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Abstract. Given three nonnegative integers p, q,r and a finite field

F, how many Hankel matrices (xiﬂ- 0<i<p, 0<j<q over F haverank < r

? This question is classical, and the answer (%" when r < min {p, q})
has been obtained independently by various authors using different
tools (Daykin, Elkies, Garcia Armas, Ghorpade and Ram). In this
note, we will study a refinement of this result: We will show that
if we fix the first k of the entries x(, x1,...,xr_1 for some k < r <
min {p,q}, then the number of ways to choose the remaining p +
q —k + 1 entries xy, X41,...,Xp+q such that the resulting Hankel

matrix (xi+j)0<l<p, 0<j<q has rank < r is blzr_k. This is exactly the

answer that one would expect if the first k entries had no effect on
the rank, but of course the situation is not this simple. The refined
result generalizes (and provides an alternative proof of) a result by
Anzis, Chen, Gao, Kim, Li and Patrias on evaluations of Jacobi-Trudi
determinants over finite fields.
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Given three nonnegative integers p, g, and a finite field F, how many Hankel

matrices (x1+])0 <i<p, 0<j<q over F have rank < r ? This question is classical, and

the answer (4> when r < min {p, q}) has been obtained independently by vari-
ous authors using different tools ([Daykin60, Theorem 1 for m = n], [Elkies02,
(26)], [GaGhRall, Theorem 5.1]). In this note, we will study a refinement of
this result: We will show that if we fix the first k of the entries xg, x1,..., Xx_1
for some k < r < min{p,q}, then the number of ways to choose the remain-
ing p +¢ — k+ 1 entries xg, Xx 1, . . ., Xp+4 such that the resulting Hankel matrix
(xi+]-) 0<i<p, 0<i<q has rank < r is g7k, This is exactly the answer that one
would expect if the first k entries had no effect on the rank, but of course the
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situation is not this simple (and we had to combine some ideas from [Elkies02,
(26)] and from [GaGhRall, Theorem 5.1 for r = n] to obtain our proof). The
refined result generalizes (and provides an alternative proof of) [ACGKLP1S,
Corollary 6.4].
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1. Results

We let N denote the set {0,1,2,...}.

Fix a field F. For any n € N, any (n + 1)-tuple x = (xo,x1,...,%,) € Frtl
and any two integers p,q € {—1,0,1,...} satisfying p + g < n, we define a
(p+1) x (g + 1)-matrix Hy 4 (x) by

X0 X1 .. xq
xl xz o e xq+1

e (. . — (p+1)x(g+1)

HP/J (x) T (XH—])()gigp, 0<jgg € FY¥ f :
Yp Xp+1 0 Xpig

Such a matrix Hy 4 (x) is called a Hankel matrix. The study of Hankel matrices
has a long history in linear algebra (see, e.g., [lohvid82]) and relates to lin-
early recurrent sequences ([Elkies02], [LidNie97, §8.6]), coprime polynomials
([GaGhRal1ll]), determinants ([Muir60, Section XILII]), orthogonal polynomials
and continued fractions ([Kratte99, §2.7]), total positivity ([Khare21]), and var-
ious applications such as x-ray imaging ([Natter01, §V.5]), as well as the recent
resolution of the t-adic Littlewood conjecture ([AdNeLuZl])H Numerous re-
sults have been obtained about their ranks in particular ([lohvid82, §11]). When
the field F is finite, a strikingly simple formula can be given for the number of
Hankel matrices of a given rank (more precisely, of rank < to a given number):

1Some of these references are studying Toeplitz matrices instead of Hankel matrices. However,
this is equivalent, since a Toeplitz matrix is just a Hankel matrix turned upside down (i.e.,
the result of reversing the order of the rows in a Hankel matrix).
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Theorem 1.1. Assume that F is finite. Let g = |F|. Let r,m,n € IN satisfy
r < m and r < n. The number of (m + n + 1)-tuples x € F"™"*1 gatisfying
rank (Hy,, (x)) < ris g%

Example 1.2. For a simple example, let r = 1 and m = 2 and n = 3. Thus,
for every x = (xg, X1, X2, X3, X4, X5) € F, we have

Xp X1 X2 X3
Hm,n (X) = H2,3 (x) = X1 X2 X3 X4
X2 X3 X4 X5

Theorem yields that the number of 6-tuples x € F° satisfying
rank (Hp3 (x)) < 1is g*! = g% These 6-tuples can indeed be described
explicitly:

* Any 6-tuple of the form (u, uv, uv?, uv®, uv*, uv®) with u € F\ {0} and
v € F is such a 6-tuple x. This gives a total of |[F\ {0}|-|F| =(g—1)¢g
many such 6-tuples.

e Any 6-tuple of the form (0,0,0,0,0,w) with w € F is such a 6-tuple x.
This gives a total of |F| = g many such 6-tuples.

For higher values of r, it is harder to describe all the g*" pertinent tuples.

To our knowledge, Theorem [1.1| has not appeared in this exact form in the
literature; however, it is easily seen to be equivalent to the following variant,
which has appeared in [Daykin60, Theorem 1]:

Corollary 1.3. Assume that F is finite. Let g = |F|. Let r,m,n € N sat-
isfy m < n. The number of (m+n+1)-tuples x € F""*1 gsatisfying
rank (Hy,, (x)) =ris

ifr=0;

1,

72 (-1, if0<r<m
qu—Z <qn—m+1 _ 1) , ifr =m4 1;
0, ifr>m+1.

The particular case of Corollary [1.3| for m = n also appears in [GaGhRall,
Theorem 5.1E| and [Elkies02, (26)]. The particular case when r = m = n appears
in [KalLob96, Corollary 3] as well.

2Note that [GaGhRal1l Theorem 5.1] works with Toeplitz matrices instead of Hankel matrices,
but this makes no real difference, since a Toeplitz matrix is just a Hankel matrix turned
upside down (and this operation clearly does not change the rank of the matrix).
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Another setting in which Hankel matrices appear is the theory of symmetric
functions, specifically Schur functions (see, e.g., [Stanle24, Chapter 7]). While
we will not use this setting to prove our main results, it has provided the main
inspiration for this note, so we shall briefly recall it now. The Jacobi-Trudi
formula [Stanle24, Theorem 7.16.1] expresses a Schur function s, as the deter-
minant of a matrix, which is a Hankel matrix when the partition A is rectangle-
shaped. The recent result [ACGKLP18, Corollary 6.4] by Anzis, Chen, Gao,
Kim, Li and Patrias can thus be framed as a formula for the probability of a
certain (n + 1) x (n + 1) Hankel matrix over a finite field to have determinant 0
(that is, rank < n). This would be a particular case of Theorem [1.1}if not for the
fact that the entries of the relevant Hankel matrix are not chosen uniformly at
random; instead, the first few of them are fixed, while the rest are chosen uni-
formly at randomﬂ This suggests a generalization of Theorem [1.1/in which the
first few entries”| of the (m + n + 1)-tuples x € F"*"+1 are fixed. The existence
of such a generalization was suggested to us by Peter Scholze.

This generalization indeed exists, and will be the main result of this note. In
stating it, we will use the following notation:

Definition 1.4. Let n € IN. Let x = (x,x1,...,%,) be any (n + 1)-tuple of
any kinds of objects. Let i € {0,1,...,n+ 1}. Then, x|g;) denotes the i-tuple

(XO/ X1pene /xi—l)'

For instance, (a,b,c, d/e)[o,3) = (a,b,c).
We can now state our generalization of Theorem

Theorem 1.5. Assume that F is finite. Let g = |F|. Let k,r,m,n € IN satisfy
k <r < mandr < n. Fix any k-tuple a = (ap,ay,...,ar_1) € F*. The number
of (m +n 4 1)-tuples x € F"*"* satisfying xq ) = @ and rank (Hy,, (x)) <7
is q21’—k.

Example 1.6. For an example, let k = 2, r = 2, m = 3 and n = 3. Let
a = (ap,a1) € F?. Then, Theorem yields that the number of 7-tuples
x € F7 satisfying x[,) = a and rank (Hz3 (x)) < 2 is *>72 = ¢*. Note that a
7-tuple x € F7 satisfying X[02) = 4 is nothing but a 7-tuple x € F’ that begins
with the entries ag and a;; thus, we could just as well be counting the 5-tuples
(x2, X3, x4, X5, x6) € F° satisfying rank (Hz3 (a0, a1, X2, X3, X4, X5, X6)) < 2.

Clearly, Theorem is the particular case of Theorem for k = 0, since the
O-tuple a = () € F® automatically satisfies x[ o) = a for every x € F"+" 1,

By specializing Theorem to the case r = m = n (and recalling that a
square matrix has determinant 0 if and only if it has less-than-full rank), we
can easily obtain the following;:

3See Section [5| for concrete examples of such matrices.
4Specifically, “first few” means “at most m”.
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Corollary 1.7. Assume that F is finite. Let ¢ = |F|. Let k,n € IN satisfy k < n.
Fix any k-tuple a = (ag,a1,...,a¢_1) € FF. The number of (21 + 1)-tuples
x € F?"* satisfying x|o ) = a and det (Hy» (x)) = 0is 42" %,

We shall prove Theorem [1.5]in Section 4} we will then derive Theorem
Corollary [I.3] and Corollary [I.7] from it. Finally, in Section 5, we will explain
how Corollary 1.7 generalizes [ACGKLP18, Corollary 6.4].

Remark 1.8. Theorem also holds if we replace the assumptions “k <
r < mand r < n” by “k < r < m < n+1". In fact, the only case
covered by the latter assumptions but not by the former is the case when
k < r =m = n+1; however, Theorem is easy to prove directly in this
case. (To wit, if k < r = m = n+ 1, then every (m + n + 1)-tuple x € F"+n+1
satisfies rank (Hy,, (x)) < r, since the matrix Hy,, (x) has n 4+ 1 columns
and therefore has rank < n+1 = r. Hence, the number of (m+ n+ 1)-
tuples x € F"*"*1 gatisfying Xk = a and rank (Hpm. (x)) < r equals
the number of all (m + n+1)-tuples x € F"™"*1 satisfying xo) = a in

this case. But this number is easily seen to be g" "1k = 42—k (since

\m/r/ +n \—t_l = r +r = 2r). Thus, Theorem is proved in the case when
= =r
k<r=m=n+1.)

As a consequence, Theorem [1.1| also holds if we replace the assumptions
“r<mandr <n” by “r <m<n+1". Hence, Corollary still holds if we
replace the assumption “m < n” by “m < n +1”. However, we gain nothing
significantly new in this way, since the newly covered cases can also be easily
obtained from the old ones.

2. Rank lemmas

Before we come to the proof of Theorem we are going to build a toolbox
of general lemmas about ranks of the Hankel matrices Hy, (x). We note that
none of these lemmas requires F to be finite; they can equally well be applied
to fields like R and C.

Lemma 2.1. Let n € N. Let p,g € N be such that p+q <n+1. If x € F'*!
satisfies rank (H, o1 (x)) < p, then

rank (H,, 1 (x)) <rank (Hp_14 (x)) .

Proof of Lemma We proceed by induction on p (without fixing x):

Induction base: Proving Lemma in the case when p = 0 is easy: In this
case, the assumption rank (H,,_1 (x)) < p rewrites as rank (Hp,_1 (x)) < 0,
which immediately yields the claim.
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Induction step: Let p be a positive integer. Assume (as the induction hypoth-
esis) that Lemma holds for p — 1 instead of p. Our goal is now to prove

Lemma [2.1] for p.
Let g € N be such that p+ g < n+1. Let x € F"! satisfy rank (H, 41 (x)) <

p. We must thus prove that
rank (Hpq 1 (x)) < rank (H,_1, (x)).

Write the (1 + 1)-tuple x € F"™! as x = (xq, x1,...,%,). Then,

xo xl PR xqfl
X1 Xp ce xq
Hy, 1(x) = : : N : and

Xp Xp+1 0 Xpig—1
X0 X1 - xq
X1 X2 o Xg4d

Yp—1 Xp 0 Xpig-1
xO x1 .. xq—]_
X1 Xy - xq

Hy_14-1(x) =
Yp—1 Xp 0 Xpig-2

Hence, the matrix Hy, ;1 (x) is H, 1,41 (x) with one extra row inserted at the
bottom, whereas the matrix H, 14 (x) is Hy,_14-1(x) with one extra column
inserted at the right end.

For any matrix A that has at least one row, we let A denote the matrix A with
its first row removed. The following properties of A are well-known:

o If the first row of A is a linear combination of the remaining rows, then

rank A = rank A. (1)

o If the first row of A is not a linear combination of the remaining rows,
then o
rank A = rank A + 1. @)

It is furthermore well-known that if A is any matrix, and if B is any submatrix
of A, then rank B < rank A. However, the matrix H, ;1 (x) is a submatrix of
Hy_1,4(x) (indeed, it can be obtained from H, 1, (x) by removing the first
column). Hence,

rank (W) < rank (Hp_1,4 (x)).
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Let ¥ denote the n-tuple (x1,x,...,%,) € F". It is easy to see that

Hyp (x) = Hy—1, (%) 3)
forallu e Nand v € {—1,0,1,...} satisfying u + v < n. Thus, in particular,
Hp,q—l (x) = Hp—l,q—l (E) 4)
and
prl,q (x) = Hp—Z,q (x). )

If the first row of the matrix H, ;1 (x) is a linear combination of the remain-
ing rows, then () yields

rank (H, ;1 (x)) = rank (Hp,q,l (x)) < rank (Hp_14 (1)),

which is precisely what we wanted to show. Hence, for the rest of this proof,
we WLOG assume that the first row of the matrix H,, 1 (x) is not a linear
combination of the remaining rows. Thus, (2) yields

rank (H,,_1 (x)) = rank (Hp,q_l (x)> + 1.
In view of (4), this rewrites as
rank (Hpg 1 (x)) = rank (Hy_1,4-1 (%)) + 1. (6)

Hence,
rank (H,_1,-1 (X)) = rank (Hpg—1(x)) —1<p—1

—
<P

Recall that the first row of the matrix H, ;1 (x) is not a linear combination
of the remaining rows. This entails that the first row of the matrix H, 141 (x)
is not a linear combination of the remaining rows (since the matrix H, 141 (x)
is the same as H, ;1 (x) without the last row). Therefore, the first row of the
matrix H, 14 (x) is not a linear combination of the remaining rows (since the
matrix H,_ 1, (x) is just H, 1,1 (x) with an extra column). Thus, (2) yields

rank (H,_1,4 (x)) = rank (Hp_l,q (x)> + 1.
In view of (5), this rewrites as
rank (H,_1,, (x)) =rank (H,_», (X)) + 1. )

However, our induction hypothesis shows that we can apply Lemma [2.1] to
n—1, p—1and X instead of 1, p and x (since rank (H,_1,4-1 (¥)) < p —1). We
thus obtain

rank (H,_14-1 (X)) <rank (H,_54 (X)) .
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Adding 1 to both sides of this inequality, we find
rank (H,_1,-1 (X)) +1 <rank (H,_», (X)) + 1.

In view of (6) and (7), this rewrites as rank (H, 1 (x)) < rank (Hp 1,4 (x)).
This completes the induction step. Thus, Lemma 2.1]is proved. O

Lemma 2.2. Let n € N. Let p,q € N be such that p +g < n+ 1. If x € F'*!
satisfies rank (H,_1, (x)) < g, then

rank (H,_q 4 (x)) < rank (Hpg_1 (x)) .

Proof of Lemma This is just a restatement of Lemma 2.1| (applied to p and g
instead of g and p), since the matrices H, 1, (x) and Hy ;1 (x) are the trans-
poses of the matrices H,, 1 (x) and H, 1, (x). (Alternatively, you can prove it
by the same argument as we used to prove Lemma except that rows and
columns switch roles.) O

Lemma 2.3. Let n € N. Let p,q € N be such that p + g < n+ 1. If x € F**!
satisfies rank (H, o1 (x)) < p and rank (H,_1, (x)) < g, then

rank (H, ;1 (x)) = rank (H,_1,4 (x)).

Proof of Lemma This follows by combining Lemma 2.T| with Lemma O

Our next lemma is a simple corollary of Lemma

Lemma 2.4. Let n € IN. Let p,g € N be suchthat p+q <n+1. Letr €¢ N
satisfy r +1 < pand r+1 < g. Let x € F'*!. Then, we have the logical
equivalence

(rank (Hpq—1 (x)) <) <= (rank (H,_1,(x)) <7).

Proof of Lemma We must prove the two implications

(rank (Hp,qfl (x)) <r) = (rank (prl,q (x)) <) (8)
and

(rank (Hp_1,4 (x)) <7) = (rank (Hp4-1 (x)) <7). )

We shall only prove (8), since (9) is entirely analogous.
So let us prove . We assume that rank (H, ;1 (x)) < r; we then must show
that rank (H,_1, (x)) <.
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The matrix Hy, 141 (x) is a submatrix of H}, ; 1 (x), and thus its rank cannot
surpass the rank of Hy,, 1 (x). In other words, we have rank (H,_1,4-1 (¥)) <

rank (Hpq_1 (x)).
However, the matrix H,_1,4 (x) can be viewed as being the matrix H, 1,1 (x)
with one extra column attached to it (at its right end). Thus,

rank (H,_1,4 (x)) < rank (Hy_14-1 (x)) +1

(since attaching one column cannot increase the rank of a matrix by more than
1). Hence,

rank (H,_1,4 (x)) <rank (Hy_14-1(x)) +1<r+1<q.

~~

grank(Hp/q,l(x))gr

Moreover, rank (Hp,q_l (x)) < r <r+1 < p. Hence, we can apply Lemma
and conclude that rank (H, ;1 (x)) = rank (H,_1, (x)). Thus, of course,
rank (H,_1,4 (x)) < r follows immediately from our assumption rank (Hp1 (x)) <
r. Hence, (8) is proved.

As we said, the proof of (9) is analogous. Thus, the proof of Lemma [2.4] is
complete. O

The following lemma is a (much simpler) counterpart to Lemma that
replaces the assumption rank (H,,_1 (x)) < p by the reverse inequality:

Lemma 2.5. Let n € N. Let p,q € N be such that p + g < n+ 1. If x € !
satisfies rank (Hpq_1 (x)) > p, then

rank (H,_1,4 (x)) = p.

Proof of Lemma Let x € F"*! satisfy rank (H,,_1 (x)) > p. The assumption
rank (H,,_1 (x)) > p shows that the p 4+ 1 rows of the matrix H,, 1 (x) are
linearly independent. Hence, in particular, the p rows of the matrix H, 141 (x)
are linearly independent (since these p rows are simply the first p rows of the
matrix Hy,4 1 (x)). Therefore, the p rows of the matrix H, 1, (x) are linearly
independent as well (since the matrix H, 1, (x) is just Hy_1,-1 (x) with an
extra column, and therefore the rows of the former contain the rows of the
latter as subsequences). In other words, rank (H,_1,(x)) = p. This proves
Lemma O

Our above lemmas have related ranks of the “adjacent” Hankel matrices
rank (H,,_1 (x)) and rank (H,_1,(x)). By induction, we shall now extend
these to further-apart Hankel matrices:
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Lemma 2.6. Let u € IN. Let m,n,r € Nbesuchthat m+n <wuandr < m
and 7 < n. Lets =m+n—r. Let x € F*l be arbitrary. Then, we have the
logical equivalence

(rank (Hyn (x)) < 1) <= (rank (H,s(x)) <7).

Before we prove this lemma, let us comment on its significance (even though
we will use it rather directly): If one wants to determine the rank of a (m + 1) X
(n + 1)-matrix A, it suffices to probe for each v € {0,1, ..., min {m, n}} whether
rank A < ris true (since 0 < rank A < min {m, n} +1). Thus, Lemmaallows
us to determine the ranks of the various matrices Hy, , (x) for a given x € F#*1
if we know which pairs (7, s) satisfy rank (H, s (x)) < 7.

Proof of Lemma 2.6 From s =m +n —r = (m —r) +n, we obtain s — (m —r) =
n. Furthermore,s = m+n— _r > m+n—m = n and similarly s > m. Hence,

<m
m < S.

We now claim that the equivalence
(rank (H, i (x)) < 7) <= (rank (Hys (x)) < 1) (10)

holds for each i € {0,1,...,s —r}.

[Proof of (I0): We proceed by induction on i:

Induction base: Clearly, holds for i = 0, since we have H, ;s ;(x) =
Hy10s—0 (x) = Hy s (x) in this case.

Induction step: Let j € {1,2,...,s —r}. Assume (as the induction hypothesis)
that holds for i = j — 1. We must prove that holds for i = j. In other
words, we must prove the equivalence

(rank (Hy4js—j (x)) <) <= (rank (H,s(x)) <7). (11)

However, our induction hypothesis tells us that the equivalence

(rank (Hy.y (15— (1) (¥)) <7) <= (rank(Hys(x) <7) (12)

holds.
We have

. o _ - _ _
r+)+G—j+1)=r+ s_ +l=r+(m+n—r)+l=m+n+1<u+1.

=m+n—r <u

Furthermore, we have j € {1,2,...,5s —r},sothat1 <j<s—r. Fromj<s—r,
we obtain 7 < s —j, so that r +1 < s — j + 1. This entails s —j +1 € IN (since
r+1 € N). Also, r+1 < r+j (since j > 1). Hence, Lemma (applied
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tou, r+jand s —j+ 1 instead of n, p and q) yields that we have the logical
equivalence

(rank (Hy4js—j+1-1 (%)) <) <= (rank (H,4j_1,5-j41 (x)) <7).

In other words, we have the equivalence

(rank (Hy1js—j (x)) <7) <= (rank <Hr+(]~,1),s,(]-,1) (x)) < r)

(sinces—j+1—-1=s—jandr+j—1=r+(j—1)ands—j+1=s—(j—1)).
Combining this equivalence with (I2)), we obtain precisely the equivalence
that we were meaning to prove.

Thus, we have shown that holds for i = j. This completes the induction
step, so that is proven.]

Now, m € {r,r+1,...,s} (sincer < m <s),sothatm—r e {0,1,...,s —r}.
Hence, we can apply toi = m —r. As a result, we obtain that the equiva-
lence

<rank (HTer,rls,(m,r) (x)) < r) <= (rank (H,s (x)) <71)
holds. In other words, the equivalence
(rank (Hyn (x)) < 1) <= (rank (H,s (x)) <7)

holds (since r +m —r = m and s — (m — r) = n). This proves Lemma O

3. Auxiliary enumerative results

3.1. Assumptions and notations

From now on, we assume that the field F is finite. We set g = |F|.
We shall use the so-called [verson bracket notation:

Definition 3.1. If A is any logical statement, then we define an integer [A] €
{0,1} by
1, if Ais true;
A — 7 7
Al {0, if A is false.

For example, 2+2=4] =1but[2+2=5] =0.
If A is any logical statement, then [.A] is known as the truth value of A.

The following fact (“counting by roll-call”) makes truth values useful to us:



https://en.wikipedia.org/wiki/Iverson_bracket
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Proposition 3.2. Let S be a finite set. Let A (s) be a logical statement for each

s € S. Then, Y. [A(s)] equals the number of elements s € S satisfying A (s).
seS

3.2. Sums over v for fixed x

The following proposition is a restatement of [Elkies02, Proposition 2] (but we
shall prove it nevertheless to keep this note self-contained):

Proposition 3.3. Let m,n € IN satisfy m < n+1. Let x € F"*"*! be a
(m +n+ 1)-tuple. Then,

(q—1) - [rank (Hpn (x)) < m]
= Y [0Huwu(x)=0—q Y. [0Hpu_1441(x)=0].

vEle(m+l); Z)el:lxm;

v#0 v#0

Before we prove this proposition, a few words about its significance are
worth saying. Assume that, as a first step towards proving Theorem we
want to count the (m +n + 1)-tuples x € F" "1 gatisfying rank (Hp,, (x)) <
m. (This is just an interim goal, we will later generalize this inequality to
rank (Hy,, (x)) < r and impose the additional condition xj) = a.) In view
of Proposition 3.2} this boils down to computing Y~ [rank (Hy,, (x)) < m].

xe Fm+n+1
Using Proposition [3.3] we can rewrite the addends [rank (H,, , (x)) < m] in this
sum in terms of other truth values, which are more “local” (one can think
of “rank (Hy,» (x)) < m” as a “global” statement about the matrix Hy,, (x),
whereas the statements “v Hy, , (x) = 0” and “v Hy,_1 441 (x) = 0” are local in
the sense that they only “sample” the matrix at a single vector each) and thus
(as we will soon see) are easier to sum.

Proof of Proposition We are in one of the following two cases:

Case 1: We have rank (Hy,, (x)) > m.

Case 2: We have rank (Hy,, (x)) < m.

Let us first consider Case 1. In this case, we have rank (Hy,, (x)) > m.
Thus, rank (Hy,, (x)) = m 41 (since Hy, (x) is an (m + 1) x (n 4 1)-matrix).
Therefore, the rows of the matrix Hy,, (x) are linearly independent. Hence,
there exists no nonzero v € F1*("+1) satisfying v Hy, , (x) = 0. Therefore,

Y. [vHpn(x)=0]=0. (13)
peFlx(m+1)

v#£0

7

Moreover, Lemma (applied to m +n, m and n + 1 instead of n, p and
q) yields that rank (H,,—1 41 (x)) = m (since rank (Hy,, (x)) > m). In other
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words, the m x (n + 2)-matrix H,,_1 ,41 (x) has rank m. Hence, there exists no
nonzero v € FIX™ satisfying v H,, 1,11 (x) = 0. Therefore,

Y. [0Hpu-1441(x) =0] =0. (14)
veFxm,
v#0

Finally, [rank (Hy,, (x)) < m] = 0 (since rank (Hy,,, (x)) > m). In view of
this equality, as well as and (14), the equality that we are trying to prove
rewrites as (§ —1) -0 = 0 — g - 0, which is clearly true. Thus, Proposition [3.3|is
proved in Case 1.

Let us now consider Case 2. In this case, we have rank (Hy, , (x)) < m. Also,
the matrix Hy,_1,1 (x) has m rows; thus, rank (Hy 1,41 (x)) < m < n+1.
Therefore, Lemma (applied to m +n, m and n + 1 instead of n, p and q)
yields

rank (Hy,, (x)) = rank (H,;—1 541 (%)) . (15)
Now, Proposition 3.2 shows that Y [v Hy,, (x) = 0] is the number of
veF1x(m+1)
all v € F1*(m+1) satisfying v Hy, , (x) = 0. Inotherwords, Y. [0 Hyn (x) = 0]
veF1x(m+1)

is the size of the left kerne of the matrix Hy, , (x). But the dimension of this
left kernel is (m 4 1) — rank (Hy,» (x)) (by the rank-nullity theoremﬁ); hence,
the size of this left kernel is g("+1)=rank(Hnn(x)) Thus,

Y, [0 Hun (x) = 0] = gmrDmrenkHu (), (16)

veF1x(m+1)

The same reasoning shows that

Y [0 Huyoipi1 (x) =0] = g ek (Fn -1 n1(x)) (17)

vel:lxm

Now, yields

(m+1)—rank(Hy,n(x)) (m+1)_rank(Hm—l,n+l (x)) m—rank(Hy, 1,141 (x))

q =q =49
In view of
q(erl)frank(Hm,n(x))
= ), [0Huu(x)=0] (by (16))
veFlx(m+1)
=14+ Y. [vHpun(x)=0] (since 0 Hy, , (x) = 0)
peFIx(m+1);
v#£0

5The left kernel of an s x t-matrix A € F** is defined to be the set of all row vectors v € F1**
satisfying vA = 0. This is a vector subspace of F1**.

The rank-nullity theorem (in the form we are using it here) says that the dimension of the left
kernel of a matrix A € F**! equals s — rank A.
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and
qm—rank(Hm,LnH(x))
= )., [0Hu1441(x) =0 (by (7))
veFlxm
=1+ Y [vHpu-1ps1(x)=0] (since 0 Hy—14+1(x) =0),
veF1xm;
v#£0

we can rewrite this as

1+ Z [U Hyppn (x) = 0] =q- 1+ Z [U Hpy—1n+1 (x) = O]
Z)EFlX(m'H); ZJElem;

v#0 v#0

In other words,

Z [0 Hpun (x) =0] —¢q Z [0 Hy—1u41(x) =0] =g — 1.
vele(nH—l); ZJElem;

v#£0 v#0
Comparing this with

(g—1) -Lrank(Hm;nr(x)) < ml: qg—1,

(since rank(Hy,(x))<m)

we obtain precisely the claim of Proposition Thus, Proposition 3.3|is proved
in Case 2.

We have now proved Propositionin both Cases 1 and 2. Thus, Proposition
always holds. O

3.3. Sums over x for fixed v

We need another definition. Namely, if m € IN, and if v = (vg,v1,...,0m) €
F1x(m+1) s a row vector of size m + 1, then last v will denote v, (that is, the last
entry of v). There is a bijection

R: {v e FY¥(mt1) | Jasty = 0} —y plxm
(00,01, -+, Om) > (V0,01 .., Vm—1) -

Its inverse map R~ sends each row vector (00,01, .-, Um—1) € F1X™ to the row
vector (vg,v1,...,0pm-1,0).
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Lemma 3.4. Let k, m,n € IN satisty k < m. Let v € F1x(m+1) be a row vector
of size m + 1 such that lastv # 0. Fix any k-tuple a € F¥. Then,

Y, [vHun(x)=0]= gk

xe]:m-&-n-&-l .
7
x[O,k) =a

xEFm+H+1;
X[O,k)za
number of all x € F"*"*! satisfying xo4) = a and v Hy,n (x) = 0. Thus, we

Proof of Lemma Proposition [3.2] shows that Y [v Hyn (x) = 0] is the

must prove that this number is g .

Write v and a as v = (vo,vy,...,Um) and a = (ag, a1, ...,a,_1), respectively.
Thus, lastv = vy, so that v,,, = lastv # 0.

Now, we are looking for an x = (xg, X1,..., Xm+n) € frtntl satisfying X[ok) =
a and v Hy (x) = 0. The condition x[g ) = a says that the first k entries of x
equal the respective entries of a; that is, x; = a; for each i € {0,1,...,k—1}.
Thus, xo, x1, ..., Xx_1 are uniquely determined. The condition v Hy,, (x) = 0 is
equivalent to x satisfying the following system of linear equations:

VoXg + U1X1 + -+ VX = 0;
voxX1 + 01X+ -+ UXyg1 = 0;
VX2 +01X3 + - -+ + UpXy 2 = 0; (18)

V0Xn + 01Xp41 + - F OmXmgn = 0.

Since vy, # 0, this latter system of equations can be uniquely solved for the
unknowns Xy, Xp+1, - .., Xm4+n (by recursive substitution) when the m entries
X0, X1, ..., Xm—1 are given. Hence, each (m + n + 1)-tuple x = (x9, X1, ..., Xpyn) €
Fr4ntl gatisfying X[ox) = @ and v Hy,, (x) = 0 can be constructed as follows:

e First, we set x; = a; for each i € {0,1,...,k — 1}. This determines the first
k entries xg, x1,...,xx_1 of x.

* Then, we choose arbitrary values for the next m — k entries xy, Xg41,..., Xp;—1.

* Finally, we uniquely determine the remaining entries x,;, Xp1,. .., Xmin
by solving the system (I8).

Clearly, the number of ways to perform this construction is g”* (since there
are |F| = g many options for each of the m — k entries xy, ¢ 11, ..., Xy—1). Thus,
the number of all x € F"™" 1 satisfying x|gx) = a and v H,, (x) = 0 is g"*.
This proves Lemma O
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Lemma 3.5. Let k,m,n € N satisfy k <n+1. Letv € F1x(m+1) be a nonzero
row vector of size m + 1 such that lastv = 0. Fix any k-tuple a € F¥. Then,

Y. [0 Hpupu(x) =0]
xeFm+n+1;
X[O/k):ﬂ
=q Z [R (U) Hm—l,n+1 (x) = 0] . (19)
xefpmtntl,
x[o,k):a

Proof of Lemma The sum on the left hand side of is the number of all
(m+n+1)-tuples x € F"""+1 satisfying xjo ) = a and v Hy,n (x) = 0 (because
of Proposition 3.2). Let us refer to such (m +n+1)-tuples x as weakly nice
tuples.

The sum on the right hand side of is the number of all (m+n+1)-
tuples x € F"*"*1 satisfying xjg4) = @ and R (v) Hy—1,,11 (x) = 0 (because of
Proposition 3.2). Let us refer to such (m + n + 1)-tuples x as strongly nice tuples.

We thus need to prove that the number of weakly nice tuples equals g times
the number of strongly nice tuples.

We shall achieve this by constructing a bijection

{weakly nice tuples} — F x {strongly nice tuples} .

Indeed, let us unravel the definitions of weakly and strongly nice tuples.
Write v and a as v = (vo,v1,...,Um) and a = (ag, a1, ...,a;_1), respectively.
Thus, lastv = vy, so that v,, = lastv = 0. Consider the largest j € {0,1,...,m}
satisfying v; # 0. (This exists, since v is nonzero.) Thus, v; # 0 but vj;; =
Ujy2 = -+ = Uy = 0. Also, the definition of R yields R (v) = (vo,v1,. -, Up—1)-
We have j # m (since v; # 0 but v, = 0). Thus, j < m — 1. Furthermore,

j tn+l1>2n+1>n>k—-1 (since k <n+1).
0
>

The weakly nice tuples are the (m +n+1)-tuples x = (xo,x1,...,Xmsn) €
Fin+l gatisfying

X; = a; foreachi € {0,1,...,k—1} (20)

as well as
voxg +01X1 + - A+ UpXy = 0;
voxX1 + 01X + - F UpXyy1 = 0;
VX2 +U1X3 + - -+ OpXpgn = 0; (21)

VoXn + 01 X1+ -+ OmXimin =0
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(because the condition “x[g ) = 4” is equivalent to , whereas the condition
“0 Hyn (x) = 0” is equivalent to ). In view of vj11 = vj 2 = =0y =0,
we can rewrite this as follows: The weakly nice tuples are the (m +n + 1)-
tuples x = (xo,X1,..., Xm+n) € prtntl satisfying

X; = a; foreachi € {0,1,...,k—1}
as well as
voXxo +01x1+ -+ vjXj = 0;
VoX1 +01x0+ - -+ UjXjt] = 0;
UpX2 +01X3 + -+ + VjXj1p = 0; (22)

T

[ V0Xn T 01X+ T VX = 0.

A similar argument (using R (v) = (v, vy, ..., Uy—1)) shows that the strongly
nice tuples are the (m + n + 1)-tuples x = (xo, X1, ..., Xmin) € F"TH1 satisfy-

ing
X; = a; foreachi € {0,1,...,k—1}
as well as
( voXp + v1x1 + - +0x; = 0;
vox1 +v1X2 + - - +0xj11 = 0;
VX2 + 01Xz + - - + VX420 = 0; (23)
V0Xpn + V1 Xpy1 + 00+ 0jXjyy = 0;
VoXp+1 + V1Xn42 + - + 0jXjppp1 = 0.

\

These characterizations of weakly and strongly nice tuples are very similar:
The system consists of all the equations of as well as one extra equation

V0Xp+1 + V1Xn42 + -+ -+ 0jXjps1 = 0. (24)

This latter equation uniquely determines the entry x;,,1 in terms of the
other entries of x (since v; # 0), whereas x;,,1 is entirely unconstrained by
the system (22). Thus, the entry x;; 1 is uniquely determined (in terms of the
other entries of x) in a strongly nice tuple x, while being entirely unconstrained
in a weakly nice tupldﬂ Informally speaking, this shows that a weakly nice
tuple has “one more degree of freedom” than a strongly nice tuple (and this
degree of freedom is the entry x;,,,1, which can take g possible values in a
weakly nice tuple). This easily entails that the number of weakly nice tuples
equals g times the number of strongly nice tuplesﬂ This proves Lemma O

"Here we are using the fact that the “x; = a; for each i € {0,1,...,k —1}” conditions don’t
constrain x; 1 either (since j +n+1 >k —1).
8Here is a rigorous way to show this: Consider the map

a : F x {strongly nice tuples} — {weakly nice tuples},

(]// (xOI X1,0.- /xm—i-n)) — (xO/ X1,e-- rxj+n/y, xj+n+2/ xj+n+3/ e /xm+n) ’
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Lemma 3.5 and Lemma 3.4 combined lead to the following:

Lemma 3.6. Let k,m,n € N satisfy k < m and k < n+ 1. Fix any k-tuple
a € F¥. Then,

)3 Y, [Huwu(x)=0-q )} Y, [0Hn-1ns1(x) =0]

xeFm+n+1,. vele(erl),. XGFm+”+1; Ueleml.
X[ok) =4 v#£0 X[0,k) =4 v#0

=(qg-1)g" "

Proof of Lemma We first observe that

(the number of all vectors v € F**("+1) satisfying lastv # O)
=(q-1)q" (25)

(since a vector v € F1*("+1) satisfying lastv # 0 can be constructed by choos-

ing its last entry from the (g —1)-element set F \ {0} and then choosing its
remaining m entries from the g-element set F).
For any row vector v € F*("+1) we define a number

Xo= Y, [0vHpun(x)=0]. (26)

x[O,k) =a
Thus, if v € F1*("*1) is a row vector satisfying lastv # 0, then

Xv = Z [0 Hyn (x) = 0] = g™ * (27)

xEFm+”+1;
X[O,k):a

which simply replaces the entry x;,, 1 of the strongly nice tuple (xo,x1,...,Xm+n) by the
element y. Consider the map

B : {weakly nice tuples} — F x {strongly nice tuples},
(JCO, X1/eeey Xm+n) = (xj+n+1/ (Xo, X1rewv s Xjdns Zr Xjpn42, Xjtn43r - -4 xm+n)) ’
where z is the unique element of F that would make the equation valid when

it is substituted for xj,,.1 (that is, explicitly, z is given by the formula z =

— (voxn+1 +01Xp42 + -+ 051 an) /v;j). Our above characterizations of weakly nice and
strongly nice tuples show that these two maps « and  are mutually inverse. Hence, « and
B are bijections. Thus,

|{weakly nice tuples}| = |F x {strongly nice tuples}|
= g - |{strongly nice tuples}|.

In other words, the number of weakly nice tuples equals g times the number of strongly
nice tuples.
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(by Lemma [3.4).
Recall that R : v € FI*0"+1) | Jasto = O} — F1X is a bijection. This bijec-
tion sends 0 to 0, and therefore restricts to a bijection

{vEFlX(’”H) |1astv=0andv;£0} — {velemMJ#O},
v R(v).

Hence, given any x € F"™"+1 we can substitute R (v) for v in the sum
Y. [v Hy—1n+1 (x) = 0], and thus obtain

velem;
v#0
Z [0 Hy—1,n41 (x) = 0] = Z [R(0) Hu—1,n41(x) = 0].
Z}Elem,' vele(m+l);
v#£0 last v=0;
v#£0
Thus,

q 2 Z [Z) Hmfl,nJrl (x) = ]

xe]:m-&-n-&-l/. ‘UGlem;
Xlok) =4 v#0

=19 Z Z R (v) Hpy—1,n41 (x) = 0]

xeFernJrl; peF1x(m+1)

7

Xlok)=a lastv=0;
v#£0
= ). 0 ) [R(0) Hurus1(x) =0]
Z)EZ:1><(111+1); xepmtntl,
last v=0; Xjok) =4
v#0 ~ ~
= )y [0 Hy,n(x)=0]
xeF’”+”+1;
x[O,k):a
(by Lemma3.5)
= Z Z [0 Hyn (x) = 0]
vel:lx(m+1); xepm—kn—}—l;
last v=0; Xlok) =4
U#O (& ~ J/
=Xv
(by (28))
= Z Xov = Z Xo- (28)
Z)el:1><(m+1); Z)€F1><(m+1);
last v=0; v#0;

v#£0 last v=0
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On the other hand,

Z Z [0 Hyp (x) = 0]

xEFm+n+1; UGF]X(WHL‘I)

7

Xlok)=a v#£0
= Z Z [0 Hyn (x) = 0]
veplx(erl); xeFm+n+1;
v#0 Xo,k) =4
=Xo
(by 26))
= Y X (29)
UEFlX(erl)I.
v#0

Subtracting the equality from the equality (29), we obtain
Y L bHw@=0-q ¥ Y [oHu e (x)=0

xeFmtntl, e plx(mtl), xeFmintl, pepbxam,

X[0k) =4 v#£0 Xok) =4 v#£0
= Y Xe— X =) Xo
UeFlX(WH—l); Ueplx(m+l); Uele(m+1); Tk
v#£0 v#£0; v£0; =q
lastv=0 last v£0 (by @7))
since Y po— Y, o= Y o
Ueplx(m+1); veFlX(m'H); UGFlX(m'H);
v#£0 v+£0; v£0;
lastv=0 lastv#£0

for any numbers p,

— Z qm—k _ Z qm—k

UEFlX(m+1); vele(m+1),.
v#0; last v#£0
lastv#£0

here, we have removed the condition “v # 0” from under
the summation sign, since any vector v € F1*("+1)
satisfying lastv # 0 automatically satisfies v # 0
= (the number of all vectors v € F**("*1) satisfying lastv # O> gk

[\ J/

-1

=(q-1)q"
(by @)
=(q-1g" " =@-1)¢""
——
:q2m—k
This proves Lemma O

3.4. Theorem forr=m

Before we prove Theorem [1.5/in full generality, let us first show it in the partic-
ular case when r = m:
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Lemma 3.7. Let k,m,n € IN satisfy k < m < n+ 1. Fix any k-tuple a €

F¥. The number of (m +n + 1)-tuples x € F"*+"*+! satisfying X[ok) = a and

rank (Hy, , (x)) < m is g?"F.

Proof of Lemma Write the k-tuple a in the form a = (ag, a3, ..., a5_1).
We have

(q=1)- ), [rank (Huu (x)) < m]

xEFm+”+1;
x[O,k) =a
. (7—1) - [rank (o, (x)) < m]
xeFernJrl; ~ ~~ 4
Xjo k) =4 = r [U Hinn (x):O] —q r [”0 Hm—l,n+1 (X)ZO}
! vel:lx(m+1); UGlem;
v#0 v#0
(by Proposition 3.3)

= Y Y, [0Huu(x)=0]—q Y. [©Hpu 1441 (x)=0]

XGF"H'”'H; UEFlX(’"+1>; Ueplxm;
X[ok) =4 040 0£0

= Z Z [ZJ Hyn (x) = O] —q Z Z [U Hy 1,041 (x) = 0]

xeFm+n+1’. UEFlX(erl); xel:m+n+1; Z)Elem;
X[ok)=a v#£0 X[0,k) =14 v#0

=(g—1)g** (by Lemma .

Cancelling g — 1 from this equality (since g — 1 # 0), we obtain

Y [rank (Hy, (x)) <m] = "k,

xeprtntl,
x[O,k) =a

But the left hand side of this equality is the number of (m + n + 1)-tuples x €
Frtntl satisfying xpox) = @ and rank (Hy,, (x)) < m (because of Proposition

. Thus, this number is qzm_k. This proves Lemma O

4. Proofs of the main results

We can now prove the results from Section [1|in their full generality.

Proof of Theorem[1.5] Lets = m +mn —r. Then, r +s = m + n. Also, r < s (since
S —r=m+4+n—_r — r >2m+n—m—n=20),sothatr <s<s+1
~— ~ O~

=m+n—r <im <n
and thus k <r <s+1.
Lemma [2.6| (applied to u = m + n) yields the logical equivalence

(rank (Hp,n (x)) < 1) <= (rank (H,s (x)) <7)
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for any (m +n + 1)-tuple x € F"*"*+1. Thus, []
(# of all (m +n+1)-tuples x € F""*1 satisfying xjg ;) = a
and rank (Hy, » (x)) < r)
= (# of all (m+n+1)-tuples x € F""*1 satisfying xjq ) = a
and rank (H,s (x)) < r)

— (# of all (r +s+1)-tuples x € F""**1 satisfying x| ) = a

and rank (H,s (x)) < r> (sincem+n =r-+s)
— g%k (by Lemma [3.7 applied to r and s instead of m and n) .
This proves Theorem O

Proof of Theorem [I.1} Let a be the O-tuple () € F°. Thus, Theorem (ap-
plied to k = 0) yields that the number of (m +n+ 1)-tuples x € Fm+ntl
satisfying xj09) = a and rank (Hp,, (x)) < 7 is g% =% We can remove the
“X[p,0) = 4” condition from the previous sentence (since every (m +n+1)-
tuple x € F"*"*1 satisfies xjgp) = () = @), and thus obtain the following:
The number of (m + n + 1)-tuples x € F"+"*! satisfying rank (Hp,, (x)) < 7 is
g% 0. But this is precisely the claim of Theorem [1.1| (since 2r — 0 = 2r). Thus,
Theorem [1.1]is proved. O

Proof of Corollary We need to prove the following four claims:

Claim 1: If r = 0, then the # of (m + n + 1)-tuples x € F"*"*1 satis-
fying rank (Hy,,, (x)) =ris 1.

Claim 2: If 0 < r < m, then the # of (m +n + 1)-tuples x € F"n+1
satisfying rank (Hy,, (x)) = ris ¢ 2 (g*> — 1).

Claim 3: If r = m + 1, then the # of (m +n + 1)-tuples x € F"tn+l
satisfying rank (Hy, , (x)) = r is qZY*Z (q"*mﬂ _ 1)_

Claim 4: If r > m + 1, then the # of (m +n + 1)-tuples x € F"*"+l
satisfying rank (Hy, », (x)) = ris 0.

[Proof of Claim 1: We need to show that the # of (m + n + 1)-tuples x € F"+"+1
satisfying rank (Hy,, (x)) = 0 is 1. In other words, we need to show that there
is exactly one (m + n + 1)-tuple x € F"*"*! satisfying rank (Hy, , (x)) = 0. But

9The symbol “#” means “number”.
19The symbol “#” means “number”.
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this is rather simple: The (m + n + 1)-tuple (0,0,...,0) € F"*"*1 does satisfy
rank (Hy,, (x)) = 0 (since Hp, n (x) is the zero matrix when x is this (m +n + 1)-
tuple), and no other (m + n+ 1)-tuple does this (because if x € F""*+1 is
not (0,0,...,0), then the matrix Hy, , (x) has at least one nonzero entry, and
therefore its rank cannot be 0). Thus, Claim 1 is proved.]

[Proof of Claim 2: Assume that 0 < r < m. Thus, r and r — 1 are elements of
IN and satisfy r <m <nand r —1 < r < m < n. Hence:

e Theorem [I.1] yields that

(# of (m+n+1)-tuples x € F"" ! satisfying rank (Hy,, (x)) < r)

— qu.
* Theorem [1.1] (applied to » — 1 instead of r) yields that

(# of (m+n+1)-tuples x € F""" ! gatisfying rank (H, , (x)) <7 — 1)

_ q2(r—1).

However, a matrix A satisfies rank A = r if and only if it satisfies rank A < r
but not rank A < r — 1. Hence,

<# of (m+n+1)-tuples x € F™ "+ satisfying rank (Hy,, (x)) = r)

= <# of (m+n+1)-tuples x € F"™" ! satisfying rank (Hy,, (x)) < r)

-~

:q2r

— (# of (m+n+1)-tuples x € F""" ! satisfying rank (H, , (x)) <7 — 1)

(.

:qz("*l)

_ q2r _ qZ(r—l) _ qu—2 <q2 . 1) _

This proves Claim 2.]

[Proof of Claim 3: Assume that r = m + 1. Thus, 2r =2 (m+1) = 2m + 2, so
that 2m = 2r — 2. The matrix H,, , (x) (for any given x) is an (m +1) x (n+1)-
matrix; thus, its rank is always < m + 1. Hence, it has rank m + 1 if and only if




Rank of Hankel matrices over finite fields page 24

it does not have rank < m. Thus,
<# of (m+n+1)-tuples x € F"™" ! gatisfying rank (Hy,, (x)) = m + 1)

= (# ofall (m+mn+1)-tuples x € F’”*”H)

NV
—gmtn+l

(since |F|=q)
— <# of (m+n+1)-tuples x € F"""! gatisfying rank (H, , (x)) < m>

N

Vs
—2m

(by Theorem [1.T} applied to m instead of r)
_ ,m+tn+l 2m __ 2m [ n—m+1 _ 2r=2( n—m+l
=1 —q7 =9 (q —1)—q (q —1)

(since 2m = 2r — 2). But this is precisely the claim of Claim 3 (since r = m + 1).
Thus, Claim 3 is proven.]

[Proof of Claim 4: Assume that r > m + 1. The matrix Hy, , (x) (for any given
x) is an (m 4 1) x (n 4 1)-matrix; thus, its rank is always < m + 1. Hence, its
rank is never r (because r > m + 1). Thus,

(# of (m+n+1)-tuples x € F"t" 1 satisfying rank (Hy,, (x)) = r) =0.

This proves Claim 4.]
Having proved all four claims, we thus have completed the proof of Corollary
O

Proof of Corollary[[.7} If x € F*'! is any (2n+ 1)-tuple, then the condition
“det (Hun (x)) = 0” is equivalent to “rank (H,, (x)) < n” (since Hyn (x) is
an (n+1) x (n+ 1)-matrix, and thus its determinant vanishes if and only if
its rank is < n). Hence, the number of (21 + 1)-tuples x € F?**1 satisfying
Xox) = @ and det(Hyy, (x)) = 0 is precisely the number of (2n +1)-tuples
x € F?"*1 gatisfying X[ox) = a and rank (Hy,, (x)) < n. But Theorem (1.5 (ap-
plied to m = n and r = n) shows that the latter number is g"~*. This proves

Corollary O

5. Application to Jacobi—Trudi matrices

Let us now discuss how [ACGKLP18| Corollary 6.4] follows from Corollary
For the sake of simplicity, we shall first restate [ACGKLP18, Corollary 6.4] in a
self-contained form that does not rely on the concepts of symmetric functions:

Corollary 5.1. Assume that F is finite. Let ¢ = |F|. Let u,v € IN. For each
(u+ov—1)-tupley = (y1,Y2,-- -, Yuro-1) € F*7271, we define the matrix

Jup (y) := (yu*iﬂ)migv, 1<j<o € F77,
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where we set i := 1 and y; := 0 for all k < 0.
Then, the number of all (u+v—1)-tuples y € F**°~1 satisfying
det (Juo (v)) = 0is g*To2.

Example 5.2. (a) If u = 1 and v = 3, then each 3-tuple y = (y1,y2,y3) € F°
satisfies

Yi Y2 Y3
]u,v (]/) = ]1,3 (y) = (]/1—i+j)1<1<3, 1<j<3 = Yo Y1 Y2
Y-1 Yo W1

i Y2 Y3
=11 y1 »n (since yp =1and y_1 =0)
O 1 yl

and thus det (Juo (v)) = y3 + ¥3 — 2y112.
(b) If u = 4 and v = 3, then each 6-tuple y = (y1,V2,...,Ys) € F° satisfies

Y4 Ys VYe
Jup () = Jag (¥) = (Ya-itj)1cics 1<jc5 = | Y3 Ya Y5
Y2 Y3 VYa

and thus det (Ju,0 (v)) = VeV3 — 2V3Yays5 + Y3 — Y2Y6Y4 + Y2V

Why is Corollary [5.T|equivalent to [ACGKLP18, Corollary 6.4]? In fact, Corol-
lary 5.1| can be restated in probabilistic terms; then it says that a uniformly ran-

dom (u + v —1)-tuple y € F**?~! satisfies det (Ju,» (y)) = 0 with a probability
qu+v—2

g1 = —. However, the matrix J,, (y) in Corollary [5.1| is precisely the

Jacobi-Trudi matri corresponding to the rectangle-shaped partition (u”), ex-
cept that the entries of y have been substituted for the complete homogeneous
symmetric functions hy, hy, ..., hy4y—1. The determinant det (], (v)) therefore
is the image of the Schur function s(,») under this substitution. Thus, Corollary
says that when a uniformly random (u + v — 1)-tuple of elements of F is
substituted for (hy,hy, ..., h,45—-1), the Schur function S(u?) becomes 0 with a

probability of % This is precisely the claim of [ACGKLP18| Corollary 6.4].

We shall now sketch (on an example) how Corollary 5.1| can be derived from
our Corollary

Proof of Corollary |5.1| (sketched). For a sufficiently representative example, we pick
the case when u = 2 and v = 5; the reader will not find any difficulty in gener-
alizing our reasoning to the general case.

'We are using the terminology of [ACGKLP18] here.
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Thus, we must show that the number of all 6-tuples y € F° satisfying det (Jo5 (y)) =
0is g°. Lety = (y1,y2,---,Y6) € FO be any 6-tuple. Then,

Y2 Y3 Y4 Y5 VYe Y2 Y3 Y4 Ys VYe
Vi Y2 Y3 Y4 Ys Yi Y2 Ys Y4 Y5
Js(y)=1 vo vi Y2 y3 va | =] 1 v1 v2 y3 va
Y1 Yo Y1 Y2 Y3 0 1 wn1 y2 ys3
Y2 Y-1 Yo N1 Y2 0 0 1T v1

(since yo = 1 and y_1 = 0 and y_, = 0). If we turn the matrix J>5 (y) upside
down (i.e., we reverse the order of its rows), then we obtain the matrix

0 0 1 y1 w
0 1 y1 y2 y3
T wvi v2 y3 va |,
Vi Y2 Y3 Y4 Y5
Y2 Y3 Y4 Y5 VYe

which is precisely the Hankel matrix Hy4 (x) for the 9-tuple

x=(0,0,1,y1,Y2,Y3, Y4, Y5, Vo) -

Hence, this 9-tuple x satisfies det(Hyq4 (x)) = £det(Ja5(y)) (since the de-
terminant of a matrix is multiplied by £1 when the rows of the matrix are
permuted). Therefore, the condition “det(J5(y)) = 0” is equivalent to the
condition “det (Hy4 (x)) = 0” for this 9-tuple x. Hence, the number of all 6-
tuples y € F° satisfying det (Jo5 (y)) = 0 is precisely the number of all 9-tuples
x € F? that start with the entries 0,0, 1 and satisfy det (Hy4 (x)) = 0. In other
words, it is precisely the number of all 9-tuples x € F? satisfying x[3) = (0,0,1)
and det (Hy4 (x)) = 0. However, Corollary (applied tok=3and n =4 and
a = (0,0,1)) shows that the latter number is g 4-3 — q5 . This is precisely what
we wanted to show. Thus, Corollary 5.1is proved. O
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