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1. Introduction

like

In this (self-contained) note, we are going to prove three identities that hold in
arbitrary noncommutative rings, and generalize some well-known combinatorial

identities (known as the Abel-Hurwitz identities).

In their simplest and least general versions, the identities we are generalizing are
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equalities between polynomials in Z [X, Y, Z]; namely, they state that

f (Z) (X +kZ)* (v —kz)"* = i ”—: (X + )k 2, (1)
k=0 k=0 """
f (Z)X (X+k2) (Y —kz)"F = (X +Y)"; )
k=0

f (’Z) XX+ 'YX+ (-0 2" = (X+Y)(X+Y+n2)" ! (3
k=0

for every nonnegative integer n. These identities have a long history; for ex-
ample, (2) goes back to Abel [Abel26], who observed that it is a generalization of
the binomial formula (obtained by specializing Z to 0). The equality (1) is ascribed
to Cauchy in Riordan’s text [Riorda68, §1.5, Cauchy’s identity] (at least in the spe-
cialization Z = 1; but the general version can be recovered from this specialization
by dehomogenization). The equality (3)) is also well-known in combinatorics, and
tends to appear in the context of tree enumeration (see, e.g., [Grinbel7, Theorem
2]) and of umbral calculus (see, e.g., [Roman84, Section 2.6, Example 3]).

The identities (I), (2) and (3) have been generalized by various authors in dif-
ferent directions. The most famous generalization is due to Hurwitz [Hurwit02],
who replaced Z by n commuting indeterminates Z;, Z», ..., Z,. More precisely, the
equalities (IV), (II) and (III) in [Hurwit02] say (in a more modern language) that if
n is a nonnegative integer and V denotes the set {1,2,...,n}, then

S| n—|S|
Y. (X +) ZS> (Y -) ZS> = Y x+vrz,z,---z,; @
SCV SES SES il,iz,...,ik are

distinct
elements of V

1S|—1 n—|S|
ZX(X+ZZS> (Y—ZZS> = (X+Y)"; (5)

SCV seS seS
5] -1 n—[5[-1 n_1
ZX<X+ZZS) Y| Y+ ) Z = (X+Y) <X+Y+ZZS>
SCVv sES seV\S seV

(6)

IThe pedantic reader will have observed that two of these identities contain “fractional” terms
like X~! and Y~! and thus should be regarded as identities in the function field Q (X, Y, Z)
rather than in the polynomial ring Z [X,Y, Z]. However, this is a false alarm, because all these
“fractional” terms are cancelled. For example, the addend for k = 0 in the sum on the left hand
side of H contains the “fractional” term (X 4 0Z)°~! = X~1, but this term is cancelled by the
factor X directly to its left. Similarly, all the other “fractional” terms disappear. Thus, all three
identities are actually identities in Z [X, Y, Z].
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in the polynomial ring Z [X,Y, Z1,Z,...,Z,]. [ It is easy to see that setting all
indeterminates Z1,Z,,...,Z, equal to a single indeterminate Z transforms these
three identities (4), (5) and (6) into the original three identities (I), (2) and (3).

In this note, we shall show that the three identities (), (5) and (6)) can be further
generalized to a noncommutative setting: Namely, the commuting indeterminates
X,Y,Zy,2Zy,...,Z, can be replaced by arbitrary elements X, Y, x1, x2,...,x, of any
noncommutative ring IL, provided that a centrality assumption holds (for the iden-
tities (4) and (5), the sum X + Y needs to lie in the center of IL, whereas for (6), the

sum X + Y 4 ). x; needs to lie in the center of IL), and provided that the product
seV

n—[S[-1 n—|S|—1

Y| Y+ Y Z in (6) is replaced by | Y+ )} Zs Y. These gen-
seV\S seV\S

eralized versions of (), (5) and (6) are Theorem 2.2) Theorem 2.4 and Theorem

below, and will be proven by a not-too-complicated induction on 7.
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used to make conjectures. Thanks to Dennis Stanton for making me aware of
[Johns96|.

2. The identities

Let us now state our results.

| Convention 2.1. Let IL be a noncommutative ring with unity.
We claim that the following four theorems holdﬂ

Theorem 2.2. Let V be a finite set. Let n = |V|. For each s € V, let x; be an
element of IL. Let X and Y be two elements of IL such that X + Y lies in the center

2The sum on the right hand side of @) ranges over all nonnegative integers k and all k-tuples
(iy,1p,...,1) of distinct elements of V. This includes the case of k = 0 and the empty 0-tuple
(which contributes the addend (X 4 Y)"~? (empty product) = (X + Y)"). Notice that many of
the addends in this sum will be equal (indeed, if two k-tuples (i1, 1y, ...,i) and (j1, 2, .. -, ji) are
permutations of each other, then they produce equal addends).

Once again, “fractional” terms appear in two of these identities, but are all cancelled.

3We promised three identities, but we are stating four theorems. This is not a mistake, since

Theorem is just an equivalent version of Theorem (more precisely, it is obtained from

Theorem W by replacing Y with Y + ) x5) and so should not be considered a separate identity.
seV
We are stating these two theorems on an equal footing since we have no opinion on which of

them is the “better” one.
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of IL. Then,

S| n—|S|
Z (X " 2 xs) (Y B 2 xs) B Z (X + Y)n_k XigXig *** Xig»
SCV SES SES il,iz,...,ik are
distinct

elements of V
(Here, the sum on the right hand side ranges over all nonnegative integers k and
all k-tuples (i1, 1y, ..., i) of distinct elements of V. In particular, it has an addend
corresponding to k = 0 and (i1, iy, ...,i) = () (the empty O-tuple); this addend

is (X +Y)" . (empty product) = (X + Y)")

s\

=(X+Y)" =1

Example 2.3. In the case when V = {1,2}, the claim of Theorem [2.2] takes the
following form (for any two elements x; and x; of I, and any two elements X
and Y of L such that X + Y lies in the center of IL):

XOY2 4+ (X +x) (Y =) + (X4 x0) (Y — xp)]
+ (X +x1 +22)2 (Y — (x1 4 x2))°
= (X4+Y)P+ X+ v+ X+ 0+ (X 4+ ) x0200 4+ (X + 1) x0x1.

If we try to verify this identity by subtracting the right hand side from the left
hand side and expanding, we can quickly realize that it boils down to

X1 +x+X,X+Y]=0,

where [, b] denotes the commutator of two elements a and b of IL (that is, [a,b] =
ab — ba). Since X + Y is assumed to lie in the center of IL, this equality is correct.
This example shows that the requirement that X + Y should lie in the center of
L cannot be lifted from Theorem

This example might suggest that we can replace this requirement by the

weaker condition that | ) x;+ X, X + Y} = 0; but this would not suffice for
seV

n=23.

Theorem 2.4. Let V be a finite set. Let n = |V|. For each s € V, let x; be an

element of L. Let X and Y be two elements of IL such that X + Y lies in the center
of IL. Then,

}:X<X+Zm951<Y—Zn>nS=4X+mﬂ

SCV seS seS

IS|—-1
(Here, the product X (X + ) xs> has to be interpreted as 1 when S = @.)
seS
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Example 2.5. In the case when V = {1,2}, the claim of Theorem [2.4] takes the
following form (for any two elements x; and x, of IL, and any two elements X
and Y of L such that X + Y lies in the center of IL):

XX W24 X (X +x0)° (Y =)' + X (X +5)° (Y — x2)!
+ X (X +x1 4+ 1) (Y = (31 + x2))°
= (X+Y)>.
(As explained in Theorem we should interpret the product XX~ ! as 1, so we
don’t need X to be invertible.) This identity boils down to XY = YX, which is a
consequence of X + Y lying in the center of IL.. Computations with n > 3 show

that merely assuming XY = YX (without requiring that X + Y lie in the center
of IL) is not sufficient.

Theorem 2.6. Let V be a finite set. Let n = |V|. For each s € V, let x; be an
element of . Let X and Y be two elements of IL such that X + Y lies in the center

of IL. Then,
. (x+ £ v & z) (v-Tx)

SCV seS seS seV
- (X-I—Y— sz> (X+Y)" .
seV

(Here,

|S|-1
e the product X (X + X xs> has to be interpreted as 1 when S = &;
seS

n—|S|—1
e the product (Y - ) xs) (Y - ) xs) has to be interpreted as 1
seS seV
when |S| = n;
e the product (X +Y - ) xs> (X 4 Y)" ! has to be interpreted as 1 when

seV
n=20.)

Theorem 2.7. Let V be a finite set. Let n = |V|. For each s € V, let x5 be an

element of IL. Let X and Y be two elements of IL such that X + Y + ) x; lies in
seV
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the center of IL. Then,

Y X <X+ sz>51 <Y+ Y. xs) ”5|1Y

SCv s€S seV\S
n—1
= (X+Y) (X+Y+ sz) :
seV

(Here,

|S|-1
e the product X (X + ) xs> has to be interpreted as 1 when S = o;
s€S

n—1[S|—1
e the product (Y + X xs> Y has to be interpreted as 1 when |S| =
eV\S
1; <
n—1
e the product (X +Y) (X +Y+ ¥ xs) has to be interpreted as 1 when

seV
n=20.)

Before we prove these theorems, let us cite some appearances of their particular
cases in the literature:

e Theorem 2.2 generalizes [Grinbe(9, Problem 4] (which is obtained by setting
L =2Z[X,Y] and x; = 1) and [Riorda68, §1.5, Cauchy’s identity] (which is
obtained by setting L = Z [X,Y] and X =xand Y =y +#n and x; = 1).

e Theorem generalizes [Comtet74, Chapter III, Theorem B] (which is ob-
tained by setting I = Z[X,Y] and x; = z) and [Grinbe09, Theorem 4]
(which is obtained by setting . = Z [X, Y] and xs = 1) and [Kalai79, (11)]
(which is obtained by setting L = Z[x,y] and X = x and ¥ = n+y)
and [KelPos08, 1.3] (which is obtained by setting L. = Z [z,y,x (a) | a € V]
and X =yand Y = z+x (V) and x; = x(s)) and “Hurwitz’s formula” in
[Knuth97, solution to Section 1.2.6, Exercise 51] (which is obtained by setting
V={12...,n}and X = xand Y = y and x; = z;) and [Riorda68, §1.5,
(13)] (which is obtained by setting L. = Z [X,Y,a] and X =xand Y =y + na
and x; = a) and [Stanle99, Exercise 5.31 b] (which is obtained by setting

n
L=2ZIx1,x2,...,Xp42] and X = x, 1 and Y = 21 Xi + Xp12).
-

e Theorem generalizes [Comtet74, Chapter III, Exercise 20] (which is ob-

tained when L is commutative) and [KelPos08, 1.2] (which is obtained by
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setting L. = Zz,y,x(a) | a€V]and X = yand Y = z and x; = x(s))
and [Knuth97, Section 2.3.4.4, Exercise 30] (which is obtained by setting V =
{1,2,...,n} and X = x and Y =y and x; = z;).

3. The proofs

We now come to the proofs of the identities stated above.

| Convention 3.1. We shall use the notation IN for the set {0,1,2,...}.

3.1. Proofs of Theorems and 2.4

We shall prove Theorem [2.2] and Theorem [2.4] together, by a simultaneous induc-
tion. In order to make the computations more palatable, let us first introduce a
convenient notation:

Definition 3.2. Assume that V is a finite set. Assume that x5 is an element of
L for each s € V. Assume that S is a subset of V. Then, x (S) shall denote the

element Y x; of IL.
seS

We make a trivial observation:

Lemma 3.3. Let V be a finite set. For each s € V, let x5 be an element of L.
(a) We have x (&) = 0.
(b) Let t € V. Let S be a subset of V' \ {t}. Then, x (SU{t}) = x; + x (S).

Proof of Lemma (a) The definition of x (@) yields x (&) = Y. x; = (empty sum) =
s€@
0. This proves Lemma [3.3| (a).
(b) Wehavet ¢ S [ Hence, (SU{t})\ {t} =S. Also, t € {t} C SU {t}.
The definition of x (S) yields x (S) = Y xs.

seS

4Proof. Assume the contrary. Thus, t € S. Hence, t € S C V \ {t}. In other words, t € V and
t ¢ {t}. Butt ¢ {t} contradicts t € {t}. This contradiction shows that our assumption was false.

Qed.
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Now, the definition of x (S U {t}) yields

x(SU{t}) = ) xs=x+ Y. Xs
seSU{t} seSU{t};

s#t
——

_se(Su{t})\{t}:seS
(since (SU{t})\{t}=S)

here, we have split off the addend for s = ¢
from the sum (since t € SU {t})
=X+ Y X =x+x(5).
SES

=x(S)

This proves Lemma [3.3) (b). O

Now, let us restate Theorem 2.2l and Theorem [2.4] together in a form that will be
convenient for us to prove:

Lemma 3.4. Let V be a finite set. Let n = |V|. For each s € V, let x; be an element

of L. Let X and Y be two elements of L such that X + Y lies in the center of L.
Then,

Y (X +x(S)(y —x(s)

SCV
= )Y (X+ Y)"k Xiy Xiy -+ * Xy (7)
i1,ip,...,i) are
distinct
elements of V
and
Y+ Y X (X4 x(5)PT (r —x(8)" T = (X + )" (8)
SCV;
S#£Y

(Here, the sum on the right hand side of (7) has to be interpreted as in Theorem

22)

Note that the equalities (7) and are restatements of the claims of Theorem
and of Theorem respectively. Unlike the claim of Theorem however,
the equality (8) does not require any convention about how to interpret the term

1S|-1
X (X + Y xs) when S = &, because the sum on the left hand side (8) has no

seS

addend for S = @.

Proof of Lemma[3.4 Let us first notice that all terms appearing in Lemma [3.4] are
well-defined?|

>Proof. This follows from the following four observations:
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We shall prove Lemma [3.4) by induction over 7.

Lemma 3.4/ holds when n = 0 ﬁ This completes the induction base.

Induction step: Let N be a positive integer. Assume (as the induction hypothesis)
that Lemma 3.4/ holds when n = N — 1. We must then prove that Lemma 3.4/ holds

e For every subset S of V, the term |S| is well-defined. (Proof: Let S be a subset of V.
Then, S is a subset of the finite set V, and therefore itself is finite. Hence, the term |S| is
well-defined. Qed.)

e For every subset S of V, the term (Y — x (5))" 8 is well-defined. (Proof: Let S be a subset
of V. Then, |S| < |V| = n, so that n — |S| > 0. In other words, n — |S| € IN. Hence, the

term (Y — x (S))" 1% is well-defined. Qed.)

e Whenever iy,iy,...,i are distinct elements of V, the term (X + Y)”fk is well-defined.
(Proof: Let iy,ip,..., i be distinct elements of V. Then, |{i1,ip,...,ix}| = k (since
i1,1p, ..., i are k distinct elements). But {i1,#,...,i} C V (since iy, iy, ..., i are elements
of V) and therefore |{i,ia,...,it}| < |V| = n. Hence, n > |{iy,i2,...,ix}| = k, so that
n —k > 0. In other words, n — k € IN. Thus, the term (X + Y)"_k is well-defined. Qed.)

e For every subset S of V satisfying S # @, the term (X + x (S))‘Sl*1 is well-defined. (Proof:
Let S be a subset of V satisfying S # @. Then, |S| > 0 (since S # @) and thus |S| > 1
(since |S| is an integer). In other words, |S| —1 € IN. Hence, the term (X + x (S))|S|_1 i
well-defined. Qed.)

S

®Proof. Assume that n = 0. We must prove that Lemma (3.4 holds.
We have |V| = n = 0. Hence, V = @. Thus, the only subset of V is the empty set @. Hence,

thesum Y, (X+«x (S))‘S‘ (Y —x (S))”7|S| has only one addend, namely the addend for S = @.
SCv

Therefore, this sum simplifies as follows:

Y. (X+x(8)(y —x ()"

SCV
= (X+x(2)? (Y —x(2)"? = (X +2(2))° (Y —x(2))*°

=1 =(Y-x(2))’=1
(since |@| =0and n =0)
—1. )

On the other hand, the set V has no elements (since V = ). Thus, the only k-

tuple (i1, ip,...,i;) of distinct elements of V is the empty O-tuple (). Therefore, the sum

Y (X + Y)”_k Xi Xj, -+ X;, has only one addend, namely the addend for k = 0 and
l’l,l'2,.‘.,l'k are

distinct
elements of V

(1,13, ...,ix) = (). Thus, this sum simplifies as follows:

Z (X+Y)n7k XiyXiy =+ Xiy,

il,iZ,...,ik are

distinct
elements of V'
= (X+Y)" (empty product) = (X +Y)" " = (X +Y)*° (since n = 0)
—————

=1
=X+ =1
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when n = N.

Let V, n, xs;, X and Y be as in Lemma Assume that n = N. We are going to
prove the equalities (7) and (8).

Let t € V be arbitrary. The set V' \ {t} is a subset of the set V, and thus is finite
(since the set V is finite). From t € V, we obtain |V \ {t}| = |\V/\/ -1=N-1

=n=N

In other words, N — 1 = |V \ {t}|. Also, recall that x; is an element of IL for each
s € V. Hence, x; is an element of IL for each s € V' \ {t} (since each s € V'\ {t} is
an element of V). Finally, of course, we have N -1 =N — 1.

Thus, we can apply Lemma[3.4{to V' \ {t} and N — 1 instead of V and n (since we
have assumed that Lemma 3.4 holds when n = N — 1). As the result, we conclude

Comparing this with (9), we obtain

Y (xX+x@) r—x(s) = ¥ (x) Fa, ox
ng il,iz,...,ik are

distinct
elements of V

c

In other words, (7) holds.
Recall that the only subset of V' is the empty set @. Hence, there exist no subset of V dis-
tinct from @. In other words, there exists no subset S of V satisfying S # @. Thus, the sum

Y X (X+x(8)17 (v — x(5))" 15! is empty. Hence,

SCV;
S#D
Y X (X4 x(8) (Y — x(5))" ¥l = (empty sum) = 0.
SCV;
S#o
Thus,
Y+ Y X (X +x(5)FT (v —x ()" =yt = y? (since n = 0)
SCV;
S#o
=0
=1.
Comparing this with
(X+Y)" = (X+Y)° (since n = 0)

(
=1

4

we obtain
Y+ Y X (X +x(5)P (v —x(5)" B = (x+ ).
SCV;
S#£o
In other words, (8) holds.
Thus, we have shown that both (7) and (8) hold. In other words, Lemma [3.4] holds. Qed.
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that
(X+x () (v =x(s)N 1P
SCV\{t}
= . Z (X + Y)N_l_k Xiy Xiy ** " X, (10)
11,12,...,1} are
distinct
elements of V\{t}
and
YN Y X (X xSy —x ()N = (x4 )NT
SCV\{t};
S#@

Subtracting YN=! from both sides of , we obtain

Y XXAx@S)PT y—x ()N = (x4 )N -yNTL a2
SCV\{t}
S#o

But x; is an element of IL (since xs is an element of IL for each s € V). Thus,
X + x; and Y — x; are two elements of IL. Their sum (X + x;) 4+ (Y — x;) lies in the
center of IL (because this sum equals (X + x;) + (Y —x;) = X + Y, but we know
that X + Y lies in the center of IL). Hence, we can apply Lemma to V\ {t},
N —1, X+ x; and Y — x; instead of V, n, X and Y (since we have assumed that
Lemma [3.4/holds when n = N — 1). As a result, we conclude that

Z (X +xt+x (S))|S| (Y —x; —x (S))N_1_|5|
SCVA{t}

N—-1-k
= ). (X+xt+Y—x4) Xig Xy« ++ Xj
il,iz,...,ik are

distinct
elements of V\{t}

(13)

k

and

YN Y (X 4x) (X x4+ x (S (Y = —x (s)N
SCV\{t};
S#o

= (X—f—xt-i—Y—xt)N_l.
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The equality becomes

Y, (X +x+x (S))‘S| (Y —x; — x (S))N*1*|5|
SCVA{t}

N—-1-k
== Z (2(+xt+Yx5) xilxi2~~~xik

il,iz,...,ik are =X+Y

distinct
elements of V\{t}

= Z (X + Y)Nilik xilxiz s X

3 (14)
il,iz,...,ik are
distinct
elements of V\{t}
= Y (X+x(8)y—x(s)NH (by (T0)) (15)
SCV\{t}
N-1-|g|
=X+x@)y-  x(9)
0 =0
(:si(ni: Tcé?:)())) (by Lemma [3.3(a))
+ Y X+x@S)P (r—x(s)N 1
S —(v-x(s)" !

(since N—1—|§|=N—|S|-1)
here, we have split off the addend for S = & from the sum
(since @ is a subset of V' \ {t})

= (X+x(@)" (y—oN -tk 4 Y (X +x(5)S (v — x (5))N-IsI-1
=1 ~ewran SCV\{t}
=1 _yN-1-0
(since Yf(}/:Y and |@|=0) 5#2

=YV Y (X +x(8) Ty —x (s)N
—yN-1 SQS\;\ét};
=YV Y (X (9) (= x(s)NE (16)

SCV\{t};
S#o

Let us record the following (well-known and simple) fact: The map
{SCV | t¢S}—-{SCV | te§},
S— SU({t} (17)
is a bijectiorﬂ

7Tts inverse is the map

{SCV | teS}—={SCV | t¢S},
T T\{t}.
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Any subset S of V satisfying t ¢ S must satisfy

N—|S|>1 (18)
Fl

Any subset S of V satisfying ¢t € S must automatically satisfy S # @ (because
S has at least one element (namely, ¢)). Thus, for a subset S of V, the condition
(t € Sand S # @) is equivalent to the condition (t € S). Hence, we have the fol-
lowing equality of summation signs:

Y =) . (19)

SCV; SCV;
tes; tes
S#Y

Now, every subset S of V satisfying S # @ must satisfy [S| —1 > 0 [} Hence,

8Proof of : Let S be a subset of V satisfying t ¢ S. We have S C V \ {t} (since S C V
and t ¢ S), and thus |S| < |V\{t}| = N —1. In other words, (N—1)—|S| > 0. Thus,
N—|S|—1=(N—-1)—|S| >0, so that N — |S| > 1. This proves .

9Proof. Let S be a subset of V satisfying S # @. Then, |S| > 0 (since S # @). Hence, |S| > 1 (since
|S| is an integer), so that |S| —1 > 0, qed.
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(X+x(5)) 51=1 i5 a well-defined element of L for every such S. We have

Y (X+xS)E T (y —x(s)N
SCV;
S#£o;
tes
~—~—
=) =Y
SCV; SCV;
tesS; tesS

Séf)
=Y (X+xS) T (v —x(s)HNF

SCV;
tes

= Y (XexEu{) Ty - x(su {p) D
SCV;

JE5 —(x(5U{e))) 51 (v —x(su )N
(since |SU{t}|=|S|+1 (since {¢£5S))

SCV\{t}

here, we have substituted SU {t} for S in the sum,
since the map is a bijection

(1S|+1)-1 N—(|S|+1)
= Z X+ x(Su{t}) Y- x(SU{t})
SCV\{t} — —
=x¢+x(S) =x:+x(S)
(by Lemma 3.3] (b)) (by Lemma 3.3] (b))
= 3 Xau+x@)P T @)
eV} :(X+x;x(5))|5| —(Y—x;— x(S))N 1-1s]

(since (|S|+1)—1=]S]) (since Y—(x¢+x(S))=Y—x;—x(S)
and N—(|S|+1)=N-1-|S])

= Y (Xau+a @) P — (ntx (5) D
SN (X ta(s)lS (Y ()N 11
(since (|S]+1)—1=|S]) (since Y—(xt+x(S))=Y—x;—x(S)
and N—(|S|+1)=N-1-|3|)

= Y X4xtx@)(r—x—x(©)N (20)
SCV\{t}
=yN g Z\{} (X +x(8) 1 (v —x (5)N B! (by (16)).-
SCV\{t};

S#o
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Multiplying both sides of this equality by X, we obtain
XY (X+x(©)(y—x(s)N
SCV;
S#£g;
tes
=X (YN Y (X +x(S) (v —x(s)N BT
SCV\{t};
S#g
=xYN 14X Y (X +x(S)E (v —x(s)NRIH
ScV\ith
S#@ )
= xS e
SCV\ith
S#@
=xyN 4 Y X (X+x ()P (v —x(s)N
SSV\ith | T
sto o =(X+x(9) T (X+x(8))
=XV Y X (X +x(8) T (X x(8) (Y —x(SHNTEIT 1)
ScV\{th;

S+o
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Each subset S of V satisfies either t € S or t ¢ S (but not both). Hence,

Y X (X+x(8) Ty —x(s)N

SCV;
S#@
= Y X(X+x(S) Ty —x ()N
SCV;
S#g;
\teS )
=X ¥ (X+x(8)" T (y—x(s))N "l
SCV;
S#o;
tes
=N R X(G(S) T (X)) (v —x(8) N
SCV\{t};
S+
(by 1))
+ X(X+x(S))|5|_1 (Y—x(S))N_W
SCV; ~ ~ -
7.2 =(Y=x(8)) (Y —x())N 7!
gf/ (since N—|S|>1

=y = Y (by (18)))
SCV; SCV\{t};

t¢Ss;
o S#g

(since the subsets S of V
satisfying t¢ZS are precisely
the subsets of V\{t})

=xYN 14 Y X (X +x(S)TT (X x(8)) (¥ —x(5)N I
S

+ Y XX +x(S)PT(r —x(8) (v —x(s)N I
s
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Subtracting XYN~! from both sides of this equality, we obtain

Y X(X+x ()P (Y —x(s))N I - xy N1
S0
= L X(X#x(9)T (X +x(5) (v —x ()N
s
Y XX ()T —x(8) (Y —x ()N
SCV\{t};
S#g
= ¥ (XX x(8) T (X x(8)) (v —x (5) N
SCV\{t};
S+
FX (X2 (8) 57 (Y —x(8)) (v =2 (8)N )

= Y X(X+x(8) (X () (Y = x(8) (¥~ x ()N

Sgs‘;\g}; —X+Y

since each subset S of V' \ {t} satisfying S # & satisfies
X(X+x(S)PIH (X +x(8) (Y = x(s)N IS
FX (X4 x ()Y —x(8)) (Y = x (s))N I
= X (X +2 ()T (X +x(8)) + (Y = x(8))) (¥ = x ()N FI!
- Y X(X+x(S)) 1 (x+Y)  (Y—x(s)N 5

ng\{t}/ (. 4 . ~ J
S£o =(X+Y)X(X+x(5))SI7 C=(r=x(s)N 1 F
(since X+Y commutes with X(X+x(5))|sl_1 (since N—[S[-1=N—-1—|S|)
(since X+Y lies in the center of L))

= Y X+)X(X+x(9)F T (v —x ()N
e
=(X+Y) Y XX+x(S) T (y—x ()N

SCV\{t};
S#o

J/

=(X+Y)N L yN-1

(by ()
= (X+Y) (X+ V)N =y
= (X+Y)(X+ )N (X4 Y)YN!
) =(X+Y)N :XYN*E—YYN*;

= (X+Y)N - (XYN—1 + YYN—l) = (X+Y)N - xyN-1_yyN-1,
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Adding XYM~ to both sides of this equality, we obtain

Y X (X+x(8) Ty —x(s)N T

SCV;
S+o
_ N  wvyvN-1_ vyN-1 N-1 _ N  vyN-1
= (X+ V)N - Xy YYN-1 4 xyN-1 = (X4 Y) YYN
=Y
= (X+Y)V YN, (22)

Now, forget that we fixed t. We thus have proven the equalities (20), and
foreacht € V.

The set V is nonempty (since |V| = N > 0 (since N is a positive integer)). Hence,
there exists some g € V. Consider this q. Applying to t = g, we obtain

Y X (X+x(S)TTy —x ()N = (x+ )V - YN,
SCV;
S#£Y
Adding YV to both sides of this equality, we obtain
YN+ Y X (X+x (S Yy —x (SN = (x + V)N, (23)

SCV;
S#£g

Since n = N, we can rewrite this equality as follows:

Y+ Y X (X4 x(5)PT (r —x(8)" 1 = (x+ )"
SCV;
S#@

In other words, the equality (8) holds.
On the other hand, every t € V satisfies

Y. X+ (v —x(s)N

SCV;

S#;

tesS

= Y X+x+x(S)y—x—x@)N B (by 20))
SCV\{t}

= ¥ X+)N "Ry x, g (by (). (24)
11,12,...,1) are

distinct
elements of V\{t}
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Now, every subset S of V satisfies

x(S)= )Y x (by the definition of x (S))
s€S
=L
seV;
SES
(since SCV)

=) x=) x (25)

seV; tev;
seS tes

(here, we have substituted ¢ for s in the sum).
But every subset S of V satisfying S # @ must satisfy

1S|—1>0 (26)
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Hence, (X + x(S)) I51=1 is a well-defined element of L for every such S. Now,

Y x(8) (X4x(9) Ty —x(s)M P
SS;E/:tGZV;xt
tesS

(by @5))

=3 | Lo X+x(@) T (v —x(s)*

SCV; \ teV;
S#£o \teS
= Y Y x(X+x(8) (v —x ()N
SCV;teV;
S#g teS
——
= )3
teV SCV;
S#o;
tes
=Y ¥ (X +x(8) (v —x ()N B
teV SCV;
S#g;
\tES
=x ¥ (X+x(8)FI (v—x(s))N
SCV;
S#o;
tes
=Y x Y (X+x(S) (y —x ()N
tevV  SCV;
S#;
tes
= r (X+)N Ty iy,
il,iz,...,ik are
distinct
elements of V\{t}

(by (4))

19Proof of @: Let S be a subset of V satisfying S # @. Then, |S| > 0 (since S # &). Hence, |S| > 1
(since |S| is an integer), so that |S| —1 > 0, ged.
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— Z Xt Z (X + Y)N_l_k xilxiz NN xik

teVv i1,1p,...,iy are
distinct
elements of V\{t}
—1-k
= r e (XHY)N T Ky i ey
il,iz,...,ik are
distinct
elements of V\{t}
N—-1-k
- Z Z Xt (X+7Y) . Xig Xip * Xy
teV  iy,ip,..., 10 are ~
distinct =(X+Y)N "1y

elements of V'\ {t} (since (X+Y)N 17k commutes with x;

(since (X—&—Y)N*l*k lies in the center of IL
(since X+Y lies in the center of IL,
but the center of IL is a subring of IL)))

_ Z Z (X+Y)N—1—kxt (xilxiz'”xik)

teV i1,ip,...,I; are
distinct
elements of V\{t}
N——
=) r
keN  iy,ip,...,I; are
distinct

elements of V\{t}

=) ) Y. (X +Y)N 1y (2i, %5, - - x7,) - (27)

teVkelN  iy,ip,... I are
distinct
elements of V\{t}

Let us next observe that if i1, iy, . . ., iy are distinct elements of V (for some k € IN),
then N -k € N and therefore the term (X + Y)N_k is a well-defined element
of IL. Hence, the sum Y (X + Y)N_k Xi, X, - - - X;,_is well-defined.

i1,ip,...,i) are
distinct
elements of V

On the other hand, consider the sum Y (X +Y)N. This sum has only
i1,p,...,ip are
distinct
elements of V

one addend (since there exists only one 0-tuple (i1, iy, ..., i) of distinct elements of
V, namely the empty O-tuple ()), namely the addend for (i1,1,...,ip) = (). Thus,
this sum simplifies as follows:

Y X+ =X+,
i1,12,...,ip are

distinct
elements of V

llP;’oof. Let iy, ip,...,ix be distinct elements of V. Then, {iy,i,...,ix} is a subset of V. Hence,
[{i1,12,...,ix}| < |V]| =n = N. But the elements i1, i, . . ., i are distinct; hence, |{iy, ip, ..., i }| =
k. Thus, k = |{i1,i2,...,i}| < N. Hence, N — k > 0. Therefore, N — k € IN. Qed.




Noncommutative Abel-like identities (DRAFT) page 22

Hence,
N-0 . N N
Z £X—|—Y) filxiz---xig = 2 (X+Y) —(X+Y) .
i1,ip,...,0g are e ~~ i1,ip,...,ip are
distinct =(X+Y)N  =(empty product)=1 distinct
elements of V elements of V
Now,
N—k
Y, (XHY)Txxeex,
i1,1p,...,i are
distinct
elements of V
o N—k N—k
- Z (X+7Y) Xiy Xiy * -+ Xy + Z (X+7Y) XigXip =+
i1,i2,...,iy are i1,ip,...,ix are
distinct distinct
elements of V; elements of V;
k=0 k#£0
NG ~~ g
= T (XN i oy = L
11,12,...,10 are 11,12,...,1 are
distinct distinct
elements of V elements of V;
=(xX+V)N k>0

(because for any k-tuple (iy,i,...,ix),
the condition (k#0) is equivalent to
the condition (k>0) (since k€IN))

(since every k-tuple (iy,1y,...,i) satisfies either k = 0 or k # 0 (but not both))
= (X+Y)N+ Z (X+Y)N7kxi1xi2---xi

il,iz,...,ik are
distinct
elements of V;
k>0

e
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Subtracting (X + Y)" from both sides of this equality, we obtain

—k
. Z (X+Y)N xilxiz"'xik_(X+Y)N
11,12,...,1) are

distinct
elements of V

N—k
= Z (X + Y) xilxiz e X
il/i2/---;ik are
distinct
elements of V;
k>0

= 2 Z (X + Y)Nik xilxiz s xik

k>0 iy,ip,... iy are

k

distinct
elements of V
_ N—(k+1) . . .
=) X (X4 X Xy o Xy
kEN i,ip,...,i;41 are —
distinct — A e
elemlgnltrs}cof %4 iy (x,zx,3 x1k+1>

(since k€IN)
(here, we substituted k + 1 for k in the outer sum)

= Z Z (X + Y)N_(k+1) Xiy (xizxi3 T xik+1)
kelN i1,,...,ix+1 are
distinct

glements of V

= L (XN (g xiy ;)
f,il,iz,...,ik are
distinct
elements of V
(here, we renamed the summation index (iy,i3,...,ix11) as (t,i1,42,...,ix))

N—(k+1
= Z Z (X+7Y) ( )xt (xilxiz"'xik)
keIN t,iq,ip,...,ix are
distinct
elements of V
&\/_/

t,i1,ip,...,i are elements of V;
the elements t,i1,i,...,i; are distinct

= Z Z (X+ Y)N_(k+1) Xt (xilxiz T xik) : (28)

k€eIN  t,iy,ip,...,i; are elements of V;
the elements t,i1,iy,...,ij are distinct

But let k € IN be arbitrary. If (¢,iy,ip,..., i) is any (k + 1)-tuple of elements of
V, then we have the following chain of equivalences:

(the elements ¢, iy, iy, . .., i are distinct)
<= (the elements iy, iy, ..., are distinct and differ from t)
<= (the elements iy, 1, ..., i are distinct) A (the elements iy, iy, ..., iy differ from t)

i

<= (the elements i1,i,...,i belong to V\{t})
<= (the elements iy, iy, ..., i are distinct) A (the elements iy, iy, ..., iy belong to V' \ {t})
<= (the elements i1, iy, ..., i are distinct elements of V' \ {t}).
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Hence, we have the following equality of summation signs:
t,i1,ip,...,ix are elements of V; t,i1,ip,...,ix are elements of V;
the elements t,iq,i,...,i; are distinct the elements iy,i,...,i; are
distinct elements of V\{t}
teVv i1,ip,...,ir are elements of V;
the elements iy,ip,...,i; are
distinct elements of V\{t}
i1,42,...,ir are distinct elements of V\{t};
the elements iq,iy,...,i; are elements of V
= Y
11,12,...,1 are
distinct elements of V\{t}
(because if iy,iy,...,i) are
distinct elements of V\{t}, then
i1,1p,...,ix must automatically
~ be elements of V
(since iy,ip,...,i; are elements of V\{t},
but V\{t} is a subset of V))
=) )3 (29)

tev
di

il,iz,...,ik are
stinct elements of V\{¢}

Now, forget that we fixed k. We thus have proven the equality for each

k € N. Now, becomes

)3

il,iz,...,ik are
distinct
elements of V

- ¥

—k
(X + Y)N xilxiz e xik -

)3

.

(X + Y)N*(kJrl)

(X +Y)N

k€EIN  t,i,ip,...,ix are elements of V;

the elements t,i1,iy,...,i; are distinct
NV

=L X
tev i1,1p,...,i) are
distinct elements of V\{t}

(by @)
)3

=) )

kelN teV il,iz,...,ik are
~——"distinct elements of V\ {t}
=Y L

teVkelN
teV keIN i1,ip,...,i) are

distinct elements of V\{t}

D

i1,ip,...,i) are
distinct
elements of V\{t}

L)

teV kelN

=(X+Y)N K

(since N—(k+1)=N—-1—k)

X+ )Ny (g, - x)

(X + Y)N_l_k Xt (xilxiz . e xlk)

(X "‘ Y)N_l_k Xt (xilxiz e xlk) .

Xt (xilxiz e xik)
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Comparing this with (27), we obtain

Z x(8) (X+x (S))‘5|_1 (Y —x (S))N—|S\
SCV;
S#@

il,iz,...,ik are

N—k
Z (X + Y) Xig Xiy =« - Xj, — (X + Y)N . (30)
distinct
elements of V

Adding this equality to (23), we obtain

YN+ Y X(X+x(8) Ty —x ()N
SCV;
S#£g

+ Y x(S) (X +x(8)PI (v —x (s)N B
7
=X+¥+ )

distinct
elements of V

N—k
= Z (X + Y) Xiy Xiy =+ Xjp - (31)
i1,ip,...,I; are
distinct
elements of V
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Now,
Y (X +x(8)(y —x(s)N
SCV
N—|z|
:\(X+x(@))\®\/ Y — x (@) + Y (X+x(5))|5‘ (Y—X(S))N_|S|
(O 5 SCV;
Zfﬁ:féf’:)%) (by Lemma([3.3] a)) 572

here, we have split off the addend for S = & from the sum
(since @ is a subset of V)

= (X+x(2)" (-0 Y (x+x(8) (v —x ()N

N ~ / ~ ng;
(since Y—0=Y and |@|=0)

— yN-0_ (X+x(S))|S‘ (Y—x(s))N_|5|
—YN ng}
S2D =(X+x(S))(X+x(5))5I!
(since |S|—1>0
(by (6)))
YN Y (X x(8) (X x () (v —x ()N
§26 =X (xx(5)) 51 (—2(8)N 51 2() (x--a(8)) 5 (r—x ()N

=YN4 Y (X(X+x(5))‘5|—1 (Y —x (S)N I 4 x (8) (X + x (5))5I7! (y—x(S))N—ls‘)

SCV;
S#g
- ¥ X<X+x<s>>‘5“1<H<s>>N—‘S‘+Vz 2(8) (X+x(8)) 17 (y—x(5))N IS
SCV; SCV;
S#o S#o
= YN+ Y X(X+x(8) (Y —x (s)N
SCV;
S#o
+ Y x(8) (X +x ()P (Y —x(s)N
SCV;
S#g

= Y X0V, (by @B1))-

il,iz,...,ik are
distinct
elements of V

Since n = N, we can rewrite this equality as follows:

Y X+x@)y—x)" = Y (X +Y)" Fxx,x
SQV il,iz,...,ik are
distinct

elements of V

In other words, the equality (7) holds.
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We have thus shown that the equalities (7) and (8) hold.
Now, forget that we fixed V, n, x5, X and Y and assumed that n = N. We thus

have proven that if V, n, x5, X and Y are as in Lemma and if we have n = N,
then the equalities (7) and (8) hold. In other words, Lemma 3.4/ holds when n = N.
0

This completes the induction step. Thus, Lemma [3.4]is proven by induction.

We can now prove Theorem [2.2]and Theorem [2.4]in their original forms:

Proof of Theorem From (7)), we obtain

Yo X" g,

il,iz,...,ik are
distinct
elements of V
S|

n—|$|

- Y | x+ x(S) Y — x(S)
v —— —r
- =) X =) X
SES sES
(by the definition of x(S))

(by the definition of x(S))

X+, xs> i <Y - S;xsys :

seS

SCV

In other words,

S| n—|S|
) (X +) x5> (Y -Y xs> = )Y (X+ Y)rk Xiy Xiy + X,
SCV sES SES il,iz,...,ik are
distinct
elements of V
This proves Theorem O
Proof of Theorem From (8), we obtain
(X+Y)"
S|-1 n—|S|
=Y"+ ) X|[X+ x(S) Y — x(S)
scv; ~—— N
S+ = ES Xs = gs Xs
(by the definition of x(S5)) (by the definition of x(S))
5[-1 n—|$|
=Y"+ ) X X+sz> (Y—sz> :
SCV; SES SES

S+
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Comparing this with

Y X <X+ sz> o (Y — sz)ﬂS

SCV seS s€S
n—|a|
|o]-1
= X| X+ Z Xg Y — 2 Xg
seg seg
(. ~— ~/ N =
=1 =(em sum)=0
(according to our convention for (empty )
IS|-1
interpreting X (X +) xs>
seS
when 5=0)
5|1 n—|S|
P Y x(xiEx) vz
SCV; SES sES
S#o

here, we have split off the addend for S = @ from the sum
(since @ is a subset of V)

(-0 X <X+ sz>51 (Y— sz>ns

o SCV; s€S s€S
(since Y—0=Y 572
and |@|=0)
|S[-1 n—||
:X"*B+ ZX<X+ZxS> (Y—sz>
Y. SCV; s€S s€S
S#g
|S5[-1 n—|$|
:W+ZX(X+2xS> (Y—sz) ,
SCV; seS sES
S#o
we obtain
1S|-1 n—|8|
ZX(X—i—ZxS) (Y—sz> = (X+Y)".
SCV sES sES
This proves Theorem O

3.2. Proofs of Theorems [2.6] and 2.7

Now, we are going to prepare for the proof of Theorem Let us first restate this
theorem (or, more precisely, its case when V' is nonempty) in a more convenient
form:
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Lemma 3.5. Let V be a finite nonempty set. Let n = |V|. For each s € V, let x,
be an element of L. Let X and Y be two elements of IL such that X + Y lies in
the center of IL. Then,

Y'Y —x (V) + X (X4 x (V)"
+ Y XX +x )T (v —x(s) I (v —x(v))
O
= (X+Y—x(V)(X+Y)" .

Here, we are again using the notation from Definition

Notice that the claim of Lemma (unlike the claim of Theorem does not

5|1
require any convention about how to interpret the term X (X + ) xs) when
s€S
S = @ (and any other such conventions), because all expressions appearing in

Lemma [3.5 are well-defined a-priori.

Proof of Lemma[3.5] Let us first notice that all terms appearing in Lemma are

well-defined™
For every subset S of V, we have

Yo (V)= (- x(s) - Do (32)
t%S;

12proof. This follows from the following four observations:

e The terms Y"1, X (X +x(V))" ' and (X+Y)"! are well-defined. (Proof: We know
that the set V is nonempty. Hence, |V| > 0. Thus, |V| > 1 (since |V] is an integer).
Therefore, n = |V| > 1, so that n —1 > 0 and thus n — 1 € IN. Hence, the terms yr-1

X(X+x(V))" Pand (X +Y)" ! are well-defined. Qed.)

e For every subset S of V, the term |S| is well-defined. (Proof: Let S be a subset of V.

Then, S is a subset of the finite set V, and therefore itself is finite. Hence, the term |S| is
well-defined. Qed.)

e For every subset S of V satisfying S # @ and S # V, the term (X + x (S))‘S‘*1 is well-

defined. (Proof: Let S be a subset of V satisfying S # @ and S # V. Then, |S| > 0 (since
S # ©) and thus |S| > 1 (since |S| is an integer). In other words, |S| — 1 € IN. Hence, the

term (X + x (S))!°I7! is well-defined. Qed.)

e For every subset S of V satisfying S # @ and S # V, the term (Y — x (S))”*‘S‘f1 is well-

defined. (Proof: Let S be a subset of V satisfying S # @ and S # V. Then, S is a proper
subset of V (since S is a subset of V satisfying S # V). It is well-known that if B is a finite
set, and if A is a proper subset of B, then |A| < |B|. Applying thisto A=Sand B=1V,
we obtain |S| < |V| = n, so that n — |S| > 0. Since n — |S| is an integer, this entails that
n—|S| > 1. Hence, n — |S| —1 > 0. In other words, n — |S| —1 € IN. Hence, the term
(Y — x(8))" "SI 1 is well-defined. Qed.)
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[
The definition of x (V) yields

x(V)=) x=) x (33)

seV teV

(here, we have renamed the summation index s as t).

From n = |V|, we obtain n — |V| = 0.

Fix any t € V. Every subset S of V satisfying t ¢ S must automatically satisfy
S#V Hence, for any subset S of V, we have the following logical equivalence:

(t¢SandS#@and S#V) < (t¢ Sand S # ©).

Thus, we have the following equality of summation signs:

Yy Y- ¥ 30

5CV; SCV,  SCV\{t};
tes, tZs; S#@
S£0; S£V S£o

(since the subsets S of V satisfying t ¢ S are precisely the subsets of V' \ {t}).
The set V' \ {t} is a subset of the finite set V, and thus is itself finite. Moreover,
from t € V, we obtain |V \ {t}| = |V| —1 = n —1. Hence, we can apply the
—~—

=n

13Proof of (32): Let S be a subset of V. The definition of x (S) yields x (S) = ¥ x;. But the definition
sesS
of x (V) yields

x(V)=) x = ) Xs + Y xs

seV seV; seV;
seS S¢S
v N’
=L =Y X
seS teV,;
(since S is a subset of V) t¢s
(here, we have substituted ¢ for s
in the sum)

since each s € V satisfies either s € S
ors ¢ S (but not both)

:sz+2xt:x(5)+2xt.

seS teV; tev;
N~~~ ¢S t¢S
=x(S)

Thus,

Y- x(V) =Y—[xS)+ Y x|=F-x(5)- ) x

~—~— teVv; teV;
=x(S)+ L x ¢S t¢S
tev;
t¢S

This proves .
4Proof. Let S be a subset of V satisfying t ¢ S. If we had S = V, then we would have t € V = S,
which would contradict f ¢ S. Hence, we cannot have S = V. Thus, we have S # V. Qed.
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equality (8) to V'\ {t} and n — 1 instead of V and n. We thus obtain

Yl Y XX +x (8T (y—x(s) P = (x+ )"
SCV\{t);
S#@

Subtracting Y"~! from both sides of this equality, we obtain

Y XX 4x () (r—x(8) T = (x4 ) -y (35)
SCV\{t}

S#o
Now,
)y X(X+x(8)° (r—x($)" " x
SCV; ~ ~~
S#@; S#V; =(Y—x(5))" 1715l
t¢s (since n—|S|—1=n—1—|S|)
- sczv- :scvz\ t};
t€S; *575;; v
S#@; S#£V
(by B)
= Y XX+x@)THy—x(s) Py
SCV\{t}
S#g

= L XX+x@) Ty —x(9) | x

SCV\{t};
S#£o
:(X+Y)"V—Lw—1
(by (@5))
- ((x Lyl Y”_1> X (36)

Now, let us forget that we fixed t. We thus have proven the equality for each
teV.

Subtracting Y" from both sides of the equality (8), we obtain

Y X(X+x(S) Ty —x(5) T = (x+ ) -y (37)
SCV;
S#Y

But the set V is nonempty. In other words, V # @. Hence, V is a subset of V
satisfying V # @. In other words, V is a subset S of V satisfying S # @. Hence, the
sum Y X(X+x (S))‘SF1 (Y —x (S))”f‘s| has an addend for S = V. If we split

SCV;
S#@
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off this addend from this sum, then we obtain

Y X (X+x(8) (Y —x(s))"
SCV;

Sty
=X (X+x W)V (y —x (v IV
_xex (V) =(rx(v))
(since |V|=n) (since n—|V|=0)
+ Y X(X+x8) Ty —x(s)
SCV;
S#£o; S£V
=X(X+x(W)" T -x(V)°+ Y X(X+x(S) Ty —x(5))
N’ SCV;
=1 S#3; S#£V
=X(X+x(V)" '+ Y X(X+xS)T (v —x(s)"
S S

Subtracting X (X + x (V))" ! from this equality, we obtain

Z X(X+x (S))|S|_1 (Y —x (S))l’l—\5| _ X(X-|— X (V))n—l
SCV;
S#o

= Y XX +x(5)FT(r —x(s)" .
SCV;
S#9; SV
Hence,

Y X(X+x(S)ET (v —x(s)

SCV;
S#g; S£V
= Y X(X+x(S)IT (v —x(8)" - x (X + x (V)"
SCV;
S#o
—(X+Y)" v
(by @7))

= (X+Y)" =YY"= X (X+x (V)" L. (38)
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Now,

Y X(X+xS)T (Y —x(s) T (v —x (V)
%/_/

Shos Sy —(Y—x(S))— zv
¢S
(by .)
= Y XX+xO))TIT v —x @) (v —x(8) - Y
SCV; tevV,
S#£a; s#v t¢S

=X(X+x(8))*I 7 (y— x( )" P (v —x(s))
~X(X+x(5))I T (y—x(8))" T ¢ x

tev,
t¢S
= Y (XX HxE)T = x(8)" T (v = x(9))
S5 v
X (X +x (ST (y —x(5)) P Y x
tev;
t¢S
= Y XX +xS) v —x ()" I (v —x(9))
S#SQC‘S/#V :(yf;(g))”—\s\
— Y XX +x@S)IT v —x(5) P Y
SCV; tev,;
S#£D; s7év t¢S
= ¥ X(X+x(S)S (y—x(5)) 1511,

teV'
t¢S
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= Y X(X+x(8) (v —x(s5)"

SCV;
S4g; S;AV
=(X+Y)"=Y"—X(X+x(V))" !
(by 38))
— Y Y XX xSy —x(5) Iy,
SCV; tev;

S£; SV t¢S
|

ey sEvs
S4g; S;év
tE¢S

= (X+Y)" =YY" —X (X+x (V)"
-y Y XX +x9)PT (v —x(s) Py,

tev  SCV;
S#2; S#V;
teS )
=((X+Y)" =y )y
(by (36))
= (X4Y) - Y - X (X+x(V ”1—Z<X+Y Y”’l)xt

tGV

-

=((X+Y)"'=yn1) ¥ x
teV

= (X4 =¥ = X (X x (V) (X))
teV

——
=x(V)
b 69)
= (X+Y)" — " —X(X+x(V))”_1—((X+Y)”_1—Y”1>x(V)l

—yn-ly N -~
=(X+Y)" I x(V)=yr—1x(V)

=(X+Y)"(X4Y)
= (X+Y)" X +Y) =YY =X (X2 (V)" = (X 1) e (V) - Y (V)
= (X+Y)" N X4+Y) =YY"l - X (X +x (V)" = (X+ )" (V) + Yk (V)

- ( (X+Y)" N (X +Y) - (X+Y)”*1x(V)) - <Y”‘1Y— Y”—lx(V)) X (X +x (V)

(.

:(X+Y)”*1((X+Y)—x(v)) =Y”*1(¥—x(V))
= X+)"THX+Y)-x(V)) YT (Y—x(V) =X (X +x (V)"

=((X+Y)=x(V))(X+Y)"!
(since (X+Y)""! commutes with (X+Y)—x(V)
(since (X+Y)" ! lies in the center of IL

(since X+Y lies in the center of I,
but the center of IL is a subring of 1L)))

= (X+Y)=x (V) (X+Y)" P —y" 1 (Y —x (V) = X (X +x (V)" .
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Solving this equality for (X 4 Y) —x (V)) (X + Y)" !, we obtain

(X+Y)=x (V) (X+Y)""
= Y XX+x(S)T (= x(8) I (v —x (V)
e
Y (Y —x (V) + X (X +x (V)" !
=YY" (Y —x (V) + X (X+x (V)"
+ Y XX+ —x ()T (v —x (v)).

SCV;
S#@; S#£V

Hence,

Y'Y —x (V) + X (X +x (V)"

+ Y XX +xS) Ty =2 (9) T (v — 2 (v))
s;é?a%‘s/;év

= ((X+Y)—x(V))(X+Y)"!

. J/

—X+Y—x(V)
= (X4+Y—-x(V)(X+Y)" 1.

This proves Lemma O

Proof of Theorem Theorem 2.6 holds in the case when V = @[] Hence, for

the rest of this proof, we can WLOG assume that we don’t have V = @. Assume
this.

15Proof. Assume that V = @. We must prove that Theoremholds.
We have V = @. Hence, |V| = |@| =0. Thus, n = |[V| =0.

But V is the empty set (since V = &). Hence, the only subset S of V is the empty set &.

[S|-1 n—|S|-1
Thus, the sum Y X (X + Y xs> (Y -y xs) <Y -y xs> has only one addend:
SCV ses sES seV

namely, the addend for S = &. Therefore, this sum simplifies as follows:
5|1 n—|s|—-1
ZX<X+ZxS> <Y2xs> <Y2x5>
SCV seS seS seV
12]-1 n—|o|-1
= X[X+) x Y—) x Y- ) x
seg seg seV

=1 =1
(according to our convention for (according to our convention for
s|-1 n—|8|-1
interpreting X<X+ ) x5> interpreting (Y— Y xs) (Y— Y x5>
sES seS seV
when S=02) when |§|=n)

=1
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We have V # @ (since we don’t have V = @). Hence, the set V is nonempty.
Thus, Lemma [3.5] yields
YL(Y —x (V) + X (X +x (V)"
Y XX xS = ()T (Y —x (V)
SCV;
S#9; S£V
= (X+Y—x(V))(X+Y)" L. (39)
Wehaven — || -1=n—-0-1=n-1.
~—~

=0
Every subset S of V satisfies

x(S) =) x (40)

seS

(by the definition of x (S)). Applying this to S = V, we obtain
X (V) = Z Xs- (41)

seV

But the set V is a subset S of V satisfying S # @ (since V is a subset of V and since

15|-1 n—|S|—1
V # @). Hence, thesum ) X <X-|— Y xs) <Y - Y xs> (Y— y x5>

SCV; sES sES seV
S#o
Comparing this with
according to our convention for
X+Y—-) x| (X+ y)" =1 interpreting (X +Y- Y% xs> (xX+y)" 1|,
seV seV
whenn =0
we obtain
1S|-1 n—|8|-1
ZX<X+sz> (Y—sz> (Y—sz)
SCV seS seS seV
= (X+Y— ) xs> (X+Y)" 1,
seV

In other words, Theorem 2.6 holds. Qed.




Noncommutative Abel-like identities (DRAFT)

page 37

has an addend for S = V. If we split off this addend from the sum, then we obtain

Y x (x+ sz) o <y_ 2) <y_ y )

SCV sES seS seV
S
|[V]—1 n—|V|-1
=X | X+ ) x Y— ) x Y— ) x
seV seV seV
e n—1 ;rl
= (X+ y Xs) (according to our convention for
seV

IS|-1
(since |V |=n) interpreting (Y— > xs) (Y— Y xs)
sES seV
when |S|=n)

|S|—1 n—|S|—-1

+ Y X[x+ )Y x Y— ) x Y— ) x

SCV; sES seS seV
S#£@; S#£V S~—~— S—~ N——"
=x(5) =x(S) =x(V)
(by (0)) (by .) (by .)
n—1

=X | X+ Y x + Y XX xSy —x ()T (v —x (V)

SEV SCV;

S£; S£V
(by B)

=X(X+x(V)" T+ Y XX xS —x ()T (v —x (v)).

SCV;
S+D; Syév

(42)
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Now,
|S|—1 n—|S|—-1
ZX<X+ZxS> (Y—sz) (Y—sz>
scv s€S s€S seV
n—|o|—1

|2]-1
seg seEY seV
et =(empty sum)=0
(according to our convention for

|S|-1
interpreting X (X—l— Y xs)
seS

when S=0)

|S|—1 n—|S|-1
+ZX<X+ZxS> (Y—sz) (Y—sz>
SCV; sES SES seV
S#o
=X(X+x(V))" '+ ¢ x<x+vx<s>>‘5‘—1<Y—x<s>>"—‘5‘—1<y—x<v>>
SCV;
S#@; S£V

(by @2)

here, we have split off the addend for S = @ from the sum
(since @ is a subset of V)

= (Y —0)" 12171 Y- Y x
~~ d seV

:Ynfl N——

(since Y—0=0 and n—|g|—-1=n—1) =x(V)
(by (1))

+X(X+x(V)" Y XX +xS))PEIT (= x(8)" T (v —x (v))
SCV;
S#@%S#V

=YY —x (V) + X (X +x (V)"
+ Y XX +x(S)TT =2 (8) T (v —x(v))

SCV;
S#0; S£V
— [ X+Y—x(V) | (X+Y)"! (by (39))
N——
=) X
seV.
(by @)
=[X+Y—- sz> (X+Y)" 1.

seV
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This proves Theorem O
Proof of Theorem We know that X + Y + ). x; lies in the center of L. In other
seV
words, X + (Y + ¥ xs> lies in the center of IL (since X + <Y + ) xs) =X+Y+
seV seV
Y. xs). Thus, Theorem 2.6| (applied to Y + ). x; instead of Y) yields
seV seV

Y X <X+ sz> . <Y+ ) x— sz>n51 <Y+ Y ox— ) xs>

SCV sES seV sES seV seV

n—1
= [ X4+Y+ ) x—) x <X+Y+sz>
seV seV , seV

-~

=Y

seV

n—1
= (X+Y) <X+Y+sz> . (43)

But every subset S of V satisfies

sz_zxs: Z Xs (44)

seV ses seV\S




Noncommutative Abel-like identities (DRAFT) page 40

@ Now,

n—|[S|—1

ZX<X+2xS>Sl Y+ ) x—) x <Y+sz—2xs>

SCV seS seV seS seV seV
| ———— ~ ~
= Y x5 =Y
seV\S
(by (@9
|S‘—1 i’l—|S|—1
:ZX<X+2xS> Y + Z Xg Y.
SCv seS seV\S

Comparing this with [@3), we obtain

n—1[5|—1

ZX(XJers)Sl Y4 ) x Y

SCv s€S seV\S

n—1
= (X+Y) (X+Y+ sz) .

seV

This proves Theorem O

4. Applications

4.1. Polarization identities

Let us show how a rather classical identity in noncommutative rings follows as a
particular case from Theorem 2.2} Namely, we shall prove the following polarization
identity:

16Proof of : Let S be a subset of V. Then, each element s € V satisfies either s € Sor s ¢ S (but
not both). Hence,

Yo xg = Y s+ Y =Y x+ Y x.

seV seV; seV; seS seV\S
ses S¢S
~— ~——
=X =L
seS seV\S
(since S is a subset of V)
Hence,
YoXs )X =) % ) x—) X= ) %
seV seS s€S seV\S seS seV\S
N———
=L %+ L X
seS seV\S

This proves (44).
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Corollary 4.1. Let V be a finite set. Let n = |V|. For each s € V, let x; be an
element of IL. Let X € IL. Then,

n
—|S
Z (—1)” S| <X+sz> = Z Xiy Xy * +* Xi,, -
SCV seS (i1,ip,...,in) is a list

of all elements of V
(with no repetitions)

Proof of Corollary[4.1} If (i1, iy, ..., i) is a k-tuple of distinct elements of V for some
k € IN, then the statement (n < k) is equivalent to the statement (k = n)
Hence, we have the following equality of summation signs:

Y, = Y . (45)

il,iz,...,ik are il,iz,...,ik are
distinct distinct
elements of V; elements of V;
n<k k=n

Furthermore, let us define a set 2 by
A= {(i1,ip,...,in) | (i1,02,...,in) is a list of all elements of V (with no repetitions)} .
Let us also define a set ‘B by

B = {(i1,ip,...,in) | (i1,i2,...,iy) is a list of distinct elements of V'}.

7Proof. Let (i1, ia, .. -, ix) be a k-tuple of distinct elements of V for some k € IN. We must prove that
the statement (n < k) is equivalent to the statement (k = n).
The elements iy,1iy,...,i are elements of V (since (i1,ip,...,i) is a k-tuple of elements
of V). In other words, {iy,ip,...,ix} € V. Hence, [{i1,i,...,ix}| < |V| = n. Thus,
n > |{i1,ip,...,ix}| > k. Hence, if n < k, then n = k (because combining n < k with n > k
yields n = k). In other words, the implication (n < k) = (n = k) holds. Conversely, the impli-
cation (n = k) = (n < k) holds (obviously). Combining this implication with the implication
(n <k) = (n =k), we obtain the equivalence (n < k) <= (n =k). Hence, we obtain the
following chain of equivalences: (n < k) <= (n = k) <= (k = n). Thus, the statement (n < k)
is equivalent to the statement (k = n). Qed.
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Then, A C B @ and B C A E Combining these two inclusions, we obtain

18Proof. Let j € 2. Thus,

jedA={(i1,i2,...,in) | (i1,12,...,in) is a list of all elements of V (with no repetitions)}
={(1,j2,---,jn) | (1, j2,---,jn) is a list of all elements of V (with no repetitions)}

(here, we have renamed the index (iy,1,...,in) as (j1,/2,...,jn)). In other words, j can be
written in the form j = (jy, j2,...,ju), where (j1,2,...,jn) is a list of all elements of V (with no
repetitions). Consider this (ji, j2, ..., jn)-

The list (1, j2, - - ., jn) is a list of elements of V, and its entries are distinct (since (j1, j2, ..., jn) is
a list with no repetitions). In other words, (j1,j2,...,jx) is a list of distinct elements of V. Thus,
(j1,j2,---,jn) has the form (jy,j2,...,ju) = (i1,i2,...,in), where (i1, i,...,i,) is a list of distinct
elements of V (namely, (i1,i3,...,in) = (j1,j2,---,jn)). In other words,

(1, j2s-- s jn) € {(i1,02,...,in) | (i1,02,...,in) is a list of distinct elements of V'}.

Inlightofj = (ji,j2,...,jn) and B = {(i1,i2,...,in) | (i1,12,...,in) is a list of distinct elements of V'},
this rewrites as j € B.
Now, forget that we fixed j. We thus have shown that j € B for each j € . In other words,
2A C 8.
Y Proof. Let j € B. Thus,

je€®B={(i,in,...,in) | (i1,i2,...,in) is a list of distinct elements of V'}
={(1,j2,---,jn) | (1,j2,---,ju) is a list of distinct elements of V'}

(here, we have renamed the index (i, iy, ..., ix) as (j1,j2,- - -, jn)). In other words, j can be written
in the form j = (j1,j2,...,ju), where (j1,j2,...,ju) is a list of distinct elements of V. Consider
this (jlerr e /jn)-

The n elements jy, jo, ..., ju are distinct (since (1, j2,...,jx) is a list of distinct elements of V).
Thus, |{j1,j2,.--,ju}| = n. But ji,j2,...,ju are elements of V (since (j1,/2,...,jn) is a list of
elements of V). Hence, {j1,/2,.-.,jn} is a subset of V.

It is well-known that if B is a finite set, and if A is a subset of B satisfying |A| = |B|, then
A = B. Applying thisto B = V and A = {j1,j2,...,ju}, we obtain {ji,j2,...,jn} = V (since
{j1,j2,---,ju}| = n = |V|). Thus, the list (j, j2, ..., jn) is a list of all elements of V. Furthermore,
this list (j1,j2,...,jn) has no repetitions (since the n elements jy, jo, ..., j, are distinct). Thus, the
list (j1,f2,...,jn) is a list of all elements of V (with no repetitions). Thus, (ji,j2,...,js) has the
form (j1,j2,---,jn) = (i1,12,...,in), where (iy,i3,...,iy) is a list of all elements of V (with no
repetitions) (namely, (i1,12,...,in) = (j1,/2,---,jn)). In other words,

(i, j2s---sjn) € {(i1, 02, ..., in) | (i1,d2,...,in) is a list of all elements of V (with no repetitions)} .

In light of j = (j1,j2,...,jn) and
= {(ir,i2,...,in) | (i1,d2,...,1n) is a list of all elements of V (with no repetitions)}, this
rewrites as j € .
Now, forget that we fixed j. We thus have shown that j € 2 for each j € ®B. In other words,
B C A
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20 = B. Now, we have the following equality of summation signs:

)3

(i1,in,...,in) is a list
of all elements of V.
(with no repetitions)

- T

(1,00, /in ) EA

since
( A= {(iy,i2,...,1n) | (i1, 02,...,in) is a list of all elements of V (with no repetitions)} )
= Y. (since 2 = B)

(i1,i2,-..,in) is a list
of distinct elements of V

(since B = {(i1,i,...,in) | (i1,i2,...,1s) is a list of distinct elements of V'})

= )Y . (46)

i1,ip,...,Iy are
distinct
elements of V

We have X + (—X) = 0. Thus, the element X + (—X) belongs to the center of IL
(since the element 0 belongs to the center of IL). Hence, Theorem [2.2| (applied to
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Y = —X) yields

S|

Yo X+ )Y x

SCV seS

il,iz,...,ik are

distinct =0
elements of V

i1/i2/---rik are
distinct
elements of V;
n<k
———
= X
i1,ip,... iy are
distinct
elements of V;

k=n
(by (@5))

On—k

< since each k-tuple (iy,1, .

X+ (—X)
N——

Xip Xiy + 0+ Xy +

n—|$|

—X—sz

sES
n—k

XjXip o Xjg =)
1'1,1'2,.‘.,1‘;( are
distinct
elements of V

roe

il,iz,...,ik are =0
distinct  (since n—k>0
elements of V; (since n>k))
n>k

satisfies either n < k or n > k (but not both)

il,iz,...,ik are
distinct
elements of V;
k=n

_ n—k,..
- ¥ oy
il,iz,...,ik are

distinct
elements of V;

k=n

1

(i1,i2,.--,in) is a list

of all elements of V
(with no repetitions)

n—k
0 Xiy Xip

s X Z

xiz...

xllxlz .« ..

Oxilxiz s xik
il,iz,...,ik are

distinct
elements of V;
n>k
Ny -~ J
=0
n—n
Xip = Z Q\/ Xig Xiy =
i1,ip,...,0y are —00—1
distinct

elements of V

(i1,i2,-..,in) is a list
of all elements of V
(with no repetitions)

(by (@)

ne

XigXiy *+* Xi

k

..,1x) of distinct elements of V )

n
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Comparing this with
n—|S|
S|
Z(X+2xs> —X—sz
SCV SES SES
T (X—’_SES xs)
S| n—|S|
SCV seS R seS P
M n—s|
—(_1\n—1S|
1P+ g )
S| n—|S|
-1 (x+gs) o (xe g
SQV\ seS B seS
s B
(-1 (x4 £ = )
seS
S| n—|S|
=Y (- F <X+ sz> <X+ sz>
SCV SES SES |
15|+ (n—15]) ]
:(X+ Y xs) :(X+ Y xs>
seS SES
(since |S|+(n—|S|)=n)
n
- L (xeEn)
SCV SES
we obtain
n
Z (—1)’1_'5‘ (X + Z x5> = 2 xilxiz e -xin.
SCVv seS (i1,ip,...,n) is a list
of all elements of V
(with no repetitions)
This proves Corollary O

Corollary 4.1 has a companion result:

Corollary 4.2. Let V be a finite set. Let n = |V|. For each s € V, let x; be an
element of IL. Let X € IL. Let m € IN be such that m < n. Then,

Y (—1)" Pl <X+ sz)m = 0.

SCV seS
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Proof of Corollary For any subset W of V, we define an element s (W) € IL by
s(W) = ) Xi Xiy X (47)

(i1,ip,...,in) is a list
of all elements of W
(with no repetitions)

If W is any subset of V, and if Y is any element of IL, then we define an element
r(Y,W) € L by

r(y,w) =Y (-1)"-s <Y+ sz) . (48)
SCW SES

Now, from Corollary we can easily deduce the following claim:

Claim 1: Let W be any subset of V satisfying |IW| = m. Let Y € IL. Then,
r(Y,W) =s(W).

[Proof of Claim 1: We have m = |W|. Hence, Corollary 4.1| (applied to W, Y and m
instead of V, X and n) yields

m
Y. (=1)™~ 8l (X +) xs> = Y. Xi Xiy -+ X, =5 (W)
SCW seS (i1,i2,-..,in) is a list

of all elements of W
(with no repetitions)

(by (@7)). Thus, becomes
m
r(y,w)y= Y (-n"WI-s (Y+ sz>

SCW g seS
=(-1 m—|S|

(since |W|=m)
m
- ¥ (- (X+ sz) —s(W).
SCW ses

This proves Claim 1.]
A more interesting claim is the following;:

Claim 2: Let W be asubset of V. Lett € W. Let Y € L. Then,
r(Y, W)=r(Y+x, W\ {t})—r(Y, W\ {t}).
[Proof of Claim 2: Let us recall the following (well-known and simple) fact (which

holds for any set W and any element t € W): The map

{(SCW | t¢S} > {SCW | teS},
S— SuU{t} (49)
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is a bijectionm
The definition of (Y, W \ {t}) yields
m
PO WA () = Y (1)l (y . )
SEMVY (1)W1 5€5
=Y (since [W\{t}|=|W|-1
SCW; (since tEW))
t¢S

(since the subsets of W\{t}
are precisely the subsets S of W
satisfying f¢S)

-y (—1)WI=1=Is| <Y+ sz> . (50)

SCW; seS
t¢S

The same argument (applied to Y + x; instead of Y) yields

r(Y+x, W\ {t) = Y (—n"Ils <Y+Xt+zxs> . (51)

SCW; seS
t¢S

But every subset S of W satisfying t ¢ S satisfies
(W[ =1—15] = W[ = [SU {t}] (52)

Plland
X+ Y Xe= ). X (53)

ses seSuU{t}

2lts inverse is the map

{(SCW | teS}—{SCW | t¢S},
T T\{t}.

21 Proof of : Let S be a subset of W satisfying t ¢ S. From t ¢ S, we obtain |[SU {t}| = |S| + 1.
Hence, [W| — [SU {t}| = [W| — (|S| +1) = [W| — 1 — |S|. This proves .
N——
—[8|+1
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H Hence, becomes

m
r(Y+x, W\ {t}) = ) (—1)WI-1-Is| Yint Y
; —
St%EI/Sv, :(_1)|W|—\Su{t}\ s€S
(since |W|—1—[S|=|W|—[SU{t}| :SGS%M Xs
(by (52))) e
m
= Z (_1)\W\—\5u{t}| Y 4+ Z o . -
SEW; seSU{t}
¢S

22Proof of : Let S be a subset of W satisfying t ¢ S. Then, (SU{t}) \ {t} = S (since t ¢ S) and
t € {t} CSU{t}. Now,

Y oxnext ¥ ox
seSU{t} seSU{t};
s#t
‘\,_/

= L
s€(SU{th\{t} s€S

(since (SU{t})\{t}=S)
here, we have split off the addend for s = ¢
from the sum (since t € SU {t})

=X+ ) xs.

seS

This proves (53).
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But the definition of r (Y, W) yields

r(Y,W)
-y (—1)!WI=Is] (y+ sz>
SCW s€S

_ _pywi-Is| X ' _pywi-Is| X
- ¥ (-1 <Y+Z s> +SZ (1) <Y+Z s

SCW; €S cw; €S
tes ’ t¢S ——(~1)WI-IsI-1 ’
o =—(=1)WI=1-I8]
=y (_1)\W\*|5U{t}| Yr Y ox (since |W|—1|S|—1=|W|-1-]S]|)
SCwW; seSU{t}
t¢S

(here, we have substituted SU{t} for S in the sum,
since the map is a bijection)

since each subset S of W satisfies eithert € Sort ¢ S
(but not both)

= Y (—1)WIrisuisl (Y+ Yy xs) + Y (—(—1)‘W‘—1—‘5|) <Y+ sz>m

SCW; seSU{t} SCW; ses
t¢S \téS
e m
— E DM (v )
SCW; s€S
t¢S

seSU{t} S%Ig\/; s€eS
t

[\ J/

=Y (—1)WI=ISUit (Y+ y xs) +|- X (—1)!WI=1=1s] <Y+ sz>m

:r(YJr;zr,W\{t}) :r(Y,W\{t})
(by G9) (by (0))

=1 (Y, WA{E]) + (=r (Y, WA {8})) =7 (Y + 2, WA {E]) =7 (Y, WA {t}).
This proves Claim 2.]
Now, the following is easy to show by induction:

Claim 3: Let W be a subset of V satisfying |W| > m. Let Y € L. Then,
r (Y, W) =0.

[Proof of Claim 3: We shall prove Claim 3 by strong induction over |W|:

Induction step: Let k € IN. Assume that Claim 3 is proven in the case when
|W| < k. We must show that Claim 3 holds in the case when |W| = k.

We have assumed that Claim 3 is proven in the case when |W| < k. In other
words,

< if W is any subset of V satisfying |W| > m and |W| < k, > (55)

andif Y € I, thenr (Y,W) =0

;
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Now, let W be any subset of V satisfying |W| > m and |[W| = k. Let Y € L. We
shall show that 7 (Y, W) = 0.

We have |W| > m > 0 (since m € IN). Hence, the set W is nonempty. In other
words, there exists some t € W. Consider this f. Clearly, W\ {t} is a subset of V
(since W\ {t} CW C V).

From |W| > m, we obtain |W| > m + 1 (since |W| and m are integers).

From t € W, we obtain |W \ {t}| = LVY_L —1> (m+1) —1 = m. Thus, we are in

>m+1
one of the following two cases:

Case 1: We have |W \ {t}| = m.

Case 2: We have |W \ {t}| > m.

Let us first consider Case 1. In this case, we have |W \ {t}| = m. Hence, Claim
1 (applied to W\ {t} instead of W) yields r (Y, W\ {t}) =s (W \ {¢}). Also, Claim
1 (applied to W\ {t} and Y + x; instead of W and Y) yields 7 (Y 4+ x;, W\ {t}) =
s (W\ {t}). Now, Claim 2 yields

FOGW) = P (Y 42, WA {E]) =7 (Y, WA () = s (W {t}) —s (W {£}) = 0.

=s(W\{t}) =s(W\{t})
Thus, r (Y, W) = 0 is proven in Case 1.

Let us now consider Case 2. In this case, we have |W \ {t}| > m. Also, W\ {t}| =
|W|—1 < |W| = k. Hence, (55) (applied to W \ {t} instead of W) yields r (Y, W\ {t}) =
0. Also, (55) (applied to W\ {t} and Y + x; instead of W and Y) yields r (Y + x;, W\ {t}) =
0. Now, Claim 2 yields

r(Y, W)=r(Y+x, W\ {t})—r(Y,W\{t}) =0-0=0.
=0 =0
Thus, r (Y, W) = 0 is proven in Case 2.

We have now proven r (Y, W) = 0 in each of the two Cases 1 and 2. Since these
two Cases cover all possibilities, we thus conclude that 7 (Y, W) = 0 always holds.

Now, let us forget that we fixed W and Y. We thus have proven that if W is any
subset of V satisfying |W| > m and |W| =k, and if Y € L, then r (Y, W) = 0. In
other words, Claim 3 holds in the case when |W| = k. This completes the induction
step. Thus, Claim 3 is proven by strong induction.]

Now, recall that V is a subset of V satisfying |V| = n > m (since m < n). Hence,
Claim 3 (applied to W = V and Y = X) yields r (X, V) = 0. But the definition of
r(X,V) yields

r(x,v)=Y (-1l (X+ sz> =Y (- <X+ sz) .
SQV:W’ s€S SCv s€S
(since |V|=n)

Hence,

Yy (—1)" s <X+ sz> = r(X,V) =0,

SCV seS
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This proves Corollary O

5. Questions

The above results are not the first generalizations of the classical Abel-Hurwitz
identities; there are various others. In particular, generalizations appear in [Strehl92],
[Johns96], [Kalai79], [Pitman02], [Riorda68, §1.6] (see the end of [Grinbe09] for
some of these) and [KelPos08]. We have not tried to lift these generalizations into
our noncommutative setting, but we suspect that this is possible.
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