
over n. It turns out that we can also easily describe the (g, h)-semimodule structure
on Vi ®@ Vo ® ... ®V, explicitly:

Proposition 3.35. Let £ be a commutative ring. Let g be a k-Lie algebra. Let
h be a Lie subalgebra of g. Let n € N. Let Vi, V4, ..., V,, be n arbitrary (g, h)-
semimodules. Then, the (g, h)-semimodule V; ® Vo ® ... ® V}, defined in Definition
B.31] satisfies

. a — v;
a (vl®v2®...®vn)—21}1@)02@...@ o ®...0 v,

for every a € g and every (vy,vq,...,v,) € V1 X Vo X ... X V,,. Here, we are using
Convention [1.46]

This Proposition [3.35] is the straightforward generalization of Proposition to
(g, h)-semimodules.

We are going to prove this later. First an obvious lemma, which generalizes Propo-
sition to (g, h)-semimodules:

Proposition 3.36. Let £ be a commutative ring. Let g be a k-Lie algebra. Let
h be a Lie subalgebra of g. Let n € Ny. Let V3, Vs, ..., V,, be n arbitrary (g, h)-
semimodules. Then, the (g, h)-semimodule V; ® Vo ® ... ® V}, defined in Definition

B.31] satisfies
a—(WweT)=(a—=v)T+v®(a—T) (87)

foreveryaecg,veViand T e Vo@ Va® ... Q@ V,.

Proof of Proposition[3.36, According to Definition the (g, h)-semimodule V; ®
Vo®...®V, is defined as the tensor product V1 ® (Vo ® V3 ® ... ® V,,). Hence, applying
toV=Viand W =W VkB&..®V,, wesee that

a— (vew)=(a—=v)Qw+v® (a — w)
foreverya€eg,veViandw e Vo0 V3R ...0V,

(because the tensor product V@ W of two (g, h)-semimodules V' and W always satisfies
(85))). If we rename w as T, this rewrites as follows:

a— (vT)=(a—=v)T+v®(a—1T)
foreveryacg,veViand T € Vo @ V3 ® ... QV,.
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This proves Proposition [3.36]
Proof of Proposition[3.35 In order to obtain a proof of Proposition [3.35] it is enough
to apply the following changes to the proof of Proposition [1.47}

e Replace "Proposition [1.47" by ”Proposition [3.35]".
e Replace "Proposition [1.48" by ”Proposition [3.36].

e Replace the words ”g-module” by ”(g, h)-semimodule”.

This completes the proof of Proposition [3.35]
The next proposition is a multi-factor version of Proposition [3.29] and generalizes
Proposition to (g, h)-semimodules:

Proposition 3.37. Let k be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g.

Let n € N. Let Vi, V,, ..., V,, be n arbitrary (g,h)-semimodules. Let V{, Vj,
..., V! 'be n arbitrary (g, h)-semimodules. Let f; : V; — V! be a (g, h)-semimodule
homomorphism for every ¢ € {1,2,...,n}. Then, /1R [2®..Q f, : V1@VLe®..QV, —
VieV,®..®V!isa (g,bh)-semimodule homomorphism.

The next proposition is a multi-factor version of Proposition [3.30, and generalizes
Proposition to (g, h)-semimodules:

Proposition 3.38. Let k£ be a commutative ring. Let g be a Lie algebra. Let § be
a Lie subalgebra of g. Let n € N.

If Vi, Va, ..., V,, are n arbitrary (g, h)-semimodules, then Resy (Vi @ Vo ® ... @ V) =
(Resg Vl) ® (Resﬁ VQ) R ... Q (Resg Vn) as h-modules. This allows us to speak
of "the h-module V; ® Vo ® ... ® V,,” without having to worry whether we mean
Resg VMeVh..eV,) or (Resf) Vl) ® (Resﬁ Vg) ®..Q® (Resﬁ Vn) (because it does
not matter, since Resg Mhe..eV,) = (Resﬁ Vl) ® (Resﬁ VZ) ®..® (Resg Vn))

3.6. Tensor powers of (g, H)-semimodules

Next we define a particular case of tensor products of (g, h)-semimodules, namely the
tensor powers. Their definition is analogous to the definition of the tensor powers of
a k-module (Definition and to the definition of the tensor powers of a g-module
(Definition [L.53)), but proceeds from a (g, h)-semimodule:

Definition 3.39. Let k be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g. Let n € N. For any (g,h)-semimodule V', we define a
(g, h)-semimodule V®" by V" = V@V ®..® V. This (g, h)-semimodule V" is

n times

called the n-th tensor power of the (g, h)-semimodule V.

Since this Definition is the analogue of Definition for (g, h)-semimodules,

we have:
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Proposition 3.40. Let k be a commutative ring. Let g be a k-Lie algebra, and let
b be a Lie subalgebra of g. Let n € N. Let V' be any g-module. Then, the g-module
V@ defined in Definition is identic with the (g, h)-semimodule V®" defined
in Definition [3.39 (which is well-defined since V is a (g, h)-semimodule (which is
because Proposition says that every g-module is a (g, h)-semimodule)). This
allows us to speak of "the g-module V®"” without having to worry whether it is
understood according to Definition or according to Definition m (because it
doesn’t matter, as both definitions yield the same result).

Remark 3.41. Let k& be a commutative ring, let g be a k-Lie algebra, let h be a
Lie subalgebra of g, and let V be a (g, h)-semimodule. Then, V& = k (as (g, h)-
semimodules) and V®' = V (as (g, h)-semimodules), where we identify the (g, h)-
semimodule V' ® k with V. This is proven the same way as Remark [1.52

As a consequence of Proposition [3.37, we now have:

Proposition 3.42. Let k be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g. Let n € N. Let V and V' be (g, h)-semimodules, and let
f:V = V'be a (g,h)-semimodule homomorphism. Then, f&" : V& — V" ig g
(g, h)-semimodule homomorphism. (Here, we are using Convention [1.56])

This Proposition is the analogue of Proposition for (g, h)-semimodules.
The following proposition generalizes Proposition to (g, h)-semimodules:

Proposition 3.43. Let k be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g. Let n € N.

Then, for any (g, h)-semimodule V and every i € {0, 1, ...,n}, the canonical k-module
isomorphism V& @ V=) — V" i a (g, h)-semimodule isomorphism ]

This proposition follows directly from applying Proposition to V, V, .,V
instead of Vi, Vo, ..., V,,.

The following convention extends Convention to (g, h)-semimodules:

Convention 3.44. Let k be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g. For every (g, h)-semimodule V', every n € N and every
i € {0,1,...,n}, we are going to identify the (g, h)-semimodule V%' @ V&= with
the (g, h)-semimodule V®" (this is allowed because of Proposition [3.43)). In other
words, for every (g, h)-semimodule V| every a € N and every b € N, we are going to
identify the (g, h)-semimodule V®* @ V® with the (g, h)-semimodule V®(e+b),

Finally, Proposition yields:

34Here and in the following, whenever I speak of ”the canonical k-module isomorphism V& @
yem=1) _ y@n» 1 mean the k-module homomorphism V& @ V&("=1) _ V& which sends
(V1 @V2® ... ®V;) ® (Vi1 ® V42 ® ... B Uy) 10 V] ® V2 @ ... ® vy, for every (vy,ve,...,v,) € V™
This homomorphism is known (from linear algebra) to exist, be unique and be a k-module isomor-
phism. It is actually the canonical k-module isomorphism V@V ®.. VaVeV ..V —

7 times n—1t times

VeaVe.eV.
~—_————

n times
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Proposition 3.45. Let k£ be a commutative ring. Let g be a Lie algebra. Let § be
a Lie subalgebra of g. Let n € N.

If V is any (g, b)-semimodule, then Resy (V") = (Resy V)®n as h-modules. This
allows us to speak of ”the h-module V& without having to worry whether we
mean Res) (V") or (Res] V)®n (because it does not matter, since Resy (V") =

(Resp V) )

This Proposition generalizes Proposition to (g, h)-semimodules.

3.7. The tensor algebra of a (g, h)-semimodule

In Definition [1.66] we have defined a canonical g-module structure on ®V for every
g-module V. Here is a definition which extends this notion to (g, h)-semimodules:

Definition 3.46. Let k be a commutative ring. Let g be a k-Lie algebra. Let h be
a Lie subalgebra of g.
Let V be a (g, h)-semimodule. Since V¥ is a (g, h)-semimodule for all i € N (by

Definition [3.39)), the direct sum @ V®" is also a (g, h)-semimodule (by Definition
ieN

3.20)). In other words, the tensor algebra @V thus becomes a (g, h)-semimodule (since
QV = @ V®). This (g,h)-semimodule @V is called the tensor (g,h)-semimodule

iEeN
of the (g, h)-semimodule V.
Whenever we will speak of the (g, h)-semimodule @V, we will be meaning this (g, b)-
semimodule (although there might be many different (g, h)-semimodule structures

on the k-module ®V).

Since this Definition is analogous to Definition we have:

Proposition 3.47. Let k be a commutative ring. Let g be a k-Lie algebra, and let
b be a Lie subalgebra of g. Let V' be any g-module. Then, the g-module @V defined
in Definition is identic with the (g, h)-semimodule @V defined in Definition [3.46]
(which is well-defined since V' is a (g, h)-semimodule (which is because Proposition
says that every g-module is a (g, h)-semimodule)). This allows us to speak of
"the g-module ®V” without having to worry whether it is understood according to
Definition or according to Definition [3.46] (because it doesn’t matter, as both

definitions yield the same result).
It is very easy to see that:

Proposition 3.48. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let h be
a Lie subalgebra of g. Let V and W be two (g, h)-semimodules, and let f : V' — W be
a (g, h)-semimodule homomorphism. Then, @ f : @V — QW is a (g, h)-semimodule
homomorphism.

This Proposition [3.48]is the analogue of Proposition for (g, h)-semimodules.
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Definition 3.49. Let k be a commutative ring. Let g be a k-Lie algebra. Let fh be a
Lie subalgebra of g. Let V be a (g, h)-semimodule. Then, according to Proposition
3.22] we consider V" as a (g, h)-subsemimodule of the direct sum @ V' = QV for
ieN

every n € N. In particular, k = V® and V = V®! become (g, h)-subsemimodules of
®V this way.

This Definition is completely analogous to Definition Therefore:

Proposition 3.50. Let & be a commutative ring. Let g be a k-Lie algebra, and
let b be a Lie subalgebra of g. Let V' be any g-module. Let n € N. Then, we can
identify V®" with a g-submodule of @V (according to Definition , but we can
also identify V®" with a (g, h)-subsemimodule of @V (according to Definition [3.49]
because V' is a (g, h)-semimodule (which is because Proposition [3.2| says that every
g-module is a (g, h)-semimodule)). These two identifications do not conflict with
each other, because they both identify V®" with one and the same subset of V.

3.8. (g,bh)-semialgebras

Just as we introduced g-algebras in Section [I}, we can define (g, h)-semialgebras:

Definition 3.51. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let h be
a Lie subalgebra of g. A (g, b)-semialgebra will mean a k-algebra A equipped with
a (g, h)-semimodule structure such that

(a = (w)=(a—=u)-v+u-(a—v) foreverya€ g,uc Aandv e A). (83)

Remark 3.52. In Definition [3.51] when we speak of "a k-algebra A equipped with
a (g, h)-semimodule structure”, the words "a (g, h)-semimodule structure” mean ”a
(g, h)-semimodule structure on the underlying k-module of the k-algebra A 7.
This (g, h)-semimodule structure must therefore be k-bilinear with respect to the
underlying k-module structure of the k-algebra A.

Remark 3.53. Definition B.51] is often rewritten as follows:

Definition 3.54. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g. A (g, h)-semialgebra will mean a k-algebra A equipped
with a (g, h)-semimodule structure such that g acts on A by means of derivations.
Here, we say that ”g acts on A by means of derivations” if and only if the map
A— A ur (a — u) is a derivation for every a € g.

This Definition is indeed equivalent to Definition because the condition

that g acts on A by means of derivations is equivalent to (88) (as can be easily seen).

The above Definition is a weakening of Definition [1.70, in the sense that we
have:
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Proposition 3.55. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g. Then, every g-algebra is a (g, h)-semialgebra.

This proposition is completely trivial (since every g-module is a (g, h)-semimodule).
It is easy to see that, when b is a Lie subalgebra of a k-Lie algebra g, every (g, b)-
semialgebra canonically can be made into an h-algebra:

Definition 3.56. Let k be a commutative ring. Let g be a k-Lie algebra, and let
b be a Lie subalgebra of g. Then, every (g, h)-semialgebra A canonically becomes
an h-algebra. (In fact, the (g, h)-semimodule A canonically becomes an h-module
according to Definition [3.11], and thus A is a k-algebra equipped with an h-module
structure which satisfies (33]) with g replaced by b, so that A thus is an h-algebra.).
This h-algebra is called the restriction of A to b, and denoted by Resﬁ A. However,
when there is no possibility of confusion, we will denote this h-algebra by A, and
we will distinguish it from the original (g, h)-semialgebra A by means of referring to
the former one as ”the h-algebra A” and referring to the latter one as "the (g, b)-
semialgebra A”.

This Definition is a generalization of Definition to (g, h)-semialgebras.
The following proposition generalizes Proposition to (g, h)-semialgebras:

Proposition 3.57. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let
h be a Lie subalgebra of g. Let A be a (g, h)-semialgebra. Let P and @ be two
(g, h)-subsemimodules of A. Then, P - @ is a (g, h)-subsemimodule of A.

I Remark 3.58. Here, P-(Q is to be understood as according to Convention (a).

Proof of Proposition[3.57. In order to obtain a proof of Proposition [3.57], it is enough
to apply the following changes to the proof of Proposition [1.75}

e Replace ”"Proposition [1.75]" by ”Proposition [3.57] .
e Replace the reference to by a reference to (88]).

e Replace the words ”g-submodule” by ” (g, h)-subsemimodule”.

This completes the proof of Proposition [3.57]

3.9. ®V is a (g, h)-semialgebra
The following proposition is a generalization of Proposition to (g, h)-semialgebras:

Proposition 3.59. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g.

Let V be a (g, h)-semimodule. If we equip the k-algebra ®V (this k-algebra was
defined in Definition (a)) with the (g, h)-semimodule structure defined in Defi-
nition we obtain a (g, h)-semialgebra.
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Definition 3.60. Let k be a commutative ring. Let g be a k-Lie algebra. Let h be
a Lie subalgebra of g.

Let V be a (g, h)-semimodule. The (g, h)-semialgebra @V defined in Propositionm
is called the tensor (g, h)-semialgebra of the (g, h)-semimodule V. Whenever we will
speak of the (g, h)-semialgebra @V, we will be meaning this tensor (g, h)-semialgebra
®V (unless we explicitly say that we are talking about a different (g, h)-semialgebra
structure on ®V).

This Definition is a generalization of Definition to (g, bh)-semimodules.
Therefore:

Proposition 3.61. Let k be a commutative ring. Let g be a k-Lie algebra, and let
b be a Lie subalgebra of g. Let V' be any g-module. Then, the g-algebra @V defined
in Definition [1.78]is identic with the (g, h)-semialgebra ®V defined in Definition [3.60]
(which is well-defined since V' is a (g, h)-semimodule (which is because Proposition
says that every g-module is a (g, h)-semimodule)). This allows us to speak of
"the g-algebra ®V” without having to worry whether it is understood according to
Definition or according to Definition [3.60] (because it doesn’t matter, as both
definitions yield the same result).

Proof of Proposition[3.59. In order to obtain a proof of Proposition [3.59] it is enough
to apply the following changes to the proof of Proposition [I.77

e Replace "Proposition [I.77] by ”Proposition [3.59]".

e Replace "Proposition [[.57]" by ”Proposition [3.43].

e Replace " Definition [I.70] by ”Definition [3.51].

e Replace the words ”g-module” by ”(g, h)-semimodule”.
e Replace the words ”g-algebra” by ”(g, h)-semialgebra”.
e Replace the references to by references to (83)).

e Replace the references to by references to (85)).

e Replace the references to by references to (88)).

This completes the proof of Proposition [3.59,
We notice that the (g, h)-semialgebra ®V behaves under restriction as we would
want it to:

Proposition 3.62. Let k£ be a commutative ring. Let g be a Lie algebra. Let § be
a Lie subalgebra of g.

If V' is any (g,h)-semimodule, then Resj (®V) = ® (Resg V) as b-algebras. This
allows us to speak of ”the h-algebra ®V” without having to worry whether we
mean Resy (®V) or ® (Resﬁ V) (because it does not matter, since Resy (®V) =

® (Resy V).

This Proposition is the generalization of Proposition to (g, h)-semimodules.
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3.10. Semimodules and h-module homomorphisms

We have devoted a great part of Section 3] to formulating properties of (g, h)-semimodules
which are analogous to some known properties of g-modules. Of course, we have barely
scratched the surface - there are many more such properties. In the present Subsection
[3.10] as well as in Subsection further below, we are going to present some different
viewpoints on (g, h)-semimodules.

The following result is not an analogue of a result from Section (1| anymore, but
instead rewrites the definition of a (g, h)-semimodule in terms of the notion of h-module
homomorphisms:

Proposition 3.63. Let k£ be a commutative ring. Let g be a k-Lie algebra, and let
h be a Lie subalgebra of g. Let V be an h-module. Let §: g x V — V denote a
k-bilinear map such that § |y« is the Lie action of the h-module V. By the universal
property of the tensor product, this k-bilinear map 8 : g x V. — V gives rise to a
k-linear map 3 : g ® V — V which satisfies

(E(CL@)U):B(CL,U) foreveryaEgandvEV).

Then, (V, () is a (g, h)-semimodule if and only if E g ®V — Vis an h-module
homomorphism.

We are neither going to use, nor going to prove this (something the reader could
easily do), but we remark that this can be applied to h = g and results in a property
of g-modules:

Proposition 3.64. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let V'
be a g-module. Let 8 : g x V — V denote the Lie action of the g-module V. By the
universal property of the tensor product, this k-bilinear map 5 : g x V — V gives
rise to a k-linear map 3 : g ® V — V which satisfies

(E(a®v)zﬁ(a,v) foreveryaEgandvGV).

Then, E :g®V — Vis a g-module homomorphism.

3.11. (g, b)-semimodules as modules

In this Subsection we are going to relate the notion of (g, h)-semimodules to
the notion of g-modules (but for a different Lie algebra g) and to the notion of A-
modules for an (associative) algebra A. This subsection is not relevant to the rest
of the present paper, but it sheds a different light on the notion of (g, h)-semimodules
(more concretely, it provides alternative definitions of the notion of (g, h)-semimodules,
although I consider Definition to be the simplest and most explanatory one).
First, let us give an analogue of Definition tailored to (g, h)-semimodules:
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Definition 3.65. Let k be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g. We define the algebra U (g, h) to be the factor algebra
(®g) /Iy, where Iy is the two-sided ideal

(®9) - (v@w—wev—[v,w] | (v,w) €gxbh)-(2g)
of the algebra ®g.

Remark 3.66. In Definition 3.00), the term
(v@w—-—w®v—|v,w | (v,w)€gxh)y is to be understood according to
Convention [I.28] and the multiplication sign - in

(©g) - (vOw-—wev—[v,uw] | (v,w)€gxbh)-(2g)

is to be understood according to Convention [I.63] We note that, although the
multiplication in ®g is related to the tensor product by , the product (®g) -
(vew—-—w®v—|v,w | (v,w) € gxbh)- - (®g) has nothing to do with the tensor
product (®g) ® (V@ w —w v — [v,w] | (v,w) € g x h) @ (Rg) !

I Remark 3.67. In Definition [3.65 the ideal Iy is the same as the ideal J from
Theorem 2.1

Now, the following generalization of Proposition allows us to consider (g, bh)-
semimodules as A-modules for A =U (g, h):

Proposition 3.68. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g. Consider the algebra U (g,h) and the ideal I;; defined in
Definition [3.65]

(a) For every (g, h)-semimodule V', there is one and only one U (g, h)-module struc-
ture on V satisfying

(@G-v=a—v for every a € g and v € V)

(where @ denotes the projection of @ € g C ®g on (®g) Iy = U(g,h)). This
U (g, h)-module structure is canonical. Thus, every (g, h)-semimodule V' canonically
becomes a U (g, h)-module.

(b) Conversely, for every U (g, h)-module V', we can define a (g, h)-semimodule struc-
ture on V' by

(a—v=a-v for every a € g and v € V)

(where @ denotes the projection of @ € g C ®g on (®g) Iy = U(g,h)). This
(g, h)-semimodule structure is canonical. Thus, every U (g, h)-module V' canonically
becomes a (g, h)-semimodule.

(c) Let V and W be two (g, h)-semimodules. Then, according to Proposition [3.68]
(a), each of V and W canonically becomes a U (g,h)-module. Let f : V — W
be a map. Then, f is a homomorphism of (g, h)-semimodules if and only if f is a
homomorphism of U (g, h)-modules.

(d) Let V and W be two U (g, h)-modules. Then, according to Proposition [3.68]
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(b), each of V and W canonically becomes a (g, h)-semimodule. Let f: V — W
be a map. Then, f is a homomorphism of (g, h)-semimodules if and only if f is a
homomorphism of U (g, h)-modules.

(e) We can define a functor U; from the category of (g,h)-semimodules to the
category of U (g, h)-modules as follows: For every (g, h)-semimodule V', let U; (V') be
the U (g, h)-module V' defined in Proposition (a). For every homomorphism f
between (g, h)-semimodules, let U; (f) be the same homomorphism f, but considered
as a homomorphism between U (g, h)-modules this time (this is legitimate due to
Proposition (c)).

(f) We can define a functor Us from the category of U (g, h)-modules to the category
of (g,bh)-semimodules as follows: For every U (g, h)-module V, let Uy (V') be the
(g, h)-semimodule V' defined in Proposition (b). For every homomorphism f
between U (g, h)-modules, let Us (f) be the same homomorphism f, but considered
as a homomorphism between (g, h)-semimodules this time (this is legitimate due to
Proposition (d)).

(g) The two functors U; and U, defined in Proposition[3.6§ (e) and (f) are mutually
inverse.

(h) Both functors U; and U, are additive, exact and preserve kernels, cokernels and
direct sums.

This proposition provides for an easy way to obtain results about (g, h)-semimodules
from results about A-modules (over every associative algebra A), at least when the
latter results are basic enough to remain valid under an invertible, additive and exact
functor which preserves kernels, cokernels and direct sums. We can also add tensor
products to this list by making U (g, h) into a Hopf algebra (in analogy to Proposition
1.84)) and proving an analogue of Proposition We will not delve into details here
as these analogues are straightforward to obtain and automatic to prove (by taking the
proofs of Propositions and and applying the obvious changes).

Thus we have found a way to see (g, h)-semimodules as A-modules for an associative
algebra A. One could wonder whether we can also see them as g-modules for some
other Lie algebra g. The answer is, again, positive:

Proposition 3.69. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let b
be a Lie subalgebra of g.

Let FreeLie g denote the free Lie algebra on the k-module g, and let ¢ : g — FreeLieg
be the corresponding homomorphism. (A definition of a "free Lie algebra” along
with the corresponding homomorphism is given in various sources, e. g., in [11]
§1.11.2]. For us it is only important that it satisfies the following universal property:
For every k-Lie algebra u and every k-module homomorphism p : g — u, there
exists one and only one k-Lie algebra homomorphism P : FreeLie g — u satisfying
Pot=p.) Letidenote the Lie ideal of FreeLie g generated by the k-submodule
(e (), 0 (w)] — ¢ ([v,w]) | (v,w) € hxg) of FreeLieg. Let h» denote the k-Lie
algebra (FreeLie g) /i.

(a) For every (g, h)-semimodule V| there is one and only one hV-module structure
on V satisfying

(mév:aév foreveryaEgandvEV) (89)
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(where ¢ (a) denotes the projection of ¢ (a) € FreeLieg on (FreeLieg) /i = h1).
This h)-module structure is canonical. Thus, every (g, h)-semimodule V canonically
becomes an hM-module.

(b) Conversely, for every hM-module V', we can define a (g, h)-semimodule structure
on V by

<a4vza(a)4v foreveryaGgandvEV)
(where ¢ (a) denotes the projection of ¢ (a) € FreeLieg on (FreeLieg) /i = hM).
This (g, h)-semimodule structure is canonical. Thus, every hV)-module V' canoni-
cally becomes a (g, h)-semimodule.
(c) Let V and W be two (g, h)-semimodules. Then, according to Proposition [3.69]
(a), each of V and W canonically becomes an hY-module. Let f : V — W be a
map. Then, f is a homomorphism of (g, h)-semimodules if and only if f is a homo-
morphism of hM-modules.
(d) Let V and W be two h(Y-modules. Then, according to Proposition (b),
each of V' and W canonically becomes a (g, h)-semimodule. Let f : V — W be a
map. Then, f is a homomorphism of (g, h)-semimodules if and only if f is a homo-
morphism of hM-modules.
(e) We can define a functor U; from the category of (g, h)-semimodules to the cat-
egory of hY-modules as follows: For every (g, h)-semimodule V', let U; (V) be the
hM-module V defined in Proposition (a). For every homomorphism f between
(g, h)-semimodules, let U; (f) be the same homomorphism f, but considered as a
homomorphism between hV)-modules this time (this is legitimate due to Proposition
(©))
(f) We can define a functor U, from the category of hY-modules to the category
of (g,h)-semimodules as follows: For every hM-module V', let U, (V') be the (g, h)-
semimodule V' defined in Proposition (b). For every homomorphism f between
hM-modules, let Us (f) be the same homomorphism f, but considered as a homomor-
phism between (g, h)-semimodules this time (this is legitimate due to Proposition
(a)).
(g) The two functors U; and Us defined in Proposition[3.69] (e) and (f) are mutually
inverse.
(h) Both functors U; and U, are additive, exact and preserve kernels, cokernels and
direct sums.

Additionally:

Proposition 3.70. Consider the situation of Proposition [3.69}
(a) The composition

h canonical inclusion L canonical projection h (1)

FreeLie g

is an injective k-Lie algebra homomorphism h — ).

(b) Let V be a (g,h)-semimodule. Then, according to Proposition (a), this
V canonically becomes an hM-module. The restriction of this h)-module to b (by
means of the injective k-Lie algebra homomorphism h — h) constructed in part
(a)) is identic with the restriction of the (g, h)-semimodule V' to b.
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As a consequence, an h-module is the restriction of some (g, h)-semimodule to b if
and only if it is the restriction of some h)-module to b.

The paper [2] mostly views (g, h)-semimodules through the lens of Proposition [3.69)
thus considering them as h-modules. The notion of a (g, h)-semimodule does not
even occur in this paper.

We can view (g, h)-semimodules as U (g, h)-modules (by Proposition 3.68]), but on the
other hand we can also view them as h¥-modules (by Proposition nd therefore
as U (h(l))—modules (by Proposition , applied to hV) instead of g). This leaves us
wondering whether there is a relation between U (g, ) and U (h(l)). The answer is as
simple as it could be: there exists an isomorphism:

Proposition 3.71. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let
h be a Lie subalgebra of g. Consider the k-algebra U (g,h) defined in Definition

and consider the k-Lie algebra hV) defined in Proposition [3.691 Then, there
exists a unique k-algebra homomorphism P : U(g,h) — U (f)(l)) which satisfies

(P (@) =t (a) for every a € g). This homomorphism P is a k-algebra isomorphism.

Before we continue, let us contour the proof of Proposition It needs the follow-
ing fact about Lie algebra modules:

Proposition 3.72. Let k be a commutative ring. Let g be a k-Lie algebra.
(a) Let V be a g-module. For every a € g, let 8, : V' — V be the map which sends
everyv € Vtoa —v € V. Then, 5, € EndV. Now, define a map cury : g — End V'
by

(cury (a) = B, for every a € g).

Then, cury is a Lie algebra homomorphism. (Here, End V' is a k-Lie algebra with
the commutator of endomorphisms as Lie bracket.)

(b) Let V be a k-module, and let P : g — End V' be a Lie algebra homomorphism.
Then, we can make V' into a g-module by setting

(a —v=(P(a))(v) for every a e gand v € V).

(c) Let V be a k-module. Part (a) of this proposition assigns a Lie algebra homo-
morphism cury : g — End V' to any g-module structure on V', whereas part (b) of
this proposition assigns a g-module structure on V' to any Lie algebra homomorphism
P : g — EndV. These two assignments are mutually inverse. This means that if
we start with a g-module structure on V', then assign a Lie algebra homomorphism
cury : g — End V to it according to part (a), and then assign a g-module structure
to it according to part (b) (applied to P = cury ), then we get our original g-module
structure on V' back, and the same holds the other way round.

This yields that if V' is a k-module, then Lie algebra homomorphisms g — End V
stand in 1-to-1 correspondence with g-module structures on V.

This is a known fact, and has an even better known counterpart about associative
algebras (which is proven similarly), so we see no need to prove it here. Moreover, we
need the following lemma:
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Lemma 3.73. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let S be a
subset of g such that the Lie algebra g is generated (as a Lie algebra) by the subset
S.

Let V be a k-module, and let gy : g XV — V and s : g x V. — V be two maps
such that (V, pq) and (V] o) are two g-modules. Assume that every s € S and every
v € V satisfy py (s,v) = po (s,v). Then, uy = ps.

Proof of Lemma . First, we notice that p; and ps are two k-bilinear maps (since
(V, 1) and (V, o) are two g-modules).
Let b be the subset

{a€g | m(a,v) = ps(a,v) for every v € V}

of g.

We note that every s € S satisfies py (s,v) = po (s,v) for every v € V. In other
words, every s € S satisfies s € {a € g | i (a,v) = s (a,v) for every v € V} = b.
This yields S C b.

Then,

(every x € h and every A € k satisfy Az € b). (90)

Proof of (90). Let « € b and A € k be arbitrary. Then,
reh={aecg | m(a,v)=ps(a,v) for every ve V}.

Thus, p (x,v) = us (z,v) for every v € V. Thus,

w1 (Az,v) = A (2, 0) (since py is k-bilinear)
= Az (2, v) (since g (2,0) = pa (x,v))
= po (A\x,v) (since pg is k-bilinear)

forevery v € V. Thisyields that Az € {a € g | 11 (a,v) = ps (a,v) for every v € V} =
h. This proves .
Besides,
(every x € h and every y € h satisfy x +y € b). (91)

Proof of (91). Let x € h and y € b be arbitrary. Then, y (z,v) = s (z,v) for every
veV (becausex € h={ac€g | p(a,v)=pus(a,v) for every v € V}). On the other
hand, p; (y,v) = p2 (y,v) for every v € V' (because
yeh={acg | p(a,v)=ps(a,v) for every v € V}). Thus,

w (x+y,v) = p (z,0) + p (y,v) (since p is k-bilinear)
—_— Y=
=p2(z,v) =p2(y,v)
= po (x,0) + po (y,v) = po (x + y,v) (since g is k-bilinear)

for every v € V. Thisyields that x+y € {a € g | 1 (a,v) = p2 (a,v) for every v € V} =

h. This proves .
Finally,
(every x € h and every y € h satisfy [z,y] € ). (92)
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Proof of (@ Let z € h and y € h be arbitrary. Then,
w1 (z,v) = pa (z,0) for every v € V (93)
(because x e h ={a €g | u (a,v) = ps(a,v) for every v € V}). On the other hand,
w1 (y,v) = po (y,v) for every v € V (94)

(because y e h ={a€g | w(a,v) = ps(a,v) for every v € V'}). Thus, every v € V
satisfies

p ([l 0) = e, m(yv) =y (x,0))
e 1o @3, e to 5.

applied to p1(y,v) instead of v)  applied to p1(z,v) instead of v)

due to (applied to g, x and y instead of p, a and b),
since (V1) is a g-module

=z |z, g (y,v) | —p2 |y, pa(z,v)
— ——
(duo. iéy) (due. igx)

= 2 (@, p2 (Y, v)) — p2 (y, p2 (2, 0)) .

Comparing this with

M2 ([l‘,y] ,’U) = M2 (x7:u2 (y7v)> — M2 <y7ﬂ2 (l‘, U))

due to (7)) (applied to uo, x and y instead of u, a and b),
since (V, u2) is a g-module ’

we conclude that py ([x,y],v) = ps ([z,y],v) for every v € V. In other words, [z,y] €
{a€g | pi(a,v)=ps(a,v) for every v € V} =h. This proves (92).

From and , we conclude that b is a k-submodule of g.

Since we now know that b is a k-submodule of g which satisfies , we conclude
that b is a Lie subalgebra of g. Since S C b, this shows that b is a Lie subalgebra of g
which contains S as a subset.

But we know that the Lie algebra g is generated (as a Lie algebra) by the subset S.
This means that g is identical with the Lie subalgebra of g generated by S. So we have

g = (the Lie subalgebra of g generated by .S)

(the smallest Lie subalgebra of g which contains S as a subset)
b

IN

(since b is a Lie subalgebra of g which contains S as a subset) .

Thus, every = € g satisfies p; (z,v) = ug (x,v) for every v € V' (because x € g C h =

{aeg | m(a,v) = ps2(a,v) for every v € V}). In other words, every (z,v) € g x V

satisfies p1 (z,v) = pa (z,v). This yields that py = ps. Lemma is now proven.
Our next lemma is proven in the same spirit:
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Lemma 3.74. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let S be a
subset of g such that the Lie algebra g is generated (as a Lie algebra) by the subset
S.

Let V and W be two g-modules, and let f : V' — W be a k-module homomorphism.
Assume that every s € S and every v € V satisty f (s = v) = s — (f (v)).

Then, f is a g-module homomorphism.

Proof of Lemma[3.74 Let b be the subset
{a€g | fla—=v)=a— (f(v)) for every v € V}

of g.

We note that every s € S satisfies f (s = v) = s — (f (v)) for every v € V. In other
words, every s € S satisfies s€{a€g | f(a—v)=a— (f(v)) foreveryve V} =
h. This yields S C b.

Then,

(every x € h and every A € k satisfy Az € b). (95)

Proof of @ Let z € h and A € k be arbitrary. Then,
reh={acg | fla—v)=a— (f(v)) for every v e V}.
Thus, f(x —v) =2 — (f (v)) for every v € V. Thus,

f (A\x) = v =f(A(z—=v)=Af(x—=0) (since f is k-linear)
=A(z—v) =z—(f(v))

(since the Lie action
on V is k-bilinear)

= Az = (f () = (A\2) = (f(v))

(since the Lie action on W is k-bilinear)

foreveryv € V. Thisyieldsthat \e € {a€g | f(a ~v)=a— (f (v)) foreveryv € V} =
h. This proves .

Besides,

(every x € b and every y € b satisfy x +y € b) . (96)

Proof of . Let x € h and y € h be arbitrary. Then, f (z —v) =2 — (f (v)) for
every v € V (because x € h = {aeg | f(a—v)=a—(f(v)) for every v € V}).
On the other hand, f (y — v) =y — (f (v)) for every v € V' (because
yeh={acg | fla—v)=a—(f(v)) for every v € V}). Thus,

fl (@4+y)—v =flz—v4+y—v)=f(x—=v)+f(y—v) (since f is k-linear)
H—/ ~ / (. ~ 4
=L SUty— =z—(f(v)) =y—(f(v))

(since the Lie action
on V is k-bilinear)

== (f)+y—= () =(@+y) = (f(v)

(since the Lie action on V' is k-bilinear)
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for every v € V. Thisyieldsthat z=+y € {ac€g | f(a —~v)=a— (f(v)) for every v € V} =

h. This proves .
Finally,

(every x € h and every y € b satisfy [z,y] € ). (97)
Proof of (@) Let z € h and y € h be arbitrary. Then,

flx—=v)=a2—(f(v)) for every v € V (98)

(because x € h ={a€g | f(a—v)=a— (f(v)) for every v € V}). On the other
hand,

fly—=v)=y—(f(v)) for every v € V (99)
(because y € h = {acg | f(a—v)=a— (f(v)) for every v € V}). Thus, every
v € V satisfies

flzyl =v)=fle—=(y—=v)—y—=(x—=0)
since (applied to  and y instead of a and b)
yields [z,y] ~v=2—(y—v)—y — (x = )
(since V' is a g-module)

= flx=(y—=v) — fly—(x—-0) (since f is k-linear )
—a—(f(y=)) —y—(f(a=v))
(due to , (due to ,
applied to y—v instead of v)  applied to x—wv instead of v)
=z = (f(y—=0)—y—(f(z—=v)
=y—(f(v =z—(f(v
(due to (98)) (due to (99))

=z == () —y—=(@—=((v).
Comparing this with

[z y] = (f () =z =y = (f () —y = (@ = (f(v)))
due to (8) (applied to W, f (v), z and y instead of V', v, a and b),
since W is a g-module ’

we conclude that f ([z,y] = v) = [z,y] — (f (v)) for every v € V. In other words,
[,y €{aeg | fla—v)=a—(f(v)) for every v € V} =h. This proves (97).

From and , we conclude that b is a k-submodule of g.

Since we now know that b is a k-submodule of g which satisfies , we conclude
that b is a Lie subalgebra of g. Since S C h, this shows that b is a Lie subalgebra of g
which contains S as a subset.

But we know that the Lie algebra g is generated (as a Lie algebra) by the subset S.
This means that g is identical with the Lie subalgebra of g generated by S. So we have

g = (the Lie subalgebra of g generated by 5)
= (the smallest Lie subalgebra of g which contains S as a subset)

Ch (since b is a Lie subalgebra of g which contains S as a subset) .

Thus, every x € g satisfies f(z = v) =z — (f (v)) for every v € V (because = €
gCh={{acg | fla—=v)=a—(f(v)) for every v € V}). In other words, every
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(x,v) € g x V satisties f(z —=v) = x — (f (v)). This yields that f is a g-module
homomorphism. Lemma is now proven.
Finally:

Lemma 3.75. Let & be a commutative ring. Let g and h be two k-Lie algebras.
Let f: g — b be a k-Lie algebra homomorphism.
Then, Ker f is a Lie ideal of g.

Proof of Lemma|3.75. Let v € g and = € Ker f be arbitrary. Then, f (z) = 0 (since
x € Ker f) and

f(v,x])=|f(v), f(x) (since f is a k-Lie algebra homomorphism)
—0
=[f(v),0] =0 (since the Lie bracket on b is k-bilinear) .

Thus, [v,z] € Ker f.

We have thus proven that [v,z] € Ker f for every v € g and = € Ker f. Since we
know that Ker f is a k-submodule of g (because f is k-linear), this yields that Ker f is
a Lie ideal of g.

Proof of Proposition (sketched). We record the universal property of the free
Lie algebra Freelieg on g: It claims that

for every k-Lie algebra u and every k-module homomorphism p : g — u,
there exists one and only one k-Lie algebra homomorphism
P : FreeLie g — u satisfying Pot=1p

(100)

According to the construction of the free Lie algebra Freelieg, every element of
FreeLie g can be obtained by repeated addition, scalar multiplication (i. e., multipli-
cation with elements of k) and forming the Lie bracket from elements of the form ¢ (a)
with @ € g. Since h()) is a quotient of this Lie algebra FreeLieg, we thus conclude
that every element of h(!) can be obtained by repeated addition, scalar multiplication
(i. e., multiplication with elements of k) and forming the Lie bracket from elements
of the form ¢ (a) with a € g. In other words, the k-Lie algebra hV) is generated (as a
Lie algebra) by the elements m with @ € g. In other words, the k-Lie algebra h) is

generated (as a Lie algebra) by the subset S, where S = {L (a) | a€ g}.

(a) Let V' be a (g, b)-semimodule. We are now going to prove the following two
assertions:

Assertion X : There exists a canonical hY-module structure on V satisfying 1@)

Assertion ): There exists at most one hV-module structure on V satisfying ‘@D

Proof of Assertion X: For every a € g, let 5, : V' — V be the map which sends
every v € V toa — v € V. Then, 3, € EndV. Now, define a map J: g — EndV by

(A(a) = fa for every a € g) .

We consider End V' as a k-Lie algebra, with the commutator of endomorphisms as its
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Lie bracket. Every (a,b) € h x g and every v € V satisfy

S(a), 3] =3([a, b)) | (v)
—_——
=(3(a))o(3(b)) = (3(b))o(3(a))

= ((3(a)) o (3(b)) = (3(b)) 0 (3(a)) = I([a, b])) (v)
=3@) | E®) W) | =E20) | (=2() @) ] - Ea,0])(v)
——\ Y~ ——\ Y~ ———r

=Ba =B =B =Ba =Bla,b]

=Ba | Bo) | =By [ fa (W) | = Bap) (v) =Fa(b—=v)=Fp(a—v)— [a,b] >0
hd M~ N—— N ~~ N ~~ - N——
=b—w =a—v =[a,b]—v =a—(b—v) =b—(a—v) =a—(b—v)—b—(a—v)

(by @)

=a—b—=v)-b—=(a—v)—(a—=((b—=v)—b—(a—v))=0.
This means that
every (a,b) € h x g satisfies [3(a),3(b)] —3([a,b]) = 0. (101)

Applying tou = EndV and p = 3, we see that there exists one and only one
k-Lie algebra homomorphism P : Freelieg — End V satisfying P o = 3. Let P; be
this homomorphism. Then, P, ot = 1.

We now are going to show that Py (i) = 0.

Since P is a k-Lie algebra homomorphism, Lemmam (applied to FreeLie g, End V/
and P; instead of g, h and f) yields that Ker P; is a Lie ideal of FreeLie g.

Now, let T be the k-submodule ([¢ (v) , ¢ (w)] — ¢ ([v,w]) | (v,w) € h x g) of Freelieg.
Then, i is the Lie ideal of FreeLie g generated by the subset T (since i was defined as the
Lie ideal of FreeLie g generated by the k-submodule ([¢ (v) , ¢ (w)] — ¢ ([v,w]) | (v,w) € h x g)
of FreeLieg). In other words, i is the smallest Lie ideal of FreeLie g which contains T
as a subset.

Now,

Pr({[e(v), e (@) = e ([v,w]) | (v,w) €hxg})
= P ({le(a), (0] = ¢([a,b]) | (a,0) €hxg}) =0,

because every (a,b) € h x g satisfies

Pl (@, 0] = (b)) = Pr(le),c®)) —Pi(e(ab])
=[P1(c(a)),Pr(c(b))] =(Pro)([a,b])
(since Py is a k-Lie algebra
homomorphism)

= |Pi(e(a), PL(e(b)| — (Prod)([a,b])

N——
| =(Prov)(a) =(Prou)(b)

= [(Prod)(a), (Proy) (b)| = (Prod)([a,b])
S—— ~—— S——
L :j :j ::

= [3(a),3(0)] = 3([a,0]) = 0 (by (L01)).
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Now,

Py (T) = P (e (0) e ()] = e ([v,w]) | (v,w) € b x g))
(since T'= ([t (v) , ¢ ()] = ¢ ([v,w]) | (v,w) €hxg))
= P (({le (v) e (w)] = (o, w]) | (v,w) € b xg}))

= <P1 [t (v),t(w)] —¢([v,w]) | (v,w) € hx g})> (since P is k-linear)

N S
-

=0

=(0) =0,

so that T" C Ker P;. Since Ker P; is a Lie ideal of FreeLieg, we thus conclude that
Ker P, is a Lie ideal of Freelie g which contains 7" as a subset. Thus,

Ker P; O (the smallest Lie ideal of FreeLie g which contains T" as a subset)
=1

In other words, P (i) = 0.

We thus have constructed a Lie algebra homomorphism P; : FreeLieg — EndV
satisfying Py or = 3, and we have shown that P; (i) = 0. Hence, by the homomorphism
theorem (for Lie algebras), the homomorphism P; factors through the Lie algebra
(FreeLieg) /i = b)), That is, there exists a Lie algebra homomorphism P, : 1) —
End V satisfying P,oz = P;, where z denotes the canonical projection FreeLie g — h(1).
Consider this P,. Combining Pyoz = P, with Pjor = J, we obtain P, o zor = Pjor = 1.

=P

Now, Proposition (c) (applied to b)) instead of g) shows that k-Lie algebra
homomorphisms h¥ — End V stand in 1-to-1 correspondence with h()-module struc-
tures on V. Therefore, the Lie algebra homomorphism P, : h1) — End V' gives rise to
an h(M-module structure on V. This structure satisfies

x—=v=(P(x))(v) for every 2 € ™ and v € V.

Therefore, this structure satisfies

@) = o= (B (c0@)) () = (P2 (2 (@) (v)

(since z is the canonical projection FreeLieg — b, and thus ¢ (a) = 2 (s (a)))

= | (Brozot)(a) ] (v) = (3(a)) (v) = Pa(v) =a—v

for every a € gand v € V.

We have thus proven that there exists a canonical h-module structure on V satis-
fying (89). This proves Assertion X.

Proof of Assertion Y: Let iy and po be two hY-module structures on V' which both
satisfy . We are now going to show that p; = ps.

In fact, we have assumed that the h(V-module structure p, satisfies ‘@D In other
words, we have

<L(CL>4U:CL4U foreveryaGgandvEV)
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if we understand ¢ (a) — v to mean (L (a), v). In other words, we have

<M1 <L(a),v) =a—v for everyaEgandveV).
The same argument, applied to o instead of p;, shows that
<u2 <L(a),v> =a—v for everyaEgandvGV).

Thus, every s € S satisfies p (s,v) = pg (s,v) for every v € V.

But (V, 1) and (V, pg) are two hM-modules (since p; and pp are two hM-module
structures on V). Thus, Lemmam (applied to hV) instead of g) yields that p; = ps.

We have thus shown that whenever p; and py are two h)-module structures on V
which both satisfy , we must necessarily have py = po. In other words, we have
shown that any two h')-module structures on V which both satisfy must be equal
to each other. In other words, we have proven Assertion ).

(There is also an alternative proof of Assertion ), which proceeds by tracking down
the universal properties used in the above proof of Assertion X, and applying the
uniqueness assertions of these properties.)

Combining Assertions X and ), we see that there is one and only one h()-module
structure on V satisfying , and that this structure is canonical. This proves Propo-
sition (a).

(b) The only thing we must prove to show the validity of Proposition (b) is
that

la,b) ~v=a—(b—v)—b— (a—v) for every (a,b) € b x g.

But this can be seen by simple computation: In fact, every (a,b) € h x g sat-
isfies [t (a),t(b)] — ¢([a,b]) € 1 (since i is the Lie ideal of FreelLieg generated by
([t (), (w)] =t ([v,w]) | (v,w) € b x g), and therefore contains [¢ (v) , ¢ (w)]—¢ ([v, w])
for every (v,w) € h x g). Thus, every (a,b) € h x g satisfies [t (a),¢ (b)] = ¢([a,b]) in
(FreeLie g) /i. Consequently, every (a,b) € h x g satisfies

a—(b—=v)—b—(a—0)

— @) — <L(b) 41}) —(b) — <L(a)4v) - [L(a),b(b)] —

—_——

=[u(a),t(b)]=t([a,b])
due to (8)) (applied to ¢ (a), m and h™ instead of a, b and g),
since V is an hM-module

=¢([a,b]) = v =a,0] = v,

qed.

35 Proof. Let s € S be arbitrary. Then, s € S = {L (a) | a€ g}. Hence, there exists some a € g such

that s = ¢ (a). Consider this a. Then, pu; | s ,v | = m (L (a)m) =a—=v =l <L (a),v) =
~ ~—

=u(a) =s

2 (s,v) for every v € V, ged.
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(c) It is trivial that if f is a homomorphism of h™™-modules, then f is a homomor-
phism of (g, h)-semimodules. What is less trivial is the converse direction: that if f
is a homomorphism of (g, h)-semimodules, then f is a homomorphism of hM-modules.
Here is a fast way to see this: Assume that f is a homomorphism of (g, )-semimodules.
Then, every a € g and every v € V satisfy

fr@—=v)=fla—=v)
=a— (f(v)) (since f is a homomorphism of (g, h)-semimodules)
= t(a) = (f (v)
In other words, every s € S and every v € V satisfy f (s = v) =s — (f (v)) (because
se S = {m | a€ g}, so that for every s € S there exists some a € g such that

s =1 (a)). According to Lemma m (applied to h() instead of g), this yields that f
is a homomorphism of hV-modules, qed.

(d) This is proven exactly in the same way as (c) (and is actually equivalent to (c)
in light of part (g), which we prove below).

(e) and (f) are trivial.

(g) It is clear that Uy o U; = id. That U; o Uy = id can be shown easily:

e For every hM-module V, we have V = (U oUs) (V) as k-modules (trivially,
because neither U; nor U, change the underlying k-module), and the hM-module
structures of these hY-modules V and (U o U,) (V) are identical (because both
of them are hV-module structures on U, (V) satisfying , but the Assertion
Y that we showed above (in the proof of (a)) shows that there exists at most
one hM-module structure on Uy (V) satisfying (89)). Thus, for every hV-module
V, we have V = (U, o Uy) (V) as h-modules. In other words, U; o Uy = id on
objects.

e We also have U; o Uy = id on morphisms (because both functors U; and U, leave
morphisms unchanged).

Therefore, U; o Uy = id is shown, ged.
(h) This is left to the reader.

4. The splitting of the filtration of (®g) / (J + (®g) - b)

4.1. Statement of the theorem

In this section we are going to show a certain strengthening of Theorem under an
additional condition:

Theorem 4.1. Let k£ be a commutative ring. Let g be a k-Lie algebra, and let b
be a Lie subalgebra of g. Assume that the inclusion b — g splits as a k-module
inclusion (but not necessarily as an h-module inclusion).

Let J be the two-sided ideal

(©g) - (vOw-—wev—[v,uw] | (v,w)€gxbh)-(2g)
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of the k-algebra ®g.

As we know, g is a g-module, and thus also an h-module (by Definition . Let
n = g,h. This n is an h-module (because both g and b are h-modules). Assume
that this h-module n is actually the restriction of some (g, h)-semimodule
to b.

Let m : g — n be the canonical projection with kernel . Obviously, 7 is an b-
module homomorphism. Thus, ®7 : ®g — ®n is also an h-module homomorphism
(according to Proposition [1.68)).

We consider h as an h-submodule of ®g by means of the embedding b — g — ®g.
(a) Both J and (®g) - h are h-submodules of ®g. Thus, (®g),/ (J + (®g) - h) is an
h-module. Let ¢ : ®g — (®g) / (J + (®g) - h) be the canonical projection. Then, ¢
is an h-module homomorphism.

(b) For every n € N, let F,, be the h-submodule ¢ (g®§") of (®g) /(J+ (®g)-h).
(That F), indeed is an h-submodule was proven in Theorem already.) Then,
(F),>o 1s an h-module filtration of (®g) / (J + (®g) - h) and satisfies F,, = n®="
as h-modules for every n € N.

(c) There exists an h-module isomorphism (®g) / (J + (®g) - h) — @n such that
for every n € N, the image of F,, under this isomorphism is n®<".

(d) The filtration (F},),~, of (®g),/ (J + (®g) - b) is h-split.

This theorem provides the main ingredient of Lemma 3.9 in [2].

4.2. Preparations for the proof

Before we embark upon the proof of this fact (which will be shorter than that of
Theorem since we have already paved some of the way), let us fix a convention
that we are going to use throughout the rest of Section [}

Convention 4.2. (a) Throughout the whole Section 4} we are going to work under
the conditions of Theorem .11

(b) According to the conditions of Theorem the h-module n is actually the
restriction of some (g, h)-semimodule to . Let us fix one such (g, h)-semimodule for
the rest of Section 4 We are going to denote this (g, h)-semimodule by n. (This
is allowed since this (g, h)-semimodule is equal to n as an h-module, because its
restriction to h is n).

Since n is a (g, h)-semimodule, Proposition [3.59] (applied to V' = n) yields that ®n
is a (g, h)-semialgebra. In particular, ®@n is thus a (g, h)-semimodule.

We are going to use Convention as liberally as we can. This means that when a
is an element of g whereas v is an element of a (g, h)-semimodule V' (for example, V'
can be one of the (g, h)-semimodules g, n or ®n), we will denote by a — v the Lie
action of the (g, h)-semimodule V" applied to (a,v).

4.3. Definitions and basic properties of ~

We will now construct a homomorphism from ®g to ®n which will later give rise to
the required h-module isomorphism from F,, to n®=":
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Definition 4.3. Consider the situation of Theorem [4.1l

(a) Let us define a k-linear map v, : g*» — ®n for every p € N. We are going to
define this map +, by induction over p:

Induction base: For p = 0, define the map 7, : g®? — ®@n by

(o (X)) = for every A € g®°) (102)

(this definition makes sense since g = k C ®@n).
Induction step: For any p > 0, we assume that the map v, : g®P=D 5 @n is
already defined, and now we define a map v, : g®? — ®n as follows: The map

g x g®?? b 5 @n, (w,U) = 7 (u)  Yp—1 (U) +u = (7p-1 (U))

ﬁ] is k-bilinear (because the maps v, and 7 are k-linear and the Lie action of ®@n

is k-bilinear). Thus, by the universal property of the tensor product, this map gives

rise to a k-linear map g ® g®®~Y — ®@n which sends u®@ U to 7 (u) - v, (U) +u —

(p-1 (U)) for every (u,U) € g x g®®~V. This k-linear map is going to be denoted

by v,. It is a map from g to ®n because g @ &P~ = g®.

This completes the inductive definition of «, for every p € N.

(b) Now, we define a k-linear map v : ®g — ®@n as follows: The sum »_ 7; of the

i€N

maps ; : g%° — ®n is a map from @ g®* to @n. Since P g® = ®g, the sum > v
ieN ieN ieN

of the maps ~; : g — ®n is thus a map from ®g to ®n. Denote this map by ~.

Convention 4.4. Throughout the rest of Section [} we are going to work in the
situation of Definition So, for example, when we refer to h, we mean the
Lie subalgebra b of Theorem (4.1, and when we refer to v, we mean the map ~
of Definition

Remark 4.5. (a) As a consequence of the inductive step in the definition of 7, (in

Definition (a)), we know that for every p > 0, the map ~, is the k-linear map

g ® ¢g®?~Y — @n which sends u ® U to 7 (u) - y,_1 (U) +u — (vy,1 (U)) for every

(u,U) € g x g®P=1. In other words,

Y Ww@U)=m7(u) vp-1(U)+u— (y-1(U)) for every (u,U) € g x g®®=Y,
(103)

(b) According to Definition (b), the map 7 : ®g — ®n is the sum > 7; of the
ieN
maps 7v; : g°° — ®n. Hence,

v(T) = (Z fyi> (T) =, (T) for every p € N and every T € g“?.  (104)
ieN

(c) Every A € k satisfies
Y(A) =7 (\) (by (104) (applied to p = 0 and T'= \), because A € k = g*°)
“x (b [@) (105)

36Here, according to Convention (b), the term u — (yp—1 (U)) denotes the Lie action of the
(9, h)-semimodule ®n, applied to (u,vp—1 (U)).
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This yields, in particular, that v (k) = k.
(d) Every u € g satisfies

v (u) =7 (u) (by (104) (applied to p =1 and T' = u), because u € g = g®1)
=y (u®1) (since u = u ® 1 under the identification g = g ® k)

=m(u) -y () +u— [ n-(1)
=70 =70

(by (103)), applied to p =1 and U = 1)

=am(u) (1) “Fu— Yo (1)
S—~— S—~—
=1 (by (102), =1 (by (102),
applied to A=1) applied to A=1)
=r(u)-1+ wu—1 =7 -1+40=7(u). (106)

=0 (since the Lie
action of k is 0)

This yields v (g) = 7 (g) = n (since 7 is a projection of g on n).

(e) We now know that v (k) = k and v (g) C n. But in general, we cannot generalize
this to v (g®) C n®P for all p € N. However, Proposition will give us a weaker
result that is actually true.

The next proposition (a kind of analogue of Proposition for ~ instead of ¢)
generalizes (103) to arbitrary U:

Proposition 4.6. Every u € g and U € ®g satisfy

V(u-U) =7 (u) -y (U)+u—(y(U)). (107)

Proof of Proposition . Let u € gand U € ®g be arbitrary. Since U € ®g = @ g%,
iEN

we can write U as a family U = (U;),oy, where (U; € g® for every i € N). Taking into

account that we consider g®? as a k-submodule of € g®' for every p € N, we have

ieN
(Ui)ien = Z Ui, and thus U = (U;),cn = Z Us.

On the other hand, every i € N satlsﬁes u ® U €g®g® =g®i+tl) Also, since

€g cg®i
7= = >, is the sum of the maps 7, : g7 — @n for all p € N, we have
ieN peEN
v () =5 (v) for every v € g% (108)
Similarly, .
v (v) =41 (v) for every v e g®(+D), (109)

Every i € N satisfies v (u ® U;) = i1 (u ® U;) according to (109) (applied to u ® U;
instead of v), because u ® U; € g®V). Every i € N satisfies v (U;) = ; (U;) according
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to (108) (applied to U; instead of v), since U; € g®*. Now, U = Y U; leads to

ieN
u-U
RS ST SN SOt
ieN ieN i€N
since every i € N satisfies u € g = g®! and U; € g®° and therefore
u-U; =u®U; (due to (31)), applied to u, U;, 1 and ¢ instead of a, b, n and m) )~

and therefore
y(u-U)=r (Z U ® U,-) = Z v (u® U;) (since v is k-linear)

; N

€N €N i1 (uU;)

=Y i @eU) =Y [ 7 @) a1 (U) +u— | varny-1 (U:)
ieN iEN T T
since every ¢ € N satisfies

Vi1 (@ U) = 7 () - Yyry-1 (Ui) +u = (Yayny-1 (Vi)
according to (103]) (applied to i 4+ 1 and U; instead of p and U)

= Z (m (u) - (Us) +u = (7 (U:))) = ZW (u) - 7 (Us) +Zu = | ()
ien ien =) N —(U)

Since

Yor) U =n) Y y(U) =w-y| Y Ul =a(w) )
ieN €N €N

=U
=Y < > Ui)
ien

(since 7y is k-linear)

and

Zu = (v () =u— (ny (UZ)> (since the Lie action of ® n is linear)

1€EN €N

—_— ———
=y < > Ui)
i€N

(since + is k-linear)

=u— |7 ZUz‘ =u— (y(U)),

=U
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this becomes

y(u-U) =) m(u) -y (U)+) u—(y(U) =7 (u) -y (U) +u— (v(V)).

1€N €N
/ N
~~ ~~

=7 (u)y(U) =u—(y(U))

This proves Proposition
Now we come to a corollary of Proposition which is similar to Proposition [2.8
(note that an analogue to Corollary does not seem to exist):

Corollary 4.7. Every u € h and U € ®g satisfy

V(u-U)=u—(y(U)). (110)

Proof of Corollary[4.7 Since u € b, we have 7 (u) = 0 (since 7 is a projection with
kernel h). Thus, (107) yields

Yw-U)=m(w)yU)+u—=({U)=0-7U)+u—(y({U)) =uv—(y{U)).
=0 =0
This proves Corollary
Here is an analogue of Proposition [2.12

Proposition 4.8. The map v : ®g — ®n respects the filtration. Here, the filtration
on ®g is the degree filtration (g®5”)n>0, and the filtration on ®n is the degree

filtration (n®§”)n20.
Proof of Proposition[{.8 Let us use Convention [2.10
We are going to show that

v (g%) C n®=P for every p € N. (111)

Proof of . We will prove (111)) by induction over p:
0

Induction base: We know that g®° = k and n®=0 = @ n® = n®’ =k, and we know

1=0
(from Remark [4.5] (c)) that v (k) = k. Thus, g®° = k yields v (g%°) = v (k) = k =
n®<0_In other words, holds for p = 0. This completes the induction base.

Induction step: Let ¢ € N,. Assume that holds for p = ¢ — 1. Now we must
prove that holds for p = q.

We have assumed that holds for p = ¢ — 1. In other words, v (g®(‘1_1)) -
n®<(a—1)

Now we are going to prove that every U € v (gjd,) satisfies U € n®=1.

In fact, let U € v (gf?r‘fd) be arbitrary. Then, there exists a U’ € gid, such that
U =~ (U') (since U € v (g;sy)). Consider this U’. This U’ is a left-induced tensor in
g®? (since U’ € g;%,); this means that there exist some v € g and T € g®@ such
that U’ = v ® T. Consider these v and 7. Since v € g = g®' and T € g®@~ Y, we have
v-T=v®T (due to (31)), applied to v, T, 1 and ¢ — 1 instead of a, b, n and m).
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We notice that T € v (g® M) C n®=l=) and thus v — (y(T)) €
cg®a—1)
n®=<(@=1 (since n®<@=Y is a (g, h)-semimodule, which is because n is a (g, h)-semimodule).
Now,

= / — . — . N
U—v( Y >—v(v T) T | I | tv—=06([D)
=v@T=v-T En=n®1Cn®<1 eg®la—1) en®<(a—1)
by (107]), applied to v and T instead of u and U
Y
€ n®st y (g®(q71)) + n®<(a=1) C n®<t | n®<(¢-1) 4 n®<q,
Cn®<(g—1) Cn®=a

(since (n®5”)n>0 is a filtration)

Since Proposition (b) (applied to n, 1 and ¢ — 1 instead of V', n and m) yields
n®<l. n®=<(@-1) C n®@=<0+-1) = n®<4_thig becomes

U € n®<t . n®=(071) 4 1850 C n®=0 4 n®=a C n®<q (since n®=% is a k-module) .
N

gn®§q

We have thus proven that every U € v (gie,) satisfies U € n®<¢. In other words,
7 (Bima) S nE=.

Now, Proposition m (applied to ¢ and g instead of p and V') says g®7 = <ghnd
and thus

oa\ B 24 by Proposition (b) (applied to
Y (9 q) = (<gl1nd ) <7 (glind)> ( g%, gfffd, ®n and v instead of M, S, R and f)

C o< by Proposition (a) (applied to ®n, v (g;) and n®<?
= instead of M, S and @Q), since ~y (gfﬁd) C n®=¢ '

In other words, | 111: holds for p = q. This completes the induction step, and thus the
induction proof of (111]) is done.

Now, let m € N. The definition of g¥=™ says g®=™ = @ g®’, so that g©¥=" =
i=0

m m
P g¥ = > g® (since direct sums are sums) and thus
i=0 i=0

~ (g®§m) — (Z g®z> — Z y (g®i) (since 7 is k-linear)
=0 = Cn®=i

(by , applied

to i instead of p)

m m
<7 < < . < .
C E n®=st C n®sm C p®=m (smce n®s" ig a k—module) )
: ~— :
i=0  Cp®<m (since i<m i=0

and since <n®§") is
n>0

a filtration)

Since this holds for every m € N, this yields that v respects the filtration. This proves
Proposition
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4.4. ~ is an h-module map

Next we will show a property of v which distinguishes it from the map ¢ of Section [2}
I Proposition 4.9. The map v : ®g — ®n is an h-module homomorphism.

Proof of Proposition [{.9 We know that ®n is a (g, h)-semimodule (because n is
a (g, bh)-semimodule). Thus, (according to Definition the relation with V
replaced by ®@n holds.

Let a € h. Then, the map ®g — ®g, T +— a — T is k-linear (because the Lie action
of ®g is k-bilinear), and the map ®n — ®@n, T'+— a — T is k-linear (because the Lie
action of ®n is k-bilinear).

Let Z : ®g — ®n be the map defined by

Z(T)=a—((T))—v(a—=T) for every T' € ®g) . (112)

This map Z is k-linear (since the map ®g — ®g, T+ a — T, the map ®n — ®@n,
T — a — T and the map ~ are all k-linear). Thus, Ker Z is a k-submodule of ®g.
Now we are going to prove that

%" C Ker Z for every n € N. (113)

Proof of . We are going to prove by induction over n:
Induction base: Every A € g®=0 satisfies A € k (since g®<0 @g@ = g% = k).
Therefore, every A € g®=0 satisfies 7 (\) = A (according to , since A € k) and thus

ZN=a—= |7\ | —~v(@a—=N (by (112)), applied to T'= \)
——
=A
= 4= —v| a—=r |=0- +(0) —0-0=0.
=0 (since the Lie =0 (since the Lie =0 (since ~ is k-linear)

action of k is 0) action of k is 0)

We have thus shown that every A € g®=" satisfies Z (\) = 0. In other words, every
A € g®=<0 satisfies A\ € Ker Z. Hence, g®<° C Ker Z. In other words, holds for
n = 0. This completes the induction base.

Induction step: Let p € N. Assume that holds for n = p. We now must show
that also holds for n = p + 1.

Since holds for n = p, we have g® C Ker Z.

We are now going to show that g®®*+1 C Ker Z.

Proposition 2.11| (applied to p+1 and g instead of p and V) yields g®®+1) = < ghn(gﬂ)>

(where we are using Convention

Now we are going to prove that g®(p +) C Ker Z. Indeed, let V € gfifgﬂ) be arbitrary.
Then, V is a left-induced tensor in g®®+Y (since V € ghn(p +1)), and thus there exist
u € gand U € g* such that V = u ® U. Consider these v and U. Since u € g = g®!
and U € g®P, we have v - U = u® U (due to , applied to u, U, 1 and p instead of

a, b, n and m).
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Since U € g® C Ker Z, we have Z (U) = 0. But applying to T = U, we obtain
ZU)=a— (y(U) —~v(a—=U). Thus, a = (y(U)) —=v(@—=U) =Z(U) =0, so
that a — (v (U)) =~ (a — U).

We know that the relation with V' replaced by ®@n holds. Thus, we can apply
this relation to u, v (U) and ®n instead of b, v and V', and thus we obtain

[a,u] = (y(U)) =a— (u—=(y(U))) —u—(a— (v(U))).
Now, V=u® U = u- U, so that

a—~V=a—(u-U)=(a—u)-U+u-(a—0U)
(by (applied to ® g and U instead of A and v), )

because ® g is a g-algebra

Hence,
v(@—=V
=7y((a—u)-U+u-(a—0))
= v((a—u)-U) + v (u-(a—U)) (since 7 is linear)
—r(a—u)(U)+(a—u)~(+(1)) —r(u)y(a—U) +u—(1(a—D))
(by (107), applied to a—u instead of u)  (by , applied to a—U instead of U)
= m(a— u) 7 (U) + (@ —u) = (v(U))
——— ——
=a—(m(u)) @“v“
(since 7 is an h-module (due to (9)), applied to
homomorphism, while a€h) a and u instead of v and w)
+m(u)-y(@—=U)+u—(y(a—U))
—_——
=a—(y(U))
=(a— (m(u) -y U) +a,u] = (y(U)) +7(u) - v(a—=U)+u—(a—(v(V))-

On the other hand, V = u - U leads to

= a—(m(u) -y (U)) +a— (u—(v(U)))
=(a—(7(w)))~v(U)+7(u) - (a—(v(U
(by , a(tppli(ed(tc)>)7)r('yu() aznd ’(y(z]() ins(tZz(ad )o)t)" u and v)

(since the Lie action of ® n is k-bilinear)
=(a=(m (W) -y U)+7 () (a= (W) +a— (u—(v(U))
?(CL:T/
=(a—= (7 () -y U)+7(w)- -y(@—=U)+a—(u— (7))
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Subtracting (114)) from this equation, we obtain

a—= (V) —vl@—=V)
=((@a—=(r () - yU)+7 (- -y(@a=U)+a—(u= (7))
= ((a = (7 (w))) -7 (U) + [a,u] = (v (U)
+m(u) -y (a=U)+u—=(a—= (7))
—a—=(u—=(WU)-—u—=(a=0U) -  |au—=(nU)

A

-~

=a—(u—=(y(U)))—u—(a—(v(V)))
(after some cancellation of terms)

=l@=(u—=0nU)-u—=(—=HU))—-(—=(u—=(0))-u—=(a—(yU))
=0.

But (applied to T'= V') yields
ZV)=a—=@{V))—v(a—=V)=0.

Thus, V € Ker Z.
We have thus shown that every V € gfﬁﬁﬁ*”
gfégﬂ) C Ker Z.

Consequently, Proposition (a) (applied to ®g, gfifgﬂ) and Ker Z instead of
M, S and Q) yields <gf?rfg+1)> C KerZ. Since g®®+t) = <g§rf§+1)>, this becomes
g?®+) C Ker Z. In other words, (113 holds for n = p + 1. This completes the

induction step, and thus the induction proof of ((113)) is done.
Now that (113)) is proven, we notice that

satisfies V' € Ker Z. In other words,

®g = @ g®" = Z g®” (since direct sums are sums)
neN neEN  kerz
(by (I13))
- Z Ker Z C Ker Z (since Ker Z is a k-module) .
neN

In other words, Z = 0. Thus, Z (T') = 0 for every T' € ®g. Using (112), this rewrites
as
a— (y(T)—v@a—T)=0 for every T' € ®g.

In other words, v (a —= T) = a — (7 (7)) for every T' € ®g. Since this holds for every
a € b, this shows that v is an h-module homomorphism. This proves Proposition [4.9

4.5. A lemma on v and k-submodules of ®g

We now set forth for a proof of v (J) = 0 and v ((®g) - ) = 0. The first step will be a
"little brother” of Lemma (but notice that it has a weaker condition that Lemma
2.15):

Lemma 4.10. Let C be a k-submodule of ®g satisfying 7 (C) = 0. Then,
7 (®g) - C) = 0.
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Proof of Lemmal[{.10. We are going to prove that
v (g®p . C’) =0 for every p € N. (115)

Proof of ({115). We will prove (L15]) by induction over p:
Induction base: We have g®° = k and thus g - C = k- C = C (since C is a

k-submodule), so that v (g®°-C) = v (C) = 0. Thus, holds for p = 0. This
completes the induction base.

Induction step: Let ¢ € N. Assume that holds for p = ¢ — 1. Now we must
prove that holds for p = q.

We have assumed that holds for p = ¢ — 1. In other words, ~ (g®(‘1_1) . C) =0.

Let D = g®@=1 . C. Then, D = g®=V . C yields vy (D) = v (g®~V - C) = 0.

On the other hand, Proposition (a) (applied to V =g,i=1and j = ¢— 1)
yields g®! - g®(q—1) — g®(1+(q—1)) = g®4. Thus,

g®q O = g®1 .g®(q—1) .C=g-D.
:g@l-‘g@(CI*l) =g =D

We are now in the following situation: We know that D is a k-submodule of ®g
satisfying v (D) = 0. We want to prove that v (g- D) = 0.
Let E be the subset {u-U | (u,U) € g x D} of ®g. Then,

g-D=(u-U | (u,U)eng):<iu-U | (u,VU)ngD}/>:(E>.

=F

Now we are going to show that £ C Ker~.

In fact, let T € E be arbitrary. Then, T'€ E = {u-U | (u,U) € g x D}, so that
there exists some (u,U) € g x D such that T'= u - U. Consider this (u,U). Clearly,
u € gand U € D. Obviously U € D leads to v (U) = 0 (since v (D) = 0). Now, (107
yields

Y(u-U)=xn(u)-v(U)+u— (y(U)) =7 (u) -0+ u—0 =0+0=0.
=0 =0 =0 =0 (since the Lie action

of ®n is k-bilinear)

Since u - U = T, this rewrites as v (T') = 0. Thus, T' € Ker~.
We have therefore shown that every T' € E satisfies T' € Ker~y. Thus, ' C Ker~.
Consequently, Proposition [1.29] (a) (applied to ®g, E and Ker v instead of M, S and
Q) yields (E) C Ker~y (since Ker+y is a k-submodule of ®g, since 7 is k-linear). Since
(E) = g- D, this rewrites as g- D C Ker~, and thus v (g - D) = 0. Since g®?-C =g- D,
this becomes 7 (g®? - C') = 0. In other words, holds for p = ¢. This completes
the induction step, and thus the induction proof of is done.

Now, ®@g = P g% = > g*" (since direct sums are sums) yields (®g) - C =
peN peN
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peN peEN
v ((®g)-C) =7 (Z (g®p . C')) = Z ¥ (g®p . C’) (since 7 is k-linear)
peN peN 7;_"_“
=0 (due to )
— Z 0=
peN

This proves Lemma 4.10

4.6. v(J)=0and v((®g)-h) =0
We are now ready to prove the following facts (which are similar to Propositions m

and [2.17] respectively):

I Proposition 4.11. We have v (J) = 0.

I Proposition 4.12. We have v ((®g) - h) = 0.

Proof of Proposition [{.11} Consider the k-submodule Jy defined in Proposition [2.3
(b).

We are going to prove that v (Jy - (®g)) = 0 now (this will quickly yield v (J) = 0
then, due to J = (®g) - Jy - (®g) and Lemma [4.10).

We know that ®n is a (g, h)-semimodule. Therefore, (according to Definition
the relation (79) with V' replaced by ®n holds. In other words, we have

([a,b) ~v=a—(b—v)—b— (a—v) foreveryae€bh, b€ gand v e @n). (116)

Let Sy denote the subset {v @ w —w @ v — [v,w] | (v,w) € g x h} of ®g. Then, we
know from the definition of J, that

Jo=wRw—-—w®v—|[v,w | (v,w)€gxbh)

:<;{v®w—w®v—[v,w] | (an)egxh};>:<50>‘

—So
Now, let T' € ®g be arbitrary. Let ¢/ : ®g — ®n be the map defined by
(op (U)=~(U-T) for every U € ®g) .

This map g’ is k-linear (since it is the composition of the two k-linear maps v and
®g — ®g, U — U -T). Thus, Ker ¢} is a k-submodule of ®g.

We are now going to prove that every s € Sy satisfy s € Ker ¢/

In fact, let s € Sy be arbitrary. Sinces € Sy ={v@w —-w®@v—[v,w] | (v,w) € g x b},
there exists some (v,w) € g x h such that s = v ® w —w ® v — [v,w]. So we have
vegandw € h. Notethat ve g=g® andw e h C g=g® yield v -w=v®@w (by
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, applied to 1 and 1 instead of n and m), and similarly w-v = w ® v. Using these
observations, we see that

s=rQu—wRu—[v,w]=v-w—w-v— [v,w).
——  N——

=v-w =w-v

Now, we are going to prove that ¢/ (s) = 0. In order to do this, we will compute
o (v-w), oy (w-v) and ¢ ([v,w]). First let us compute v (v -T) and v (w - T).

We have v (v-T) =m (v) -y (T)+v — (v(T)) (according to (107)), applied to u = v
and U =T) and v (w-T) = w — (v(T)) (according to (L10), applied to v = w and
u="rT).

The definition of ¢ yields

or (v-w) =7y (w-w-T)=m () y(w-T)+v—= | y(w-T)

=w—(v(T)) =w—=(v(T))
(according to (107)), applied to u =v and U = w - T))
=m(v)-(w—=(T)+v—(w— (). (117)
The definition of ¢ yields
or(w-v)=vy(w-v-T)=w— y(v-T)
——

= (v)-y(T)+v—=(y(T))
(by , applied tou =w and U = v - T)
=w = (7 (v) -y (T) +v—= (v(T)))
= w— (m(v) -y (T)) +w — (v = (v(T)))
=(w4(77(v)))"Y(Tﬁﬁ(v)'(wé(v(T)))

(by (applied to ®n, w, w(v) and v(T")
instead of A, a, u and v), because ®n is a (g,h)-semialgebra)

(since the Lie action on ® n is k-linear)
= (w = (7 (v)) -7 (T) +7(v) - (w—= (v (1)) +w = (v = (v(T))).
(118)

Finally, the definition of ¢/, yields

or (vw)) =~ | [vw] T|=v([w0]-T)
——

=—[w,w
(due to )
= v ([w,v] - T) (since v is k-linear)
————

=7 ([w,v]) y(T)£[w,v]=(v(T))
(according to (107)), applied to
u=[w,v] and U=T)

= —(r ([w,]) -y (T) + [w,v] = (v(T)))
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Since

x w0 —r(w— )= w— (1 ()
~——
=w—v (since @ (applied to v and w
instead of w and v) yields w—v=[w,v])

(since 7 is an h-module map, while w € h) and

[w, 0] = (y(T) =w = (v = (v(T))) —v = (w— (v(T)))
(by (L16]), applied to w, v and v (T') instead of a, b and v),

this rewrites as

oo (o)) = — | 7 (wo) A (1) +  [w,0] = (7(1))
——

-~

=w—(7(v)) =w—(v=(v(T)))—v—=(w—=(+(T)))

=—((w—= (7)) y(T)+w—=(v=T) —v—=(w— (1))
(119)

Now, s =v-w —w-v — [v,w] yields

or(s) =or(v-w—w-v—[v,w])
= or (v-w) - or (w - v)
——— —_——
=7 (v)-(w=(y(T))+v=(w=((T)))  =(w=(7(v))) Y T)+7(v)-(w—=((T)))+w—(v—=(¥(T)))

(due to (II7)) (due to (T18))
- or ([v,w])
—_—

=—((w—=(7(v)))v(T)+w—(v=(y(T)))—v—=(w—(v(T
((w=(m(v)))( )(due t(O ) )))—v=(w=((T))))

(since ¢ is k-linear)

= (m(v) - (w—= (1) +v—=(w—=(v(T))))
— ((w = (7 () A (T) +7(v) - (w— (v(T))) +
— (= ((w = (7w (v))) -7 (T) +w—= (v = (y(T)

=0 (because all terms in the sum cancel out),

= (= 0(D))
)) —v = (w—=(v(1)))

so that s € Ker ¢/

We have thus proven that every s € Sy satisfies s € Ker ¢/.. Thus, Sy C Ker g/
Since Ker ¢/ is a k-module, Proposition (a) (applied to ®g, Sp and Ker ¢ instead
of M, S and Q) now yields (Sp) C Ker g/.. Since (Sy) = Jo, this rewrites as Jy C
Ker ¢f.. Thus, ¢ (Jo) = 0. In other words, every j € Jy satisfies o/ (j) = 0. Since
0 (j) = v(j-T) (by the definition of ¢}), this rewrites as y(j-7) = 0, and thus
j - T € Ker~ for every j € Jy.

We have thus shown that every j € Jy and T' € ®g satisfy j - T € Ker~. In other
words, every (j,T) € Jox(®g) satisfies j-T € Ker~. Inother words, {j - T | (4,T) € Jo x (®g)} C
Ker~.

Now, applying Proposition (a) to®g, {j-T | (4,T) € Jo x (®g)} and Ker~y
instead of M, S and @, we see that ({j-T | (j,T) € Jo x (®g)}) € Ker~y (since
{J-T | (4,T) € Jy x (®g)} C Ker~ and since Ker~ is a k-module). Now

Jo-(®g) =0T | :T)edox(®g)={i-T | (5,T) € Jox(®9)}) € Kerry
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and thus v (Jp - (®g)) = 0.

Now, Lemma (applied to C' = Jy - (®g)) yields that v ((®g) - (Jo - (®g))) = 0
(because v (Jo - (®g)) = 0). Since (®g) - (Jo - (®g)) = (®9) - Jo - (®g) = J (according
to Proposition (b)), this rewrites as v (J) = 0. Thus, Proposition is proven.

Proof of Proposition[4.13. Every u € b satisfies

v (u) =7 (u) (according to ((106), since u € h C g)
=0 (since u € b, while 7 is a projection with kernel ).

Thus, v () = 0. We can thus follow from Lemma [£.10] (applied to C' = ) that
v ((®g) - ) = 0 (because v (h) = 0). Thus, Proposition is proven.

4.7. The homomorphism 7

We now formulate our further procedure:

Proposition 4.13. (a) The h-module homomorphism v : ®g — ®n satis-
fies J 4+ (®g) - b € Kervy. Thus, v induces an h-module homomorphism 7 :
(®g) / (J + (®g) - h) — ®@n which satisfies v = 7o ( (where ¢ denotes the canonical
projection ®g — (®g) / (J + (®g) - h) as in Theorem 2.1)).

(b) The homomorphism 7 respects the filtration.  Here, the filtration on
(®g) / (J+ (®g) - b) is given by (F,),q, and the filtration on ®@n is given by
(n®§n)n20'

(c¢) The homomorphism 7% is an h-module isomorphism, and its inverse 7
respects the filtration.

—1 also

We notice that the first two of the three parts of this proposition are trivial:

Proof of Proposition (a). Since 7y is k-linear, it is clear that Ker 7 is a k-module.

We know from Proposition that v is an h-module homomorphism. Further,
J C Ker~ (due to Proposition and (®g) - h C Ker~y (due to Proposition [4.12)).
Thus, _J +(®g)-h C Kery + Kery C Ker~y (since Ker~ is a k-module). Thus,
~ ——

CKery CKervy

by the homomorphism theorem, we see that + induces an h-module homomorphism
7:(®g),/ (J + (®¢) - h) — @n which satisfies ¥ = Fo( (where ¢ denotes the canonical
projection ®g — (®g) / (J + (®g) - h) as in Theorem [2.1)). This proves Proposition
13 (a),

Proof of Proposition (b). Let n € N be arbitrary. Since F, = ¢ (g¥="), we

have

TR =7 (¢ (65) = (0¢) (6°7) =7 (¢°) C o=

(according to Proposition [4.§)) .
In other words, the homomorphism 7 respects the filtration. This proves Proposition

(b).
The rest of Section {4| will now be devoted to proving Proposition (c).
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4.8. Approximating v by ®7

As an auxiliary result, we need the following analogue of Proposition [2.20;

Proposition 4.14. Consider the k-module homomorphism ®7 : ®g — ®n induced
by the k-module homomorphism 7 : g — n. This homomorphism ®x respects the
filtration and satisfies

(v — (®m)) (g¥=") C n®¥=r=) for every n € N, (120)

Proof of Proposition |/.14). Proposition [1.104] (applied to 7, g and n instead of f, V
and W) yields that ®m respects the filtration. Thus, the only thing that remains to be

done for the proof of Proposition is proving the relation ([120)).
We are going to prove (120 by induction over n:

Therefore, every A € g®=C satisfies v(\) = A (according to (103)), since A\ € k)
and (®m) (A) = A (by the definition of @, since A € k), so that (y — (®7)) (\) =
v(A) —(®m)(A) = 0 and thus A € Ker(y — (®n)). We have thus shown that ev-
= T3
ery A € g®=0 satisfies A\ € Ker (y — (®7)). Hence, g®=° C Ker (y — (®m)), so that
(v — (&) (g%=°) = 0 C n®<O=D_ In other words, holds for n = 0. This
completes the induction base.

Induction step: Let p € N. Assume that holds for n = p. We now must show

that (120]) also holds for n = p + 1.
Since ([120)) holds for n = p, we have (y — (®m)) (g®<P) C n®=<(~1),

We are now going to show that (v — (®m)) (g®@+D) C n®<P. This will quickly yield
(v — (®m)) (g¥=TV)) C n®=r, which will bring us to the end of the induction step.
Proposition m (applied to p + 1 and g instead of p and V) yields g®®+) =

< g§é§+1)>, where we are using Convention [2.10[

Note that v — (®7) is a k-linear map (since v and ®m are k-linear), and thus
Ker (y — (®m)) is a k-module.

0
Induction base: Every A\ € g®=" satisfies A € k (since g®=* = P g® = ¢g®° = k).
=0

Now we are going to prove that gih™" C (y — (&))" (n®=<P). Indeed, let V €
gfégﬂ) be arbitrary. Then, V is a left-induced tensor in g®®*+Y (since V € g%gﬂ)),

and thus there exist u € g and U € g®P such that V = u ® U. Consider these u and
U. Since u € g = ¢g®' and U € g7, we have u- U = u® U (due to (31)), applied to u,
U, 1 and p instead of a, b, n and m).

Since U € g® C ¢g®=F and since v (g¥<F) C n®<P (because the map 7 respects the

filtration), we have v [ _U_ | € v (g®<F) C n®<P. Thus, u — (7 (U)) € n®<F (since
cg®<p
n®=<P is a (g, h)-semimodule (which is because n is a (g, h)-semimodule)). In other
words, u — (v (U)) = 0 mod n®=P.
On the other hand, U € g% C g®<F yields (y — (@) (U) € (v — (®7)) (=) C

n®=<C=Y_Since (v — (®7)) (U) = v (U) — (&) (U), this rewrites as v (U) — (&) (U) €
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n®<=1Y On the other hand, ®7 is a k-algebra homomorphism, so that

(@m) (u-U)=  (@n)(u) (@) (U)=7(u)- (&) ().
=n(u) (by the definition
of @, since ucg=g®!)

Now,

W(u)'v(U)—(W)( s )

=7 ()3 () ~ (@) (1 U) = 7 () -7 (V) = 7 (1) - (&) (1)
=n(u)-(@m)(U)
= ) Q) - (em) () € oSt s
—~—

en=n®1Cn®=<1 €n®;?1”*1)
C n@<HE-1) ( according to Proposition (b), applied )
= ton, 1 and p — 1 instead of V', n and m
= n®=p,

In other words, 7 (u) - v (U) = (®7) (V) mod n®=P,
Now, V=u® U = u- U yields

TWV)=7(w-U)= 7(u)-y(U) +u—(y(U)) (by (107))

.
~~ v~

=(®7)(V) mod n®=p =0mod n®=r

= (@) (V) + 0 = (&7) (V) mod n®=.

In other words, v (V) — (&7) (V) € n®=P. Since v (V) — (@) (V) = ( — (@) (V),
this rewrites as (7 — (®7)) (V) € n®=P, In other words, V € (y — (n®<p)

So we have proven that every V € gfifgﬂ) satisfies V' € (y — (®7r)) (n®<p). In
other words, gfégﬂ) C(y— (®7T))_1 (n®=P). Therefore, Proposition [1.29| (a) (applied
to g®® ) gt and (v — (@)~ (n®<7’) instead of M, S and Q) yields <ghn§+1)> C
(v — (®@7))"" (n®=P) (since (y — (®7)) " (n®=P) is a k-module). Altogether we now

have g°+) = (gi %) C (3 — (@) (n7), s0 that (y — (@7)) (g70+)) C n®<r,

Now, the definition of g@<®+D jg g@=(r+1) @ g%, while the definition of g&<F =

p .
P ¢g®*. Thus,

=0

p+1 D
<(p+1) @g@ (EB ®z> @g®(p+1) g ,p@g ®(p+1) _ g®§p+g®(p+1)

=0
————
:g@SP

165



(since direct sums are sums). Thus,

(’y . (®7T)) (g®§(p+1)) _ (’y _ (®7T)) (g®§p + g®(p+1))
= (=@M @) 0= (@) @)

-~ -~

Cn®<(P-1)Cp®=<p Cn®=<p
. ®§n . .
(since (n )nzo is a filtration)

(since v — (®m) is k-linear)
C n®SP 4 n®<P — p@=p (since n®=" is a k-module)
— p@<((p+1)-1)

In other words, (120)) holds for n = p + 1. This completes the induction step. Thus,
(120)) is proven for all n € N. In other words, Proposition is proven.

4.9. Finishing the proof

Proposition provides us with the following consequence:

Corollary 4.15. Consider the maps @ : (®g) / (J + (®g)-h) — QN and 7 |n:
N — n defined in Proposition [2.18] Also, let n = ® (7 |5). Then,

(7 —nop)(F,) C n®m-b for every n € N.

Proof of Corollary - Let x € F,. Since F, ((g®§"), this becomes = €
C(g®<”) so that there exists some y € g®=" such that * = ( (y). Consider this y. It
satisfies

(Y—mned) |
=(()
=T =109 (CY)=7(H)-np) ()
—_——— ——

=(7o¢)(v) =(nopoC)(y)

={FoQ)(y) = |nopoC | W= —mop)(y)

— e
= (r(y) = (@m) (y)) = ((noy) (y) (®7) (y))
—(r—(@m)(®) —(nog—(@m)(v)
= (v — (®m)) L —(noy— (\y/
€ (v—(®m) (g°%") — (noy - o=

-~

Cp®<(n—1) Cn®<(” 1)

(according to (120)) (according to (73), applied

to n instead of p)
C n®=(=1) 4 p@<(n—1) C n@=<(r-1) (smce n®==1 g g k- module)
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We have thus shown that (F —no®)(z) € n®<V for every x € F,. In other
words, (7 —no®) (F,) € n®<("=1_ This proves Corollary 4.15|
A further corollary from this corollary:

Corollary 4.16. Consider the maps ¥ : (®g) / (J + (®¢g)-h) — QN and 7 |n:
N — n defined in Proposition 2.18 Also, let 7 = ® (7 |v). Then, no @ is a
k-module isomorphism and satisfies

(id —~o(no @)71) (n®5”) C n®=(-1) for every n € N.

Proof of Corollary[{.16. Since n and @ are k-module isomorphisms, their composition
1 o ® must also be a k-module isomorphism.

Besides, n = ® (7 |w), so that n7' = (@ (7 |v))"' = @ ((7 |v)"}), and thus 5!
respects the filtration (by Proposition . On the other hand, P! respects the
filtration (according to Proposition (d)). Thus, Proposition (b) (applied to
@n, (n®=") L @N, (N®=") (@) /(] 4+ (®9) - h), (F),s0, 1" and 3! instead
of U, (Un), =0, Vs (Vi) 20: W, (Wy),.~o, f and g) yields that the composition ' o~
also respects the filtration. Since ' on~' = (0 @), this rewrites as follows: The
homomorphism (7 o %) " respects the filtration. In other words, (70%) ™" (n®=") C F,
for every n € N.

Now, every n € N satisfies

JdL —yo(mep) | (n%=")

op)o(nop)

-~

=(n
(noso (nop) ' —7o(nop) ' | (n=")

=(nop—7)o(nop) "

= (o =7 o(nop)™) (n*=") =(op~7) | (nop) " (n=")
cF,
Q(UOG—V)(Fn):— (V—HOG)(Fn)
\ﬁ/_/ N - v
=—(F—n0oPp) Cn®=(n=1) (by Corollary [£.15)
C —n®=(r-1) C no=(-1) (since n®=<=1 ig 4 k- module)

This proves Corollary [4.16]
Now finally we can come to the proof of Proposition [{.13:
We have already proven parts (a) and (b) of Proposition [£.13] Now to part (c):
In the proof of Corollary we showed that the map 7 o @ respects the filtration.
We now know that:

e The filtration on ®n is (n®§”) and n®<1 = 0.

n>0’

e The map (7o p) " is a k-module isomorphism (because it has an inverse, namely
nop).

167



e Themap (no @)71 respects the filtration (this was proven in the proof of Corollary
116).

e The map ((n o@)_l)f1 respects the filtration (because ((n o@)_l)f1 = nodp,
while we know that the map 71 o @ respects the filtration).

e We have (id—7o (1 op) ') (n®=") C n®=(1 for every n € N (according to

Corollary [4.16]).

Thus, we can apply Corollary[1.111{to @n, (n®<") _ (®g) / (J + (2g) - b), (F1),50s

(no®)~" and 7 instead of V, (V,.), =0, W, (Wa), o, f and g. This yields that the k-
module homomorphism 7% is an isomorphism (according to Corollary [I.111] (a)) and
that each of the maps 7 and 7' respects the filtration (according to Corollary [1.111|
(b)).

We now know that 7 is a k-module isomorphism, but we also know that 7 is an b-
module homomorphism (due to Proposition . Thus, 7 is an h-module isomorphism
(by an application of Proposition [I.14). This proves Proposition (c), and thus
completes the proof of Proposition [£.13]

We can now easily obtain Theorem [4.1}

Proof of Theorem[{.1 (a) Theorem (a) is identic with Theorem (a). Thus,
Theorem (a) is already proven (as we have proven Theorem (a) in Section [2)).

(b) We already know from Theorem (b) that (F},),, is an h-module filtration
of (®g) / (J + (®g) - h).

Now, let n € N. Since 7 respects the filtration, we have 7 (F,) C n®=". Since the
homomorphism 7! respects the filtration, we have 37! (n®<") C F,. Thus, F, D
7 (n®="), so that ¥ (F,) 2 7 (7' (n®=")) = n®=" (since 7 is an isomorphism).
Combining this with 7 (F,,) C n®=" we obtain 7 (F,,) = n®=". Since ¥ is an h-module
isomorphism, it thus follows that % induces an h-module isomorphism F, — n®=n,
Hence, F,, = n®=" as h-modules. This completes the proof of Theorem (b).

(c) The map 7 is an h-module isomorphism (®g) ,/ (J + (®g) - h) — @n, and we
know that for every n € N, the image of F,, under this isomorphism is n®<" (because
5 (F,) = n®="). Thus, Theorem [4.1| (¢) must hold.

(d) Since the map % is an h-module isomorphism, its inverse ! must be an b-
module isomorphism as well.

For every n € N, define an h-submodule W,, of (®g), (J + (®g)-bh) by W, =
71 (n®") (here, we use that 7! (n®") is an h-submodule of (®g) / (J + (®g) - h),
because 7! is an h-module isomorphism).

We have @n = @ n®" and thus

neN
=1 =—1 *n =—1 Qn : ——1 : :
¥ (®n) =7 ( n ) = 7' (n®") (since 77" is an h-module isomorphism)
=P w..
neN

Now, since 7! is an isomorphism, we have (®g) / (J + (®g) - h) =7 (@n) = P W,..
neN
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Every n € N satisfies 7 (F},) = n®<" (as we saw during the proof of Theorem
(b)). Renaming n as p in this result, we obtain: Every p € N satisfies 7 (F},) = n®=P,
Now, every p € N satisfies

F=7"(75(F) (since 7 is an isomorphism)
S~——

:n@SP

p
_ =1 ®<p — 51 @ ®n
Y n— Y < n )
P n=0
:@ n®’ﬂ
n=0

p

3! (n®") (since 77" is an h-module isomorphism)
—_——

o

n=
=Wn

p

W,.

3
o

Thus we have found a family (W),),, .y of h-submodules of (®g) / (J + (®g) - b) such
p
that (®g) / (J + (®g) - h) = @ W, and such that every p € N satisfies ), = @ W,,.

neN n=0
Now, Proposition [1.113 (applied to b, (®g) / (J + (®g) - h) and (F},),~, instead of
g, V and (V,,),,5,) vields that the filtration (F},), -, is h-split if and only if there exists a
family (W7,),,ex of h-submodules of (®g) / (J 4 (®g) - ) such that (®g) / (J + (®g) - b) =
p
@ W, and such that every p € N satisfies F,, = € W,. Since we know that
n=0

neN

there exists a family (W,), .y of h-submodules of (®§)/(J—|— (®g) - h) such that
p

(®9) / (J+ (®g)-h) = @ W, and such that every p € N satisfies F, = @ W,
n=0

neN =
we can thus conclude that the filtration (F},),, is b-split. This proves Theorem 4.1

().
Hence, the whole Theorem [4.1] is proven.

5. The Poincaré-Birkhoff-Witt theorem

5.1. The symmetric powers of a module
We recall the definition of the n-th symmetric power of a k-module:

Definition 5.1. Let k& be a commutative ring. Let V' be a k-module. Let n € N.
Let K, (V) be the k-submodule

(1 @ V2 @ ... @ Uy — V(1) @ Vo) ® oo ® Vo(m) | ((V1,02,..,05),0) € V™ X S,,)

of the k-module V" (where we are using Convention , and are denoting the
n-th symmetric group by S,,).

The factor k-module V" /K, (V) is called the n-th symmetric power of the k-
module V' and will be denoted by Sym™V. We denote by symy,, the canonical

169



projection V& — V& /K, (V) = Sym™ V. Clearly, this map symy,,, is a surjective
k-module homomorphism.

Here is an alternative description of the module K, (V') from this definition:

Proposition 5.2. Let k be a commutative ring. Let V' be a k-module. Let n € N.
Then,

[y

K, (V)= <v1 RV ® ... @ Vp — Vpy(1) @ Vry(2) @ oo @ Upyny | (01,02, ...,0p) € V”> ,

i=1

where 7; denotes the transposition (7,7 4+ 1) € S,,.
Proof of Proposition[5.4 Let T denote the subset

{vl QU2 ® ... @ Up = Up(1) ® Vo(2) @ oo @ Vo) | ((V1,02,...,05),0) € VT X Sn}
of V®" Then,

<T> :<{U1®1}2®...®Un—U0(1)®U0(2)®...®Ug(n) | ((01,02,...,1)”),0) EV”XSn}>
= <v1®v2®...®vn—Ua(l)®va(2)®...®va(n) | ((v1,v2,...,0,),0) € V™ X Sn>
=K, (V) (by Definition [5.1]) .

On the other hand,

V1 QU ® ... ®Vp — V(1) @ VUp(2) ® ... @ V() €T (121)
for every ((vq,vg,...,v,),0) € V" xS,

(since
T = {vl RV @ ... @ Uy — Vg(1) @ Vo(2) ® . @ Vo(ny | ((V1,02,...,05),0) € V™ X Sn}

)

On the other hand, let Z denote the k-submodule

—_

n—

<U1®U2®...®Un—Uﬂ.(l)®UTZ.(2)®...®UTZ.(N) | (v1,v2, .., 0p) 6V">
1

of V¥, Then,
<v1 RV @ ... @ Up — Vry(1) @ Vry(2) ® . @ Uiy | (1,02, ...,0p) € V”> CcZ (122)
for every I € {1,2,...,n — 1}. Now,
{w1 R Wy ® ... @ Wy, — Wry(1) @ Wry(2) @ oo @ Wry(ny | (W1, Wa, ..., wy) € V"}
= {01 @2 ... QU — V(1) ® V@) ®@ oo. @ Upy(my | (V1,02,...,0,) € V"}

(here, we renamed (wy,ws, ...,w,) as (v, va, ..., v,))
C <{v1®v2®...®vn—vﬁ(l)®UTI(2)®...®UTI(”) | (v1,v9, ..., 0p) 6V”}>
= <’U1®U2®...®Un—?)7—1(1) ® Vry(2) ® .. @ V) | (V1,02 ..., 0p) € V”> cZ
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for every I € {1,2,...,n — 1}. Thus,

W1 QW @ ... @ Wy — Wry(1) Q@ Wry(2) & ... @ Wry(n) € Z
for every (wy,ws,...,w,) € V" and every I € {1,2,....n —1}. (123)

We are now going to show that Z = (T').
First, let us prove that Z C (T'). In fact, every i € {1,2,...,n — 1} satisfies

{vl QU ® ... @ Vp — Vpy(1) @ Vry(2) @ oo @ Upyny | (V1,V2,...,0p) € V"} c(T)
(since every (v, v, ...,v,) € V™ satisfies

V1 ® V2 & ... @Vp — Vpy1) @ Vry(2) @ ... @ VUry(n)

erT (due to ([121)), applied to ((vy, v, ...,v,),7;) instead of ((vy,ve,...,v,),0))
< (T)
). Now,

n—1

7 = <v1 QU ® ... @ Vp — Upy(1) @ Vry(2) @ oo @ Upyny | (V1,02,...,0p) € V">
= (1)
n—1
- (T) C(T) (since (T) is a k-module).

1

1

Now, let us show that (T) C Z. To that aim, we will show that T'C Z.

In fact, let ((vy,ve,...,v,),0) € V™ x S, be arbitrary. Then, (v, ve,...,v,) € V™ and
o € S,. Now, it is known that every element of the symmetric group 5, can be written
as a product of some transpositions from the set {7y, 7, ..., 7,—1}. Applying this to the
element o € S,,, we conclude that o can be written as a product of some transpositions
from the set {71, 79,...,7,_1}. In other words, there exists a natural number m € N
and a sequence (i1, 4z, ...,4,) € {1,2,...,n — 1} such that 0 = 7;,7;,...7;,,. Consider
this m and this (i1, ia, ..., i, ). For everyj € {0,1,...,m}, let o; denote the permutation
TiyTin-+-Ti; € Sn. Then, 00 TiyTin--Tiy = (empty product) id and o, = 73, 73,... T3, =
0. Moreover, every j € {1,2, ...,m} satlsﬁes Vo, _1(1) @ Vg1 (2) @ oo ® Vo (n) — Vory(1) ®
Voj(2) @ oo @ Vg (n) € 2. m Thus,

Z (Vo,-1(1) ® Voy_1(2) @ 2 @ Vo () = Vory(1) ® Vory(2) ® -0 @ Vo)) GZZ Z
j=1

=1 v
J €z

37 Proof. Let j € {1,2,...,m} be arbitrary. Then,

0j—-1 Tij = TilTi2~~~7—ij_1Tij = TilTi2...Ti]. = 0y,
=Tiy Tig--Tij_q

(by the formula o;=7;, i, ... i

applied to j—1 instead of 7)

so that o; = 0j-17i;- Denote i; by I. Then, o; = 0j_1T;, rewrites as o; = 0,171
Now, define an n-tuple (wq, wa, ...,w,) € V™ by (wp =g, _,(p) for every p € {1,2, ,n}) Then,
(w1, W, ...y wy,) = (vgjil(l),vgjil(g), ...,vgjil(n)), so that w; @ wa ® ... @ Wy, = Vg, (1) D Vs,_,(2) @
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(since Z is a k-module). Since

Z (Uffj—l(l) Q@ Vo;_1(2) @ -+ @ Vg _y(n) = Vo;(1) & Voj(2) @ -0 & vffj(n))
j=1
=01 QU2 Q... ® Uy — Vs(1) ® Vg(2) @ ... & Vg(n) (124)

P8 this rewrites as

V1 QU2 & ... @Up — V(1) & Vg(2) @ ... @Vs(n) € Z.

We have thus shown that every ((vy,vs,...,v,),0) € V™ X S, satisfies v @ v3 ® ... ®
Un = Vg(1) @ Vg(2) @ ... ® Vp(n) € Z. Thus,

{v1 QU2 @ ... @ Up = Vp(1) ® Vp(2) @ -o. @ V() | ((V1,02,...,05),0) € VT X Sn} c Z.

Since {v1 RV ® ... @ Up — VUp(1) @ Vg(2) @ ... @ Uo(ny | ((V1,02,...,0),0) € V™ X Sn} =

T, this rewrites as T C Z. Proposition (a) (applied to V®™, T and Z instead of

M, S and @) thus yields that (T) C Z. Combined with Z C (T'), this yields Z = (T).
We now have

n—1

Z <vl RV @ ... @ Vp = Vpy(1) @ Vry(2) ® oo @ Upymy | (01,02, ...,0p) € V”>
i=1

=7Z=(T)=K, (V).

This proves Proposition [5.2]
Just like the n-th tensor power, Sym” V' becomes a g-module when V' is a g-module:

Definition 5.3. Let k be a commutative ring. Let g be a k-Lie algebra. Let V' be
a g-module. Let n € N.

Consider the g-module V®" (the n-th tensor power of the g-module V). Then, the
k-module K, (V') introduced in Definition is a g-submodule of the g-module

- @ Vg, (n)- On the other hand, every £ € {1,2,...,n} satisfies

Wry(§) = Vo (ra(£)) (by the formula w, = vy, , (), applied to p = 71 (€))
= Vo (¢) since 0j_1 (71 (§)) = (0j-171) (§) = 05 (§)

=0

Thu37 (w71(1)7 w-rl(2)7 ...7wTI(n)) = (Uaj(l)7voj(2)7 ~-~7U0'j(n))7 so that w‘l’[(l) (24 ’IUTI(Q) ® .. w‘l’l(n) =
Vo ;(1) ® Vg (2) @ oo @ Vo (m)-

Now,
Vo 1 (1) ©Vo;_1(2) @ - @ Vg 4 (n) ~ Voy(1) ® Vo (2) & - @ Vo(n)
=w1 QwW2Q...Quwy, =W (1) OWrp(2) @ - @Worp (n)
=w; QW2 ® ... Wy — Wr(1) @ Wry(2) @ ... @ Wry(n) € Z
(by (123)),
qed.

38 Proof of . We distinguish between two cases: the case when m > 0, and the case when m = 0.
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Ve (according to Proposition |5.4| below). Thus, the factor k-module V& /K, (V)
becomes a g-module. Since V" /K, (V) = Sym" V', this means that the k-module
Sym" V' becomes a g-module. Whenever we will speak of "the g-module Sym" V",
we are going to mean the g-module Sym" V' just defined.

It is clear that the map symy,, (being the canonical projection V" — V" /K, (V))
is a g-module homomorphism.

In the case when m > 0, we have

D (Voy1(1) ® Vo1 (2) @ e @ Vo, () = Vory (1) ® Vo (2) @ +o: @ Vo, (m))

j=1

=D V0,1 (1) BV, (2) @ s B Uy () = D Voy(1) B Vo (2) @ oos @ Vo ()

j=1 j=1

m—1
= Z V(1) @ Vo (2) @ oo @ Vg (n)
j=0

m—1
:v60(1)®v00(2)®..<®v‘,0<n)+jZ::I Vo ; (1) ®Vo ; (2) B+ OVs 4 (n)

- Z’Uoj(l) Q Vg (2) @ - @ Vg j(n)
j=1

m—1
= 2 Vo (1) BV 2) BBV (m) TV (1) BV (2) B BV (m)
P2 :

(here, we substituted j for j — 1 in the first sum)
m—1
Voo(1) ® Vg (2) ® -+ ® V() + D oy (1) ® Vory(2) @ - ® Vory(m)
j=1
m—1

- Z Vo (1) @ Vgj(2) @ - @ Vg (n) + Vo, (1) @ Vo, (2) @ o0 @ Vg, ()
j=1

Vs (1) ® Voo (2) R...Q Uso(n) — Vo, (1) X Vg, (2) R ...R® Vo, (1)

( @U@ Son =V (1) OVo(2)®-+-BVs (n)

since opg=1 yields

Vo (1) BV (2) @+ @V (n) =Vid(1) OVid(2) @ @Vid(n)
=01 QU2Q...Qvy,)

=01 QU2 ... ®Un = Vg(1) @ Vg(2) @ ... @ Vg(n),

(since o =0)

so that (124) is proven in the case when m > 0.
In the case when m = 0, we have

NE

(Vo, 1(1) @ Vo 1(2) @ - @ Vo (n) = V(1) @ Voy(2) @ e @ Vg ()

-
I

1
= (empty sum) =0
= Vid(1) @ Vid(2) ® ... @ Vid(n) —  Vid(1) ® Vid(2) @ -+ @ Vid(n)

=010v2Q...Qvn =V (1) Vs (2) Q- Vg (n)
(since m=0 leads to o,,=00, so that
id=op=0,=0)

=1 QU2 ... QUn — Vg(1) @ Vs(2) @ ... @ Vg(n);

so that (124) is proven in the case when m = 0.
Thus, (124) is proven in both possible cases. This completes the proof of (124).
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Here, we are using the following standard fact:

Proposition 5.4. Let k be a commutative ring. Let g be a k-Lie algebra. Let V'
be a g-module. Let n € N.

Consider the g-module V®" (the n-th tensor power of the g-module V). Then, the
k-module K, (V) introduced in Definition [5.1]is a g-submodule of the g-module V.

Proof of Proposition[5.4 Let T denote the subset
{v1 RV ® ... @ Up — V1) @ VUg(2) @ .. @ Ug(ny | ((V1,02,...,0),0) € V" X Sn}
of V®", Then, clearly,
W) QW @ ... @ Wy — We(1) D We(2) D ... @ Wo(n) €T (125)
for every ((wi,ws,...,w,),0) € V" x S,. We will now show that
a—te K, (V) for everya € gand t € T. (126)

Proof of (126). We will be using Convention during the following proof of ((126)).
Also, let us introduce another notation: If o and [ are tW_O> integers such that a <

f+ 1, and if py, pat1, ..., pg are some elements of V', then @ p; will mean the tensor
j=«
Do @ Par1 @ ... ® pg € VEB=2+D (This tensor means 1 if « = 8+ 1, and it means p,
if o =p.)
We notice that every ¢ € {1,2,...,n}, every (vy,v,...,v,) € V" and every w; € V
satisfy

P —
w;
VRV @ © @ U = @vj ® w; ® A@lvj . (127)
J= Jj=1

E%

Let a € g and t € T be arbitrary. Then,
teT = {m RV @ ... ®Vp — V(1) R Vg(2) ® .. @ Vg(n) | ((V1,02,...,0p),0) € V" X Sn} )

Hence, there exists some ((uy, ug, ..., u,),0) € V" xS, such that t = u1 Qua ® ... @u,, —
Up(1) @ Ug(2) @ ... @ Ug(ny. Consider this ((u1,us,...,un),0). Then, (u,us, ..., u,) € V"
and o € S, (since ((uy,us,...,u,),0) € V" X S,).

39This is because Convention (applied to V; =V and W,; = V) yields

Ww;
V1 QU X...® o Q... QU =101 QU2 Q... ®V;—1 QUW; Q@ Vjp1 Q@ Vig2 X ... Q Uy
1
tensor product of the tensor product of the
first :—1 vectors vy last n—1 vectors vy
=V QU@ ... QV—1 QW; ® Vi1 ®Viyo X ... vy
Pt n
=Qv; = ® v
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For every i € {1,2,...,n}, let us define a tensor M; € V& by

Mi=uQuy ® ... ® aU‘ui ® ... ® Up. (128)

For every i € {1,2,....,n}, let us define a tensor N; € V®" by

a — Ug ()

N; = Ug(1) @ Ug(2) & ... &

R ... ® Uo(n)- (129)
Uq (i) ()

Proposition [1.47) (applied to V; = V and v; = u;) yields

n

a — U;
a— (U Quy ® ... ®uyp) = Z MU @ ® ] B DUy = > M.
=1 N > _ i€{1,2,....,n}

i€{1,2,...,n}

On the other hand, Proposition m (applied to V; =V and v; = u,(;)) yields

a— (ug(l) P Us2) ® ... ® ug(n))

n
a — Ug(q
= Z Ug(1) @ Ug(2) @ ... ® "y @) @ ... ® Ug(n) = Z N; = Z No-1()

i=1 o (i) L ie{12,..n} i€{1,2,..n}
N~ —\]:7-

- % =Ni

i€{1,2,...,n}
here, we substituted o~! (i) for 4 in the sum, since
o:{1,2,...,n} = {1,2,...,n} is a bijection (because ¢ € S,;) /)’

Since t = u; @ Uz @ ... @ Uy — Uy(1) @ Ug(2) @ ... @ Ug(n), We have

a—t=a— (u1 QU @ ... @ Up — Ug(1) ® Ug(2) X ... ® ua(n))
=a— (U1 Uy ® ... ® un)J—a — (Ua(1) R Ugp2) @ ... @ ug(n))

-~

= Z M, = E No.flu)
€{1,2,..., n} €{1,2,..., n}

(since the Lie action of V®" is k—bilinear)

= Z M; — Z No.fl(i) = Z (Mz - Nafl(i)) :

i€{1,2,....,n} €{1,2,...,n} i€{1,2,....,n}
Now, every i € {1,2,...,n} satisfies
M; — Ny € T (130)

Proof of (150)). Let i € {1,2,...,n} be arbitrary. Let r = o~ (i). This is well-defined
since ¢ is a bijection (because o € S,,). Clearly, o (r) = i.
For every j € {1,2,...,n}, define an element w; of V by w; = u, if J #Z; -
a—uj,if j =1
Thus we have defined an n-tuple (wy, wa, ..., w,) € V*. Every j € {1,2,...,n} satisfying

J # i satisfies w; = { " &’;j,jiféi ;T (since j # ). In other words,

every j € {1,2,...,n} satisfying j # i satisfies u; = w;. (131)
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Hence,
every j € {1,2,...,n} satisfying j # r satisfies uq(;) = wo(; (132)

(by (131)) (applied to o (j) instead of 5), since o (j) # i (because j # r = o~ (i) and
because o is a bijection)).

. . u;, if @ # 1, . o
Also, the definition of w; yields w; = v # ' . =a— u; (since i = 1).
a— u;, if i =1
Now,
a — u;
M=1uyQ0u®..® " ‘1 ®...Q0u,
1
— —
i—1 n
= ® Uj ® (a — UZ) & ® Uj
j=1 =~ . j=it1 =~
(by (L31), (by (L31),
since j<i yields j#i) since j>i yields j#i)
(due to (127)), applied to u; and a — wu; instead of v; and w;)
H H
i—1 n
= | QRuw| ewe | Qu
j=1 Jj=i+1
=w1 QW2 R...Qw;—1 =Wi41QW;+2Q...QWn,

= (W QW ® ... QW;—1) @ W; ® (Wit1] R Wigo @ ... QWy) = W ® W & ... Q Wy,

and
Ng-14y = Ny (since o~ (i) = 1)
= Ug(1) ® Ug(2) ® ... ® a4 " Yo (r) ® ... ® Ug(n) (by (129), applied to r instead of )
a(r)
P —
= Uo(j) © (a=um) @ & Uo(j)
Jj=1 —w s I ) Jj=r+1 —w s
=Wo (4) =a—u; (since o(r)=i =Wo(4)
(by ( (r)=1) (by
(since j<r yields j#r)) (since j>r yields j#r))
(due to (127)), applied to 7, u,(;) and a — Uy, instead of 4, v; and wi)
P —
= ®wo(j) ® (a—=wu) ® ® Wo(5)
j=1 m j=r+1
(since i=0o(r))
=Wo (1) OWg (2)®--- OWq (r—1) =Wo (r41) OWg (r42) Q- . QWi (n)

= (wa(l) Q Ws(2) & ... @ wa(r—l)) Q We(ry @ (wo(r+1) Q Wo(ry2) & ... @ wo(n))
= Wey(1) X We (2) X ... We(n)-
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Hence,

M’i - Na_l(i)
~— N2
SW1EW2E B —wg (1) B (2) B BWo ()
=W QW ® ... ® Wy — We(1) D We(2) ® ... ® Wo(ny €T (by (125)),

and thus (130]) is proven.
Let us now continue proving ([126]): We have

a— 1= Z (Mz — Na—l(i)) e(T).
' —
{12} o by (130))

This proves ({126]).

Now, let a € g be arbitrary. Define a map 9, : V" — V®" by
(0 () = a — x for every x € V") .

Then, 0, is a k-linear map (since the Lie action of V®" is k-bilinear). Proposition
(b) (applied to V& T V& and 9, instead of M, S, R and f) thus yields that
9. ((T)) = (0, (T)). But since

0, (T)=¢0,(x) | €T )={a—ax | x€T}t={a—t | teT}
(here, we substituted t for x)
CK,(V) (due to (126))),

Proposition (a) (applied to V&' T and K, (V) instead of M, S and Q) yields
(0. (T)) € Kn (V).

Now, let x € K,, (V') be arbitrary. Then,
re K, (V)

= <U1 QU2 ® ... @ Up — Vp(1) @ Up(2) @ .. @ Ug(n) | ((V1,02,...,0,),0) € V" X Sn>

= <{’01 RV & ... ® VU — VUs(1) ® Vg(2) @ ... @ Vg(n) | ((’01,1}2, ...,Un> ,O’) e V"™ x Sn}>

=T

=(T),
so that 0, (x) € 0, ((T")) = (0, (T")) C K,, (V). Since 0, () = a — x, this rewrites as
a—ze K, (V).

We have thus proven that a — x € K, (V) for every a € g and every x € K,, (V).
In other words, K, (V) is a g-submodule of V. This proves Proposition

5.2. The PBW map

The next proposition sets the stage for the Poincaré-Birkhoff-Witt theorem:
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Proposition 5.5. Let k& be a commutative ring. Let g be a k-Lie algebra. Consider
the universal enveloping algebra U (g) defined in Definition .

Let 1 : ®g — U (g) be the canonical projection (which is well-defined since U (g)
is defined as a factor algebra of ®g). Clearly, v is a surjective k-algebra homomor-
phism.

For every n € N, let U<, (g) be the k-submodule ¢ (g®<") of U (g).

(a) Then, (U<y (9)),,50 is @ g-module filtration of the g-module U (g).

(b) The k-module homomorphism v : ®g — U (g) respects the filtration. Thus, for
every n € N, we have a k-module homomorphism gr, ¢ : gr, (®g) — gr, (U (g)).
Composing this homomorphism with the canonical k-module isomorphism grad, ,, :
%" — gr, (®g), we obtain a k-module homomorphism gr, ¢ o grad,, : g“" —
gr,, (U (g)). Explicitly this homomorphism looks as follows:

(gr, ¥ o grady,,) (V1 ® v2 ® ... @ v,)
= (the residue class of 11 @ U3 ® ... ® v, € U<, (g) modulo U<(n_1) (g))

for every (v, v, ...,v,) € g".
(c) For every n € N; there exists a unique k-module homomorphism P : Sym" g —
gr,, (U (g)) such that gr, 1ograd, , = Posym_ . This homomorphism P is surjective.

We are not going to prove this proposition in detail, as every text on the Poincaré-
Birkhoff-Witt theorem does it. Here is a rough outline:

Proof of Proposition (sketched). (a) Clear, since v is surjective and a g-module
homomorphism.

(b) Clear from the definition of .

(c) Since symy,, is surjective, it is enough to prove that Ker sym_,, C Ker (gr, ¢ o grad,,)
(because when this is proven, Proposition (c) follows from the homomorphism the-
orem). But Kersym_, = K, (g), so we must check that K, (g) C Ker (gr, 1 o grad,,).
Due to Proposition (applied to V' = g), this only requires showing that

V1 QU2 @ ... Uy — VUry(1) @ Vry2) @ ... @ Uryn) € Ker (grn o gradg,n)

for every (v, v, ...,v,) € g" and every i € {1,2,...,n — 1}. In other words, we have to
show that

(grn Yo gradgvn) (U1 QU2 ® ... @V — Ury(1) ®Upy2) ® ... ® UTZ.(n)) =0

for every (vy,v9,...,v,) € g" and every i € {1,2,...,n — 1}. But this is easy: From (b),
we have

(grn o gradgm) (211 QU ® ... ®Vp — Vpy1) ® VUpy2) @ ... @ vn(n))
= (the residue class of 11 @ v, ® ... ® v, € U<y, (g) modulo U<(,—1y (g))

— (the residue class of v, (1) ® Vr,2) ® ... ® Ury(n) € U<y (g) modulo Ucy,1) (g))

= (the residue class of 11 @ vy ® ... ® UV — Vry(1) @ Vry(2) @ ... @ Upyn) € U<y (9) modulo U<y (g)) ,

»

40Let us remind ourselves that here (and in the following), “the g-module U (g)” is to be understood
according to Remark In other words, ”the g-module U (g)” means the g-module obtained by
applying Definition to V' = g and setting U (g) = (®g) /I, not the g-module structure given

by .
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so we must prove that v; ® V2 @ ... ® Uy, — Ury(1) @ Vry2) @ ... @ Ury(n) € U<(n—1) (g). But
since 7; is the transposition (i, + 1), we have

V1 QU2 Q... @Vp — VUpy1) @ Vry2) @ .. @ Ury(n)
= U ®’U2®... ®Un — U1 ®U2®...®Ui_1 ®U7L+1 ®U¢®U¢+2®’UZ‘+3®...®U”
= U ® () ® ® Vi—1 ® (Ui ® Ui-‘,—l — Ui+1 ® Ui) ® Ui+2 ® Ui+3 ® ® Un,

=01 QU2 ... @ Vi1V Q@ Vi1 — Vig1 OV Viga D Vi3 @ ... Q@ Uy
Vv
=[vs,vi11]
(since we are in U(g))

=V @U@ ... @ Vi1 * [V, Vig1] * Vig2 D Vip3 ® ... @ Uy

= U1 & (%) ®...&Q Vi—1 & [UZ‘, Ui—i—l] & Vi+2 (029 Vi+3 ®...&Q Up € Ug(nfl) (g) .

This completes the proof of Proposition [5.5]

Definition 5.6. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let n € N.
(a) According to Proposition |5.5((c), there exists a unique k-module homomorphism
P :Sym" g — gr, (U (g)) such that gr, ¢pograd,,, = Posym,, (where the notations
used are those of Proposition . This homomorphism will be denoted by PBW
and called the n-PBW homomorphism of the Lie algebra g.

(b) We say that the Lie algebra g satisfies the n-PBW condition if the n-PBW
homomorphism PBW,,, is a k-module isomorphism.

Remark 5.7. The terminology "n-PBW isomorphism” and "n-PBW condition” is
peculiar to the author. Most people only speak of the "PBW isomorphism” (which
is the direct sum of the n-PBW isomorphisms over all n € N) and of the "PBW
condition” (which is the conjunction of the n-PBW conditions over all n € N), as it
is most often enough to consider all n together. However, in considering restricted
Lie algebras in characteristic p it is often necessary to consider only the n-PBW
conditions for n < p, so we prefer to have a way to refer to the individual n-PBW
conditions separately.

Note that "PBW?” is an abbreviation for Poincaré-Birkhoff-Witt, and "BW” is an
abbreviation for ”Birkhoff-Witt”. Some older literature writes "BW” instead of
"PBW?”, as Poincaré’s discovery of universal enveloping algebras was forgotten for
a long time.

5.3. The Poincaré-Birkhoff-Witt theorem

There are several interrelated (but still different and non-equivalent) facts referred to
as Poincaré-Birkhoff-Witt theorems in literature. All of them are similar in that each
of them has a condition (such as: k is a Q-algebra, or: k is a field, or: g is a free
k-module), under which they claim that the universal enveloping algebra U (g) of a
k-Lie algebra g is "similar” in a certain way to the symmetric algebra Sym g of the
k-module g as a k-module, as a g-module, or as a k-algebra. What this ”similar”
means depends on which of the various Poincaré-Birkhoff-Witt theorems we consider.
There is usually no isomorphism of k-algebras, but there is often an isomorphism of
k-modules, sometimes one of g-modules, and often one between the associated graded
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k-algebras. Here we are interested in the latter. The fact we are going to use is the
following one:

Proposition 5.8. Let £ be a commutative ring. Let g be a k-Lie algebra.
(a) Assume that the Lie algebra g satisfies the n-PBW condition for every n € N.
Then, the associated graded k-algebra gr (U (g)) is isomorphic to the symmetric

algebra Symg = € Sym” g as a k-algebra. (Here, the associated graded k-algebra
peEN
gr (U (g)) is defined as the direct sum € gr, (U (g)), with multiplication defined by

peN

(u_p)pEN ’ (U_p>peN = (Z Uu; - Upi)

for every () e € @gfp (U (9))

peEN

and (7,),cy € Per, (U(g)),

peN

peEN

P

where @,, U, and ) u; - v,_; are to be understood as residue classes of certain ele-
i=0

ments of U<y, (g) modulo U<(,—1) (g).)

(b) Let n € N. Assume that the Lie algebra g satisfies the n-PBW condition. Then,

Ker (gr, 1) = grady,, (K, (g)). Here, 1 is defined as in Proposition [5.5, and K, (g)

is defined as in Definition (applied to V' = g).

Proof of Proposition . (a) We assumed that the Lie algebra g satisfies the n-
PBW condition for every n € N. Thus, for every n € N, the map PBW,,, : Sym" g —
gr, (U (g)) is a k-module isomorphism. The direct sum @ PBW,, of these maps is

peN
thus a k-module isomorphism from € Sym” g = Symg to € gr, (U (g)) = gr (U (g)).
peN peN

It only remains to show that this is a k-algebra isomorphism. This is straightforward
and left to the reader (especially given that we will not be using this fact anyway).

(b) We assumed that the Lie algebra g satisfies the n-PBW condition. This means
that the map PBWy, : Sym"g — gr, (U (g)) is a k-module isomorphism. Thus,
Ker (PBWg,, osym,,,) = Kersym , = K, (g) (since sym, is the projection of g&"
onto g®" /K, (g)). But the definition of PBW ,, yields gr, ¢ograd,,, = PBW,, osym,,.
Thus, Ker (PBW,, osym,) = K, (g) becomes Ker (gr, ¢ o grad,,) = K, (g). But
Ker (gr, ¢ o grad,,,) = glradg_’,l1 (Ker (gr,,v)) (since grad,,, is a k-module isomorphism).
Thus we get

K, (g) = Ker (gr, v o grad,,,) = grad_, (Ker (gr, 1)),

so that Ker (gr, 1) = grad,, (K, (g)) (again since grad,, is an isomorphism). This

proves Proposition (b).
To get anything useful out of Proposition [5.8, we need to know some simple condi-

tions under which the n-PBW condition is guaranteed to hold (the n-PBW condition
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itself is rather hard to check in most cases, particularly if we want to check it for all
n € N at once). These are the essence of the Poincaré-Birkhoff-Witt theorems:@

Theorem 5.9. Let k be a commutative ring. Let g be a k-Lie algebra. Let n € N.
(a) If g is a free k-module, then g satisfies the n-PBW condition.

(b) If k is a Q-algebra, then g satisfies the n-PBW condition.

(c) If g is a projective k-module, then g satisfies the n-PBW condition.

(d) If the (additive) abelian group g is torsion-free, then g satisfies the n-PBW
condition.

(e) If k is a Dedekind domain, then g satisfies the n-PBW condition.

(f) If the k-module g is the direct sum of cyclic modules (where a module is said to
be cyclic if it is generated by one element), then g satisfies the n-PBW condition.
(g) If g is a flat k-module, then g satisfies the n-PBW condition.

Calling this theorem ” Poincaré-Birkhoff-Witt theorem” is an anachronism, although
a rather convenient one. The first to discover anything related to this result was
apparently Poincaré in 1900; it was a weak version of Theorem which required
k to be a field of characteristic 0 and claimed that if (vq,vs,...,v,,) is a basis of the
k-vector space g, then (v, @ vy, @ ... @ Vi, JneN; (i1,ia,....in)e{1,2,..,m}"; 15 & basis of the k-

i1 <ig<..<in

vector space U (g) (see Theorem for why this is weaker than Theorem [5.9). This
can be shown to be equivalent to the claim that g satisfies the n-PBW condition for
every n € N. Whether Poincaré’s proof of this is correct is still a matter of controversy.
More historical details, along with a modernized version of Poincaré’s original alleged
proof, can be found in [20].

A comprehensive proof of Theorem [5.9|can be found in Higgins’s paper [10, Theorems
6 and 7 and Corollary 2] (where he proves all parts except for (d) and (g), but (d) can
be derived from (b) by tensoring with Q, and (g) can be derived from his Theorem 8
combined with Lazard’s theorem that any flat module is a direct limit of free modules).
However, its parts (a) and (b) are proven more frequently in different sources: Theorem
(a) is shown in most references which consider the Poincaré-Birkhoff-Witt theorem:
for example, [I, Theorem 1.3.1], [I3] Theorem 8.2.2], [5, §17.3], [4, §2.1], [11}, §1.9], [21],
Theorem 5.15], [8, §2.7, Théoreme 1], [7, Theorem 3.3.1], [12, Part I, Chapter III,
Theorem 4.3], [16, Theorem 2|, [15, Theorem 6.5] give proofs (and while most of these
sources superficially require k to be a field, the only condition they actually use is that
g be a free k-module). [24, Part 1, Chapter 1, §1.3.7] proves Theorem (b) as well,
and so do [22,, §2.5] and [23}, §5.5]. Theorem [5.9] (e) and (f) were also shown by Pierre
Cartier in [28].

In the case when g is a free k-module, the following is also known as ”"the Poincaré-
Birkhoff-Witt theorem”, as it is an equivalent version of Theorem (a):

Theorem 5.10. Let k& be a commutative ring. Let g be a k-Lie algebra. Assume
that the k-module g has a basis (e;),.;, where I is a totally ordered set. Then,
(€i, ®€iy @ ... @ €, JneN; (i1 ,in,....in)erm; 15 a basis of the k-module U (g).

11<12<...<ip

“INote that Theorem (at least part (a), but probably some of the other parts as well) depends
on the axiom of choice (or at least its proof does). So do some of its consequences which we are
going to use.
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Convention 5.11. Here and in the following, we use the notation U<, (g) for every
n € N as defined in Proposition This means that for every n € N, we denote by
U<, (g) the k-submodule ¢ (g®=") of U (g).

Theoremappears, for instance, in literature as [30, Theorem 5.1.1], [17, Theorem
3.1], [3, Section V.2, Theorem 3], [16, Theorem 5], [31, Chapter XIII, Theorem 3.1},
[8, §2.7, Corollaire 3], [27, Chapter III, Theorem 3.8]@ or [7, Theorem 3.2.2]. It can be
easily derived from Theorem [5.9| (a), but the other direction is more standard: Almost
all proofs of Theorem (a) proceed by deriving Theorem first ([4, §2.1], [5] and
[T, §1.9] are very explicit about doing so - for example, Theorem is [4, Lemma
2.1.8] and [5], §17.3, Corollary C]). Also, one of the most translucent proofs for Theorem

is given in [0] and in [29] §7.1].

Remark 5.12. Some sources prove Theorem (a) only in the case when I is well-
ordered (and not just totally ordered). However, once Theorem (a) is proven in
this case, we can easily see that Theorem (a) holds for any totally ordered set I.
Here is why: The only difficult part of Theorem (a) is the linear independency

of the family (e;, ® €;, ® ... ® €, )JneN; (i1,ia,....in)erm;- L0 prove this independency, it
11 <12 <...<ip
is enough to show that the family (e;, ® €, ® ... @ €, )neN; (i1,is,....in)em; 1S linearly
11<12<...<in
independent for every finite subset J of I. But for every finite subset J of I, we can

extend the ordering on J to a well-ordering of I (without changing the order of the
elements of J), and apply the proof from the well-ordered case.

This all requires the axiom of choice, but then again, in all applications of Poincaré-
Birkhoff-Witt I have seen, the basis is countable and thus a well-ordering is easy to

find.
We note that a part of Theorem holds more generally:

Proposition 5.13. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let
(€:);c; be a generating set of the k-module g, where I is a totally ordered set. Then,

(€, ® €iy @ ... @ €, JneN; (i1,ia,...in)cl™; 1S & generating set of the k-module U (g).
11<i2<...<in

This is actually the easier part of Theorem|5.10} and is proven by induction in almost
every text on Lie algebras. The same argument shows the following strengthening of
this proposition:

Proposition 5.14. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let
(€i);c; be a generating set of the k-module g, where I is a totally ordered set. Let
m € N. Then, the family (e;, ® €;, ® ... @ €i, )JneN; (i1,i2,....in)el; 15 @ generating set of

11 <i2 <. Sin; nSm
the k-module U<, (g).

This proposition appears, e. g., in [4, Lemma 2.1.6] and [12, Part I, Chapter III,
Lemma 4.4] (although in an unnecessarily restrictive version).
We notice the following slight strengthening of Theorem [5.10}

42Note that [27, Chapter I1I, Theorem 3.8] requires k to be C, but this requirement is neither necessary
for the theorem nor used in the proof. The proof works just as well for the general case.
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Corollary 5.15. Let k be a commutative ring. Let g be a k-Lie algebra. Assume
that the k-module g has a basis (e;),.;, where I is a totally ordered set. Let m € N.
Then, the family (e;; ® €, ® ... ® €, )neN; (iy,in,....in)er; 1S @ basis of the k-module

i1<i2<...<ip; n<m
USm (g)

Proof of Corollary|5.15 The family (e;, ® €;, @ ... ® €;, )JneN; (i1 ,ia,....in)el; 1S & gener-
11 <i2<...<in; n<m

ating set of the k-module U<, (g) (by Proposition and linearly independent (by
Theorem [5.10). Therefore it is a basis of the k-module U<y, (g). This proves Corollary

Note that while most literature does not explicitly mention Corollary it often
tacitly uses it (for example, when deriving Theorem from Theorem .

Our next results are concerned with the case when § is a free k-module and satisfies
g = bh@® N for some free k-module N. This requirement is harsh in comparison to what
we have required in previous sections, but it still encompasses the situation when & is
a field, and besides is satisfied for many standard cases such as (g,bh) = (gl,k,sl.k)
even if k is just a commutative ring with 1.

We are going to prove the following consequence of Poincaré-Birkhoff-Witt:

Proposition 5.16. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let
m € N.

Let h be a Lie subalgebra of g such that b is a free k-module and such that there
exists a free k-submodule N of g such that g=t & N.

Then, U<, (9) N (U (g) - b) = U<m-1) (9) - b. (Here, we are using the notation of
Definition , and we are abbreviating the k-submodule U (g) - ¢ (h) of U (g) by
Ulg)-b.)

Before we sketch a proof of Proposition [5.16] let us recall a basic from linear algebra:

Lemma 5.17. Let k£ be a commutative ring. Let V' be a free k-module with basis
(€x),cx> Where K is a set. Let X and Y be two subsets of K. Then,

(e, | keX)N(e, | kKeEY)=(ex | kEXNY).

(Here we are using Convention [1.28])

Proof of Proposition |5.10 Let (e;);cp be a basis of the k-module b, and let (e;);c,
be a basis of the k-module N. Assume WLOG that the sets P and () are disjoint. Let
I = PUQ. Choose a well-ordering on [ such that every element of ) is smaller than
any element of P. Then, (e;),.; is a basis of the k-module h & N = g. Proposition
thus yields that (e;, ® €;, ® ... ® €, JneN; (i1 ,is,....in)e™; 1S @ basis of the k-module U (g).

i1<in<...<in
Let I* be the disjoint union of the sets 1™ for all n € N. In other words, let I* be

the set of all finite sequences of elements of I. In particular, the empty sequence (i. e.,
the only element of I°) is an element of I*.

For every two elements k € I* and k' € I*, we define an element k-’ € I* as follows:
Write & in the form x = (i1, 42, ..., 4, ) and write £’ in the form &' = (j1, jo, ..., Jm); then
set K- K = (11,92, -y bny, 1, J25 -oevs Jm)-
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Let K be the set

{(il,ig,...,in) ‘ (il,ig,...,in) < I*; 1 <y <. < Zn}

— U {(i1, 79, ooy in) | (31,02, .0y in) € I i1 <y < oo <y}
neN

In other words, K is the set of all increasing finite sequences of elements of I.

Let us note that every ¢ € KNQ* and p € KN P* satisfy ¢-p € K. (This is because
we have chosen a well-ordering on I such that every element of () is smaller than any
element of P.)

For every k € I*, define an element e, of U (g) by

€. =¢,Re,N...0¢€,, where (i1, 19, ...,1,) is such that kK = (iq, s, ..., 7,) .

Then, (e,),cx is a basis of the k-module U (g) (since this is just another way to state
our knowledge that (e;, ® €j, ® ... ® €, )neN; (i1,ia,....in)erm; 15 @ basis of the k-module

11512 <in
U(g)). Thus, U(g) = (e, | k€ K).
Let X be the subset {(i1,142,...,3,) € K | i, € P} of K.
Let Y be the subset {(i1,i2,...,7,) € K | n < m} of K.
Clearly, X NY is the subset {(i1,i2,...,i,) € K | i, € P; n <m} of K.
We notice that (ex),.y is a basis of the k-module U<, (g) (since this is just another
way to state our knowledge that the family (e;, ® €;, @ ... ® €;, Jnen; (i1,i0,....in)erm; 15 &

11<i2<...<in; n<m
basis of the k-module U<, (g)).
The definition of e, readily yields

€. €. = €., for every k € I* and ' € I*. (133)

Also note that
eu) = ¢ for every i € I, (134)

where e; means € = 1 (e;) € U (g) on the right hand side (this is a slight abuse of
notation, but legitimate in view of the Poincaré-Birkhoff-Witt theorem).
Now let us show that U (g) -h = (e, | k€ X). In fact,

U : = (e, e K)- (e € P
(9) b (ex | KEK) (e | i€P)
=(ex | KEK) =(e; | 1€P)

(since (e;);cp is a basis of b)

= (exe; | (K,i) € K x P). (135)

Hence, in order to prove that U(g) - h = (e, | x € X), it is enough to show that
(exe; | (k,i) € K x P)= (e, | k€ X). In order to do so, we must prove that

(e | KE€X)C(exe; | (ki) € K X P) (136)

and
(ewe; | (ki) e KxP)C (e, | ke X). (137)
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Proof of (156)). Every r € X can be written in the form (i1, iz, ..., i,) for some n € N
and (i1, 19, ...,1,) € K satisfying i,, € P. Thus,

€5 = €(iyin,....in) = €(irsinsin-1)(in) = €(i1sizssin_1)  €(in) (by (133))
—_— ~~
€U(g) =ei, (by (134))
ceU(g) e, CU(g) b
~—~

€h (since in€P)
We have thus shown that every k € X satisfies e, € U (g) - h. Therefore,
{ex | KEX)CU(g)-b. (138)

Combined with ([135), this proves (136]).
Proof of (137). Let (k,i) € K x P be arbitrary. We only have to prove that

e.e; € (e | K € X) (because once this is shown for every (k,i) € K x P, it will
become clear that (e.e; | (k,i) € K x P) C (e | K € X) = (e, | k€ X), and
this will prove (137))).

Since k € K, we can write x in the form (iy, is, ..., i,,) for some n € Nand (i1, ia, ..., i) €
I™ satisfying iy < 4o < ... < 4,. Let i,.1 = i. Let v be the smallest integer in
{1,2,...,n+ 1} such that i, € P (such a v exists since i,.1 = i € P). Then, i1, is,
wery Gy lie in @ whereas i, i,41, ..., i lie in P (this is because i1 < ip < ... < 4,
and because every element of () is smaller than any element of P). Since i, = 7 also
lies in P, we conclude that all of the elements 7,, 4,1, ..., 2,41 lie in P. This yields
(Tyy Bytty ey int1) € P

Since iy, i, ..., i, lie in @, we have (i1, iz, ..., 1,_1) € Q*. Combined with (i1, s, ...,7,_1) €
K (since iy < ig < ... <i,_1), this yields (i, 4z, ...,1,_1) € K N Q*.

Now we have

€.t = e(ihm,mﬂ-n)ei (since R = (il, 7:2, ey Z'n,))
= e(ilai%mﬂ:n) ein+1 (Since 1= Zn+1)
~—
=C(ing1) (v (39)
= C(i1si2s08n) €(in41) = ©(i1si2,emnsin)-(int1) (by ([L33))
- e(il’iQ""’i"“'l) = e(il7i27"'7iV_1)'(iV7iV+17"'7in+1) = e(il7i27---viu—1)e(iuyiu+17---vin+l) (by " .

But we can identify the universal enveloping algebra U (h) with a k-submodule of U (g)
- namely, with the k-submodule (e,, | & € P*) of U (g). The element e y of
U (g) lies in this submodule U () (because (i,, 441, ..., int1) € P*).

Applying Proposition to b and (e;),cp instead of g and (e;),.,, we see that

(€, @ €iy @ ... @ €1, JneN; (iria,...in)cpPm; 15 a generating set of the k-module U (h). In
11 <i2<...<ip

Tu sttt 1

other words,

-~

U(b) = <e Dep®@.. @6, | neN; (i,dg,...,0,) € P ig <idpg <. < zn>

this is equivalent to
(i1,82,...,in ) EK

= (€(irsig,in) | M EN; (i1,d2, ..., 0n) € P (i1,i2,...,45) € K)
= (€(1iayin) | NEN; (i1 i2,...,7,) € KNP") = (e, | k€ KNP*).

=€(i1,i2,--4in)
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Therefore, €., 4, 1,..ini1) = 2 paexfor somescalars py € k (because e €
AeKNP*

U (h)). Consider these scalars py. It is easily seen that py = 0, where () denotes
the empty sequence (in fact, if the map ey : U(g) — k is defined as in Propo-

sition m, then Proposition (b) yields that ey(g) (€(iy i1, ins)) = 0 (because

iV’iV+1 7777 in+1)

(4us9p415 -, ing1) is DOt the empty sequence) on one hand but ey g Y. pex | =po
AEKNP*
on the other, so that we obtain 0 = p()). Therefore, €, i1, ins1) = > paey can
AeKNP*

be rewritten as

AEKNP*;

A#Q)
(here we removed the A = () addend, since p;) = 0).
Now,
€rCi = C(iyia,iv—1) Cliv,ivt1,mmsing1) = Z PX €(iyig,...in—1) €A
= > paex Ae}l\;ﬂ(f*; TC (i1 ig,enriy_1)-A
AEKNP; (by (133))
A#()
= Z PA€(iy i, yiy_1)- A
AeKNP*;
A#()

Now, every A € KN P* satisfies (i1, iz, ...,4,-1)-A € K (because (i1, iz, ...,7,_1) € KNQ*
and A € K N P* and because every ¢ € K N Q* and p € K N P* satisfy ¢ - p € K).
Therefore, every A € K N P* such that A\ # () satisfies (1,42, ...,7,—1) - A € X (because
(41,42, ..., iy—1) - A € K on the one hand, but on the other hand the last element of the
sequence (41,49, ...,4,_1) + A lies in P @ Thus,

€yt = Z PAC(i1 i, iv_1) A € (e | K €X)
AeKNP*;
A#()
(since (iy,42,...,0,-1) - A € X for every A € K N P* such that A # ()). This proves
(137).

We could also prove U<(m—1)(g) - b = (ex | K€ XNY) by a similar argument,
but this would be a slight overkill. Instead we only need the weaker result that
(ex | k€ XNY) C Ucm—1) (@) - b, which can be seen exactly the same way as we
have shown (|13§]).

Now, combining U< (-1 (g)-h € (U () - h)NU<n, (g) (this is because U<(m-1) (9) b €

— ——

CU(9)
U(g)-band U1y (9) - b S U<pn-1) (9) - 8 € U< (9)) with
~—
Cg
(U(g)f))ﬁ USm(g) - <e,€ | H€X>ﬂ<eﬁ | K€Y>
—_— =
=(ex | KEX) =(ex | KEY)
=(e;, | KEXNY) (by Lemma [5.17))

- Ug(m—l) (g) : ha
43This is because A # () and \ € P*.
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we obtain (U (g) - h) N U<m (§) = U<m—1) (g) - h. In other words, Proposition is

proven.

5.4. The kernel of
gr, 7 gr, (®g) / (J+ (®¢) - b)) — gr, (U(g) /(U(g)-h))

Next we prove a result that generalizes Lemma 4.3 of [2]:

Theorem 5.18. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let h be
a Lie subalgebra of g. Let n € N. Assume that the inclusion b < g splits as a
k-module inclusion (but not necessarily as an h-module inclusion). This means that
there exists a k-submodule N of g such that g =h @ N.

Let us work with the notations introduced in Theorem 2.1 and in Definition [L.64]
Let also ¥ denote the canonical projection from the k-algebra ®g to the factor al-
gebra (®g) /I, = U (g). Clearly, 1 is a k-algebra homomorphism.

Let us abbreviate the k-submodule U (g) - ¢ (h) of U (g) by U (g) - b.

Let p be the canonical k-module projection U (g) — U (g) /(U (g) - b).

(a) There exists one and only one map 6 : (®g),/(J+(®g)-h) —
U(g) / (U(g)-b) for which the diagram

®g U (g) (139)
) |
(®g) /(J+(®g)-b) —5——U(g) /(U (g) - b)

commutes. Denote this map 6 by 7.
(b) This 7 is a surjective h-module homomorphism. Also, it satisfies 70 ( = p o 1.
In other words, the diagram

®4g v U (g) (140)
i |
(®g)/ (J+(®g) - h) —F———U(g) /(U(g)-h)

commutes.

(c) Every of the four corners of the commutative square is endowed with a
filtration - namely as follows:

- The filtration on ®g is the degree filtration (g®§")n>0.

- The filtration on (®g) / (J + (®g) - h) is the filtration (F},), -, defined in Theorem

(b) by F, = ¢ (¢°=").

- The filtration on U (g) is the filtration (U<, (g)),,, defined in Convention by

Usn (9) = 9 (g9=7).

- The filtration on U (g) /(U (g) - h) is the filtration (W), -, defined by W, =
(700) (g°").

Then, W,, = (po ) (¢°=") = p (U<n (9)) = 7 (F,,). Also, the maps ¢, p, ¢ and 7 all

respect the filtration. Therefore, for every n € N, we can apply the functor gr, to
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the diagram ((140)), and obtain the commutative diagram

er, (2g) B er,, (U (g)) . (141)

8n < lgrn P

gr, (®g) / (J +(®9) - b)) —57——er. (U(9) /(U (g) - b))

(d) Assume that both h and N are free k-modules. Let n € N. Then,
(grad;}t owy) (Ker (gr, 7)) = K, (n). (For the definition of K, (n), see Definition
, applied to V' = n. For the definition of grad, ,, and w,, see Theorem (c).)

The condition that both h and N are free in (d) is somewhat restrictive - we will
partly lift it in Subsection [6.4}
Proof of Theorem[5.18. (a) Let Jy denote the k-submodule

wRw—-—wev—|[v,w | (v,w)egxh)
of ®g. Then, J = (®g) - Jo - (®g) (by Proposition (b)). On the other hand,

Jo=wRw—-—wv—|v,w | (v,w)€gxh)
Choew—-—weuv—|v,w | (v,w)€gxg)

(since g x h C g x g). Now

J = (g) - Jo - (®g)
Clv@w—wev—[v,w] | (v,w)Egxg)

g(®g)'<v®w_w®v_[v7w] | (U7w)€g><g>'(®g):]9'

With the help of

(I +(@e)-bh) =y | |+ v(®g)-b) C ¥ (1) +1 (®g) ¥ (h)

o R U LRSI
=9 =¢(®9)¥(h) =0 (since ¥ is the CU(g)
(since v is a k-algebra projection on (®g),/Iy)

homomorphism)

CO0+U(g)-v(h)=U(g)-¥(h)=U(g)"bh,

we obtain

(pou) (7 + (29) 1) =p | £/ + (99) -b) | p(U(@)-B) =0
CU(9)h

(since p is the projection on U (g) /(U (g) - b)). In other words, (po ) (J + (®g) - h) =
0.

Thus, by the homomorphism theorem, the map po : ®g — U (g) /(U (g) - b)
factors through the factor map ¢ : ®g — (®g) / (J + (®g) - h). In other words, there
exists one and only one map 6 : (®g) / (J + (®g) -b) — U (g) /(U (g) - h) satistying
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0 o( = po, and this map 6 is a k-module homomorphism. Since # o ( = po 1 is
equivalent to the commutativity of the diagram , this result rewrites as follows:
There exists one and only one map 6 : (®g) / (J + (®g)-h) = U(g) /(U (g)-b) for
which the diagram commutes, and this map 6 is a k-module homomorphism.
This proves Theorem (a), and even a part of Theorem (b) (namely, the part
saying that 7 is a k-module homomorphism).

(b) We have already proven that 7 is a k-module homomorphism. Now, we need
only show that 7 is surjective and an h-module homomorphism.

By the definition of 7, the diagram commutes for § = 7. That is, T o ( =
p o). Since the maps p and 1 are surjective (because p and 1) are projections), their
composition p o is surjective. Thus, 7o ( = p o) is surjective, so that 7 must too be
surjective.

We know that ( is surjective, and that 7 o ¢ is an h-module homomorphism (since
T0o( = po1, and since both p and ¢ are h-module homomorphisms). Applying Lemma
[L.121] to ®g, (®g) / (J + (®g)-b), U(g) / (U(g)-bh), ¢ and 7 instead of A, B, C, f

and g, we thus obtain that 7 is an h-module homomorphism.

This completes the proof of Theorem (b).

(c) It is pretty much trivial that (I,,), -, is indeed a filtration of U (g) /(U (g) - b)
(all we use here is that 7 o ¢ is surjective). Now, W,, = (70 () (g®§") yields W,, =

(po ) (g¥=") because of T o = potp. Also, W, = (10¢) (¢°=") =7 | ¢ (¢°=") | =
———

—F,

7 (F,) and W, = (po) (¢9=") = p | ¥ (6°=") | = p(U<n(g)). It is now absolutely
——

:USn(Q)
obvious that the maps 1, p,  and 7 all respect the filtration. Theorem (c) is now

proven.

(d) Assume that both h and N are free k-modules. This, of course, yields that
g = b @& N must also be free, and thus g satisfies the n-PBW condition (by Theorem
(a)). Thus, Proposition (b) yields Ker (gr, ) = grad,, (K, (g)). In other
words, grad,, (Ker (gr, 1)) = K, (g) (since grad,,, is an isomorphism).

On the other hand, the construction of K, (V) for a k-module V' yields that when-
ever f : A — B is a surjective k-linear map between two k-modules A and B, then
fe (K, (A)) = K, (B). Applying this to A = g, B = n and f = 7, we obtain
T (K (9)) = Ko (n).

Our goal is to show that (grad;,ll ow,) (Ker (gr, 7)) = K, (n). This will be done once
we have proven that

Ker (gr,, 7) = (gr, ¢) (Ker (gr, ). (142)
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In fact, once ((142)) is shown, we have

(grad; :L own) Ker (gr,, 7)
’ N—_——
=(gr,, {)(Ker(gr,, ¥))

= (grad, ,, own) ((gr, ¢) (Ker (gr, v))) = | grad,, 0 whogr, ¢ | (Ker(gr,v))
N—_——

=gr, (®)
(since the diagram

commutes)
= (grad,,ogr, (®m)  (Ker(gr, ¥)) = (7°" o grady,,) (Ker (gr, v))

N J/

TV
:7r®"ograd;11
(this follows easily from the
definitions of grad and grad

g,n n,n)

=" | grady, (Ker (gr, ¥)) | = 7" (K, (g) = K, (n),

—Kn(g)

which proves Theorem (d). So, in order to complete the proof of Theorem m
(d), the only thing we need to do is verify (142).

According to Proposition (applied to the diagram instead of the diagram
(43))), the equality will follow once we can show that gr,, ¢ is surjective and that

Ker (gr, p) C (gr, ¥) (Ker (gr, (). (143)

But it is easy to see that gr, ( is surjective (and it was proven in detail during the
proof of Proposition (e)). Thus, we only have to prove now.

Due to the commutative diagram (45]), and due to the fact that w, is an isomorphism,
we have Ker (gr, () = Ker (gr,, (®7)).

Let s € Ker (gr, p) be arbitrary. Then, s € gr, (U (g)) = (U<, (8)) / (U<u-1) (9)),
so that there exists some S € U<, (g) such that s = S. Consider this S. Since s €
Ker (gr, p), we have (gr, p) (s) = 0. But s = S shows that (gr, p) (s) = (gr, p) (S) =
p(S), so that (gr, p)(s) = 0 becomes p(S) = 0. In other words, p(S) € W,_; =
p (U<n-1) (g)). This means that there exists some S’ € U<(,_1) (g) such that p(S) =
p (S"). Consider this S’. Then, p(S) = p(S’) yields 0 = p(S) — p(S) =p (S —5'), so
that S— 5" € Kerp = U (g)-h. On the other hand, S € U<, (g) and S’ € U<p,—1) (g) €
U<y (g) lead to S — 5" € U<, (g) (since U<, (g) is a k-module). Combining this with
S —5"€U/(g)-bh, we obtain

S§S—5€Un(9)N(U(9)-b) = Uy (9) - b
(by Proposition [5.16] applied to n instead of m)

= (g®§(n—1) . b) )

44Henceforth until the end of this proof of Theorem 5.18L the term S always denotes the residue class
of S modulo U< (,,—1) (g). Similarly, the terms p (S) and S — 5" will have to be interpreted.
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Thus,
S — 5 €1 (gestn-1) . p)

here, ¢ (g#=("=1) . ) means the image of 1 (g®<("~1 . p)
under the canonical projection U<, (g) — gr,, (U (g))

= (gr, ¥) L)
—_—
CKer(gr, (®7))=Ker(gr, ¢)
here, g®<(n=1) . ) means the image of g&=("~1 . p
under the canonical projection g¥=<" — gr, (®g)

< (gr, ¥) (Ker (gr, ()

Now,
s—§—-G_g (since S € U<(-1) (9))
€ (gr, v) (Ker (gr, ¢)) -

Since this is shown for every s € Ker (gr, p), we thus conclude that Ker (gr, p) C
(gr, ) (Ker (gr, ¢)). Thus, (143) is shown. This completes the proof of Theorem [5.18]

(d).

5.5. The associated graded object of U (g) /(U (g) - b)

Here an important consequence of Theorem [5.18}

Corollary 5.19. Consider the situation of Theorem (d). Let n € N.
Consider the canonical projection sym,,, : n®" — Sym" n.

(a) The map gr,7 : gr,((®g) /(J+(®g) b)) — gr,(U(g)(U(g)- h)) is
surjective.

(b) There exists one and only one Ak-module homomorphism Z

gr, (U(g),/ (U(g)-b)) = Sym" n for which the diagram
ar, ((29) / ( + (®g) - b)) ——— gr, (U (0) /(U(g) ) (144)

wnk

gr, (@n)

grad, }ng

n®n Sym" n

Symy

(1]

commutes.

(c) Let us denote this map = by ©,. Then, O, is an h-module isomorphism
gr, (U(g) / (U(g)-b)) — Sym”n which satisfies sym, ,, o grad,, ow, = ©, ogr, 7.
(d) Let 7 be the canonical projection g — g, h = n. The diagram

v, (poy)
gr, (9g) ——- gr, (U(g) /(U(g)-b)) (145)
grn(®7r)l
gry, (@ﬂ) On
gradm}LJN
n®n ST Sym" n



1 commutes.

Proof of Corollary[5.19 (a) This follows from Proposition [1.102, because 7 (F,) =
W,.

(b) We have Kersym,, = K, (n) (since sym,, is the projection from n®" on
n®" K, (n)).

Since grad, ! ow, is a k-module isomorphism (which is because grad,
k-module isomorphisms), we have

1

, and w, are

Ker (sym,, o gradn_Jll owy,) = (grad;,ll owy,) | Ker sym,, | = (grad;}l owy,) (K, (n))
— K ()

= Ker (gr,, 7)

(because Theorem (d) says that (grad,, ow,) (Ker(gr, 7)) = K, (n), and be-

1

cause grad, , ow, is an isomorphism). In particular, this yields that Ker (gr,7) C

Ker (symmn ograd, L own). Since gr, T is surjective, the homomorphism theorem thus
yields that there exists one and only one k-module homomorphism = : gr,, (U (g) /(U (g) - b)) —
Sym" n which satisfies Zogr, 7 = sym,,,, o grad, ! ow,. In other words, there exists one
and only one k-module homomorphism = : gr, (U (g) /(U (g) - b)) — Sym" n for which
the diagram commutes. This proves Corollary (b).

(c) The map sym,, ograd, , ow, : gr, ((®g) / (J+ (®g)-h)) — Sym"n is sur-
jective (since sym,, is surjective while grad, ! and w, are isomorphisms). Since
sym,, , o grad, Low, = 6, ogr, T (because the map O, is defined as the map Z for
which the diagram commutes), this yields that the map ©,, o gr, 7 is surjective.
Hence, the map ©,, is surjective.

On the other hand, let ¢ be an arbitrary element of Ker ©,,. Then, we can write
i in the form i = (gr,, 7) (i) for some i’ € gr, (®g) / (J + (®g) - b)) (since gr, 7 is
surjective). Now, ¢ € Ker ©,, yields ©,, (i) = 0, so that

sy, , © grad, , ow, | (i) = (6, 081, 7) (i) = O, | (g1, 7) () | = On (1) =0,
(. ~ i / \H,—/
=0Onogr,, T =1

thus i’ € Ker (sym,, o grad, ,, ow,) = Ker (gr, 7), so that 0 = (gr, 7) (i) =i. We have
thus shown that every i € Ker ©,, satisfies ©+ = 0. Thus, Ker©®,, = 0, so that ©,, is
injective.

Since ©,, is surjective and injective and a k-module homomorphism, we conclude
that ©,, is a k-module isomorphism.

We know that gr,, 7 is a surjective h-module homomorphism (since gr,, 7 is surjective
according to part (a), and is an h-module homomorphism since 7 is an h-module
homomorphism (by Theorem (b))), and we know that ©,, o gr,, 7 is an h-module
homomorphism (since ©, o gr,7 = sym,, ograd ! ow,, and since all of the maps
sym,, ,, grad, }L and w, are h-module homomorphisms). Applying Lemma @ to
er, (29 (J & (©g) b)), gr, (U (s) / (U (g) - b)), Sym"n, gr, 7 and O, instead of A,
B, C, f and g, we thus conclude that ©,, is an h-module homomorphism. Combining
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this with the fact that ©,, is a k-module isomorphism, we conclude that ©,, is an
h-module isomorphism. This proves Corollary (c).

(d) By the functoriality of gr,, we have gr, (1o () = gr,, 7 o gr,, (. On the other
hand, the commutative diagram yields w, o gr,, ¢ = gr, (®7). Now,

@nogrn Pow :@nogrn(TOC): @nOgI'nT OgrnC
—— —_—— ——
=70 =8l TO8Ly ¢ =Symy n © gradn_iz OWn
(by Theorem (b)) (by Corollary (c))
= Symn,n © gradn}l OWwn O gry C = Symn,n © gradnrlz ogr, (®7T) :
Kl \ / b
=gr,, (®m)

In other words, the diagram commutes. This proves Corollary (d).

Note that Corollary can be used to prove Theorem (a). This is not partic-
ularly surprising and not particularly useful, as we have used Theorem (a) in our
proof of Corollary [5.19] But let us give the proof for the sake of completeness:

Proof of Theorem (a) using Corollary .' Let n € N. Let g be a k-Lie algebra
which is a free k-module. Let h =0 and N = g. Then, b is a Lie subalgebra of g such
that g = h & N. Moreover, both hh and N are free k-modules. Moreover, the inclusion
b — g splits as a k-module inclusion. Thus, we can apply Corollary (d) and obtain
that the diagram commutes (where we are using the notations of Corollary ,
of course). But since we are in a situation where h = 0 and n = g,/ = g, this diagram
simplifies to

gry ¥
gr, (®9) gr, (U ()
idl
gr, (®g) On
grad;hlé’
g®n S Symn g

(since 7 = id, ®7 = id, gr,, (®7) = id and p = id). Thus, ©, ogr, ¥ = sym,, ograd;i.

Thus, ©, o gr, ¥ o grad, , = sym,,,, so that
sym, ,, = ©, 0 gr, ¥ o gradg, =0, 0 PBWg,osym_,, .
%/_/

=PBWg n osymg ,
(since this is how we defined PBWy ,, )

Since sym,,, is surjective, this yields id = ©,, o PBW,,. Thus, PBW, is the inverse
of the h-module isomorphism O,, (here, we are using the fact that ©,, is an h-module
isomorphism; this follows from Corollary (c)). This yields that PBWg,, itself is
an h-module isomorphism. In other words, g satisfies the n-PBW condition, and our
proof of Theorem (a) is complete. As already explained, this proof does not take
us far, as the proof of Corollary given above made substantial use of Theorem
(a); but at least it shows that Corollary is indeed a generalization of Theorem

(a).
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5.6. The splitting of the filtration

The next theorem encompasses a part of [2 Theorem 4.5, and (together with the
theorems we have already proven) will (almost) complete the proof of the main result
of [2] ("almost” because the converse direction will still be missing, but it is rather
easy and straightforward).

Theorem 5.20. Let k£ be a commutative ring. Let g be a k-Lie algebra. Let b be
a Lie subalgebra of g. Assume that the inclusion h < g splits as a k-module inclu-
ston (but not necessarily as an h-module inclusion). This means that there exists a
k-submodule N of g such that g=6H & N.

Assume that both h and N are free k-modules.

Let us consider the g-module U (g)  [7]

Let us also use the notations introduced in Theorem [2.1], in particularly the h-module
n.

We also consider the h-module Sym™ n (see Definition for its definition) for every
n € N.

Assume that this h-module n is actually the restriction of some (g,b)-
semimodule to .

Now let us assume the following statement, which we call the symmetric splitting
assumption: The canonical projection sym,, : n®" — Sym"n (defined in
Definition splits as an h-module projection for every n € N.

(Note that the symmetric splitting assumption is automatically satisfied in the case
when every positive integer is invertible in the ring k, because in this case we can
split the projection sym, ,, : n®" — Sym"n by the map Sym" n — n®" which sends

1
QU Q... v, to ] Y Vo(1) @Vs(2) @ ... @ Ug(n) for every (vy, vz, ...,v,) € n™. But
c0€Sh
this is not the only case in which the symmetric splitting assumption holds.)

Define a filtration (W),), -, on U (g) /(U (g) - b) as in Theorem (c).

Then, the filtration (W,),, is an h-split h-module filtration.

More precisely, we can construct a splitting for the h-module projection W, —
W,/ W, 1 for every n > 1 as follows:

Consider the map h-module isomorphism ©,, : gr,, (U (g), /(U (g)-bh)) — Sym"n
from Corollary [5.19 (c). Since gr,, (U (g) /(U (g) - b)) = W,/ W,_1, this ©,, is thus
an h-module isomorphism W, /W, _; — Sym" n.

Let I, : Sym”n — n®" be an h-module homomorphism such that sym,, oI, = id.
(In other words, let I, : Sym™ n — n®" be an h-module homomorphism which splits
the projection sym,, : n®" — Sym"n. Such an I, exists due to the symmetric
splitting assumption. If every positive integer is invertible in the ring &, then we can
even find a canonical 1,,.)

Since the filtration (F,),-, is b-split (by Theorem , the exact sequence

0o— F,, inclusion F, projection Fn/Fn—l 0 s b—Spllt

So there exists some h-module homomorphism 9, : F,, F,_1 — F, which splits
the projection F,, — F, /F,_;. Consider this 4,.

Let 7 |%” denote the map F,, — W,, obtained by restricting 7 to F}, (since we know
that 7 (F,) = W,).

Then, the map (T

W) od,, owr tograd, , oL,00; " : W, /W,y = W, is an h-module
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I homomorphism which splits the projection W,, — W,, /W, _4.

Proof of Theorem . First, let us make sure that the map (7‘ |an) o, ow,to
grad, , oL,,00,, : W, /W, — W, is well-defined at all. This is since O, : W,, /W, 1 —
Sym" n (in fact, we know that ©,, : gr,, (U (g) /(U (g) - h)) — Sym" n, but by definition
of gr,, we have gr,, (U (g),/ (U (g)-bh)) = W,/ W,_1), since I, : Sym"n — n®", since
grad, ,, : n®" — gr, (®n), since w;' : gr, (®n) = F, /F,_1 (because wy, : F,/Fn_1 —
gr, (®n)), since ¥, : F,,/F,_1 — F, and since 7 |K" F, - W,.

Second, this map (T |Kn) 0, 0w, ograd, , oI, 0 ©, is indeed an h-module homo-
morphism, since it is a composition of six h-module homomorphisms.

We must now prove that this map (’7’ |¥,{") o, ow,!o grad, ,, ol,, o ©, splits the
projection W,, — W,, /W, 1. In fact, let us denote the projection W,, — W,, /W,,_1 by
I',,. Let us denote the projection F,, — F,, /F,_1 by I'’. Then, I, 0 (7- ‘an) = gr, Tol”,
follows easily from the definition of gr,. On the other hand, I}, o ¥, = id (since
¥, is defined as a splitting of the projection F,, — F,  F,_1, but that projection
F, — F,/F,yis ). Thus,

-1
I, o ((7‘ |an) o, ow," ograd,, oL, o @n)
-1

=T, 0 (7 [p") 0¥, 0w, ' ograd,, oI, 0 O,

~—_———

=gr,, Tol'},
=gr, 7ol 0d,ow," ograd,, oL, 0O, =gr, Tow, " ograd,, oI, 0 O,
=id
= @;1 o sym,,,, © grad;il oWy, O w;l ograd,, ol, o O,
——

=id
since sym,, o grad, ,, ow, = O, o gr, 7 (by Corollary (c)),
and thus gr, 7 = ©," osym, , ograd, ! ow, (since O, is an isomorphism)

=0, " osym,, o grad; ! o grad, , ol,, 0 O, = (S sym,, ,, ol,, 00,, = 0,'00, =id.
~ ~ v ——
=id =id

In other words, the map (7‘ |an) o, ow, ! ograd, , oI, 0 ©, splits the projection W,, —
W,/ W,_1 (because I',, is the projection W,, — W, /W, _1). Therefore, the exact

projection

sequence 0 ———— W, —ndusion yy7. Wo,/ Wy ———0 is
b-split (since the map (7 |1") o, 0wy, tograd, , 01,00, is an h-module homomorphism).
Since we have proven this for each n € N, we thus conclude that the filtration (W),,)
is b-split.

This proves Theorem [5.20}

n>0

5.7. Non-canonical isomorphisms

Corollary[5.19|(c) gave us a canonical h-module isomorphism gr,, (U (g) /(U (g) - b)) —
Sym" n for every n € N. Therefore,

Per. (U(a)/(U(g)-b) =P Sym"n=Symn

neN neN

45 Again, let us remind ourselves that ”the g-module U (g)” is to be understood in accordance to
Remark [I.67] here.
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by a canonical isomorphism. Now, the standard intuition for the direct sum € gr,, V
neN
(where V' is some filtered k-module) is that this sum is a kind of ”approximation”

for V', which is usually simpler than V itself (for example, U (g) is generally a non-

commutative algebra, while € gr,, (U (g)) is a commutative one). So now, knowing
neN

that the ”approximation” € gr, (U (g) /(U (g)-bh)) of U(g),/ (U (g) - b) is isomor-

neN
phic to Symn, we can ask ourselves what U (g) / (U (g) - ) itself is isomorphic to. It

turns out that in the situation of Theorem [5.20, we have the same answer, but the
isomorphism is not canonical anymore:

Proposition 5.21. Consider the situation of Theorem [5.20]

We have U (g) /(U (g) - h) = Symn as h-modules.

More precisely, there is an h-module isomorphism U (g) /(U (g) - h) — Symn which
respects the filtration such that the inverse of this isomorphism also respects the
filtration.

Proof of Proposition [5.21, We know from Theorem that the filtration (W,,),5,
is h-split. Thus, Proposition |1.118] (applied to U (g) /(U (g) - b), (Wn),>, and b in-
stead of V', (V,,),,5, and g) yields that there exists a bifiltered h-module isomorphism

Ulg)/(Ul(g)-b) — Ee%grp (U(g)/ (U(g)-b)).

On the other hand, every p € N satisfies gr, (U (g) /(U (g) - b)) = Sym”n as b-
modules (because Corollary (c) (applied to p instead of n) shows that ©, is an h-
module isomorphism gr,, (U (g) /(U (g) - b)) — Sym” n). Therefore, there exists a bifil-
tered h-module isomorphism P gr, (U (g) /(U (g) - b)) — @ Sym” n = Symn. Com-

peN peEN
posing this isomorphism with our bifiltered h-module isomorphism U (g) / (U (g) - h) —

@ gr, (U(g) /(U (g) - b)), we obtain a bifiltered h-module isomorphism U (g) / (U (g) -

peN
Symn. By the definition of ”bifiltered”, this is an isomorphism which respects the fil-

tration such that the inverse of this isomorphism also respects the filtration. This
proves Proposition

Even if the (somewhat restrictive) conditions of Theorem are not satisfied, we
can still obtain a k-module isomorphy U (g) /(U (g)-bh) = Symn under somewhat
weaker conditions:

Proposition 5.22. Consider the situation of Theorem [5.18 Assume that h and N
are free k-modules.

We have U (g) /(U (g) - h) = Symn as k-modules.

More precisely, there is a k-module isomorphism U (g) /(U (g) - ) — Symn which
respects the filtration such that the inverse of this isomorphism also respects the
filtration.

Proof of Proposition[5.29. The idea of the proof of Proposition is to proceed as
in the proof of Proposition [5.21] but to read ”k-split”, ” k-module” and ” k-module ho-
momorphism” instead of each ”h-split”, "h-module” and ”h-module homomorphism”,
respectively. Do the same modifications in the proof of Theorem [5.20]

Of course, it is not really that easy, because Theorem has some more conditions
than we have assumed in Proposition Here is how to deal with them:
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e Since we read ”k-module” instead of "h-module”, the symmetric splitting as-
sumption (which is needed for Theorem to hold) now takes the following
form: "The canonical projection sym,, : n®" — Sym"n (defined in Definition
splits as a k-module projection for every n € N.” But this is obviously
satisfied, because n = N (as k-modules) is a free k-module.

e The assumption that the h-module n be the restriction of some (g, h)-semimodule
to b is not granted anymore. Fortunately, we only use it to make sure that
the filtration (F,), -, is b-split. Since we read ”k-split” instead of ”h-split”, we
therefore just need a new argument for why the filtration (£},), -, is k-split. We
have more or less done this in Section [2| already: From Proposition (b) and
(d), the map @ (constructed in Proposition (a)) is a bifiltered isomorphism
(®g) / (J + (®g) - h) = ®N. Since the filtration (N®<") _ of @N is k-split, we

can now easily conclude that so is the filtration (F},), 5, of (®g) / (J + (®g) - h).

This proves Proposition [5.22

6. Generalizations, improvements and analogues

While the results we gave above were already somewhat more general than those of [2],
some of them can be extended even further, and/or shown to have analogues. These
extensions and analogues have never been studied in detail, and neither am I going to
do so in the present paper, but I will discuss them in brief in this Section [6]

6.1. When g is not a Lie algebra

The results of Sections [2] and [4] can be substantially generalized once we notice the
following: All results of Sections [2| and [ were formulated in the following setup:

g is a k-Lie algebra, and b is a Lie subalgebra of g.
We consider g as an h-module (by restricting the g-module g).

However, we have never used this setup in its full glory in Sections [2] and [, and
everything done in these Sections can be extended to the case when this setup is
replaced by the following one:

b is a k-Lie algebra, and g is an h-module which

happens to contain the h-module b as an h-submodule.
For example, Theorem [2.1] takes the following form in this case:

Theorem 6.1. Let k£ be a commutative ring. Let h be a k-Lie algebra, and let g
be an h-module (not necessarily a Lie algebra itself!). Assume that the h-module b
itself (this h-module b is defined according to Definition [I.17 applied to b instead
of g) is an h-submodule of g.

Assume that the inclusion h < g splits as a k-module inclusion (but not necessarily
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as an h-module inclusion).
Let J be the two-sided ideal

(@) - (vOw-—w@vtw—=0v | (v,w)egxh)-(2g)

of the k-algebra ®g.

Let n = g,h. This n is an h-module (because both g and b are h-modules).

Let m : ¢ — n be the canonical projection with kernel h. Obviously, 7 is an b-
module homomorphism. Thus, ®7 : ®g — ®n is also an h-module homomorphism
(according to Proposition [1.68)).

We consider b as an h-submodule of ®g by means of the embedding h — g — ®g.
(a) Both J and (®g) - b are h-submodules of ®g. Thus, (®g)  (J + (®g) - b) is an
h-module. Let ¢ : ®g — (®g) / (J + (®g) - h) be the canonical projection. Then, ¢
is an h-module homomorphism.

(b) For every n € N, let F, be the h-submodule ¢ (g%=") of (®g) / (J + (®g) - b).
M Also define an h-submodule F_; of (®g),/ (J + (®g)-h) by F_; = 0. Then,
(Fh),>0 is an h-module filtration of (®g) / (J + (®g) - b) and satisfies F,,/F,_1 =
n®" as h-modules for every n € N.

(c) Let n € N. There exists one and only one k-module homomorphism €2, :
F./F,—1 — gr, (®n) for which the diagram

gr, (®g)
l gr,, (®m)
gr, ¢

gr, (®g) / (J +(®g) b)) = F./Fra o gr,, (©n)

commutes. Denote this homomorphism €2, by w,. Then, w, is an h-module isomor-
phism, and the diagram

gr, (®g)
l gr, (®m)
8rn ¢

gr, (©9) /(J +(®9) - b)) = Fo,/ Fo o gr, (®n)

commutes.
Applying Definition [I.105| to n and n instead of V' and p, we obtain a map grad,,, :
n®" — gr (®n). According to Proposition [1.108| (applied to b, n and n instead

of g, p and V), this map grad,, is a canonical h-module isomorphism. Thus, its
-1

an 18 an h-module isomorphism as well. The composition grad, L ow, :

inverse grad
F./F,_1 — n®"is an h-module isomorphism (because w,, and grad, }L are h-module

isomorphisms).

This is indeed a generalization of Theorem [2.1 because in the situation of Theorem

46Tn fact, ¢ (g®§") is indeed an h-submodule (because ( is an h-module homomorphism and because
g®<" is an h-submodule of ®g).
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2.1 we have:

the ideal J defined in Theorem 2.1]is identical (146)
with the ideal J defined in Theorem [6.1] '

Proof of (146). Every (v,w) € g x b satisfies [v,w] = —[w,v] (due to (5)) and
w — v = [w,v] (due to (9), applied to w and v instead of v and w). Thus, every
(v,w) € g x b satisfies

VRW—wRv— [v,w] =VRW—wv+ [w,v]
=W —-—wRU+w— . (147)

Now,

(the ideal J defined in Theorem [6.1))

=(®g)-<y®w—w®v+w4@ | (v,w) € gx h>-(®g)
:v®w—1:;®v—[v,w]

=(®g) - (v@Ww—-—wv—[v,w | (v,w)€gxh)- (Vg

= (the ideal J defined in Theorem 2.7]) .

This proves (|146)).
To give a proof of Theorem we just have to repeat the proof of Theorem

that we gave in Section [2| (including all the auxiliary facts we showed in Section [2)) up
to the following changes:

e Replace the words ”g-module” by ”h-module”.
e Replace the words " g-algebra” by ”h-algebra”.
e Replace the words ” g-submodule” by ”h-submodule”.

e Whenever a term of the form [z, y| for some x € g and y € g appears in Section
2] proceed by the following rules:
- If x is known to lie in b, replace this term by =z — y.
- If y is known to lie in b, replace this term by —y — z.
(If both x and y are known to lie in b, then it does not matter which of these
two rules is being followed, because r — y = [z,y] = — [y, x] = —y — z for any
rehandyebh.)
Fortunately, all terms of the form [x,y] that appear in Section |2 have either z or
y lying in b, so that after these replacements, no terms of the form [z, y| remain
anymore.

Most results in Section |3| can be generalized as soon as we extend Definition (the
definition of a (g, h)-semimodule) as follows:
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Definition 6.2. Let k£ be a commutative ring. Let §h be a k-Lie algebra, and let g
be an h-module (not necessarily a Lie algebra itself!). Assume that the h-module b
itself (this h-module b is defined according to Definition m applied to b instead
of g) is an h-submodule of g.

Let V be a k-module. Let p: g x V' — V be a k-bilinear map. We say that (V| )
is a (g, h)-semimodule if and only if

((a—b,v)=p(a,pu(b,v))— b pu(a,v)) foreverya e h,be gand v e V).
(148)
If (V,u) is a (g, h)-semimodule, then the k-bilinear map p: g x V' — V is called the
Lie action of the (g, h)-semimodule V.
Often, when the map pu is obvious from the context, we abbreviate the term p (a,v)
by a — v for any a € g and v € V. Using this notation, the relation (148)) rewrites
as

(a—b)—v=a—(b—v)—b—(a—v) foreveryach,begandveV).

Also, an abuse of notation allows us to write "V is a (g, h)-semimodule” instead of
7(V, ) is a (g, h)-semimodule” if the map p is clear from the context or has not been
introduced yet.

Besides, when (V, i) is a (g, h)-semimodule, we will say that u is a (g, h)-semimodule
structure on V. In other words, if V' is a k-module, then a (g, h)-semimodule structure
on V means a map u: g x V — V such that (V, ) is a (g, h)-semimodule. (Thus,
in order to make a k-module into a (g, h)-semimodule, we must define a (g, bh)-
semimodule structure on it.)

Theorem [4.1] generalizes as follows:

Theorem 6.3. Let & be a commutative ring. Let § be a k-Lie algebra, and let g
be an h-module (not necessarily a Lie algebra itself!). Assume that the h-module b
itself (this h-module b is defined according to Definition [I.17 applied to b instead
of g) is an h-submodule of g.

Assume that the inclusion h < g splits as a k-module inclusion (but not necessarily
as an h-module inclusion).

Let J be the two-sided ideal

(®g) - (v@W—-—wRXV+w—=uv | (v,w)€Egxh) (Rg)

of the k-algebra ®g.

Let n = g,/h. This nis an h-module (because both g and h are h-modules). Assume
that this h-module n is actually the restriction of some (g, h)-semimodule
to h (where ”(g, h)-semimodule” is to be understood according to Definition [6.2).
Let m : ¢ — n be the canonical projection with kernel h. Obviously, 7 is an b-
module homomorphism. Thus, ®7 : ®g — ®n is also an h-module homomorphism
(according to Proposition [1.68)).

We consider h as an h-submodule of ®g by means of the embedding b — g — ®g.
(a) Both J and (®g) - b are h-submodules of ®g. Thus, (®g) / (J + (®g) - b) is an
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h-module. Let ¢ : ®g — (®g) / (J + (®g) - h) be the canonical projection. Then, ¢
is an h-module homomorphism.

(b) For every n € N, let F,, be the h-submodule ¢ (g%=") of (®g) / (J + (®g) - h).
(That F,, indeed is an h-submodule was proven in Theorem already.) Then,
(F),>o 1s an h-module filtration of (®g) / (J + (®g) - h) and satisfies F,, = n®="
as h-modules for every n € N.

(c) There exists an h-module isomorphism (®g) / (J + (®g) - h) — ®@n such that
for every n € N, the image of F,, under this isomorphism is n®<".

(d) The filtration (F,),,5, of (®g) / (J + (®g) - b) is h-split.

Again, the proof of this theorem is a repetition of the proof of Theorem with the
same replacements as we had to do to obtain a proof of Theorem [6.1]

The results of Section |5 probably cannot be generalized in a similar fashion.

A further surprise seems to be that the proofs of Theorems [6.1] and apparently
never use the axioms (3)) and (4) for the k-Lie algebra b, instead only using

[u, [v, w]] = [[u,v],,w] + [v, [u, w]] forallu e h, v e bhand w e bh.

” Apparently” because I have not had enough time to check that this indeed is the case.
If it is, this means that Theorems [6.1] and [6.3] extend to Leibniz algebras in lieu of Lie
algebras. I am not aware of a similar extension of the Poincaré-Birkhoff-Witt theorem.

6.2. The case of Lie superalgebras

The notion of a Lie superalgebra (also known under the name super Lie algebra and
studied in [14], [24]) is one of the most well-understood generalizations of that of a
Lie algebra. While classification results for Lie superalgebras are significantly harder
than their non-super counterparts, most ”purely algebraic” properties of Lie algebras
tend to have their analogues for Lie superalgebras, which usually are even proven in
more or less the same manner. This has to do with the fact that Lie superalgebras
are just Lie algebras in the category of super-k-modules; however there is also a much
more pedestrian approach to proving properties of Lie superalgebras by re-reading the
proofs of the corresponding facts about Lie algebras and adding signs via the Koszul
rule.

Different sources disagree about the correct way to define the notion of a Lie su-
peralgebra. This might have to do with the fact that the primary interest lies in Lie
superalgebras over a field of characteristic 0 (rather than an arbitrary field, let alone a
commutative ring), and all the definitions of a Lie superalgebra are equivalent to each
other if we are over a field of characteristic 0. As I am interested in the general case,
let me give the following definition of a Lie superalgebra (which is one of the most
restrictive ones, but not as restrictive as [I3, Definition 8.1.1]):

Definition 6.4. Let k& be a commutative ring. A k-Lie superalgebra will mean
a super-k-module g (see Definition below) together with a k-bilinear map £ :
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g X g — g satisfying the conditions

(B (v,v) =0 for every v € go); (149)

(_]‘)Mﬁ (u7ﬁ (U’w)> + (_1)ﬂﬁ (Uu 5 (w7 U)) + (_1>£j ﬁ (U}, 6 (U7U)> =0
for every i € Z,/27, j € Z,/2Z and { € 7,/ 27 ;
and every u € g;, v € g; and w € gy
(150)
ﬂ (an) == (_1)Zj B (’LU, U) . (151)
for every i € Z,2Z and j € 7,27 and every v € g; and w € g; )’

(8 (v, 8 (v,v)) = 0 for every v € gy); (152)
(B(g; x 9;) C givj for every i € Z,27Z and j € Z,/27Z) . (153)

This k-bilinear map # : g x g — g will be called the Lie bracket of the k-Lie
superalgebra g. We will often use the square brackets notation for £, which means
that we are going to abbreviate (v, w) by [v,w] for any v € g and w € g. Using
this notation, the equations (149), (150), (151)), (152) and rewrite as

[v, V] = 0 for every v € go) ; (154)
w]] + (=1 v, [w, u]] + (=1)" [w, [u, v]] = 0
for everyzGZ/QZ j€L,/27 and { € 7,27 ; (155)
and every u € g;, v € g; and w € gy
[U w} == (_1) [’LU U] . (156)
for every it € Z,/27 and j € Z,27 and every v € g; and w € g;

([v, [v,v]] = 0 for every v € g1); (157)
([g“gj] C gi+j for every i € Z,/27 and j € Z,27) (158)

(where [g;, g;] means the k-linear span ([v,w] | (v,w) € g; X g;)).
The equation (150 (or its equivalent version ([155))) is called the super-Jacobi iden-
tity.

Here we have used the following definition:

Definition 6.5. Let k be a commutative ring. A super-k-module will mean a k-
module V' together with a pair (Vp, V1) of k-submodules of V' such that V' = V& ;.
Here, 0 and 1 are considered not as integers, but as elements of Z,2Z (so that
1+1 = 0). This sounds like a useless requirement, but it helps us in handling super-
k-modules notationally; for example, the equation would not make sense if 0
and 1 would be considered as integers (because in the case i = 1 and j = 1, we would
have ¢ + j = 2, but there is no such thing as g, unless 2 is treated as an element of
7,27).

The k-submodule Vj of V' is called the even part of V. The k-submodule V; of V is
called the odd part of V.

An element of V' is said to be homogeneous if it lies in Vg or in V;.
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Convention 6.6. We are going to use the notation V|, as a universal notation for
the even part of a super-k-module V. This means that whenever we have some
super-k-module V' (it needs not be actually called V; T only refer to it by V' here in
this Convention), the even part of V' will be called Vj.

Similarly, we are going to use the notation V; as a universal notation for the odd
part of a super-k-module V.

Remark 6.7. Our Definition [6.4] differs from some definitions of a Lie superalgebra
given in literature by having the axioms (149)) and (152)). These axioms are indeed
dispensable when one is only interested in the case of k being a field of characteristic 0
(or, more generally, of k& being a commutative ring in which 2 and 3 are invertible)ﬁ].
However, for the sake of generality, we keep these axioms in.

Just as the notion of Lie algebras gives birth to that of g-modules, we can define the
notion of a g-supermodule (or just g-module) over a Lie superalgebra g:

Definition 6.8. Let k& be a commutative ring. Let g be a Lie superalgebra. (Ac-
cording to Convention this automatically entails that we denote by go the even
part of g, and denote by g; the odd part of g.)

Let V be a k-supermodule. (According to Convention , this automatically entails
that we denote by Vj the even part of V', and denote by V; the odd part of V.)

Let pn: g x V — V be a k-bilinear map. We say that (V, u) is a g-supermodule if
and only if

( p([a,b],v) = pa, o (b,v)) = (=1)7 (b, 1 (a,0)) ) (159)

for every i € 2,27, j € Z,/27Z and every a € g;, be gjandv € V

and
(u(gi x V;) C Viy, forevery i € Z,/2Z and j € Z,/2Z).

If (V,pu) is a g-supermodule, then the k-bilinear map p : g x V' — V is called the
Lie action of the g-supermodule V.

(This definition seems to be agreed on in most references. I have not seen any
conflicting definitions as in the case of Definition [6.4])

While I have not checked the details, I am convinced that all results of Sections [2]
and {4| (and Subsection carry over to Lie superalgebras (and Lie supermodules) as
long as 2 is invertible in the ground ring k. Even the invertibility of 2 might actually
be redundant for most of these results (and it seems that the reason for its redundancy
is the fact that most of the results still hold for Leibniz algebras - but, as I already
said, this is not thoroughly checked). As for Section [5] trouble might come from the
Poincaré-Birkhoff-Witt theorem (Theorem 5.9)), whose validity in the Lie superalgebra
case has not been studied to the extent it has been studied in the original, Lie algebraic
case. However, there are two known results:

4"Tn fact,

e axiom ([149) follows from axiom ([151)) if 2 is invertible in k;
e axiom ([I52) follows from axiom (150)) if 3 is invertible in k.
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Theorem 6.9. Let £ be a commutative ring. Let g be a k-Lie superalgebra. Let
n € N.

(a) If go and g; are free k-modules, and if 2 is invertible in the ring k, then g satisfies
the n-PBW condition.

(b) If k is a Q-algebra, then g satisfies the n-PBW condition.

A proof of Theorem (b) was given in [24, Part 1, Chapter 1, §1.3.7] and [22,
§2.5]; a proof of Theorem (a) can be found in [14, §2.3, Theorem 1]. Note that
whoever claims that 3 must be invertible in the ring & in order for Theorem (a)
to hold is probably using a definition of Lie superalgebra which does not contain the
axiom . However, even having the axiom does not prevent us from having
to require the invertibility of 2, unless we replace our definition of a Lie superalgebra
by a significantly more complicated one ([I3, Definition 8.1.1]), in which case we can
indeed drop the invertibility of 2 ([13, Theorem 8.2.2]). Having said this, we are not
going to use [I3] Definition 8.1.1] as the definition of a Lie superalgebra in this paper;
instead we will keep understanding a Lie superalgebra according to Definition As
a consequence, we will not be able to get rid of the condition that 2 be invertible in &
in the Poincaré-Birkhoff-Witt theorem and its consequences.

The correct analogue of Theorem now says:

Theorem 6.10. Let k£ be a commutative ring. Let g be a k-Lie superalgebra.
Assume that 2 is invertible in the ring k. Also assume that the k-module g has a

basis (e;),c;, where I is a totally ordered set, and where e; is homogeneous for every
1 € I. Then,

(eil ® 6'L.2 ® ® ein) neN; (il,iz,...,in)efn;
11 <12 <.. <ip;
every p which satisfies (eip €g1 and Cipi1 Ggl) satisfies ip<ipt1

is a basis of the k-module U (g).

A proof of Theorem in the case when £ is a field of characteristic # 2 and # 3
can be found in [25] Theorem 6.1.1].

These changes in the formulation of the Poincaré-Birkhoff-Witt theorem(s) don’t
seem to keep Proposition from retaining its validity in the case of g being a Lie
superalgebra, at least as long as 2 is assumed to be invertible in k£ and we assume
the even and the odd parts of hh and N to be free k-modules (and not just h and N
themselves). As a consequence, nothing speaks against the other results of Section
holding in this case, although this has yet to be verified more accurately.

6.3. Poincaré-Birkhoff-Witt type theorems for Clifford algebras
6.3.1. Clifford algebras

There is an analogy between Lie algebras and quadratic spaces, with universal en-
veloping algebras of Lie algebras on the one side corresponding to Clifford algebras
of quadratic spaces on the other. This analogy, however, is marred by an imbalance:
Numerous results which hold in high generality on the quadratic spaces side require
additional assumptions or weakenings on the Lie algebras side. As a basic example,
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let me show the quadratic-spaces counterpart of the Poincaré-Birkhoff-Witt theorem.
First, the relevant definitions (I am not really working with quadratic spaces, but rather
with spaces with bilinear forms):

Definition 6.11. Let k£ be a commutative ring. Let L be a k-module.
(a) Let f: L x L — k be a k-bilinear form on L. We define the Clifford algebra
Cl(L, f) to be the k-algebra (®L) /I;, where If is the two-sided ideal

(L) - (v@v— f(v,v) | veL)y (RL)

of the k-algebra ®L.
(b) We denote by AL the exterior algebra of the k-module L. Clearly, AL =
Cl(L,0), where 0 denotes the bilinear form L x L — k which sends every pair
(x,y) € L x L to 0.

Remark 6.12. You are reading right: In this Definition [6.11] the form f is not
required to be symmetric, but only the values of f (v,v) for v € L are actually
used. Over a field of characteristic # 2 (and more generally, over a ring where 2
is invertible), every bilinear form f : L x L — k has a ”symmetrization”, which
means a symmetric bilinear form fsatisfying (f(v, v) = f(v,v) for every v € L).
But, in my experience [35], restricting one’s attention to symmetric bilinear forms is
not really of much use in the theory of Clifford algebras; most important facts don’t
require this.

Most texts define Clifford algebras for quadratic forms rather than bilinear forms.
Unfortunately, I was not able to spot an undisputed definition of what a quadratic
form on an arbitrary k-module is. If one uses the definition of a quadratic form given
in [8 §3, n°4, Définition 2|, then the main result I want to state (Theorem
is not valid for Clifford algebras of quadratic forms (that is, the Clifford algebra of
a quadratic form on a k-module L is not necessarily isomorphic to AL; see [34] for
a counterexample). It is still valid when the k-module is free, but this should not
come as a surprise: For free k-modules, every quadratic form can be written in the
form v — f (v, v) for some bilinear form f (but not necessarily a symmetric bilinear
form f; this is yet another reason not to require f to be symmetric in Definition
[6.11)); this shows that Definition encompasses the notion of the Clifford algebra
of a quadratic form at least for free k-modules.

6.3.2. Poincaré-Birkhoff-Witt for Clifford algebras

Now, how would an analogue of the Poincaré-Birkhoff-Witt theorem for Clifford alge-
bras look like?

We can consider a commutative ring k, some k-module L with a k-bilinear form
f:LxL—k, and some n € N. Let ¢ : @ L — Cl(L, f) be the canonical projection.
Consider the canonical filtration on Cl (L, f) (that is, the filtration obtained from the
degree filtration on ®L via the projection ). Let A™L denote the n-th exterior power
of the k-module L, and let AL, be the canonical projection L®" — A"L. Then, it
can be easily seen that there exists a unique k-module homomorphism P : A"L —
gr, (CI(L, f)) such that gr, ¢ ograd;, = P o Ar,. In analogy to Definition (a),
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we can call this map P the n-PBW homomorphism of the pair (L, f). In analogy to
Definition [5.6] (b), we could now say that the pair (L, f) satisfies the n-PBW condition
if the n-PBW homomorphism of (L, f) is a k-module isomorphism.

We could now expect that an analogue of Theorem would state several con-
ditions under which the pair (L, f) satisfies the n-PBW condition. But things turn
out simpler this time: The n-PBW condition is a tautological condition, since the
n-PBW homomorphism of (L, f) always is an isomorphism! But actually things are
even simpler: Not only do we have an isomorphism A"L = gr, (Cl(L, f)) (the n-PBW

homomorphism), but also this isomorphism has the form gr,, g{; for an isomorphism

ol - AL — C1(L, f) (a k-module isomorphism, not a k-algebra isomorphism, of course).
This means that not only the associated graded modules of AL and C1(L, f) are iso-
morphic, but also the k-modules AL and CIl(L, f) are isomorphic themselves. We
record this as a theorem:

Theorem 6.13. Let k be a commutative ring. Let L be a k-module. Let f : Lx L —
k be a k-bilinear form on L. Then, there exists an isomorphism Cl(L, f) = AL of
filtered k-modules.

This theorem is not new. It is an obvious consequence of combining [9, §9, n°3,
Proposition 3] and [9], §9, n°3, Lemme 4]. It is also stated in [32, Theorem (2.16)] for
the case when L is a finitely-generated projective k-module, but the proof uses neither
the finite generation nor the projectivity assumption.

The particular case of Theorem when £ is a field is a rather well-known fact,
which is unfortunately usually proven in ways which don’t extend to the general case.
In 2010, I rediscovered Theorem [6.13] as a generalization of this fact, and wrote down
a proof in [35, Theorem 1], unaware of the result already been known.

6.3.3. A very rough outline of the proof

The proofs of Theorem given in [9], [32] and [35] are essentially one and the same
argument (but vary in notation and in the level of detail). I will sketch this argumentf]
because it was the archetype for my construction of the map ¢ in Definition and
for my construction of the map ~ in Definition [4.3]

The proof of Theorem proceeds in a purely computational way by recursively
constructing both an isomorphism g{; : AL — Cl(L, f) (which actually turns out to
be induced by an automorphism of : L — ®L @ and its inverse (which turns
out to be induced by an automorphism o~/ : ® L — ®L which is constructed in the
same way as o/ : ® L — ®L except that it is based on the form —f rather than f).
Note that the isomorphism g{; : AL — Cl(L, f) is called the quantization map in [23]
§2.5], while its inverse is called the symbol map. Here is how these isomorphisms are
constructed:

The construction starts off by defining a tensor WU € ®L for every v € L and

48The notations I will be using in the following are those of [35, Theorem 1].

49This automorphism of would be called A_ ¢ in the notations of [9, §9, n°2], and would be called :}
in the notations of [32, Chapter 2, §2].
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U e QL. This tensor vl U is defined in such a way that it bilinearly depends on
(v,U), and satisfies

p
ol (U QU ® ... ® up) = Z (D)7 o) 1 Que® .. QU D ... @y
i=1
for every v € L and uy,us,...,u, € L

(where the hat over u; means ”omit the tensorand w; from this tensor product”). (This
is easily seen to be well-defined. The definition given in [35] is slightly different, but
easily shown equivalent to the one given here.)

Now, we define a k-linear map o : L — ®L by

ol (\) =) for every A € k = L®°;
of (u-U) =u-of (U)—ulaf (U) for every n € N, u € L and U € L®".

After a bit of work, we see that this map af is well-defined and respects the degree
filtration of ®L.
We can write down explicit formulae for o in low degrees:

ol (\) = for every A € k = L®;
of (u) = for any u € L;
o (u® )—u®v—f(uv) for any u,v € L;
duvew) =u@vew— f(v,w)u+ flu,w)v—f(uv)w for any u,v,w € L;
du@rvewet) =uueuwet—fw,tuv+ fv,H)uew—f(v,w)udt

—fu,Mwet+ flu,w)ret—f(u,t)v@w
—|—f(w,t)f(u,v)—f(v,t)f(u,w)—i—f(v,w)f(u,t)

for any w,v,w,t € L.

See also [35, §5] for a general (but rather unwieldy) combinatorial expression for
ol (uy @ up @ ... ® uy,) for arbitrary n.

The maps o/ for various bilinear forms f satisfy some surprising properties: First,
a® = id and af o o = /T for any two bilinear forms f and g (see [35, Theo-
rem 32]). (This means that f — o/ defines a representation of the additive group
{f:LxL—k | fisk-bilinear} on ®L. In how far this can be related to the general
representation theory of Lie/algebraic groups is unclear to me at the moment.) As a
consequence, of is an automorphism of ®L, and o~/ is its inverse.

Another property that can be showed by computation ([35, Theorem 31]) is that
of (1,) = I;,, for any two k-bilinear forms f and g. In particular, this yields o/ (Ip) =
Iy and o=/ (If) = Iy. Since of (Iy) = I, the map o/ induces a k-module homomor-
phism from (®L) /Iop = AL to (®L) /Iy = Cl1(L, f). Similarly, the map o~/ induces
the inverse of this k-module homomorphism. So we have constructed our isomorphism
between AL and Cl(L, f).

50What I call v{ U would be called if (U) in the notations of [J, §9, n°2], and would be called f, (U)
in the notations of [32] Chapter 2, §2].
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All steps of this argument can be found in the detailed version of [35]. However,
the reader will probably be able to reconstruct them on her own using from the sketch
given above, since most of what has been omitted is straightforward computation and
induction arguments.

When £ is a field of characteristic # 2, much shorter proofs of Theorem [6.13] abound
(for example, a standard proof proceeds by symmetrization of the bilinear form f
and subsequent construction of a Gram-Schmidt orthogonal basis of L, which gives a
”canonical” form for the Clifford algebra). Probably because most users of Clifford
algebras come from a geometrical or physical background and have little use for the
luxury of allowing k& to be an arbitrary commutative ring (or a field of characteristic
2), the general case of Theorem appears to be little known to the mathematical
community. However, it is the general, computational proof of Theorem [6.13| which, by
its inductive construction of the map o/, motivated my arguments in Sections [2/ and
of the present paper. In fact, compare the above inductive definition

ol (\) =\ for every \ € k = L®;

o (u-U)=u-aof (U) —u{af(U) for every n € N, u € L and U € L®"
of the map o in [35] with the inductive definition

@A) =A for every A € k = g%,
pu-U)=t() -¢U)+e¢(s(u) =) for every n € N, u € g and U € g®"

of the map ¢ in Section [2| of the present paper (this is not exactly the way we defined ¢
in Definition , but it is easily seen to be equivalent) and with the inductive definition

v (A) = A for every A € k = g®°;
y(uw-U)=m(u)-vU)+u— (y(U)) for every n € N, u € g and U € g*"

of the map ~ in Section 4] of the present paper (this is not exactly the way we defined
~ in Definition , but it is easily seen to be equivalent). The similarity between the

terms ul (U) and u — (v (U)) is particularly obvious, since lisa quadratic-space
analogue of the g-action —.

6.3.4. The heuristics of the proof

What idea was behind the recursive definition of the map o in [35]? It was inspired
by the standard construction of the quantization map in characteristic 0, which, I
think, goes back to Chevalley. This construction gives the following formula for the
quantization map q : AL — Cl(L, f) (this ¢ is my Qé) when £ is a field of characteristic
0 and f is a symmetric bilinear form:

qup Aug A ... ANuy) = — (—1)° Us(1)Us(2) - Us(n) for every uq, us, ..., u, € L

(the right hand side is to be understood as a product in CI(L, f)). This appears, e.
g., in [23, Chapter 2, Proposition 2.9]. I tried to transform this formula for ¢ into an
equivalent form which did not require k to have characteristic 0 anymore (i. e., which
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1
did not contain the = in front of the sum). By trial and error, I came up with the
n!

following:

q(u) =u (this is already okay) ;
q(uy ANug) = 3 (upus — uguy) = 3 (uug + uyus — 2f (uq, us))
since uiy + gty = (ug + ug)? — u? — u’
= [ (ur + ug,ur +ug) — f(ug,ur) — f (ug, u2) = 2f (ug, ug)
in ClI(L, f) (because f is symmetric)

= U1 Uz — f (ula U2) ;
q(ur ANug Aug) = 6 (UrUgUuz — UTUZUY — UgUyU3 — UzU2U + UgUzUy + UsUiUs)

B another computation using the symmetry of f and

o ( the identity v = f (v,v) in Cl(L, f) omitted )

= wyupug — f (ug,us) uy + f (ur, us) ug — f (w1, ug) us.

These results suggested me the recursive equation q(u AU) = u - q(U) — wj_cq (U)

(where w}_Cq (U) makes sense because ull 7 € Ir). Once this equation was found, the
next obvious step was to lift the map ¢ : AL — CI(L, f) to a map o/ : L — ®L
because tensors are easier to deal with than elements of AL. The most straightforward
approach to construct such a lifting is by lifting the recursive equation ¢ (u AU) =

u-q(U) —w{q(U) to ®L; so, I defined a map o/ : ®L — QL by
af (\) =\ for every A € k = L®;
of (w-U)=wu-aof (U) —ulaf (U) for every n € N, u € L and U € L®".

It turned out that this map o/ is an isomorphism (due to Proposition and that
af (Iy) C I (by computation). Yet, this did not yet prove that ¢ is an isomorphism;
in fact, the latter would require showing that o/ (Iy) = I, and not only o (Iy) C I;.
Again, the most straightforward (to a constructivist) approach to this problem was to
construct the inverse of a/ by recursion. Some experimentation showed that its inverse
(af )71 satisfies exactly the same recursive equation as o/, up to a sign change:

(ozf)_1 (u-U)=u- (ozf)_1 (U)+u{ (ozf)_1 (U).

This means this inverse is a~/. Searching for a reason why a~/ is the inverse of o, I
began to suspect the o/ o a9 = o/*9 identity, and it did not take long for this identity
to be proven (as everything is defined recursively, making induction easy). The rest
was automatic. At the end of the journey, I was met by the surprising realization that
f was nowhere required to be symmetric.

Note that [35, Theorem 38] shows that my map ¢ is indeed the same as ¢ as long
as the form f is symmetric.

6.3.5. A relative Poincaré-Birkhoff-Witt for Clifford algebras

Just like the standard Poincaré-Birkhoff-Witt theorem, the relative Poincaré-Birkhoff-
Witt theorem (for example, in the avatar of Lemma [0.5]), too, has a quadratic-space
analogue with weaker conditions and a stronger assertion:
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Theorem 6.14. Let k£ be a commutative ring. Let L be a k-module. Let f :
L x L — k be a k-bilinear form on L. Let M be a k-submodule of L such that
f (M x M) = 0 and such that the k-module inclusion M < L splits. Then, there
exists a k-module isomorphism CI (L, f) = AL which maps C1(L, f)-M to (AL)- M.
Therefore, (C1(L, f)) / (CL(L, f)- M) = (AL) / ((AL) - M) = AN(L,/M).

A proof of this theorem can be found in [35, Theorem 61 (b)]. The condition
f (M x M) = 0is a quadratic-space analogue of the condition that b is a Lie subalgebra
of g; it cannot be improved. The condition that the k-module inclusion M — L splits
cannot be dropped either, but possibly can be weakened.

6.3.6. Remark on Weyl algebras

It is a known fact that if we extend the notion of Clifford algebras to k-supermodules
rather than k-modules only, then we obtain the tensor product of the Clifford algebra of
the even part and the Weyl algebra of the odd part - however, at the price of requiring
that 2 is invertible in k. As long as we are ready to pay this price, all of our results on
Clifford algebras carry over to Weyl algebras.

6.3.7. A relative version of Theorem 2.1]

In the spirit of the above quadratic-space versions, here is an analogue of Theorem [2.1}

Theorem 6.15. Let & be a commutative ring. Let L be a k-module, and let M
be a k-submodule of L. Assume that the inclusion M < L splits. Let N be the
k-module L, M.

Let f: L x M — k be a k-bilinear form such that f (M x M) = 0.

Let J be the two-sided ideal

(RL)- (v@w—-—wv— f(v,w) | (vyw)€ Lx M) (L)

of the k-algebra ®L.
The k-module (®L) / (J + (®L) - M) is isomorphic to the k-module ® N. (More
detailed assertions are left to the reader.)

6.4. Flat modules

Our formulation of Theorem (the main result of this paper) easily provokes the
question whether some of its many conditions can be lifted or, at least, weakened. The
latter is indeed the case:

Theorem 6.16. Theorem [5.20] still holds if we replace the sentence ” Assume that
both h and N are free k-modules” by ” Assume that g and N are flat k-modules”.

In order to prove this Theorem [6.16] we notice that most steps of our proof of
Theorem did not use the condition that both h and N are free k-modules. The
only steps that did were the ones that used the n-PBW condition, and the one that
used Proposition As for the n-PBW condition, it still holds under the weakened
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assumption (”Assume that g and N are flat k-modules”) due to Theorem (g), so
there is no trouble to expect from its direction. As for Proposition [5.16, we have to
generalize it as follows:

Proposition 6.17. Let £ be a commutative ring. Let g be a k-Lie algebra. Let
m € N.

Let b be a Lie subalgebra of g such that there exists a flat k-submodule N of g such
that g = h @ N. Assume further that the k-Lie algebra g itself satisfies the n-PBW
condition for every n € N.

Then, U<, (9) N (U (g) - b) = U<m—-1) (9) - b. (Here, we are using the notation of
Definition [p.11] and we are abbreviating the k-submodule U (g) - ¢ (h) of U (g) by
U(g)-b.)

For the proof of this proposition, we need a lemma that was proven by Thomas
Goodwillie [33]:

Lemma 6.18 (Goodwillie). Let k be a commutative ring. Let A be some k-module,
and let B be a k-submodule of A such that the k-module A /B is flat.

Let ¢ € N be such that i > 1.

Let m; denote the canonical map K; (A) ® B — A® ® B.

Let my denote the canonical map A% @ B — A% @ A = A®E+D),

Let m3 denote the canonical map A®01 @ K, (B) — A%(~D @ B®2 - A%(-D g
A®2 5 A9+

Then,

Kit1 (A)Nm; (A% ® B) = m, (my (K; (4) ® B)) +m;y (A°Y @ K, (B)). (160)

Remark 6.19. All three maps m;, my, m3 in Lemma [6.1§ are obtained by tensoring
some inclusions with identity maps and composing. (For example, m; is obtained
by tensoring the inclusion K; (A4) — A®® with the identity map B — B.) This yields
that these maps are injective whenever k is a field (or at least some flatness conditions
are satisfied). Therefore, when k is a field, these three maps are often regarded as
inclusions and thus suppressed from the equality (so that this equality takes
the simple-looking form K;,; (4) N (A¥ ® B) = K; (A) ® B + A®0~Y @ K, (B)).
However, we are considering a more general case here, and I do not believe that
these maps m;, my, m3 are always injective in our case; thus, suppressing these

maps from ([160) is not justified for us.

Note that Lemma does not involve any Lie algebras; it is a purely module-
theoretical lemma and probably has its right place in homological algebra. We refer to
[33] for a proof of this lemma (where i was called m — 1).

Let us rewrite Lemma |6.18| with the help of the tensor algebra first:

Lemma 6.20 (Goodwillie). Let k£ be a commutative ring. Let A be some k-module,
and let B be a k-submodule of A such that the k-module A /B is flat.
Let 2 € N be such that 7 > 1.
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Then, the following equality of subsets of the tensor algebra ®A holds:

Kip1 (A)N (A% B) = K; (A) - B+ ALKy 4 (B).

Here, we are identifying B with a submodule of ® A (due to B C A C ®A), and
denoting by K5 4 (B) the image of K, (B) under the canonical map ® B — ®@A.

Proof of Lemma 6.2 With the notations of Lemma[6.18] we have m, (A% ® B) =
A® . B, my (m; (K; (A) ® B)) = K; (A) - B and m3 (A®0") ® K, (B)) = A®6-D.
K5 4 (B). Therefore, Lemma follows from Lemma .

Proof of Proposition[6.17. Since it is trivial that U<(m—1 (8)-h € U< (9)N(U (g) - b)
(just as in the proof of Proposition , we only have to prove that U<, (g) N
(U(g)-b) € U<im-1) (9) - b.

Let us prove that

(every integer i > m satisfies U<, (9) N (U<; (g) - h) € U< (9) N (U<(i—1) () - b)) -
(161)

Why prove this? Because once it is proven, Proposition follows by a simple
induction argument (which we are going to show in more details after we have proven
(I61)).

Proof of . We assume WLOG that ¢ > 1 (because otherwise, i = 0 and i > m
lead to m = 0, and the whole statement of boils down to a triviality).

Let € U<y, (g) N (U<; (g) - b) be arbitrary. Then, x € U<, (g) and = € U<; (g) - b.

The projection ¢ : ®g — U (g) clearly satisfies U<; (g) - h = ¢ (¢®=' - ). Thus,
z € U< (g)-h=1v (g9 -b), so that there exists some y € g®<'-h such that = = ¢ (y).
Consider this y.

Let n=14+ 1. Then,t=n — 1.

Now, y € g®<'. h C g®<'.g C g®<(+) = g®<n (since i + 1 = n), so that we

—~—
Cg
can speak of the element 7 € gr, (®g). This element satisfies (gr,, 1) () = ¥ (y) = 0
(since ¥ (y) = = € U< (8) € U<tn-1)(g) (because m < i = n —1)). Thus, § €
Ker (gr, ) = grad,,, (K, (g)) (by Proposition (b)). Let z = grad;i (7). Then,
y € grad,,, (K, (g)) leads to z € K, (g).

On the other hand, gmd;ﬂlI (7) is the n-th graded component of the tensor y € ®g (in
fact, for every tensor T' € g®=", it is clear that grad;}l (T) is the n-th graded component
of T). Since z = grady, (¥), this means that z is the n-th graded component of the
tensor y € ®g. Since n = i + 1, this yields that z is the (i + 1)-th graded component
of the tensor y € ®g. Thus, z € g® - h because of y € g®<¢ - b (since the (i + 1)-th
graded component of a tensor in g®=' - b must always lie in g®° - §). Combined with
z € K, (g) = K;y1 () (since n =i+ 1), this yields z € K; 41 (g) N (g% - b).

Now, let us recall that y € g®=", and that z is the n-th graded component of the
tensor y € ®g. Thus, y — z € g®<("~D = g®=i (since n — 1 = 4). Combined with
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y—2€g®-h (since y € g°="-hand z € g¥ - h C g¥=" - b), this yields

y—z€g”=n (g% h | C "= n((®g) b)=g"=""
C®
=g

because (®g) - is a homogeneous right ideal of ® g,
whose p-th graded component is g®®~Y . h for every pe N /-

Thus, ¥ (y —2) € ¢ (Q®S(i_1) : h) =U<@u-1)(9) - b.

Since the k-module g, 7h is flat (since g = h @ N yields g,/h = N, and we know that
N is flat), we can apply Lemma to g and b instead of A and B (it is here that we
use ¢ > 1), and obtain

K1 (g)N (8- h) = Ki(g) - b+ g® ™) Ky (b). (162)

Now, let us look at ¢ (K; (g)) and v (K34 (h)) more closely.

Proposition (b) (applied to i instead of n) yields Ker (gr;¢) = grad,; (K; (g)).
This yields (gr; ¢) (grady; (K;(g))) = 0 (although this is clear from much simpler
reasons). Thus,

0= (gr;¥) (gra’dg,i (K (g>)) = (gri Yo gradg,i) (Ki(g))-

Now let inc; be the canonical inclusion g® — g®<‘. Furthermore, let v; : g®<' —
U<; (g) be the homomorphism obtained from ¢ by restricting the domain to g®=" and
the codomain to U<; (g) (this is well-defined since ¢ (g®<*) C U<; (g)). Further, let
proj; be the canonical projection U<; (g) — (U<i(9)),/ (U<i-1)(g)) = gr; (U (9)).
Then, the following diagram commutes:

(this is clear from the definitions of the arrows involved). In other words, gr; tograd, ; =
proj, oy; o inc;. Thus, every p € K; (g) satisfies

0= ]grvogrady, | (p) (since 0 = (gr; ¥ o grady;) (K (9)))
N————

=proj; oy;oinc;
= (proj; o¢hi 0 inc;) (p) = (proj;ovhi)  (inc; (p))
——

=p (since inc;
is an inclusion map)

= (proj; ov;) (p) = proj; Vi (p) = proj; (v (p))
——

=9(p)
(by the definition of ;)
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so that ¢ (p) € Ker (proj;) = U<(;—1) (g). In other words,

Y (K; (9)) C U<y (9) - (163)

On the other hand, Proposition (applied to b and 2 instead of V' and n) yields
1
= Z <Ul ® Vg — V(1) @ Vry(2) (seen as a tensor in @ bh) | (vi,v2) € f)2> ,
i=1
where 71 is the transposition (1,2) € Sy. This immediately simplifies to

Ky (h) = <U1 ® V2 = Ury (1) & Ury(2) (seen as a tensor in @) | (vi,v2) € b2>
—— =
=g =v

= (v1 ® vy — vy ® vy (seen as a tensor in @ B) | (v, v) € h?).

Thus,

K2,g (b)
= (the image of K5 (h) under the canonical map ® h — ®g)

= (the image of (v1 ® v2 — vy @ vy (seen as a tensor in @ h) | (vi,v2) € b%)
under the canonical map ® h — ®g)

because
Ky (h) = (v @ vy — v3 @ vy (seen as a tensor in @ bh) | (vy,vse) € h?)

= (v1 ® v2 — v @ vy (seen as a tensor in @ g) | (v1,v2) € h),
so that

Y (Kaq(h)) =1 (<’Ul ® vy — vy ® vy (seen as a tensor in ®g) | (vy,vq) € [)2>)

=¢([v1,02])
(since V1 QU2 —v2Qu1 —[v1,v2]Elg=Ker 1))

([v1,v2]) | (vi,v2) € b?)

Ul;UQ] | (v1,v2) € f)2>
€h (since (v1 vg)eh2

= <¢ (v1 ® Vg — vy @ vy (seen as a tensor in ®g)) | (v1,v2) € f)2>

and since § is a Lie subalgebra of g)

C b> : (164)

h
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Since 2 € Kisr (8) 1 (6 - b) = K; (8) - b+ g% - Ky g (b) (by (162)), we have

)(2) € (Ki(g) - h+a°0" Koq(h))
C Y (Ki(g) v (h) +¢ (¢°7Y) - ¥ (Ko (b))
H_/ [\ J/ )

CU<i-1(0) CU<ii1)(0) <o
(by (163)) (by (164))
C U1 (@) - ¢ (h) +Usii-1) (8) - ¥ (h) = U<in) (9) - b + U<y (9) - b
=U§(¢T1>(Q)'h =U§(;r1)(9)'h
=U<i-1)(9)-b (since U<(;_1) (g) - b is a k-module) .

But let us recall that we have shown that ¢ (y — 2z) € U<—1) (g) - . Now,

r=¢y)=v((y—2)+2)=¢vy—2) + () (since 1) is k-linear)
EUci-1)(@)h  €U<i-1)(9)h
€Ucii-1)(9) b+ U<u-1)(9) - bh=Uci-1)(9)- b (since U<ii—1y(g) -his a k—module) )

Combined with z € U<y, (g), this yields z € U<, (g) N (U<(—1) (@) - b). Since we have
shown this for every z € U<, (g) N (U<; (g) - h), we have therefore proven (161]).
Now let us finish verifying U<, (g) N (U (g) - h) € U<m-1) (g) - b:
Let v € U<y, (9) N (U (g) - b) be arbitrary. We want to prove that x € U<(mm—1) (g) - b.
We have

ieN
and increasing unions commute with multiplication

this is because |J U<; (g) is an increasing union,
:U<U§i (9)-b) < :

Thus, there exists some j € N such that x € U<; (g) - h. Consider this j.

If j <m—1, then x € Ug;(g) - b leads to € U<(n_1) (@) - b, which is exactly
what we want to have. So let us assume that 5 > m — 1. Then, j > m. Now,
combining x € U<;(g) - h with x € U<, (g) N (U (g) - h) C U<y, (g), we obtain z €
Usm (9) N (U<; (9) - b). Thus,

()N ) - [J) (due to (161]), applied to i = j)
C Uzm (9) N (U<(j—2) (g) - b) (due to (161]), applied to i = j — 1)
(g)N )-h) (due to (161]), applied to i = j — 2)

we must stop this chain of inclusions at m — 1,

C Uzm ()N (U< (9) - ) ( because ((161)) holds only for i > m )

which is exactly what we wanted to prove.
Thus, € U<(m-1) (g) - b has been shown to hold for every z € U<, (g) N (U (g) - h).
This means that U<, (g) N (U (g) - ) € U<m-1) (9)-b. Proposition is now proven.
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