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Abstract

A quasisymmetric function is assigned to every double poset (that is, ev-
ery finite set endowed with two partial orders) and any weight function on
its ground set. This generalizes well-known objects such as monomial and
fundamental quasisymmetric functions, (skew) Schur functions, dual immacu-
late functions, and quasisymmetric (P, w)-partition enumerators. We prove a
formula for the antipode of this function that holds under certain conditions
(which are satisfied when the second order of the double poset is total, but also
in some other cases); this restates (in a way that to us seems more natural) a
result by Malvenuto and Reutenauer, but our proof is new and self-contained.
We generalize it further to an even more comprehensive setting, where a group
acts on the double poset by automorphisms.
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1. Introduction

Double posets and E-partitions (for E a double poset) have been introduced by
Claudia Malvenuto and Christophe Reutenauer [MalReu(9]; their goal was to con-
struct a combinatorial Hopf algebra which harbors a noticeable amount of struc-
ture, including an analogue of the Littlewood-Richardson rule and a lift of the
internal product operation of the Malvenuto-Reutenauer Hopf algebra of permu-
tations. In this note, we shall employ these same notions to restate in a simpler
form, and reprove in a more elementary fashion, a formula for the antipode in the
Hopf algebra QSym of quasisymmetric functions due to (the same) Malvenuto and
Reutenauer [MalReu98, Theorem 3.1]. We then further generalize this formula to
a setting in which a group acts on the double poset (a generalization inspired by
Katharina Jochemko’s [Joch13]]).

The present version of the paper is the detailed Uersiorﬂ A standard version is
also availableé? The two versions differ in that the detailed version contains extra
details in various proofs (although the level of detail is not always consistent).

I This version can be downloaded from
http://www.cip.ifi.lmu.de/ grinberg/algebra/dp-abstr-long.pdf|. It is also archived as
an ancillary file on http://arxiv.org/abs/1509.08355v3, although the former website is more
likely to be updated.

2at http://www.cip.ifi.lmu.de/~grinberg/algebra/dp-abstr-long.pdf and http://arxiv.
org/abs/1509.08355v3



http://www.cip.ifi.lmu.de/~grinberg/algebra/dp-abstr-long.pdf
http://arxiv.org/abs/1509.08355v3
http://www.cip.ifi.lmu.de/~grinberg/algebra/dp-abstr-long.pdf
http://arxiv.org/abs/1509.08355v3
http://arxiv.org/abs/1509.08355v3

Double posets and the antipode of QSym (detailed version) page 3

A short summary of this paper has been submitted to the FPSAC conference
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Note on the published version of this paper
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this preprint insubstantiall

2. Quasisymmetric functions

Let us first briefly introduce the notations that will be used in the following.

We set N = {0,1,2,...}. A composition means a finite sequence of positive inte-
gers. We let Comp be the set of all compositions. For n € IN, a composition of n
means a composition whose entries sum to 7 (that is, a composition (aq, ay, ..., k)
satisfying a1 +ap + - - - + a = n).

Let k be an arbitrary commutative ring. We shall keep k fixed throughout this
paper. We consider the k-algebra k [[x1, xp, x3,...]] of formal power series in in-
finitely many (commuting) indeterminates x1,x2, x3,... over k. A monomial shall
always mean a monomial (without coefficients) in the variables x1, x2, x3, . . .. ﬁ

3The main difference is that in the published version, the long footnote in Section 2| has been
relegated into a separate subsection (§2.2), whereas the remainder of Section 2| has become §2.1.
Other than this, the two versions differ in formatting and editorialization.
“For the sake of completeness, let us give a detailed definition of monomials and of the topology
on k [[x1,x2, x3,...]]. (This definition has been copied from [Grinl14, §2], essentially unchanged.)
Let x1,x2,x3,... be countably many distinct symbols. We let Mon be the free abelian
monoid on the set {x1,xp,x3,...} (written multiplicatively); it consists of elements of the form
x{'x52x5? - - - for finitely supported (a1,az,a3,...) € N® (where “finitely supported” means that
all but finitely many positive integers i satisfy a; = 0). A monomial will mean an element of Mon.
Thus, a monomial is a combinatorial object, independent of k; it does not carry a coefficient.
We consider the k-algebra k [[x1, x2, x3,...]] of (commutative) power series in countably many
distinct indeterminates x1, x2, x3, ... over k. By abuse of notation, we shall identify every mono-
mial x7'x7%x3’ - - - € Mon with the corresponding element x|! - x32 - x5> - - - - of k [[x, x2, x3, .. .]]
when necessary (e.g., when we speak of the sum of two monomials or when we multiply a
monomial with an element of k). (To be very pedantic, this identification is slightly dangerous,
because it can happen that two distinct monomials in Mon get identified with two identical el-
ements of k [[x1, X2, x3,...]]. However, this can only happen when the ring k is trivial, and even
then it is not a real problem unless we infer the equality of monomials from the equality of their
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Inside the k-algebra k [[x1, X2, x3, .. .|| is a subalgebra k [[x1, x2, X3, . . .]],4q cOnsist-
ing of the bounded-degree formal power series; these are the power series f for which
there exists a d € IN such that no monomial of degree > d appears in f ﬂ This k-
subalgebra k [[x1, X2, X3, .. .]],4q Pecomes a topological k-algebra, by inheriting the
topology from k [[x1, x2, x3, .. .]].

Two monomials m and n are said to be pack—equivalenlﬁ if they have the forms

px - xgtand x(1x(2 - - xi! for two strictly increasing sequences (i < iy < -+ < i)

i1 7ip 2 4

and (j1 <jp < --- ]< Zg) of pjositive integers and one (common) sequence (a1, 4y, . ..,ay)
of positive integers)’| A power series f € k[[x1,x2,x3,...]] is said to be quasisym-
metric if it satisfies the following condition: If m and n are two pack-equivalent
monomials, then the coefficient of m in f equals the coefficient of n in f.

It is easy to see that the quasisymmetric power series form a k-subalgebra of
k [[x1,x2,x3,...]]. But usually one is interested in a subset of this k-subalgebra:
namely, the set of quasisymmetric bounded-degree power series in k [[x1, X2, x3,. . .]].
This latter set is a k-subalgebra of k [[x1,x2,x3,...]] 44, and is known as the k-
algebra of quasisymmetric functions over k. It is denoted by QSym.

The symmetric functions (in the usual sense of this word in combinatorics —
so, really, symmetric bounded-degree power series in k [[x1, X2, x3,...]]) form a k-
subalgebra of QSym. The quasisymmetric functions have a rich theory which is

counterparts in k [[x1, x2, x3, . ..]], which we are not going to do.)

We furthermore endow the ring k [[x1, x2, x3, .. .]] with the following topology (as in [GriReil4}
Section 2.6]):

We endow the ring k with the discrete topology. To define a topology on the k-algebra
Kk [[x1, x2,x3,...]], we (temporarily) regard every power series in k [[x1, X2, X3, ...]] as the family
of its coefficients (indexed by the set Mon). More precisely, we have a k-module isomorphism

I[] k= k[x1,x,x3,...]], (Am)meMon Y, Amm.
meMon meMon

We use this isomorphism to transport the product topology on [] k to k|[[x1,x2,x3,...]]
meMon
The resulting topology on k [[x1, X2, x3,...]] turns k [[x1, x2, x3,...]] into a topological k-algebra;

this is the topology that we will be using whenever we make statements about convergence in
k [[x1, X2, x3,...]] or write down infinite sums of power series. A sequence (a;), . Oof power se-
ries converges to a power series a with respect to this topology if and only if for every monomial
m, all sufficiently high n € IN satisfy

(the coefficient of m in a,,) = (the coefficient of m in a) .

Note that this topological k-algebra k [[x1, X2, x3, . . .]] is not the completion of the polynomial
ring k [x1, X2, x3, . ..] with respect to the standard grading (in which all x; have degree 1). (They
are distinct even as sets.)

>The degree of a monomial x7'x52x3’ - - - is defined to be the nonnegative integer a; +a, +az+ - .
A monomial m is said to appear in a power series f € k [[x1, X2, x3,...]] if and only if the coefficient
of min f is nonzero.

®Pack-equivalence and the related notions of packed combinatorial objects that we will encounter
below originate in work of Hivert, Novelli and Thibon [NovThi05]. Simple as they are, they are
of great help in dealing with quasisymmetric functions.

7For instance, x3x3x7 is pack-equivalent to x?x4x3 but not to xpx3x7.
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related to, and often sheds new light on, the classical theory of symmetric functions;
expositions can be found in [Stan99, §§7.19, 7.23] and [GriReil4) §85-6] and other
sourcesf]

As a k-module, QSym has a basis (M) weComp indexed by all compositions,
where the quasisymmetric function M, for a given composition « is defined as
follows: Writing « as (a1, ap, ..., ay), we set

ay 0 oy
MDC: Z x'lx.Z'_.x.£: Z m
o S e . . .
iy <ip<---<iy m is a monomial pack-equivalent
&1 ko Xy
to x; X% x,

(where the i in the first sum are positive integers). ﬂ This basis (M) weComp is
known as the monomial basis of QSym, and is the simplest to define among many.
(We shall briefly encounter another basis in Example [3.6])

The k-algebra QSym can be endowed with a structure of a k-coalgebra which,
combined with its k-algebra structure, turns it into a Hopf algebra. We refer to
the literature both for the theory of coalgebras and Hopf algebras (see [Montg93],
[GriReil4], §1], [Manchon04, §1-§2], [Abe77], [Sweed69], [DNRO1] or [Fressel4,
Chapter 7]) and for a deeper study of the Hopf algebra QSym (see [Malve93],
[HaGuKi10, Chapter 6] or [GriReil4, §5]); in this note we shall need but the very
basics of this structure, and so it is only them that we introduce.

In the following, all tensor products are over k by default (i.e., the sign ® stands
for ®y unless it comes with a subscript).

Now, we define two k-linear maps A and ¢ as followﬂ

e We define a k-linear map A : QSym — QSym ® QSym by requiring that

J4
A <M(D(1,D(2,...,0éi)> = kZOM(le,DQ,...,DCk) ® M(D(k_,'_l,ﬂck_,'_z,...,ﬂq) (1)

for every (a1, ap,...,ay) € Comp.
e We define a k-linear map ¢ : QSym — k by requiring that

€ (M(“LD‘Z/"-/’XZ)) =d¢p for every (a1, ap,...,ay) € Comp.

1, ifu=uy;

] whenever u and v are two objects.)
0, ifu#v

(Here, 4, , is defined to be {

8The notion of quasisymmetric functions goes back to Gessel in 1984 [Gessel84]; they have been
studied by many authors, most significantly Malvenuto and Reutenauer [MalReu95].
? The second equality sign in this equality is proven in the Appendix (see Proposition .

19Both of their definitions rely on the fact that (M(“l’f’ézl»--,ﬂ%) (.00, ¢)Comp = (M,,()D‘GComp is a

basis of the k-module QSym.
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The map ¢ can also be defined in a simpler (equivalent) way: Namely, ¢ sends
every power series f € QSym to the result f (0,0,0,...) of substituting zeroes for
the variables x1,x3,x3,...in f. The map A can also be described in such terms, but
with greater difficultyE

It is well-known that these maps A and ¢ make the three diagrams

QSym 2 QSym ® QSym ,

AJ JA@id
QSym ® QSym —qer QSym ® QSym ® QSym
QSym S SN QSym ® QSym, QSym 4, QSym ® QSym
le@id Y Jid@s

k ® QSym QSym ® k

2

(where the = arrows are the canonical isomorphisms) commutative, and so (QSym, A, €)

is what is commonly called a k-coalgebra. Furthermore, A and ¢ are k-algebra homo-
morphisms, which is what makes this k-coalgebra QSym into a k-bialgebra. Finally,
let m : QSym ® QSym — QSym be the k-linear map sending every pure tensor
a® b to ab, and let u : k — QSym be the k-linear map sending 1 € k to 1 € QSym.
Then, there exists a unique k-linear map S : QSym — QSym making the diagram

QSym ® QSym _ Sed QSym ® QSym (2)

e T

QSym £ k “ QSym

\ /
A
id®S

QSym ® QSym ————— QSym ® QSym

commutative. This map S is known as the antipode of QSym. It is known to be an
involution and an algebra automorphism of QSym, and its action on the various
quasisymmetric functions defined combinatorially is the main topic of this note.
The existence of the antipode S makes QSym into a Hopf algebra.

3. Double posets

Next, we shall introduce the notion of a double poset, following Malvenuto and
Reutenauer [MalReu(9].

Gee [GriReil4, (5.3)] for the details.

12See the Appendix (specifically, Proposition [10.61) for a proof of the fact that QSym is a Hopf
algebra.
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Definition 3.1. (a) We shall encode posets as pairs (E, <), where E is a set and
< is a strict partial order (i.e., an irreflexive, transitive and antisymmetric
binary relation) on the set E; this relation < will be regarded as the smaller
relation of the poset. All binary relations will be written in infix notation:
i.e., we write “a < b” for “a is related to b by the relation <”. (If you define
binary relations as sets of pairs, then “a is related to b by the relation <”
means that (a,b) is an element of the set <.)

(b) If < is a strict partial order on a set E, and if a and b are two elements of E,
then we say that a2 and b are <-comparable if we have either a < bora =b
or b < a. A strict partial order < on a set E is said to be a total order if and
only if every two elements of E are <-comparable.

(c) If < is a strict partial order on a set E, and if a and b are two elements of
E, then we say that a is <-covered by b if we have a < b and there exists
no ¢ € E satisfying a < ¢ < b. (For instance, if < is the standard smaller
relation on Z, then each i € Z is <-covered by i + 1.)

(d) A double poset is defined as a triple (E, <1, <) where E is a finite set and
<1 and < are two strict partial orders on E.

(e) A double poset (E, <1, <p) is said to be special if the relation <; is a total
order.

(f) A double poset (E,<1,<2) is said to be semispecial if every two <i-
comparable elements of E are <;-comparable.

(g) A double poset (E, <1, <p) is said to be tertispecial if it satisfies the following
condition: If 2 and b are two elements of E such that a is <j-covered by b,
then 2 and b are <;-comparable.

(h) If < is a binary relation on a set E, then the opposite relation of < is defined
to be the binary relation > on the set E that is defined as follows: For any
e € Eand f € E, we have e > f if and only if f < e. Notice that if < is a
strict partial order, then so is the opposite relation > of <.

Clearly, every special double poset is semispecial, and every semispecial double
poset is tertispecial

13The notions of a double poset and of a special double poset come from [MalReu09]. See [Foissy13]
for further results on special double posets. The notion of a “tertispecial double poset” (Dog
Latin for “slightly less special than semispecial”; in hindsight, “locally special” would have been
better terminology) appears to be new and arguably sounds artificial, but is the most suitable
setting for some of the results below (see, e.g., Remark below); moreover, it appears in
nature, beyond the particular case of special double posets (see Example [3.3). We shall not
use semispecial double posets in the following; they were only introduced as a middle-ground
notion between special and tertispecial double posets having a less daunting definition.
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Definition 3.2. If E = (E, <q,<7) is a double poset, then an E-partition shall
mean a map ¢ : E — {1,2,3,...} such that:

e every e € E and f € E satisfying e <; f satisfy ¢ (e) < ¢ (f);
e every e € E and f € E satisfying e <; f and f <; e satisfy ¢ (¢) < ¢ (f).

Example 3.3. The notion of an E-partition (which was inspired by the earlier
notions of P-partitions and (P, w)-partitions as studied by Gessel and Stanle
generalizes various well-known combinatorial concepts. For example:

o If <, is the same order as <; (or any extension of this order), then the
E-partitions are the weakly increasing maps from the poset (E, <) to the
totally ordered set {1,2,3,...}.

e If <, is the opposite relation of <; (or any extension of this opposite rela-
tion), then the E-partitions are the strictly increasing maps from the poset
(E, <1) to the totally ordered set {1,2,3,...}.

(See the Appendix (specifically, Proposition and Proposition for the
proofs of these two facts.)

For a more interesting example, let pt = (pq, pio, pi3,...) and A = (Aq, A, A3, ...)
be two partitions such that 4 C A. (See [GriReil4, §2] for the notations we are
using here.) The skew Young diagram Y (A/y) is then defined as the set of all
(i,j) € {1,2,3,...}* satisfying j; < j < A;. On this set Y (1/y), we define two
strict partial orders <; and <; by

(,j) <1 ())<= (i<iand j<j and (i,]) # (I, ]'))
and

(i,j) <2 (i',j)) <= (i>i"and j < j"and (i,j) # (,])).
The resulting double poset Y (A/pu) = (Y (A/u),<1,<2) has the property that
the Y (A/p)-partitions are precisely the semistandard tableaux of shape A/p.
(Again, see [GriReil4, §2] for the meaning of these words. Also, see the Ap-
pendix (specifically, Proposition (a)) for a proof of our claim that the
Y (A/u)-partitions are precisely the semistandard tableaux of shape A/ p.)

This double poset Y (A/p) is not special (in general), but it is tertispecial.
(Indeed, if a and b are two elements of Y (A/p) such that a is <j-covered by b,
then a is either the left neighbor of b or the top neighbor of b, and thus we have
either a <, b (in the former case) or b <, a (in the latter case).) Some authors
prefer to use a special double poset instead, which is defined as follows: We
define a total order <, on Y (A/u) by

(i,j) <n (i",j') = (i>ior (i=iandj<])).
Then, Y, (A/u) = (Y (A/u), <1, <p) is a special double poset, and the Y, (A/u)-

partitions are precisely the semistandard tableaux of shape A/u. (See the Ap-
pendix (specifically, Proposition [10.23| (b)) for a proof of the latter claim.)
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We now assign a certain formal power series to every double poset:

Definition 3.4. If E = (E, <1, <p) is a double poset,and w : E — {1,2,3,...} isa

map, then we define a power series I' (E, w) € k[[x1,x2, x3,...]] by
I'(E,w)= Y. X721, where X0 = [ | xznug
7t is an E-partition ecE

(See the Appendix (specifically, Proposition [10.19) for a proof that this sum is
well-defined.)

The following fact is easy to see (but will be reproven below):

Proposition 3.5. Let E = (E, <1, <2) be a double poset, and w : E — {1,2,3,...}
be a map. Then, I' (E,w) € QSym.

Example 3.6. The power series I (E, w) generalize various well-known quasisym-
metric functions.

(@) If E = (E, <1,<p) is a double poset, and w : E — {1,2,3,...} is the con-

stant function sending everything to 1, then I' (E,w) = r X1,
7t is an E-partition

where X7 = [T x(,). We shall denote this power series I (E,w) by I' (E);
ecE
it is exactly what has been called T (E) in [MalReu09, §2.2]. All results

proven below for I' (E,w) can be applied to I' (E), yielding simpler (but
less general) statements.

(b) If E={1,2,...,¢} for some ¢ € N, if <; is the usual total order inherited
from Z, and if <, is the opposite relation of <1, then the special double
poset E = (E, <1, <p) satisfies I' (E,w) = M,, where « is the composition
(w(1),w(2),...,w()). (See the Appendix (specifically, Proposition
for a proof of this.)

Note that every M, can be obtained this way (by choosing ¢ and w appro-

priately). Thus, the elements of the monomial basis (M), eComp are special

cases of the functions I (E, w). This shows that the I' (E,w) for varying E
and w span the k-module QSym.

(c) Let &« = (a1,a2,...,a7) be a composition of a nonnegative integer n. Let
D («) be the set {ay, a7 +ap, 01 +ap+a3,..., 01 +ap+---+ap_1}. Let E

l4Gee [Gessell5] for the history of these notions, and see [Gessel84], [Stan71]], [Stan11) §3.15] and
[Stan99, §7.19] for some of their theory. Mind that these sources use different and sometimes
incompatible notations — e.g., the P-partitions of [Stan11] §3.15] and [Gessell5] differ from those
of [Gessel84] by a sign reversal.
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(d)

(e)

(f)

be the set {1,2,...,n}, and let < be the total order inherited on E from Z.
Let <3 be some partial order on E with the property that

i+1<yi for every i € D ()

and
i<pi+1 foreveryi e {1,2,...,n—1}\ D (a).

(There are several choices for such an order; in particular, we can find one
which is a total order. Indeed, this is proven in the Appendix (specifically,
Proposition [10.62).) Then, a simple argument (explained in detail in the
Appendix, in the proof of Proposition shows that

F((E,<1,<2)) = Z Xiy Xiy * -0 X,
i1 <ip<---<iy;
ij<ij;1 whenever jeD(a)
= ) Mp.
B is a composition of n; D()2D(«)

This power series is known as the a-th fundamental quasisymmetric func-
tion, usually called F, (in [Gessel84], [MalReu95, §2], [BBSSZ13| §2.4] and
[Grin14], §2]) or L, (in [Stan99, §7.19] or [GriReil4, Definition 5.15]).

Let E be one of the two double posets Y (A/u) and Y}, (A/u) defined as
in Example [3.3| for two partitions y and A. Then, I' (E) is the skew Schur
function s /.

Similarly, dual immaculate functions as defined in [BBSSZ13, §3.7] can be
realized as I' (E) for conveniently chosen E (see [Grinl4, Proposition 4.4]),
which helped the author to prove one of their properties [Grinl4]. (The
E-partitions here are the so-called immaculate tableaux.)

When the relation <, of a double poset E = (E, <1,<>) is a total order
(i.e., when the double poset E is special), the E-partitions are precisely the
reverse (P, w)-partitions (for P = (E, <7) and w being the unique bijection
E — {1,2,...,|E|} satistying w™1 (1) < w1 (2) <3 --- <2 w 1 (]E])) in
the terminology of [Stan99, §7.19], and the power series I (E) is the Kp , of
[Stan99, §7.19]. This can also be rephrased using the notations of [GriReil4,
§5.2]: When the relation <, of a double poset E = (E, <1, <3) is a total
order, we can relabel the elements of E by the integers 1,2,...,n (where
n = |E]) in such a way that 1 <, 2 <; - -+ <3 n; then, the E-partitions are
the P-partitions in the terminology of [GriReil4, Definition 5.12], where P
is the labelled poset (E, <;1); and furthermore, our I' (E) is the Fp (x) of
[GriReil4, Definition 5.12]. Conversely, if P is a labelled poset, then the
Fp (x) of [GriReil4, Definition 5.12] is our I' ((P, <p, <z)).
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4. The antipode theorem

We now come to the main results of this note. We first state a theorem and a
corollary which are not new, but will be reproven in a more self-contained way
which allows them to take their (well-deserved) place as fundamental results rather
than afterthoughts in the theory of QSym.

| Definition 4.1. We let S denote the antipode of QSym.

Theorem 4.2. Let (E,<j,<;) be a tertispecial double poset. Let w : E —

{1,2,3,...}. Then, S (T ((E, <1,<2),w)) = (=DEIT ((E,>1,<5),w), where >;
denotes the opposite relation of <j.

Corollary 4.3. Let (E,<1,<p) be a tertispecial double poset. Then,

S(T ((E,<1,<2))) = (=1)EIT ((E,>1, <3)), where >; denotes the opposite re-
lation of <.

We shall give examples for consequences of these facts shortly (Example (4.8),
but let us first explain where they have already appeared. Corollary 4.3|is equiv-
alent to [GriReil4, Corollary 5.27 (a result found by Malvenuto and Reutenauer
[MalReu98, Lemma 3.2]). Theorem is equivalent to Malvenuto’s and Reutenauer’s
[MalReu98, Theorem 3.1]'] We nevertheless believe that our versions of these facts

15Tt is easiest to derive [GriReil4, Corollary 5.27] from our Corollary as this only requires set-
ting E = (P, <p,<z) (this is a special double poset, thus in particular a tertispecial one) and
noticing that I' (P, <p,<z)) = Fp(x) and T ((P,>p, <z)) = Fporp (x), where all unexplained
notations are defined in [GriReil4, Chapter 5]. But one can also proceed in the opposite di-
rection (hint: replace the partial order <, by a linear extension, thus turning the tertispecial
double poset (E, <1, <2) into a special one; argue that this does not change I' ((E, <1, <2)) and
I'((E, >1,<2))).

16This equivalence requires some work to set up. First of all, Malvenuto and Reutenauer, in
[MalReu98|], do not work with the antipode S of QSym, but instead study a certain automor-
phism of QSym called w. However, this automorphism is closely related to S (namely, for each
n € N and each homogeneous element f € QSym of degree 1, we have w (f) = (=1)" S (f));
therefore, any statements about w can be translated into statements about S and vice versa.

Let me sketch how to derive [MalReu98, Theorem 3.1] from our Theorem4.2] Indeed, contract

all undirected edges in G and G/, denoting the (common) vertex set of the new graphs by E.
Then, define two strict partial orders <; and <, on E by

(a <1 b) <= (a # b, and there exists a path from a to b in G)

and
(a <2 b) <= (a # b, and there exists a path from a to b in G') .

The map w sends every e € E to the number of vertices of G that became e when the edges were
contracted. To show that the resulting double poset (E, <1, <2) is tertispecial, we must notice
that if a is <j-covered by b, then G had an edge from one of the vertices that became a to one
of the vertices that became b. The “x;’s in X satisfying a set of conditions” (in the language of
[MalReu98, Section 3]) are in 1-to-1 correspondence with (E, <j, <p)-partitions (at least when
X = {1,2,3,...}); this is not immediately obvious but not hard to check either (the acyclicity of
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are slicker and simpler than the ones appearing in existing literatureEL and if not,
then at least our proofs below are more natural.

To these known results, we add another, which seems to be unknown so far
(probably because it is far harder to state in the terminologies of (P, w)-partitions
or equality-and-inequality conditions appearing in literature). First, we need to
introduce some notation:

Definition 4.4. Let G be a group, and let E be a G-set.

(a) Let < be a strict partial order on E. We say that G preserves the relation < if
the following holds: For every ¢ € G, a € E and b € E satisfying a < b, we
have ga < gb.

(b) Letw : E — {1,2,3,...}. We say that G preserves w if every g € Gand e € E
satisfy w (ge) = w (e).

(c) Let g € G. Assume that the set E is finite. We say that g is E-even if the
action of g on E (that is, the permutation of E that sends every e € E to ge)
is an even permutation of E.

(d) If X is any set, then the set XE of all maps E — X becomes a G-set in the
following way: For any 7t € Xt and ¢ € G, we define the element g7t € Xt
to be the map sending each e € E to 7t (g le).

(e) Let F be a further G-set. Assume that the set E is finite. An element 7 € F
is said to be E-coeven if every ¢ € G satistying g7t = 7 is E-even. A G-orbit
O on F is said to be E-coeven if all elements of O are E-coeven.

Before we come to the promised result, let us state two simple facts:

Lemma 4.5. Let G be a group. Let F and E be G-sets such that E is finite. Let O
be a G-orbit on F. Then, O is E-coeven if and only if at least one element of O is
E-coeven.

Proposition 4.6. Let E = (E, <1, <) be a double poset. Let ParE denote the
set of all E-partitions. Let G be a finite group which acts on E. Assume that G
preserves both relations <; and <.

(a) Then, ParE is a G-subset of the G-set {1,2,3,.. .}E (see Definition (d)
for the definition of the latter).

G and G’ is used in the proof). As a result, [MalReu98| Theorem 3.1] follows from Theorem
above. With some harder work, one can conversely derive our Theorem from [MalReu98,
Theorem 3.1].

17That said, we would not be surprised if Malvenuto and Reutenauer are aware of them; after all,
they have discovered both the original version of Theorem #.2|in [MalReu98|] and the notion of
double posets in [MalReu09].
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(b) Letw : E — {1,2,3,...}. Assume that G preserves w. Let O be a G-orbit
on Par E. Then, the values of x4 for all 7t € O are equal.

Theorem 4.7. Let E = (E, <1, <) be a tertispecial double poset. Let Par E denote
the set of all E-partitions. Let w : E — {1,2,3,...}. Let G be a finite group which
acts on E. Assume that G preserves both relations <; and <;, and also preserves
w. Then, G acts also on the set ParE of all E-partitions; namely, ParE is a
G-subset of the G-set {1,2,3,.. .}E (according to Proposition (a)). For any
G-orbit O on Par E, we define a monomial x¢ ;, by

X0w = Xs,w for some element 7t of O.

(This is well-defined, since Proposition (b) shows that x,, does not depend
on the choice of 7T € O.)
Let
FEwC = Y xou
O is a G-orbit on ParE

and
I (E,w,G) = ) X0, 10-

O is an E-coeven G-orbit on Par E

Then, T (E,w, G) and I'" (E, w, G) belong to QSym and satisfy

ST (Ew,G)) = (—1)ET* ((E,>1,<2),w,G).

Here, > denotes the opposite relation of <.

This theorem, which combines Theorem [4.2) with the ideas of Pélya enumeration,
is inspired by Jochemko’s reciprocity result for order polynomials [Joch13, Theorem
2.8], which can be obtained from it by specializations (see Section [§| for the details
of how Jochemko's result follows from ours).

We shall now briefly review a number of particular cases of Theorem

Example 4.8. (a) Corollary [4.3] follows from Theorem 4.2 by letting w be the
function which is constantly 1.

(b) Let « = (ay,a2,...,ap) be a composition of a nonnegative integer 1, and
let E = (E, <1,<2) be the double poset defined in Example 3.6 (b). Let
w:{1,2,...,0} = {1,2,3,...} be the map sending every i to ;. As Exam-
ple 3.6/ (b) shows, we have I' (E,w) = M,. Thus, applying Theorem {4.2| to
these E and w and performing some manipulations (see Proposition
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()

(d)

in the Appendix for the details) yields

S(My) = (—1)'T((E,>1,<2),w) = (1) ¥ xfxf2...x

o i i iy
i1 =ip=-- 20y

l - l
=(-1° ¥ x;“ij;“---x;?;l:(—l) ) M,.

i1<ip<---<iy 7 is a composition of 7;
D(v)ED((wpp-1,--21))

This is the formula for S (M,) given in [Ehrenb96, Proposition 3.4], in
[Malve93, (4.26)], in [GriReil4, Theorem 5.11], and in [BenSag14, Theorem
4.1] (originally due to Ehrenborg and to Malvenuto and Reutenauer).

Applying Corollary to the double poset of Example (c) (where the
relation < is chosen to be a total order) yields the formula for the antipode
of a fundamental quasisymmetric function ([Malve93| (4.27)], [GriReil4,
(5.9)], [BenSag14, Theorem 5.1]).

Let us use the notations of Example For any partition A, let A" denote
the conjugate partition of A. Let # and A be two partitions satisfying 1 C A.
Let >; and >, be the opposite relations of <; and <,. Then, there is a
bijection T : Y (A/pu) — Y (A'/u') sending each (i,j) € Y (A/u) to (j,i).
This bijection is an isomorphism of double posets from (Y (A/p), >1, <2)
to (Y (A'/u'),>1,>2) (where the notion of an “isomorphism of double
posets” is defined in the natural way — i.e.,, an isomorphism of double
posets is a bijection ¢ between their ground sets such that each of the two
maps ¢ and ¢! preserves each of the two orders). Hence,

T((Y (A/p),>1,<2) =T ((Y (V'/p),>1,>2)) - 3)

But applying Corollary to the tertispecial double poset Y (A/u), we
obtain

STYA/m) = (DMIT (Y (A1), >1<2))
= (=)MT (Y (A7) >1,>2)) @)
(by ). But from Example (d), we know that T (Y (A/p)) = sy/u.
Moreover, a similar argument using [GriReil4, Remark 2.12] shows that

T ((Y(A/u),>1,>2)) = sx/u- Applying this to A" and p' instead of A and
u, we obtain T ((Y (AH/pt),>1,>2)) = St/ut- Now, (@) rewrites as

S (sasp) = (=) 550 )

(since T (Y (A/p)) = spsu and T ((Y (A'/p'),>1,>2)) = spye). This is a
well-known formula, and is usually stated for S being the antipode of the
Hopf algebra of symmetric (rather than quasisymmetric) functions; but this
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is an equivalent statement, since the latter antipode is a restriction of the
antipode of QSym.

It is also possible (but more difficult) to derive by using the double
poset Yy, (A/p) instead of Y (A/p). (This boils down to what was done in
[GriReil4, proof of Corollary 5.29].)

(e) A result of Benedetti and Sagan [BenSag14, Theorem 8.2] on the antipodes
of immaculate functions can be obtained from Corollary using dualiza-
tion.

Remark 4.9. Corollary has a sort of converse. Namely, let us assume
that k = Z. If (E, <1,<p) is a double poset satisfying S (I' ((E, <1,<3))) =
(=1)EIT ((E, >1, <2)), then (E, <1, <3) is tertispecial.

More precisely, the following holds: Define the length ¢ («) of a composition «
to be the number of entries of a. Define the size |«| of a composition « to be the
sum of the entries of a. Let 77 : QSym — QSym be the k-linear map defined by

My, ifl(a) > |a]—1;

f eC .
0, ifé(a)<|a|—1 or every « omp

W(Muc) = {

Thus, 7 transforms a quasisymmetric function by removing all monomials m for
which the number of indeterminates appearing in m is < degm — 1. We partially
order the ring k [[x1, x, x3,...]] by a coefficientwise order (i.e., two power series
a and b satisfy a < b if and only if each coefficient of a is < to the corresponding
coefficient of b). Now, every double poset (E, <1, <;) satisfies

7 ((=D)Fs (T (E <1, <)) <1 (T ((E>1,<2))), ©)

and equality holds if and only if the double poset (E, <1, <») is tertispecial. (If
we omit 7, then the inequality fails in general.)

The proof of (6) is somewhat technical, but not too difficult. I shall only give
a rough outline, as the result is tangential to this paper. Fix a double poset
(E,<1,<2), and set n = |E| and [n] = {1,2,...,n}. A costrictor will mean a
bijection ¢ : [n] — E whose inverse ¢! : E — [n] is a strictly increasing map
from the poset (E, <) to ([n], <z). (The costrictors are in 1-to-1 correspondence
with the linear extensions of (E, <1).) For two elements e and f of E, we write
e ||1 f if and only if e and f are not <;-comparable. Whenever k € IN, we shall
use the notation 1¥ for “k ones, written in a row”; thus, for example, (3, 1°, 4) is
the composition (3,1,1,1,1,1,4). Then, it is not hard to see that

I'((E, <1,<2))
n—1

= (the number of all costrictors) M(ln) + Z ’Y(E,<1,<2),kM(1k—1 2,1n-k-1)
k=1

+ (a linear combination of M, with |a¢| =nand ¢ () <n—1),
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where

V(E,<1,<2)k
= (the number of all costrictors)

- % (the number of all costrictors ¢ satisfying ¢ (k) ||1 ¢ (k+ 1))

— (the number of all costrictors ¢ satisfying ¢ (k) <1 ¢ (k+1)
and ¢ (k) >2 ¢ (k+1)).

Hence,

17 (T ((E, <1,<2)))

n—1
= (the number of all costrictors) M(ln) + Z 'y(E,<1,<2),kM(1k,1,2,1,,,k,1).
k=1

Using this (and the formula for S (M) in Example (b)), it is easy to show
that
7 (DS (T((E <1, <2))))

= (the number of all costrictors) M i)
"
+ Z ((the number of all costrictors) — 'Y(E,<1,<2),k) M(lnfkfl,z,lkfl)'

But we can also define an anticostrictor as a bijection ¢ : [n] — E whose inverse
¢~ : E — [n] is a strictly decreasing map from the poset (E, <1) to ([n],<z).
Then, similarly to our formula for 7 (I' ((E, <1, <2))), we can derive the formula

7 (I ((E,>1,<2)))

n—1
= (the number of all anticostrictors) Mny + Z ;)7(E,<1,<2),kM(1k—1,2,171—k—1)I
k=1

where
V(E<1,<2)k
= (the number of all anticostrictors)
— % (the number of all anticostrictors ¢ satisfying ¢ (k) || ¢ (k+1))
— (the number of all anticostrictors ¢ satisfying ¢ (k) >1 ¢ (k+1)
and ¢ (k) >, ¢ (k+1)).

Recall that we want to prove (6). In light of our formulas for
1 ((—1)|E| S(T ((E, <1, <2)))> and 7 (I' ((E, >1,<2))), this boils down to prov-
ing the following two facts:
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1. The number of all costrictors is < to the number of all anticostrictors.

2. Foreachk € {1,2,...,n — 1}, we have

(the number of all costrictors) — (g <, <)k < V(E,<;,<,)n—k-

But the first of these two facts is easy to see: Let wp be the involution
[n] = [n], i — n+1—1i. Then, wy is a poset isomorphism ([n]|, <z) — ([n], >z).
Hence, there is a 1-to-1 correspondence between the costrictors and the anti-
costrictors, given by ¢ — ¢ o wg. Thus, the number of all costrictors equals the

number of all anticostrictors. This proves Fact 1.
Proving Fact 2 is harder. Fix k € {1,2,...,n —1}. Recalling our definition of
Y(E,<1,<2)k a0 V(E,<,,<,),n—k We notice that we must show

% (the number of all costrictors ¢ satisfying ¢ (k) ||1 ¢ (k+ 1))

+ (the number of all costrictors ¢ satisfying ¢ (k) <1 ¢ (k+1)
and ¢ (k) >, ¢ (k+1))
< (the number of all anticostrictors)

— % (the number of all anticostrictors ¢ satisfying ¢ (n — k) || ¢ (n —k+ 1))

— (the number of all anticostrictors ¢ satisfying ¢ (k) >1 ¢ (n —k+1)
and ¢ (k) >rp (n—k+1)).

Using the 1-to-1 correspondence between the costrictors and the anticostrictors
(which we already used in the proof of Fact 1), we can rewrite this as

1 (the number of all costrictors ¢ satisfying ¢ (k) |1 ¢ (k+ 1))

2
+ (the number of all costrictors ¢ satisfying ¢ (k) <1 ¢ (k+1)
and ¢ (k) > ¢ (k+1))
< (the number of all costrictors)

- % (the number of all costrictors ¢ satisfying ¢ (k) ||1 ¢ (k+ 1))

— (the number of all costrictors ¢ satisfying ¢ (k) <1 ¢ (k+1)
and ¢ (k) <x ¢ (k+1))

(here, we have used the fact that (powgy) (n—k) =¢ |wo(n—k) | = ¢ (k+1)
=k+1
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and (powy) (n—k+1)=¢ (wo (n—k+ 1)) = ¢ (k)). This simplifies to

— -
=k

(the number of all costrictors ¢ satisfying ¢ (k) ||1 ¢ (k+1))
+ (the number of all costrictors ¢ satisfying ¢ (k) <1 ¢ (k+ 1)
and ¢ (K) >2 ¢ (k+1)
+ (the number of all costrictors ¢ satisfying ¢ (k) <1 ¢ (k+1)
and ¢ (k) <2 ¢ (k+1))
< (the number of all costrictors) .

This inequality is clearly satisfied (since each costrictor ¢ satisfies at most one
of the relations ¢ (k) || ¢ (k+1), (¢ (k) <1 ¢ (k+1) and ¢ (k) >2 ¢ (k+ 1)) and
(¢ (k) <1 ¢ (k+1) and ¢ (k) < ¢ (k+1))). Thus, the inequality (6) is proven. It
now remains to show that equality holds only when the double poset (E, <1, <7)
is tertispecial.

Indeed, assume that (E, <1, <) is not tertispecial. Then, there exist two el-
ements a and b of E such that a is <j-covered by b but a and b are not <»-
comparable. Consider such a and b. There exists at least one pair (¢, k) of
a costrictor ¢ and an element k € {1,2,...,n — 1} satisfying ¢ (k) = a and
¢ (k+1) = b. (In fact, in order to construct such a pair, we write our set E as the
disjoint union E = E; U {a} U {b} UE,, where E; = {e € E | e <y band e # a}
and E; = {e € E | neithere <j bnore =b}. Then, we set k = |E;| +1, and
choose strictly increasing bijections « : E; — [k—1] and B : E; — [n—k—1].

a(e), ife e Eq;

) _ k, ife=aq;
Finally, we define a map 7 : E — [n] by v (e) = 41 o b , and

’ imre=po,

k+1+B(e), ifeck
define ¢ to be 7y ~1. It is not hard to check that ¢ is a costrictor.) This causes one
of the inequalities from which we obtained (6) to be strict. This completes the
(outline of the) proof.

5. Lemmas: packed E-partitions and
comultiplications

We shall now prepare for the proofs of our results. To this end, we introduce the
notion of a packed map.

Definition 5.1. (a) An initial interval will mean a set of the form {1,2,...,/}
for some ¢ € IN.
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(b) If Eis asetand m : E — {1,2,3,...} is a map, then 7 is said to be
packed if 7t (E) is an initial interval. Clearly, this initial interval must be
{1,2,...,]|7t (E)|}. (Indeed, this follows from Proposition 5.2 (a), applied to
t=|m(E)|)

Proposition 5.2. Let E be a set. Let 7 : E — {1,2,3,...} be a packed map. Let
¢ =|m(E)|.

(a) We have 7 (E) = {1,2,...,(}.
(b) Let w : E — {1,2,3,...} be a map. For each i € {1,2,...,¢}, define an

integer a; by a; = Y. w/(e). Then, (aq,az,...,ay) is a composition.
eem—1(i)

Proof of Proposition 5.2} The map m is packed. In other words, 7 (E) is an initial
interval (by the definition of “packed”). In other words, 7t (E) = {1,2,...,k} for
some k € IN. Consider this k. From 7w (E) = {1,2,...,k}, we obtain |7t (E)| =
I{1,2,...,k}| =k, sothatk = | (E)| = ¢. Now, m (E) = {1,2,...,k} ={1,2,...,¢}
(since k = £). This proves Proposition 5.2 (a).

(b) Leti e {1,2,...,¢}. Then,i € {1,2,...,¢} = rt (E). Hence, there exists some
f € E such that i = 7t (f). Consider this f. We have f € 7~ (i) (since 7 (f) = i).
Also, w (f) € {1,2,3,...} (since wis amap E — {1,2,3,...}). Now,

a; = we)=w(f)+ w (e)
36712—1(1') — eerc_zl(i); \>/0-/

e#f  (since w(e)e{1,23,...})
here, we have split off the addend for e = f from the sum
( (since f € w1 (7)) )

>0

>0+ ), 0=0.
ecrt1(i);
e7f
Thus, «; is a positive integer.
Now, forget that we have fixed i. We thus have shown that «; is a positive integer
for each i € {1,2,...,¢}. In other words, («q,ay,...,ay) is a finite list of positive
integers, i.e., a composition. This proves Proposition 5.2| (b). O

Definition 5.3. Let E be a set. Let w : E — {1,2,3,...} be a packed map. Let
w:E— {1,2,3,...} be a map. Then, the composition (a1, ay,...,«,) defined in
Proposition [5.2] (b) will be denoted by evy, 7.

Proposition 5.4. Let E = (E, <1, <) be a double poset. Letw : E — {1,2,3,...}
be a map. Then,

[ (E,w) = ) Mev,, ¢- (7)
@ is a packed E-partition
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Proof of Proposition For every finite subset T of {1, 2,3, ...}, there exists a unique
strictly increasing bijection {1,2,...,|T|} — T. We shall denote this bijection by r7.
For every map 7 : E — {1,2,3, ...}, we define the packing of 7t as the map r;(lE) OTT:
E — {1,2,3,...}; this is a packed map (indeed, its image is {1,2,...,|7 (E)|}), and
will be denoted by pack 7r. This map pack 7t is an E-partition if and only if 77 is an
E-partitio Hence, pack 77 is a packed E-partition for every E-partition 7.

We shall show that for every packed E-partition ¢, we have

Z Xrmw = Mequ)- (8)

7t is an E-partition; pack m=¢

Once this is proven, it will follow that

T (E,w) = Z X = Z Z X7t,w

7t is an E-partition ¢ is a packed E-partition 77 is an E-partition; pack m=¢
:Mevw @
(by @)
(since pack 7t is a packed E-partition for every E-partition 77)
- Z Mevw Q7

@ is a packed E-partition

and Proposition [5.4 will be proven.

So it remains to prove (§). Let ¢ be a packed E-partition. Hence, ¢ is a packed
map E — {1,2,3,...}. Let{ = |¢ (E)|; thus ¢ (E) = {1,2,...,¢} (by Proposition
(a) (applied to ¢ instead of m)). Leta; = Y, w(e) foreveryi € {1,2,...,¢};

ecp (i)
thus, evy ¢ = (aq,a2,...,ay) (by the definition of evy, ¢). Hence, the definition of

8Indeed, pack 7w = r;(l o 7T. Since 1) is strictly increasing, we thus see that, for any givene € E

E)
and f € E, the equivalences

((pack ) (¢) < (pack7) (f)) <= (7 (e) < 7 (f))

and
((pack ) (e) < (pack ) (f)) <= (7 (e) < 7 (f))

hold. Hence, pack 7t is an E-partition if and only if 7r is an E-partition.
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Mey,, ¢ yields

{
_ S W I 7 Z H 93
Mev, ¢ = Z i X, N, = X,
i <ip <+ <l p N 1 <ip<---<iyg k=1 S~~~
Loy L w()
= X. —1(k
ik :xléketp (k)
(since wp= Y w(e))
eco~1(k)

Y Y wle) Y

ecg—1 w(e
= H xikqv Y Z H H xik()

i1 <ip<--<ighk=1 “———~— i1<ip<--<igk=1e€E; g(e)=k =~~~

w(e) w(e)
= X, —
(,e(pl:ll (k) "k ‘o(e)
w(e) (since k=¢(e))

4
RUR IR0 U D DI i

i1<ip<--<ipk=le€E; ¢(e)=k ) i1<ip<---<ipe€E

@ Hence,

w(e)
Meviy g = L [1x = X Xrpopw-  (9)
TC{123,.}; |T|=¢ ecE TC{123,.}; |T|=¢
0

=TI «x
ecE (rrog)(e)
(by the definition of Xy .og,w)

=Xrrog,w

On the other hand, recall that ¢ is an E-partition. Hence, every map 7 satisfying
pack T = ¢ is an E-partition (because, as we know, pack 7t is an E-partition if and
only if 7t is an E-partition). Thus, the E-partitions 7 satisfying packm = ¢ are
precisely the maps 77 : E — {1,2,3,...} satisfying pack 7w = ¢. Hence,

Z Xmw = Z X7t

7T is an E-partition; pack m=¢ mE—{123,...}; pack t=¢

= ) D X0

TC{1,2,3,..}; |T|=¢ mE—{1,23,...}; pack t=¢; n(E)=T

91n the last equality, we have used the fact that the strictly increasing sequences (i} < iy < -+ - < iy)
of positive integers are in bijection with the subsets T C {1,2,3,...} such that |T| = ¢. The
bijection sends a sequence (i; < i < --- < i) to the set of its entries; its inverse map sends
every T to the sequence (rr (1),r7 (2),...,r7 (|T]))-
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(because if r : E — {1,2,3,...} is a map satisfying pack t = ¢, then |7t (E)| = ¢
@. But for every /-element subset T of {1,2,3,...}, there exists exactly one 7 :
E — {1,2,3,...} satisfying packm = ¢ and 7 (E ) = T: namely, 7 = rro¢p [}
Therefore, for every f-element subset T of {1,2,3, ...}, we have

X,w = Xrrog,w-
mE—{1,23,...}; pack t=¢; n(E)=T

Hence,
2 XTL',w — Z Z xT[/w
7t is an E-partition; pack r=¢ TC{123,..}; |T|=¢ mE—{1,23,...}; pack t=¢; n(E)=T
=Xrpog,w
= Z Xrrop,w = Mevw ¢
TC{123,.}; |T|=¢

(by ). Thus, () is proven, and with it Proposition O
Proof of Proposition Proposition follows immediately from Proposition
(since M, € QSym for every composition «). O

We shall now describe the coproduct of I' (E, w), essentially giving the proof that
is left to the reader in [MalReu09, Theorem 2.2].

2Proof. Let : E — {1,2,3,...} be a map satisfying pack 7 = ¢. The definition of pack 7t yields

pack T = r*(lE) o mt. Hence, |(pack ) (E)| = ’(r7T ) ‘ ‘ (E) ((E))| = |t (E)| (since
r;(lE) is a bijection). Since pack 7w = ¢, this rewrites as |¢ (E)| = |7 (E)|. Hence, |7 (E)| =
¢ (E)| = ¢, qed.

2 Proof. Let T be an f-element subset of {1,2,3,...}. We need to show that there exists exactly one
m:E—{1,2,3,...} satisfying pack m = ¢ and 7t (E) = T: namely, 7 = rr o ¢. In other words,
we need to prove the following two claims:

Claim 1: The map rro ¢ isamap 7: E — {1,2,3,...} satisfying packw = ¢ and 7t (E) = T.
Claim 2: If w: E — {1,2,3,...} is a map satisfying pack m = ¢ and 7t (E) = T, then 7 = rr 0 ¢.
Proof of Claim 1. We have |T| = /¢ (since the set T is (-element), thus ¢ = |T|. We have

(rrog) (E) =rr f\(,E_Z =rr|cL,2..., ¢ =rr({1,2,...,|T|}) = T (by the defi-
={1,2,...,0} =ITl

nition of r1). Now, the definition of pack (7 o ¢) shows that

1

pack (rro¢) = r(’rio(p)(E) o(rro@)=ry o(rro@) (since (rro@)(E)=T)

:q)‘

Thus, the map rro ¢ : E — {1,2,3,...} satisfies pack (rr o ¢) = ¢ and (rr o ¢) (E) = T. In other
words, rro @ isamap 7 : E — {1,2,3,...} satisfying packm = ¢ and 71 (E) = T. This proves
Claim 1.

Proof of Claim 2. Let m : E — {1,2,3,...} be a map satisfying packm = ¢ and 7 (E) = T.

The definition of pack r shows that pack 7t = r;(lE) o =11 Lo 7t (since 71 (E) = T). Hence,
1

rq- o7 = pack 7w = ¢, so that 7t = r7 o ¢. This proves Claim 2.
Now, both Claims 1 and 2 are proven; hence, our proof is complete.
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Definition 5.5. Let E = (E, <1, <2) be a double poset.

(@) Then, AdmE will mean the set of all pairs (P,Q), where P and Q are
subsets of E satisfying PN Q = @ and PU Q = E and having the property
that no p € P and g € Q satisfy g <1 p. These pairs (P, Q) are called the
admissible partitions of E. (In the terminology of [MalReu(9], they are the
decompositions of (E, <7).)

(b) For any subset T of E, we let E |r denote the double poset (T, <1, <2),
where <7 and <; (by abuse of notation) denote the restrictions of the rela-
tions <7 and <) to T.

Proposition 5.6. Let E = (E, <1, <2) be a double poset. Let w : E — {1,2,3,...}
be a map. Then,

AT(Ew)= Y T(Elpw|p)@I(Elgwlg). (10)
(P,Q)€AdmE

A particular case of Proposition (namely, the case when w (e) = 1 for each
e € E) appears in [Malve93, Théoreme 4.16].

The proof of Proposition 5.6/is based upon a simple bijection. We shall introduce
it after some preparations.

Lemma 5.7. Let E = (E, <1, <2) be a double poset.

Let S be the set of all pairs (¢, k) consisting of a packed E-partition ¢ and a
ke{0,1,...,|¢(E)|}.

Let T be the set of all triples ((P,Q),c, T) consisting of a (P,Q) € AdmE, a
packed E |p-partition o and a packed E |g-partition 7.

For every ¢ € Z, we let add, denote the bijective map Z — Z, z — z + {.

Fix (¢, k) € S. Set

P=¢ ' ({1,2,...,k}), Q=9 ({k+1,k+2,...,|90(E)}), (11
c=¢|p and T=add 4o (¢ o). (12)

Then, ((P,Q),0,7) € T.

Lemma 5.8. Let E = (E, <1, <3) be a double poset. Let S and T be defined as in
Lemma 5.71

Fix ((P,Q),0,7) € T. Setk = |o (P)|, and let ¢ be the map E — {1,2,3,...}
o (e), ife e P;

. Then, (¢,k) € S.
T(e)+k ifecQ en, (¢:k)

which sends every e € E to
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Lemma 5.9. Let E = (E, <1, <) be a double poset. Let S, T and add, be defined
as in Lemma 5.7
Define a map @ : § — T as follows: Let (¢, k) € S. Then, define P, Q, ¢ and
T by and (12). From Lemma we know that ((P,Q),o,t) € T. Define
d (¢, k) tobe ((P,Q),0,T). Thus,amap ®: S — T is defined.
Define a map ¥ : 7 — S as follows: Let ((P,Q),o,7) € T. Setk =
o (P)|, and let ¢ be the map E — {1,2,3,...} which sends every e € E
o (e), ifee P;
T(e)+k ifecQ’
Y ((P,Q),o,7) = (¢,k). Thus,amap ¥ : T — S is defined.
The maps ®: S — 7 and ¥ : T — S are mutually inverse.

From Lemma 5.8, we know that (¢,k) € S. Set

The preceding three lemmas should be obvious if the reader has “the right pic-
ture in their mind”. The following proof is merely a formalization of the argument
that such a picture would straightforwardly produce; we are not sure whether it is
actually worth reading (as opposed to trying to conjure “the right picture”).

Proof of Lemma We have (¢, k) € S. Thus, ¢ is a packed E-partition, and k is an
element of {0,1,...,|¢ (E)|} (by the definition of S).

The map ¢ : E — {1,2,3,...} is packed and satisfies |¢ (E)| = |9 (E)|. Hence,
¢ (E) ={1,2,...,|¢ (E)|} (by Proposition 5.2 (a) (applied to ¢ and |¢ (E)| instead
of 7t and /)).

Now, (P,Q) € AdmE @ Furthermore, it is straightforward to see that for

22Proof. It is clear that P and Q are subsets of E. Also, from , we obtain

PNQ=¢ '({L,2,.... kN Nne  ({k+1Lk+2,...,|¢(E)})

=9 ({1,2,...,k}ﬂ{k+1,k+2,...,CP(E)}) =9 '(2)=2

=g

and

PUQ=¢ '({L2... .k )Ug  ({k+1k+2,...,[¢(E)[})

=o' {1,2,.. kK U{k+1,k+2,.... |9 E)} | =¢ (¢ (E) =E.

={1.2,|@(E)[}=¢(E)
(since ¢ is packed)

Hence, in order to prove that (P,Q) € AdmE, it remains to show thatno p € P and q € Q
satisfy g <1 p.

Let us assume the contrary (for the sake of contradiction). Thus, let p € P and g € Q
be such that 4 <; p. Since ¢ is an E-partition, we have ¢ (q) < ¢ (p) (because q <; p).
But p € P = ¢ '({1,2,...,k}), so that ¢(p) < k. On the other hand, 4 € Q =
e ' ({k+1,k+2,...,|9(E)|}), so that ¢ (q) > k. This contradicts ¢ (7) < ¢ (p) < k. This
contradiction shows that our assumption was false. Hence, the proof of (P,Q) € AdmE is
complete.




Double posets and the antipode of QSym (detailed version) page 25

every subset T of E,
the map ¢ |1 is an E |7 -partition. (13)

Applying this to T = P, we conclude that ¢ |p is an E |p-partition.

Since P = ¢! ({1,2,...,k}), we have ¢ (P) C {1,2,...,k}. Moreover, this inclu-
sion is actually an equality (since ¢ (E) = {1,2,..., |(p( )1} Pl In other words,
we have

p(P)=1{12,...,k}. (14)
Similarly,
¢(Q)={k+1,k+2,...,|¢(E)|}. (15)
Hence,
(add_ko (¢ lg)) (Q) = add (2lo) (@
=¢(Q)= {k+1 k+2 o(E)|}
=add_; ({k+1,k+2,. (E I}

={L2....|o(E )!—k}

(by the definition of add k). Since (¢ |p) (P) = ¢ (P) = {1,2,...,k} is an initial
interval, we deduce that the E |p-partition ¢ |p is packed. Thus, ¢ = ¢ |p is a
packed E |p-partition.

On the other hand, (applied to T = Q) shows that ¢ | is an E |g-partition.
Hence, the map add_ o (¢ |g) is an E |p-partition (since the map add_y is strictly
increasing, and since (add_xo (¢ |g)) (Q) = {1,2,...,|¢ (E)| =k} € {1,2,3,...}).
This E |o-partition add ;o (¢ |g) is packed
(since (add_xo (¢ |g)) (Q) = {1,2,...,|¢ (E)| —k} is an initial interval). Thus,
T=add o (¢ |g) is a packed E |o-partition.

We now know that (P, Q) € AdmE, that ¢ is a packed E |p-partition, and that T
is a packed E |o-partition. In other words, we know that ((P,Q),o,t) € 7. This
proves Lemma O

Proof of Lemma 5.8, We have ((P,Q),0,7) € T. According to the definition of 7,
this means that (P, Q) € AdmE, that ¢ is a packed E |p-partition, and that 7 is a
packed E |p-partition.

From (P,Q) € AdmE, we conclude that P and Q are subsets of E satisfying
PN Q =@ and PUQ = E and having the property that

no p € Pand g € Q satisfy g <y p. (16)

ZThe proof in more detail: Let ¢ € {1,2,...,k}. Then, g € {1,2,...,k} C {1,2,...,|¢ (E)|} =
@ (E). Thus, there exists some e € E such that ¢ = ¢ (e). Consider this e. From ¢ (e) = g €
{1,2,...,k}, we obtaine € ¢! ({1,2,...,k}) = P. Thus, ¢ (¢) € ¢ (P), so that g = ¢ (e) € ¢ (P).
Now, let us forget that we fixed g. We thus have proven that ¢ € ¢ (P) for every g € {1,2,...,k}.
In other words, {1,2,...,k} C ¢ (P). Combining this with ¢ (P) C {1,2,...,k}, we obtain

¢ (P)=41,2,...,k}, qed.
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Using PNQ = @ and PUQ = E, we see that the map ¢ is well-defined. (In-
deed, we defined it as the map E — {1,2,3,...} which sends every ¢ € E to

o(e), ifecP;

T(e)+k ifecQ’

The map o : P — {1,2,3,...} is packed, and we have k = |0 (P)|. Hence,
Proposition (a) (applied to P, o and k instead of E, 7t and /) yields o (P) =

1,2,...,k}.
{ The map}T :Q — {1,2,3,...} is packed, and we have |t (Q)| = |t (Q)|. Hence,
Proposition[5.2)(a) (applied to Q, T and |7 (Q)| instead of E, 7t and /) yields 7 (Q) =
1.2t Q)

The definition of ¢ shows that
¢ (e) =0 (e) for every e € P. (17)

Hence, ¢ (P) =0 (P) ={1,2,...,k}.
Also, the definition of ¢ shows that

pe)=1(e)+k for every e € Q. (18)
Thus,
P(Q) =14 ¢le) lecQp={t(e)+k|ecQ}
N~~~
( =T(e)+k
— M+k | u e T(Q) :{u+k | u€{1/2//|T(Q)’}}
——
L ={12,...|7(Q)[}

= {k+1,k+2,....k+|T(Q)|}.
Now, E = P U Q, so that

9(E)=¢(PUQ)= ¢(P) U ¢ (Q)
—— N~
={12,..,k}  ={k+1k+2,..k+|T(Q)[}
={1,2,..., K} U{k+1,k+2,... . k+|t(Q)}
= {1,2,...,k+|T(Q)|}. (19)

Thus, ¢ (E) is an initial interval; in other words, the map ¢ is packed. Furthermore,

(19) shows that |¢ (E)| = k+ |t (Q)| > k, so thatk € {0,1,...,|¢ (E)|}.
>0

We shall now show that ¢ is an E-partition. To do so, we must prove the follow-
ing two claims:

Claim 1: Every e € E and f € E satisfying e <1 f satisfy ¢ (e) < ¢ (f).

Claim 2: Every e € E and f € E satisfying e <1 f and f <; e satisfy ¢ (¢) < ¢ (f).




Double posets and the antipode of QSym (detailed version) page 27

We shall only prove Claim 1 (as the proof of Claim 2 is similar). So let ¢ € E and
f € E be such that e <1 f. We need to show that ¢ (¢) < ¢ (f). We are in one of
the following four cases:

Case 1: We have e € P and f € P.

Case 2: We have e € P and f € Q.

Case 3: We havee € Q and f € P.

Case 4: We have e € Q and f € Q.

In Case 1, our claim ¢ (e) < ¢ (f) follows from the assumption that ¢ is an E |p-
partition@ In Case 4, it follows from the assumption that 7 is an E \Q-partitioné
In Case 2, it clearly holdﬁ Finally, Case 3 is impossiblelﬂ Thus, we have proven
the claim in each of the four cases, and consequently Claim 1 is proven. As we
have said above, Claim 2 is proven similarly. Thus, we have proven that ¢ is an
E-partition.

Altogether, we now know that ¢ is a packed E-partition, and that
ke {0,1,...,]¢ (E)|}. In other words, (¢, k) € S. This proves Lemma 5.8 O

Proof of Lemma We need to prove the following two claims:
Claim 1: We have ® o ¥ = id.
Claim 2: We have ¥ o @ = id.
Proof of Claim 1: Fix ((P,Q),0,7) € T. Set k = |0 (P)|, and let ¢ be the map
o(e), ifee P;

) . The definition
T(e)+k ifeecQ

E — {1,2,3,...} which sends every ¢ € E to

24Proof. Assume that we are in Case 1. Thus, we have e € P and f € P. Thus, e and f are elements
of P satisfying e <1 f. Hence, 0 (¢) < o (f) (since ¢ is an E |p-partition). But the definition of ¢

. o(e), ifee P;
1d = =
yields ¢ (c) T(e)+k ifecQ
¢ (e) =0(e) <o (f)=¢(f) Qed.
25Proof. Assume that we are in Case 4. Thus, we have e € Q and f € Q. Thus, e and f are elements

of Q satisfying e <1 f. Hence, T (e) < 7 (f) (since 7 is an E |p-partition). But the definition of ¢
. o(e), ifeeP;
1d = =
yields ¢ (¢) T(e)+k ifeecQ
Hence, ¢ (e) = T(e) +k <t (f) +k = ¢ (f). Qed.
N~

<t(f)
26Proof. Assume that we are in Case 2. Thus, we have ¢ € P and f € Q. The definition of ¢

, _Jo(e), ifeeP; . _Jo(f), iffep;
yleldsgo(e)—{l_(e)_i_k’ ifeeg—(T(e)(smceeGP)andq)(f)—{T(f)+k, ffeo =

o (e) (since e € P) and ¢ (f) = o (f) (similarly). Hence,

T (e) +k (since e € Q) and ¢ (f) = 7 (f) + k (similarly).

T(f) +k (since f € Q). But we have q)(e)—a( e ) e€o(P)=4{1,2,...,k},sothat ¢ (e) <k.

~—
eP
Meanwhile, ¢ (f) = T (f) +k > k. Thus, ¢ (e) < k < ¢ (f), and therefore ¢ (e) < ¢ (f). Qed.
>0

2’ Proof. Assume that we are in Case 3. Thus, ¢ € Q and f € P. The elements f € Pand ¢ € Q
satisfy e <1 f. This contradicts (applied to p = f and g = ¢). Thus, we have obtained a
contradiction; hence, our assumption (that we are in Case 3) was wrong. Therefore, Case 3 is
impossible.
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of ¥ thus yields ¥ ((P,Q),o,7) = (¢,k). We shall now show that ® (¢, k) =
((P,Q),c,7).

Lemma [5.8 shows that (¢, k) € S. In other words, ¢ is a packed E-partition, and
we have k € {0,1,...,|¢ (E)|}. Themap ¢ : E — {1,2,3,...} is packed and satisfies
|9 (E)| = |¢ (E)|. Hence, we have ¢ (E) = {1,2,...,|¢ (E)|} (by Proposition 5.2 (a)
(applied to ¢ and |¢ (E)| instead of 7t and ¢)).

The map addy : Z — Z is a bijection, and its inverse is (add;) ' = add_.

The map o : P — {1,2,3,...} is packed, and we have k = |0 (P)|. Hence,
Proposition [5.2| (a) (applied to P, ¢ and k instead of E, 7t and /) yields o (P) =
{1,2,...,k}.

From (P,Q) € AdmE, we conclude that P and Q are subsets of E satisfying
PNnQ=oand PUQ =E. Hence, Q=E\Pand P=E\ Q.

The definition of ¢ shows that

¢ (e) =0 (e) for every e € P. (20)
Hence, ¢ |p= 0. Also, the definition of ¢ shows that
pe)=T1(e)+k for every e € Q. (21)
Thus, every e € Q satisfies
¢ (e) =7 (e)+k=addy (7 (e)) (since addy (7 (e)) is defined to be 7 (¢) + k)
= (addy o7) (e). (22)

Hence, = addy o7, so that T = (add 1o —add_;o .
¢ lo=add; (add) "o (¢ lo) ko (¢ o)

:add,k
Furthermore, P = ¢~ ({1,2,...,k}) Pland Q= ¢ ' ({k+1,k+2,...,|¢ (E)[})
@ Altogether, we thus know that
P=¢ ' ({1,2,...,k}), Q=9 ' ({k+1,k+2,.... |9 (E)}),
c=¢|p and T=add o (¢ o).

BProof. Lete € 1 ({1,2,...,k}). Thus, e € Eand ¢ (e) € {1,2,...,k}. If we had ¢ € Q, then we
would have

¢ (e) = T\(QH (by @1))

>0
>k,

which would contradict ¢ (e) € {1,2,...,k}. Hence, we cannot have ¢ € Q. Thus,e € E\ Q = P.
Now, let us forget that we fixed e. Thus we have proven that e € P for every e €
¢ 1 ({1,2,...,k}). In other words, ¢! ({1,2,...,k}) C P.
On the other hand, fix p € P. Then, ¢ (p) = ¢ (p) (by [20)). Hence, ¢ (p) = ¢ (p) € 0 (P) =
{1,2,...,k}, so thatp € go‘l ({1,2,...,k}).
Now, let us forget that we fixed p. Thus we have proven that p € ¢! ({1,2,...,k}) for every
p € P. In other words, P C ¢! ({1,2,...,k}). Combining this with ¢! ({1,2,...,k}) C P, we
obtain P = ¢! ({1,2,...,k}), qed.
PProof. Lete € ¢ ' ({k+1,k+2,...,|¢ (E)|}). Thus,e € Eand ¢ (e) € {k+1,k+2,...,|¢ (E)|}.
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These equations are identical with the equations and that were used
in the definition of ® (¢, k). Hence, the definition of ® shows that ® (¢, k) =

((P,Q),0,7). Thus, ((P,Q),0,7)=® (¢,k) =S (¥Y((P,Q),o,1)).
——
=¥ ((P,Q),0,7)

Now, let us forget that we fixed ((P, Q), o, 7). We thus have shown that
D (Y ((P,Q),0,7)) = ((P,Q),0,7) for every ((P,Q),o,7) € T. In other words,
® oY = id. This proves Claim 1.

Proof of Claim 2: Fix (¢,k) € S. Define P, Q, ¢ and T by and (12). The
definition of ® shows that ® (¢, k) = ((P,Q),0, 7). From Lemma we know
that ((P,Q),o,7) € T. In other words, we know that (P,Q) € AdmE, that ¢ is a
packed E |p-partition, and that 7 is a packed E |o-partition.

From (P,Q) € AdmE, we conclude that P and Q are subsets of E satisfying
PNnQ=oand PUQ =E.

We have ¢ (P) = {1,2,...,k}. (This was proven in our proof of Lemma 5.7|above;
see the equality (14).)

We have o = ¢ |p. Thus, for every e € P, we have 0 (¢) = (¢ |p) (¢) = ¢ (e). In
other words, for every e € P, we have

9(e) =0 (). 23)

Also, T = add_,o (¢ |g). Hence, for every e € Q, we have

T(e) = (add_xo (¢ lg)) (e) =add_ | (¢ [0) (e)
=¢(e)
=add_; (¢ (e)) = ¢ (e) + (—k) (by the definition of add )

=g (e) — k.

If we had e € P, then we would have

¢ (e) =0 (e) (by (20))
co(P)={1,2,... k}

and therefore ¢ (¢) < k, which would contradict ¢ (¢) € {k+1,k+2,...,|¢ (E)|}. Hence, we
cannot have e € P. Thus,e € E\ P = Q.

Now, let us forget that we fixed e. Thus we have proven that e € Q for every e €
e ' ({k+1,k+2,...,|¢ (E)|}). In other words, ¢! ({k+1,k+2,...,|¢ (E)|}) C Q.

On the other hand, fix ¢ € Q. Then, ¢(q) = T(q) +k (by 21)). Hence, ¢(q) =

T(q)+k > k. Combining this with ¢ (q) € ¢ (E) = {1,2,...,|¢ (E)|}, we obtain ¢ (gq) €
——

>0
{k+1,k+2,...,|¢(E)|}. Hence, g € ¢ 1 ({k+ 1,k +2,..., |9 (E)|}).

Now, let us forget that we fixed 4. Thus we have proven that g €
e '{k+1,k+2,...,|9(E)|]}) for every g € Q. In other words, Q C

e '({k+1,k+2,...,|¢(E)|}). Combining this with ¢~! ({k+1,k+2,...,]¢(E)[}) € Q,
we obtain Q = ¢ 1 ({k+1,k+2,...,|¢ (E)|}), qed.
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Thus, for every e € Q, we have
¢(e) =T1(e)+k.
Combining this with (23), we conclude that

o(e), ifeec P;
= f € E 24
?(¢) {’l’ (e)+k ifeeQ orevery e @

%l Moreover, o : P — {1,2,3,...} is a packed map and satisfies |o (P)| = |o (P)|.
Thus, Proposition 5.2/ (a) (applied to P, ¢ and |0 (P)| instead of E, 7 and /) yields
c(P)={12,...,|c(P)|}. Hence,

{12, o (P)[} = a_(P)=(¢[p) (P) = ¢(P) ={1,2,...,k}.
=9¢lp

Thus, | (P)| = k.

So we know that k = |0 (P)|, and that ¢ is the map E — {1,2,3,...} which
o (e), ife € P;
T(e)+k ifecQ
our ¢ are precisely the k and the ¢ in the definition of ¥ ((P,Q), 0, 7). Hence,
Y ((P,Q),0,7) = (¢,k). Thus, (¢, k) =¥ ((P,Q),0,7) =¥ (D (¢,k)).

%/_/
=®(g/k)

Now, let us forget that we fixed (¢, k). We thus have shown that ¥ (® (¢, k)) =
(¢, k) for every (¢, k) € S. In other words, ¥ o ® = id. This proves Claim 2.

Now, both Claims 1 and 2 are proven. Thus, the maps ® and Y are mutually
inverse. This proves Lemma O

Proof of Proposition Define S, 7, ® and ¥ as in Lemma From Lemma
we know that the maps ® and ¥ are mutually inverse. Hence, ® is a bijection from
StoT.

Whenever « = (a1, ay,...,a¢) is a composition and k € {0,1,...,¢}, we introduce
the notation « [: k] for the composition (aq, a, ..., ax), and the notation « [k :] for the
composition (g1, &y, .., &¢). Now, the formula (1)) can be rewritten as follows:

sends every e € E to (because of (24)). Thus, our k and

4
A(My) = ) Mypsg @ My (25)
k=0
for every ¢ € IN and every composition a with ¢ entries.

Let us observe a simple fact: For any (¢, k) € S, we have

(evw @) [ k] = evy, 0 and (evaw @) [k:] = evy, T, (26)

3The right hand side of this equality makes sense because PN Q = @ and PUQ = E.
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where ((P,Q),0,7) = ® (¢,k) [
If 9 : E — {1,2,3,...} is any packed map, then evy, ¢ is a composition with
|¢ (E)| entries (by the definition of evy, ¢), and thus it satisfies

[9(E)|

A (Mev, p) = kZ%) Miev,, 9)1K] © Mevy, 9k (32)

31 Proof of : Let (¢, k) € S. Let ((P,Q),0,T) = ® (¢, k). We must prove the equalities .
For every ¢ € Z, define the map add; : Z — Z as in Lemma
Let ¢ = |¢ (E)|. Thus, Proposition[5.2|(a) (applied to ¢ instead of 1) yields ¢ (E) = {1,2,...,£}
(since the map ¢ : E — {1,2,3,...} is packed). For each i € {1,2,...,¢}, define a; € IN by

vi= Y, wle). (27)

ecp1(i)

Then, evy ¢ = (a1, a2, ..., ay) (by the definition of evy, ¢).

We have (¢, k) € S. Thus, ¢ is a packed E-partition, and k is an element of {0,1,...,|¢ (E)|}
(by the definition of S). Thus, k € {0,1,...,|¢ (E)|} ={0,1,...,¢} (since |¢ (E)| = ¥).

Now, from evy ¢ = (w1, a2, ...,a;), we obtain

(evw @) [ k] = (a1, a2, ..., ax) and (evw @) [k :] = (apr1, pyo, -, 0p).

Recall that ((P,Q),0,t) = ® (¢, k). Hence, P, Q, 0 and 7 are defined by and (ac-
cording to the definition of ®). We know (from Lemma that ((P,Q),o0,t) € T. In other
words, we know that (P, Q) € AdmE, that ¢ is a packed E |p-partition, and that 7 is a packed
E |o-partition.

For every e € P, we have

(@) =(olp)(e)=9(e). (28)

o
N~
(by )
For every e € Q, we have

I (@ =(addyo(¢lo))(e) =add k ((¢lo) (¢))

=add_4 o(¢lg)
(by (12))
= (¢ |g) (e) + (—k) (by the definition of add_j)
——
=¢(e)
=¢(e) =k (29)

For every i € {1,2,...,k}, we have

cli)=SecP | o) =ip={ecP | ¢le)=i}

~——
oy )
=¢71(i) =~ ({1,2,...k})
= ()Ne T ({12, k) =97 (i) 0)

(since 91 (i) C 91 ({1,2,...,k}) (because i € {1,2,...,k})).
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(by (25), applied to & = evy, ¢ and ¢ = |¢ (E)|).

For every i € {1,2,...,¢ —k}, we have

i) =ecQ| t(e) =ip=LecQ| ¢e)—k=i
~—~— | —

=p(e)—k e)=k+i

(bfg() — (p(e)=k+i)

{ecQ | ¢le) iy={ecE | ¢(e) i} Q
=g~ (k+i) =~ ({k+1k+2,...|9(E)[})
= ({k+1k+2,...0})
(since |(E)[=0)
= M k+i)ne ' ({k+1,k+2,...0}) =9 ' (k+1i) (31)

(since (p_l (k+i) C (p‘l({k+1,k+2,...,€}) (since k+i € {k+1,k+2,...,0} (since i €

(1,2,...,0—k}).

We have ¢ (Q) = {1,2,...,k}. (This was proven in our proof of Lemma [5.7| above; see the
equality (14).) But ¢ = ¢ |p, so that 0 (P) = (¢ |p) (P) = ¢ (P) = {1,2,...,k}. Hence, |0 (P)| =
I{1,2,...,k}| = k. Therefore, the definition of ev,,, o shows that ev,, o = (B1,B2,...,Bk),
where each f; is defined as Y, (w |p) (e). Thus, every i € {1,2,...,k} satisfies

eco1(i)
Bi= Y. (wlp)le)= ), w()=u (by @7) -
Z eco (i) T ecopl(i) Z
N—— =w(e)
= X
ecp1(i)
(by G%)
Hence, (B1,B2,---,Bx) = (a1, a2,...,a;) = (evy @) [: k], so that (evy @) [: k] = (B1,B2,---, Bx) =

ve|P o.
We have ¢ (Q) = {k+1,k+2,...,|¢(E)|}. (This was proven in our proof of Lemma
above; see the equality (I5).) But

T(Q) =4 1le) [ecQp={ple)—k[ecQt={u-k][uce(Q)}.

~——
o
Thus,
T(Q)=19(Q|=Hk+Lk+2,...,]¢(E)[} (since ¢ (Q) = {k+1,k+2,.... |9 (E)|})
=|p(E)|-k={0—k.
=/

Therefore, the definition of eVylp T shows that eVylp T = (Y1,7v2,---,Ye—k), where each 7; is
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Now, applying A to the equality (7) yields

AT (E w)) =A ( 3 Mev, <p>

¢ is a packed E-partition

- Z A (Mev, ¢)

¢ is a packed E-partition
lo(E)|

= & Meevw )9S Mevw g)lk]
(by G2)
lp(E)|

= X ) M) © Miev, )ik
¢ is a packed E-partition k=0

-~

(pk)es
(by the definition of S)

= Y Mev, )16 ® Miev, )[k]- (33)
(pk)eS

On the other hand, rewriting each of the tensorands on the right hand side of

definedas Y. (w|g) (e). Thus, every i € {1,2,...,{ — k} satisfies

eet—1(i)

Yi = Z (w|Q)(€)= Z w(e) = agy;

eet1(i) T~ ecp1(k+i)

~—— =w(e)
= X
ecg—L(k+i)
(by @B1))
since ([27) (applied to k + i instead of i)
shows thatwy,; = L w(e) .
eco1(k+i)
Hence, (v1,72, -, Yi—k) = (&gt &k40,...,00) = (evyp@)lk:], so that (evy)[k:] =

(Y1, Y2, Yek) = eVyly T
Thus, both parts of are proven.
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using (7), we obtain

Y. I'(E [p,w |p) ® I'(Elgw|g)
P,Q)€AdmE v —_—
(P.Q) - v Mev, ¢ = Y Mev,, o
¢ is a packed E|p-partition p ¢ is a packed E| Q-partition Q
by () (by (7))
- ¥ Y Maye|® Y M
(P,Q)€AdmE \ ¢ is a packed E|p-partition ¢ is a packed E|g-partition
= x Mevw‘ o = z Mevw‘ T
0 is a packed E|p-partition p T is a packed E|Q—partition Q
(here, we have renamed the (here, we have renamed the
summation index ¢ as 0) summation index ¢ as T)
- ¥ L Meee L M
(P,Q)€AdmE \ 0 is a packed E|p-partition T is a packed E|g-partition

- Z Z Z Mve\P o & Z\/Ievw|Q T

(P,Q)€AdmE ¢ is a packed E|p-partition 7 is a packed E|p-partition

N

-

= L
((PQ)wT)eET
(by the definition of T)
= Z Mve\P c® 1\/Ievw‘Q T
((P,Q),o,1)eT

= Y M, )4 ® Miev, p)ik]
(pk)eS

(here, we have substituted ® (¢, k) for ((P,Q), 0, T) in the sum, using the fact that
® is a bijection from S to 7, and using the equalities (26) to rewrite the addend

Mve|p e ® MveIQ @S M(ey,, ¢)[] © M(ev,, ¢)[k])- Comparing this with 1) we obtain
AT(Ew) = ¥ T(Epwlp)el(Elgwl).
(P,Q)€AdmE
This proves Proposition O

We note in passing that there is also a rule for multiplying quasisymmetric func-
tions of the form I' (E, w). Namely, if E and F are two double posets and u and v are
corresponding maps, thenI' (E, u) I' (F,v) = I' (EF, w) for a map w which is defined
to be u on the subset E of EF, and v on the subset F of EF. Here, EF is a double
poset defined as in [MalReu09, §2.1]. @ Combined with Proposition this fact
gives a combinatorial proof for the fact that QSym is a k-algebra@ as well as for

32Gee the Appendix (specifically, Corollary for the exact statement of this rule (and a proof).
33This combinatorial proof is shown in detail in the Appendix (specifically, see the proof of Propo-
sition [10.48).
Actually, we can do better: We can use these ideas to show that QSym is a Hopf algebra. See
the proof of Proposition for how this is done.
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some standard formulas for multiplications of quasisymmetric functions; similarly,
Proposition can be used to derive the well-known formulas for AM,, AL, As) "
etc. (although, of course, we have already used the formula for AM, in our proof
of Proposition [5.6).

Finally, let us state one more almost-trivial lemma that will be used later:

Lemma 5.10. Let (E, <1, <») be a tertispecial double poset. Let >; be the oppo-
site relation of <y. Then, (E, >1, <p) is a tertispecial double poset.

Proof of Lemma The relations <7 and < are strict partial orders (since (E, <1, <)
is a double poset). The relation > is the opposite relation of <;, and thus is a strict
partial order (since <; is a strict partial order). Now we know that both relations
>1 and < are strict partial orders on the set E. Hence, (E, >1,<7) is a double
poset. It remains to prove that this double poset (E, >1, <p) is tertispecial.

We know that the double poset (E, <1, <p) is tertispecial. In other words, the
following statement holds:

Statement 1: If a and b are two elements of E such that a is <;-covered by b, then
a and b are <;-comparable.

On the other hand, the following statement holds:

Statement 2: Let a and b be two elements of E. Then, we have the following logical
equivalence:

(ais >q -covered by b) <= (bis <; -covered by a).




Double posets and the antipode of QSym (detailed version) page 36

[Proof of Statement 2: We have the following chain of logical equivalences:
(ais >1 -covered by b)
<= | we have a > b, and there exists no c € E satisfying a >1¢c>;b
N————

< (a>1c)A(c>1D)

(by the definition of the notion “ > -covered by”)

<= | wehave a>10b ,and there exists no c € E satisfying (a >1¢c) A (c >1b)
—— —— ——

< (b<qa) = (c<qa) <= (b<qo)

(since > is (since >1is  (since >q is

the opposite the opposite  the opposite
relation relation relation
of <q) of <q) of <q)

<= | we have b <j 4, and there exists no c € E satisfying (c <3 a) A (b <1 ¢)

(. J
~

<= (b<ic)A(c<qa)
<= (b<yc<qa)

<= (we have b <; g, and there exists no ¢ € E satisfying b <; ¢ <7 a). (34)

On the other hand, we have the following chain of logical equivalences:

(bis <4 -covered by a)

<= (we have b <j 4, and there exists no ¢ € E satisfying b <; ¢ <1 a)
(by the definition of the notion “ <y -covered by”)

<= (ais >1 -covered by b) (by (B34)) .

This proves Statement 2.]

Now, we shall prove the following statement:

Statement 3: If a and b are two elements of E such that a is >1-covered by b, then
a and b are <;-comparable.

[Proof of Statement 3: Let a and b be two elements of E such that a4 is >1-covered
by b. We must show that 4 and b are <;-comparable.

Statement 2 shows that we have the following logical equivalence:

(ais > -covered by b) <= (bis <j -covered by a).

Hence, b is <1-covered by a (since a is >1-covered by b). Thus, Statement 1 (applied
to b and a instead of a and b) yields that b and a are <;-comparable. In other words,
either b <, aorb = a or a <, b. In other words, eithera <o borb=aorb <5 a. In
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other words, either a <y bora = b or b <, a (since b = a is equivalent to a = b). In
other words, a and b are <;-comparable. This proves Statement 3.]

But the double poset (E, >1, <3) is tertispecial if and only if Statement 3 holds (by
the definition of “tertispecial”). Hence, the double poset (E, >, <») is tertispecial
(since Statement 3 holds). This completes the proof of Lemma O

6. Proof of Theorem

Before we come to the proof of Theorem let us state five lemmas:

Lemma 6.1. Let E = (E, <y, <) be a double poset. Let P and Q be subsets of
E such that PN Q = @ and PUQ = E. Assume that there exist no p € P and
g € Q such that g is <q-covered by p. Then, (P,Q) € AdmE.

Proof of Lemma For any a € E and b € E, we let [a, b] denote the subset

{e€ E|a<qie<qb}of E. Itis easy to see that if 4, b and c are three elements of
E satisfying a <1 ¢ <1 b, then both [a,c] and [c, b] are proper subsets of [a,b], and
therefore

both numbers |[a,c|| and |[c, ]| are smaller than |[a, b]|. (35)

[Proof of (35): Let a, b and c be three elements of E satisfying a <7 ¢ <1 b.

The definition of [a,b] yields [a,b] = {e € E|a <ye <1 b}. Hence, c € [a,b]
(since a <1 ¢ <q b).

The definition of [a, c| yields

[a,c]={ecE|la<je<ic}C{ecE|a<ie<;b}

(because every e € E satisfying a <1 e <1 ¢ must also satisty e <; ¢ <7 b and
therefore a <1 e <1 b). Thus,

[a,c] C{ecE|a<ie<yb}=]ab].

If we had [a, c] = [a,b], then we would have c € [a,b] = [a,c] ={e € E|a <je <ic}
and therefore a <q ¢ <y c¢; but this would contradict the fact that we don’t have
¢ <1 c. Thus, we cannot have [a,c| = [a,b]. Thus, we have [a, c] # [a,b]. Combining
this with [a, c] C [a, b], we conclude that [, | is a proper subset of [a, D].

The definition of [c, b] yields

c,b) ={e€E|c<ie<ib} C{ecE|a<ie<;b}

(because every e € E satisfying ¢ <1 e <; b must also satisfy a <; ¢ <7 e and
therefore a <4 e <1 b). Thus,

c,b) C{ecE|la<ie<yb}=]ab].




Double posets and the antipode of QSym (detailed version) page 38

If we had [¢, b] = [a, b], then we would have c € [a,b] = [c,b] = {e € E | c <1 e <1 b}
and therefore ¢ <7 ¢ <7 b; but this would contradict the fact that we don’t have
¢ <1 c. Thus, we cannot have [c, b] = [a, b]. Thus, we have [c, b] # [a,b]. Combining
this with [c, b] C [a, b], we conclude that [c, b] is a proper subset of [a, b].

Thus, we have shown that both [g, c] and [c, b] are proper subsets of [a, b]. Hence,
follows (since [a, b] is a finite set). This completes the proof of (35).]

A pair (p,q) € P x Q is said to be a malposition if it satisfies 4 <1 p. Now,
let us assume (for the sake of contradiction) that there exists a malposition. Fix a
malposition (u,v) for which the value |[v, u]| is minimum. Thus, (4,v) € P x Q
and v <1 u. From (u,v) € P x Q, we obtain u € P and v € Q. Hence, v is not
<q-covered by u (since there exist no p € P and q € Q such that g is <;-covered
by p). Hence, there exists a w € E such that v <; w <; u (since v <; u). Consider
this w. Applying toa = v, ¢ = w and b = u, we see that both numbers |[v, w]|
and |[w, u]| are smaller than |[v,u||, and therefore neither (w,v) nor (u,w) is a
malposition (since we picked (u,v) to be a malposition with minimum |[v, u]|). But
w € E=PUQ,sothateitherw € Porw € Q. If w € P, then (w, v) is a malposition;
if w € Q, then (u,w) is a malposition. In either case, we obtain a contradiction to
the fact that neither (w, v) nor (1, w) is a malposition. This contradiction shows that
our assumption was wrong. Hence, there exists no malposition. In other words,
there exists no (p,q) € P x Q satisfying g <1 p (since this is what “malposition”
means). In other words, no p € P and g € Q satisfy g4 <; p. Consequently,
(P,Q) € AdmE. This proves Lemma O

Lemma 6.2. Let E = (E, <1,<p) be a tertispecial double poset. Let (P,Q) €
AdmE. Then, E |p is a tertispecial double poset.

Proof of Lemma Recall that we are using the symbol <; to denote two different
relations: a strict partial order on E, and its restriction to P. This abuse of notation
is usually harmless, but in the current proof it is dangerous, because it causes the
statement “a is <j-covered by b” (for two elements a4 and b of P) to carry two
meanings (depending on whether the symbol <; is interpreted as the strict partial
order on E, or as its restriction to P). (These two meanings are actually equivalent,
but their equivalence is not immediately obvious.)

Thus, for the duration of this proof, we shall revert to a less ambiguous notation.
Namely, the notation <; shall only be used for the strict partial order on E which
constitutes part of the double poset E. The restriction of this partial order <; to the
subset P will be denoted by <1 p (not by <;). Similarly, the restriction of the partial
order <, to the subset P will be denoted by <, p (not by <»). Thus, the double
poset E |p is defined as E |p= (P, <1 p, <2p).

We need to show that the double poset E |p= (P, <1p, <pp) is tertispecial. In
other words, we need to show that if 2 and b are two elements of P such that a is
<1 p-covered by b, then a and b are <, p-comparable.

Let a and b be two elements of P such that a is <; p-covered by b. Thus, a <;p b,
and

there exists no ¢ € P satisfying a <ip ¢ <1,p b. (36)
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We have a <;p b. In other words, a <; b (since <qp is the restriction of the
relation <7 to P).

Now, if ¢ € E is such that a <; ¢ <1 b, then ¢ must belong to P @ and therefore
satisfy a <ip c <1p b @ which entails a contradiction to (36). Thus, there is
no ¢ € E satisfying a <; ¢ <q b. Therefore (and because we have a <; b), we
see that a is <j-covered by b. Since E is tertispecial, this yields that a and b are
<p-comparable. In other words, either a <, b ora = b or b <, a. Since a and b both
belong to P, we can rewrite this by replacing the relation <; by its restriction <5 p.
We thus conclude that either a <;p b or a = b or b <3 p a. In other words, a and b
are <p p-comparable.

Now, forget that we fixed a and b. Thus, we have shown that if 2 and b are two
elements of P such that a is <y p-covered by b, then a and b are <, p-comparable.
This completes the proof of Lemma

(We could similarly show that E | is a tertispecial double poset; but we will not
use this.) m

Lemma 6.3. Let E = (E, <1, <2) be a double poset. Letw : E — {1,2,3,...} bea
map.

(@ f E= o, thenT (E,w) = 1.
(b) If E # &, then e (I' (E,w)) = 0.

Proof of Lemma 6.3} (a) Part (a) is obvious (since there is only one E-partition 7
when E = @, and since this E-partition 7 satisfies x,;,, = 1).

(b) Observe that T (E,w) is a homogeneous power series of degree Y. w (e).
ecE
When E # @, this degree is > 0 (since it is then a nonempty sum of positive

integers), and thus the power series I' (E, w) is annihilated by ¢ (since ¢ annihilates
any homogeneous power series in QSym whose degree is > 0). O

Lemma 6.4. Let (E, <1, <z) be a double poset. Let >; be the opposite relation
of <;. Let P and Q be two subsets of E satisfying PUQ = E. Let 7 : E —
{1,2,3,...} be amap such that 7t |pisa (P, >1, <p)-partition. Let f € P. Assume
that

no p € P and g € Q satisty g < p. (38)

34Proof. Assume the contrary. Thus, ¢ ¢ P. But (P,Q) € AdmE. Thus, PNQ = @, PUQ = E, and
no p € Pand g € Q satisfy g <1 p. (37)

From ¢ € E and ¢ ¢ P, we obtain c € E\ P C Q (since PU Q = E). Applying top=>band
g = ¢, we thus conclude that we cannot have ¢ <y b. This contradicts ¢ <; b. This contradiction
shows that our assumption was false, qed.

%Proof. Let ¢ € E be such that a <1 ¢ <; b. Then, ¢ must belong to P (as we have just proven).
Now, a <1 c. Inlight of 4 € P and ¢ € P, this rewrites as a <y p ¢ (since <; p is the restriction of
the relation <; to P). Similarly, ¢ <; b rewrites as ¢ <1 p b. Thus, a <;p ¢ <1p b, qed.
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Also, assume that
t(f) < m(h) for every h € E. (39)

Furthermore, assume that
(f) < m(h) for every h € E satisfying h < f. (40)

(@) If pe P\ {f} and g € QU {f} are such that g <1 p, then we have neither
g <z pnor p <y q.

(b) If 7 |g is a (Q, <1, <p)-partition, then 7 | ¢p is @ (QU{f}, <1, <2)-
partition.

Proof of Lemma [6.4, From P U Q = E, we obtain N \P=(PUQ)\PCQ.
=PUQ

(@ Letp € P\ {f} and g € QU {f} be such that g <; p. We must show that we
have neither g <, p nor p <3 g.

Indeed, assume the contrary. Thus, we have either g <, p or p <2 g.

We have g <1 pand p € P\ {f} C P. Hence, if we had g € Q, then we would
obtain a contradiction to (38). Hence, we cannot have g € Q. Therefore, ¢ = f
(since g € QU {f} butnot g € Q). Hence, f =g <; p, so that p >1 f. Therefore,
(p) < t(f) (since 7t |p is a (P, >1, <p)-partition, and since both f and p belong
to P).

Now, recall that we have either g <> p or p <3 g. Since g = f, we can rewrite this
as follows: We have either f <, p or p <, f. But p <; f cannot hold (because if we
had p <5 f, then (applied to h = p) would lead to 77 (f) < 7t (p), which would
contradict 77 (p) < 7t (f)). Thus, we must have f <; p.

But 7 |p is a (P, >1, <p)-partition. Hence, 7 (p) < 7t (f) (since p >1 f and
f <2 p, and since p and f both lie in P). But (applied to h = p) shows
that 7 (f) < 7 (p). Hence, m(p) < m(f) < m(p), a contradiction. Thus, our
assumption was wrong. This completes the proof of Lemma [6.4] (a).

(b) Assume that 7 |g is a (Q, <1, <p)-partition. We need to show that 7 |gy) is
a(QU{f}, <4, <2)-partition. In order to prove this, we need to verify the following
two claims:

Claim 1: Every a € QU {f} and b € QU {f} satisfying a <; b satisfy 7 (a) <
7t (b).

Claim 2: Everya € QU {f} and b € QU {f} satisfying a <1 b and b <, a satisfy
7 (a) < 1t (b).

Proof of Claim 1: Leta € QU {f} and b € QU {f} be such that a <1 b. We need to
prove that 77 (a) < 7w (b). If a = f, then this follows immediately from (applied
to h = b). Hence, we WLOG assume that a # f. Thus, a € Q (sincea € QU {f}).
Now, if b € P, then a <; b contradicts (applied to p = b and g = a). Hence,
we cannot have b € P. Therefore, b € E\ P C Q. Thus, 7 (a) < 7t (b) follows
immediately from the fact that 77 |g is a (Q, <1, <2)-partition (since 2 € Q and
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b € Q and a <3 b). This proves Claim 1.

Proof of Claim 2: Leta € QU {f} and b € QU {f} be such thata <; band b <3 a.
We need to prove that 7w (a) < 7t (b). If a = f, then this follows immediately from
(applied to h = b) (because if a = f, then b <3 a = f). Hence, we WLOG
assume that a # f. Thus, a € Q (sincea € QU {f}). Now, if b € P, thena <1 b
contradicts (applied to p = b and g = a). Hence, we cannot have b € P.
Therefore, b € E\ P C Q. Thus, 7 (a) < 7t (b) follows immediately from the fact
that 77 |g is a (Q, <1, <2)-partition (sincea € Qand b € Q and a <; b and b < a).
This proves Claim 2.

Now, both Claim 1 and Claim 2 are proven. As already said, this completes the
proof of Lemma [6.4] (b). O

Lemma 6.5. Let E = (E, <1, <7) be a tertispecial double poset satisfying |E| > 0.
Let 7 : E — {1,2,3,...} be a map. Let >; denote the opposite relation of <;.
Then,
Y (-1l =o. (41)
(P,Q)€AdmE;

nt|p is a (P,>1,<p)-partition;
mt|g is a (Q,<1,<2)-partition

Proof of Lemma Our goal is to prove (#1). To do so, we denote by Z the set of all
(P,Q) € AdmE such that 7 [p is a (P, >1, <p)-partition and 7 |g is a (Q, <1, <2)-
partition. We are going to define an involution T : Z — Z of the set Z having the
following property:

Property P: Let (P,Q) € Z. If we write T ((P,Q)) in the form (P, Q’),

then (—1)IP' = — (—1)I"!.
Once such an involution T is found, the equality will followP¥ and we will be
done. It thus remains to find T.

36Here is the argument in detail:
Assume that we have found an involution T : Z — Z of the set Z satisfying Property P.
Consider this T. Then, for any (P, Q) € Z, if we write T ((P, Q)) in the form (P’,Q’), then

(—DIPT = — (~1)"! (42)

(because Property P is satisfied). We now need to prove the equality (4I).

The map Z is an involution, and thus a bijection.

Now, let Zj be the subset {(P,Q) € Z | |P| is even} of Z. Thus, for every (P,Q) € Z, we
have the following logical equivalence:

((P,Q) € Zy) < (|P] iseven). (43)
Hence, for every (P, Q) € Z, we have the following logical equivalence:

((P,Q) ¢ Zy) <= (|P] is not even)

this equivalence is obtained from
by replacing each part by its negation

<= (|P] isodd). (44)
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The definition of the map T : Z — Z is simple (although it will take us a while
to prove that it is well-defined): Let F be the subset of E consisting of those e € E

Now, for every (P, Q) € Z, we have the following logical equivalence:
((P,Q) € Zy) < (T((P,Q)) ¢ Zo)- (45)

Proof of (#5): Let (P,Q) € Z. Write T ((P,Q)) € Z in the form (P’,Q’). Then, (applied to
(P’,Q’) instead of (P, Q)) shows that we have the following logical equivalence:

(P, Q) & Zy) < (|P'] is 0dd).

Thus, we have the following logical equivalence:

((P,Q) ¢ Zy) < (|P| is 0dd) > (_—2‘_1:' =-1| = (~(-)F=-1)
——
by @)
— ((_1)|p\ :1> < (|P] iseven) < ((P,Q) € Zy)
(by @3)).

Hence, we have the following logical equivalence:

(P,Q)€Zy) < | (PLQ) ¢Zo| < (T((P,Q)) ¢ Zo).

h\/—/
=T((P,Q))
This proves ({@5).
Now,
Y (-nP = y 1= Y 1
(PQEZ T (PQEZ; (PQEZ;
|P| is even (since |1?‘ is even) |P| is even (P,Q)eZy
——
= ¥
(PrQ)GZ;
(PrQ)GZO

(because for every (P,Q)€Z, the condition
(|P| is even) is equivalent to ((P,Q)€Zp)

(by [@3)))
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for which the value 7 (¢) is minimum. Then, F is a nonempty subpose@ of the
poset (E, <2), and hence has a minimal elemen@ f (that is, an element f such that
no g € F satisfies ¢ <, f). Fix such an f. Now, the map T sends a (P,Q) € Z to

{(Pu{f},Q\{f}% iff ¢ P;
(P\{f},QU{f}), iffeP

In order to prove that the map T is well-defined, we need to prove that its output

and
Yooy o= )3 (= Y 1
(P.Q)EZ; — (P.Q)EZ; (P.QIEZ;
|P| is odd (since |P| is odd) |P|is odi (PQ)¢Zy
= X
(P,Q)eZ;
(P.Q)¢Zo
(because for every (P,Q)€Z, the condition
(|P] is odd) is equivalent to ((P,Q)¢#Zp)
(by @)
_ Y (—1)
(P,Q)eZ;
T((P,Q))2Z0
N —
= ¥
(P,Q)eZ;
(PQ)eZy
(because for every (P,Q)€Z, the condition
(T((P,Q))¢Zp) is equivalent to ((P,Q)€Zy)
(by @)
here, we have substituted T ((P, Q)) for (P,Q)
in the sum, since the map T : Z — Z is a bijection
(P,Q)eZ; (P,Q)eZ;
(P.Q)EZy (P.Q)eZy
Finally,
)=y 0= ¥ P+ yon”
(P,Q)EAdmE; (P,Q)eZ (P,Q)€Z; (P,Q)EZ;
7t|p is a (P,>1,<)-partition; |P| is even |P| is odd
7|q is a (Q,<1,<2)-partition
= ¥ 1 -— ¥ 1
= Z (P/Q)GZ; (PrQ)GZ;
(PQ)EZ (P.Q)EZo (P.R)EZ

(by the definition of Z)

= )Y 1+|- Y 1]=o
(PrQ)GZ; (PrQ)GZ;
(P/Q>€ZO (P/Q)GZU

Thus, is proven.
37The nonemptiness of F follows from the nonemptiness of E (which, in turn, follows from |E| > 0).
38 A minimal element of a poset (P, <) is an element p € P such that no ¢ € P satisfies ¢ < p. It is
well-known that every nonempty finite poset has at least one minimal element. We are using
this fact here.
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values all belong to Z. In other words, we need to prove that

(PU{f}, Q\{f}), iffePD
{(P\{f},QU{f}), ffep < (46)

for every (P,Q) € Z.

Proof of @6): Fix (P,Q) € Z. Thus, (P,Q) is an element of AdmE with the
property that 7t |p is a (P, >1, <p)-partition and 77 |g is a (Q, <1, <2)-partition (by
the definition of Z).

From (P,Q) € AdmE, we see that PN Q = @ and PUQ = E, and furthermore
that

no p € P and g € Q satisty g <3 p. 47)

We know that f belongs to the set F, which is the subset of E consisting of those
e € E for which the value 7t (¢) is minimum. Thus,

(f) < m(h) for every h € E. (48)
Moreover,
(f) < m(h) for every h € E satisfying h <, f (49)
Fl

We need to prove [6). We are in one of the following two cases:

Case 1: We have f € P.

Case 2: We have f ¢ P.

Let us first consider Case 1. In this case, we have f € P.

Recall that PNQ = @ and PUQ = E. From this, we easily obtain (P\ {f}) N

(QU{f}) =aand (P\{f})U(QU{f}) =E.

Furthermore, there exist no p € P\ {f} and g4 € QU {f} such that g is <;-
covered by p [l Hence, Lemma [6.1| (applied to P\ {f} and QU {f} instead of P
and Q) shows that (P\ {f},QU{f}) € AdmE.

3Proof of @9): Let h € E be such that h <, f. We must prove {@9). Indeed, assume the contrary.
Thus, 7t (f) > 7t (h). But every g € E satisfies 77 (f) < 7 (g) (by (48), applied to g instead of h).
Hence, every g € E satisfies 7w (g) > 7 (f) > 7 (h). In other words, & is one of those e € E for
which the value 7 (¢) is minimum.

But recall that F is the subset of E consisting of those e € E for which the value 7 (e) is
minimum. Since / is one of these e € E, we thus conclude that & € F. Recall also that 1 <, f.
Hence, there exists some g € F satisfying ¢ <o f (namely, g = /). But f is a minimal element
of the subposet F of (E, <3). In other words, no g € F satisfies ¢ <, f. This contradicts the fact
that there exists some g € F satisfying ¢ < f. This contradiction proves that our assumption
was wrong, qed.

#0proof. Assume the contrary. Thus, there exist p € P\ {f} and ¢ € QU {f} such that g is
<j-covered by p. Consider such p and g.

We know that g is <j-covered by p, and thus we have g <; p. Hence, Lemma (a) shows
that we have neither g4 <, p nor p <3 4. On the other hand, g is <;-covered by p. Hence, g and
p are <p-comparable (since E is tertispecial). In other words, we have either 4 <o porg = p
or p <2 q. Hence, we must have 4 = p (since we have neither 4 <o p nor p <, g). But this
contradicts g <1 p. This contradiction shows that our assumption was wrong, ged.
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Furthermore, 7t [pis a (P, >1, <z)-partition. Hence, 77 |p\ (s} isa (P \ {f},>1, <2)-
partition (since P\ {f} C P).

Furthermore, 7 |o¢5) isa (QU {f}, <1, <2)-partitio

Altogether, we now know that (P\ {f},QU{f}) € AdmE, that 7 [p\ (s is a
(P\ {f},>1,<2)-partition, and that 7t [qu(s} is @ (QU{f}, <1, <z)-partition. In
other words, (P\ {f},QU{f}) € Z (by the definition of Z). Thus,

(PU{f},Q\{f}), iffe P .
{(P\{f},QU{f}), ifep  (PANUHQUIY) (since f € P)

SYVA

Hence, is proven in Case 1.

Let us next consider Case 2. In this case, we have f ¢ P. Hence, f € E\ P = Q
(since PNQ =@ and PUQ = E).

Recall that PN Q = @ and PU Q = E. From this, we easily obtain (PU {f}) N
(Q\{f}) = 2 and (PU{f}) U(Q\{f}) = E.

We have f € Qand QU P = PUQ = E. Furthermore, > is the opposite relation
of <4, and thus is a strict partial order (since < is a strict partial order). Hence,
(E, >1,<2) is a double poset. Furthermore, the relation < is the opposite relation
of >1 (since > is the opposite relation of <;). The map 7 |g is a (Q, <1, <2)-
partition. Moreover,

nop € Qand g € Psatistyg >1 p (50)

Hence, we can apply Lemmato (E,>1,<2), <1, Qand P instead of (E, <1, <»),
>1, P and Q.

There existno p € PU{f} and g € Q\ {f} such that g is <;-covered by p [F|
Hence, Lemma 6.1| (applied to PU {f} and Q \ {f} instead of P and Q) shows that

(PU{f},Q\{f}) € AdmE.

Furthermore, 7t [gisa (Q, <1, <z)-partition. Hence, 7t [\ (syisa (Q \ {f}, <1, <2)-
partition (since Q \ {f} € Q).

1 This follows from Lemma 6.4 (b) (since 7t | is a (Q, <1, <2)-partition).
42Proof. Leta € Q and b € P be such that b > a. We shall derive a contradiction.

We have b >1 a. In other words, a < b. Thus, b € P and a € Q satisfy a <1 b. This contradicts
(applied to p = b and g = a).

Now, forget that we fixed a4 and b. We thus have found a contradiction for every a € Q and
b € P satisfying b > a. Hence, noa € Q and b € P satisfy b >; a. Renaming 2 and b as p and g
in this statement, we obtain the following: No p € Q and g € P satisfy g > p. This proves (50).

#3Proof. Assume the contrary. Thus, there exist p € PU{f} and g € Q\ {f} such that g is
<y-covered by p. Consider such p and 4.

We know that g is <;-covered by p, and thus we have g <; p. In other words, p >; 4. Thus,
Lemma(a) (applied to (E, >1,<2), <1, Q, P, g and p instead of (E, <1, <z), >1, P, Q, p and g)
yields that we have neither p < g nor g <3 p. On the other hand, g is <;-covered by p. Hence,
g and p are <p-comparable (since E is tertispecial). In other words, we have either 4 <, p or
g = por p <p q. Hence, we must have g = p (since we have neither p <y g nor g <, p). But this
contradicts g <1 p. This contradiction shows that our assumption was wrong, ged.
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Furthermore, 7 |p¢5y isa (PU{f}, >1, <z)-partitio

Altogether, we now know that (PU{f},Q\{f}) € AdmE, that 7 [p (s} is a
(PU{f},>1,<p)-partition, and that 7t g5 is a (Q\ {f}, <1, <z)-partition. In
other words, (PU{f},Q\ {f}) € Z (by the definition of Z). Thus,

(PU{f},Q\{f}), iff¢P; .
{(P\{f},QU{f}), iffep ~ (PUUHQUD (since f ¢ P)
€ Z.

Hence, is proven in Case 2.

We have now proven in both Cases 1 and 2. Thus, always holds. In
other words, the map T is well-defined.

Every a € Z satisfies (ToT) («) = id (¢) [P} In other words, To T = id. In

#This follows from Lemma (b) (applied to (E, >1,<2), <1, Q and P instead of (E, <1, <2), >1,
P and Q), since 7t |p is a (P, >1, <p)-partition.
#5Proof. Let a € Z. We want to show that (T o T) (a) = id (a).

We have a € Z. In other words, a can be written in the form « = (P, Q) for some (P, Q) €
Adm E having the property that 7 |p is a (P, >1, <)-partition and 77 |g is a (Q, <1, <2 )-partition
(by the definition of Z). Write « in this form.

From (P, Q) € AdmE, we see that PN Q = @ and PU Q = E, and furthermore that no p € P
and g € Q satisfy g4 <1 p. From PN Q = @ and PUQ = E, we conclude that P = E\ Q and
Q=E\P.

We are in one of the following two cases:

Case 1: We have f € P.

Case 2: We have f ¢ P.

Let us first consider Case 1. In this case, we have f € P. Hence, f ¢ E\ P = Q. Clearly,
f & P\{f} (since f € {f}) and {f} C P (since f € P). Furthermore, the sets Q and {f} are
disjoint (since f ¢ Q). Now,

_ _JPU{f},Q\{f}), ifféP;
T(\(%é)) =T((P,Q)) = {(P\{f},QU{f}), iffep (by the definition of T)
= (P\{f},QU{f} (since f € P).

(ToT) ( ) T((P\{f},QU{f}))
—(P\{f} QU{f}

(P\{f} JULFH (QUFDNASY), i f & PA{f};

((P\{f})\{f} QU ULSY), iffeP\{f} (by the definition of T)

= [ (P\{fHU{f}, (QUIfHN{f (since f & P\ {f})

=P =Q
(since {f}CP)  (since the sets Q and {f} are disjoint)

=(P,Q)=a=id(a).
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other words, the map T is an involution. Furthermore, this involution T satisfies
Property P ﬁ We thus have defined an involution T : Z — Z of the set Z
satisfying Property P. This was precisely our goal. As we have already explained,
this proves (4I). Hence, Lemma [6.5]is proven. O

Hence, (T o T) («) = id (a) is proven in Case 1.

Let us now consider Case 2. In this case, we have f ¢ P. Hence, f € E\ P = Q. Clearly,
fe{ft CPU{f}. Also, {f} C Q (since f € Q). Furthermore, the sets P and {f} are disjoint
(since f ¢ P). Now,

T( o )T((P,Q)){(Pu{f}'Q\{f})' £ ep; (by the definition of T)

e (P\{f},Qu{f}), iffeP

= (PU{ft,Q\{f}) (since f & P).

(ToT) ( ) T((PU{f},Q\{f})
(PR

<PU{f} U{fH QNP i f 2 PU{f}; P
((PU{f})\{f} (Q\{fHU{f}), iffePU{f} (by the definition of T)

(PU{f)N\{f} QNP U{Sf} (since f € PU{f})
—_— — —_—

=P =
(since the sets P and {f} are disjoint)  (since {(fg}gQ)
= (P,Q)=a=id(x).

Hence, (ToT) («) =id («) is proven in Case 2.
We have now proven (ToT) («) = id («) in both Cases 1 and 2. Thus, (ToT) (a) = id («)
always holds. Qed.
46proof. Let (P,Q) € Z. Write T ((P,Q)) in the form (P’,Q"). Then, we must prove that (—
_ (_1)|P |
We are in one of the following two cases:
Case 1: We have f € P.

Case 2: We have f ¢ P.
Let us first consider Case 1. In this case, we have f € P. Now,

1)\Pl| —

(P,Q)=T((P,Q)) = {g ij{{;}},’gL\J J{L;i; ; ii; i ? (by the definition of T)

= (P\{f},QuU{f}) (since f € P).

In other words, P’ = P\ {f} and Q' = QU {f}. Now, \P/’_/ = [P\ {f}| = |P| —1 (since
/ =P\{f} ,
f € P), and thus (—1)‘P| = (—l)‘Pl_1 = — (—1)‘P|. Hence, (—1)|P‘ = — (—1)‘P‘ is proven in

Case 1.
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Proof of Theorem We shall prove Theorem [4.2) by strong induction over |E|. The
induction step proceeds as follows: Consider a tertispecial double poset E =
(E,<1,<2) and amap w : E — {1,2,3,...}, and assume (as the induction hy-
pothesis) that Theorem is proven for all tertispecial double posets of smaller
siz More precisely: Assume (as the induction hypothesis) that every tertispecial
double poset (P, <1, <) satisfying |P| < |E| and every map x : P — {1,2,3,...}
satisfy

S(I((P,<1,=2),%)) = (=1)"IT((P,=1,<2) ), (51)

where 1 denotes the opposite relation of <. Our goal is to show that

S(I'((E, <1,<2),w)) = (—1)IEI I'((E,>1,<2),w). Here, as usual, > denotes the
opposite relation of <j.

If E = @, then this is eas Thus, we WLOG assume that E # @. Hence, |E| > 0.
Moreover, Lemma (b) shows that ¢ (I' (E,w)) = 0. Thus, (uoe)(I'(E,w)) =

u (s (T (E,w))) =u(0) =0.
=0
Using the induction hypothesis, we can see the following: If (P, Q) € AdmE is
such that (P, Q) # (E, @), then

S(C(E|pwlp)) = (-1)IT((P,>1,<2),w|p) (52)

Let us now consider Case 2. In this case, we have f ¢ P. Now,

e A _JPU{fE,QN\{f}), iffePp
<P'Q)_T((P'Q)>_{(P\{f},QU{f}), if fep (by the definition of T')

= (PU{f},Q\{f}) (since f & P).

In other words, P’ = PU{f} and Q' = Q\ {f}. Now, | P’ | = |PU{f}| = |P|+1 (since
=PU{f}
f ¢ P), and thus (—1)“3| = (—1)‘P|+1 = — (—1)‘P|. Hence, (—1)|P‘ = —(—1)‘P‘ is proven in
Case 2. : )
We have now proven (=1)/PT = — (=1)""! in both Cases 1 and 2. Thus, (—-1)/"'1 = — (=1)/”!

always holds. This completes the proof of Property P.

47The size of a double poset (P, <1, <;) means the nonnegative integer |P|.

BHint: If E = @, then both T' ((E, <1,<2),w) and T ((E,>1,<;),w) are equal to 1 (by Lemma
(a)), but the antipode S satisfies S (1) = 1 and (—1)|®‘ =1
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@ Furthermore, it is straightforward to see that (E, @) € Adm E. Notice that

T E|@ ,ZU|g :r((®,<1,<2),7/{7|@):1

(by Lemma [6.3] (a)).
The upper commutatlve pentagon of (2) shows that uoe = mo (S®id) o A
Applying both sides of this equality to F (E,w), we obtain (u oe)(I'(E,w)) =

¥Proof of (52): Let (P,Q) € AdmE be such that (P,Q) # (E,). From (P,Q) € AdmE, we
conclude that P and Q are subsets of E satisfying PN Q = @ and PUQ = E. Hence, Q = E \ P.
The double poset E |p= (P, <1, <) is tertispecial (by Lemma [6.2).

If we had P = E, then we would have \Zi_/ 0 = (E,E\ P ) = | ELE\E]| =
=E _p\p =E =0

proper subset of E (since P is a subset of E). Hence, |P| < |E|. Therefore, (applied to
<1) = (<1), (=2) = (<2), (=1) = (>1), and x = w |p) yields S(I' ((P,<1,<2),w |p)) =

E, @), which would contradict (P,Q) # (E,o). Hence, we cannot have P = E. Thus, P is
1
~1)PIT (P, >1, <2),w |p)-

(
(
(

Now,

sIT| Elp o] |=ST(P <1, <2),wlp)=(D)FT((P,>1,<2),wlp).
~~
=(P,<1,<2)

This proves (52).
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(mo (S®id) oA) (I' (E,w)). Since (uoe) (I' (E,w)) = 0, this becomes

0=(mo(S®id)oA)(T'(E,w)) =m((S®id) (A (T (E,w))))

=m ((S ®id) (( )z I'(E|pwl|p)®T (E|gw Q))) (by (10))
PQ

€AdmE

m( Y S(r(Ep,wp))®F(EQ,wQ))
(P,Q)€AdmE

(by the definition of the map S ® id)
= ) S(T(Elpw|p)T(E|gwlo)
(P,Q)€AdmE
(by the definition of the map m)

=S|I |Elg,wlg| |T(E|owlo)
—E =w =1 g

+ 2 S(T(E |p,ZU|P)Z 1—‘(]E"‘|Q/w|Q)
(PISQ)GACémE;:(—l)Iplr((;;> <2)wlp)
(P,Q)#(E,2) (by )’ 2P

here, we have split off the addend
for (P,Q) = (E,@) from the sum

=STED)+ Y (DPIT((P,>1,<2),w|p)T(E|gwlg).

(P,Q)€AdmE;
(P.Q)#(E,2)
Thus,
STEw)=— Y  (DPIr(P,>,<2),w|p)T(Elgwlg). (53)
(P,Q)€AdmE;
(PQ)£(E2)

For every subset P of E, we have

F((Pl>1/<2)lw ’P) = Z xn/w‘P

misa (P,>1,<p)-partition

(by the definition of T ((P, >1,<3),w |p))
= L X0y (54)

oisa (P,>1,<p)-partition

(here, we have renamed the summation index 7t as o).
For every subset Q of E, we have
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r Elg ,wlg :r((Q,<1,<2),w |Q) — Z X0,
=(Q,<1,<2) mis a (Q,<1,<p)-partition

(by the definition of T ((Q, <1,<2),w |g))
- )3 Xt,w|g (55)

Tisa (Q,<1,<p)-partition

(here, we have renamed the summation index 7t as 7).
Now, for each (P, Q) € AdmE, we have

I ((P,>1,<2),w|p)T (E|gwlg) = ) Xr,w (56)
mE—{1,23,...};
7t|p is a (P,>1,<p)-partition;
| is a (Q,<1,<2)-partition

0 Proof of (56). Let (P,Q) € AdmE. Thus, P and Q are two subsets of E satisfying PN Q = @ and
PUQ = E. Thus, the set E is the union of its two disjoint subsets P and Q.
If 7: E— {1,2,3,...} is a map, then

_ (w]p)(e) (wlg)(e)
Xi‘Prw‘P Xntlo.wlg =11 X(nlp)(e) I x(ﬂlQ)(f)
~— N~—— ecP —— ecQ N ~
o o
ec - .
(by the definition of x eco (7o) (since (”‘P)( l 7i(e) (since (H\Q) =7(e)

nlp.lp) (by the definition of xn‘Q,w‘Q) and (w|p)(e)

w(®) and (w\Q)(e) w(e))

- () () - s

ecP ecQ ecE

(here, we have merged the two products, since the set E is the union of its two disjoint subsets
P and Q).

But the set E is the union of its two disjoint subsets P and Q. Hence, every pair (o, T)
consisting of amap ¢ : P — {1,2,3,...} and amap 7 : Q — {1,2,3,...} can be written as
(7 |p, 7 |q) for a unique 7 : E — {1,2,3,...} (namely, for the 7 : E — {1,2,3,...} that sends

oe), ifeeP;

every e € E to t(e), ife€Q

’). Hence, we can substitute (7 |p, 7 |g) for (¢, T) in the sum
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Y Xer, 0] p X, 0] We thus obtain
(0,7);
c:P—{123,..};
T:Q—{123,..};
oisa (P,>1,<p)-partition;
Tisa (Q,<1,<2)-partition

Z Xow|pXtw|g = Z
(o,7); mE—{123,..};

c:P—{123,..}; 7t|p is a (P,>1,<p)-partition;
T:Q—{123,..};

X7t |p,w|pXm|g,wlg
N —

~—

=11 x:_fgei =X7,w

7T|q is a (Q,<1,<2)-partition ecp ¢
o isa (P,>1,<p)-partition; (since X0 ] IO
Tisa (Q,<1,<z)-partition O eeE e

(by the definition of X))

Xn-,w.
mE—{123,..};
7t|p is a (P,>1,<p)-partition;
7T|q is a (Q,<1,<2)-partition

Now,
T((P,>1,<2),wlp)  T(Elgwlg)
—
= Y Xg w|p = r Xt
cisa (P,>1,<p)-partition ol Tis a (Q,<1,<p)-partition o ‘Q
(by GB) (by E3))

= Z Xow|p Z X1,w|q
oisa (P,>1,<p)-partition Tisa (Q,<1,<p)-partition

- X L

o, w|pXt,w| 0 = Z X, w|pXt,w] 0
oisa (P,>1,<p)-partition T is a (Q,<1,<2)-partition (0,7);
c:P—{123,.};
= r T:Q—{123,..};
(0,7); oisa (P,>1,<p)-partition;
o:P—{123,..}; Tisa (Q,<1,<p)-partition
:Q—{1,23,..};

oisa (P,>1,<p)-partition;
Tisa (Q,<1,<2)-partition

Xm,w-
mE—{123,..};
7t|p is a (P,>1,<p)-partition;
7T|g is a (Q,<1,<2)-partition

This proves (56).
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Now,
P
Y, (—)IT(P, >, <0),w )T (Elow o)
(P,Q)€AdmE — ZV oo
mE—{1,23,...};
7t|p is a (P,>1,<p)-partition;
7| is a (Q,<1,<2)-partition
(by E6))
= Y (- Y Xrt,0
(P,Q)EAdmE mE—{123,..};

7t|p is a (P,>1,<p)-partition;
g is a (Q,<q,<2)-partition

= ) )3 (—D)" X
(P,Q)€AdmE mE—{123,...};
7t|p is a (P,>1,<p)-partition;
m|g is a (Q,<1,<2)-partition

-~

(.

= )y r

mE—{123,..} (P,Q)€AdmE;
7t|p is a (P,>1,<p)-partition;
g is a (Q,<1,<2)-partition

- Z Z (_1)|P| Xmw = Z 0x7,w = 0.
mE—{1,23,..} (P,Q)EAdmME; mE—{123,...}
nt|p is a (P,>1,<p)-partition;

g is a (Q,<1,<2)-partition

-0
(by @&1)
Thus,

0= 2 (_1)|P|r((Pl>1/<2)/w’P)F(E‘Q,ZU‘Q)
(P,Q)€AdmE

= (-D)ET | (E>1,<2),w e | T(E |o,w o)
N~ \—q_/
=w =

Y (-)PIT((P>1, <), w [p)T (B |gw o)
(P Q)GAde

(PQ)#(E2)
here we have split off the addend
for = (E, @) from the sum

(—1)/F r((E >1,<2> w)

+ Y ()T (P>, <), w p)T(Elgw o),
(P,Q)€AdmE;

(P,Q)#(E,2)
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so that
(—DET((E>1,<2),w)=— Y (—DFIT((P,>1,<2),w |p)T (E|gw|g)
(P,Q)€AdmE;
(P,Q)#(E,2)
=s(T| E w (by (B3))
:(E,<1,<2)

= S(I'((E,<1,<2),w)),

and thus S (T ((E, <1, <2),w)) = (=1)EIT ((E, >1, <2),w). This completes the
induction step and thus the proof of Theorem O

7. Proof of Theorem 4.7

Before we begin proving Theorem we state a criterion for E-partitions that is
less wasteful (in the sense that it requires fewer verifications) than the definition:

Lemma 7.1. Let E = (E, <1, <3) be a tertispecial double poset. Let ¢ : E —
{1,2,3,...} be a map. Assume that the following two conditions hold:

e Condition 1: If e € E and f € E are such that e is <q-covered by f, and if we
have e <, f, then ¢ (e) < ¢ (f).

e Condition 2: If e € E and f € E are such that e is <j-covered by f, and if we
have f <y e, then ¢ (e) < ¢ (f).

Then, ¢ is an E-partition.

Proof of Lemma For any a € E and b € E, we define a subset [4,b] of E as in the
proof of Lemma

We need to show that ¢ is an E-partition. In other words, we need to prove the
following two claims:

Claim 1: Every e € E and f € E satisfying e <1 f satisfy ¢ (¢) < ¢ (f).

Claim 2: Every e € E and f € E satisfying e <1 f and f < e satisfy ¢ (e) < ¢ (f).

Proof of Claim 1: Assume the contrary. Thus, there exists a pair (¢, f) € E X E
satisfying e <7 f butnot ¢ (e) < ¢ (f). Such a pair will be called a malrelation. Fix a
malrelation (u,v) for which the value |[u, v]| is minimum (such a (u, v) exists, since
there exists a malrelation). Thus, u € Eand v € E and u <1 v butnot ¢ (1) < ¢ (v).

If u was <q-covered by v, then we would obtain ¢ (1) < ¢ (v) P, which would

1 Proof. Assume that u is <j-covered by v. Thus, u and v are <p-comparable (since the double
poset E is tertispecial). In other words, we have either u <y v or u = v or v <3 u. In the first of
these three cases, we obtain ¢ (1) < ¢ (v) by applying Condition 1 to e = u and f = v. In the
third of these cases, we obtain ¢ (1) < ¢ (v) (and thus ¢ (1) < ¢ (v)) by applying Condition 2
toe = u and f = v. The second of these cases cannot happen because u <; v. Thus, we always
have ¢ (1) < ¢ (v), qed.
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contradict the fact that we do not have ¢ (1) < ¢ (v). Hence, u is not <j-covered
by v. Consequently, there exists a w € E such that u <; w <y v (since u <; v).
Consider this w. Applying toa = u, c = wand b = v, we see that both numbers
|[u,w]| and |[w,v]| are smaller than |[u,v]|. Hence, neither (u,w) nor (w,v) is
a malrelation (since we picked (u,v) to be a malrelation with minimum |[u, v]|).
Therefore, we have ¢ (1) < ¢ (w) (since u <3 w, but (u, w) is not a malrelation) and
¢ (w) < ¢ (v) (since w <1 v, but (w,v) is not a malrelation). Combining these two
inequalities, we obtain ¢ (1) < ¢ (w) < ¢ (v). This contradicts the fact that we do
not have ¢ (1) < ¢ (v). This contradiction concludes the proof of Claim 1.

Instead of Claim 2, we shall prove the following stronger claim:

Claim 3: Every e € E and f € E satisfying e <7 f and not e <, f satisfy ¢ (e) <
o (f).

Proof of Claim 3: Assume the contrary. Thus, there exists a pair (¢, f) € E X E
satisfying e <1 f and not e <, f butnot ¢ (e) < ¢ (f). Such a pair will be called a
malrelation. Fix a malrelation (u,v) for which the value |[u, ]| is minimum (such a
(u,v) exists, since there exists a malrelation). Thus, u € Eand v € E and u <1 v
and not u <, v but not ¢ (1) < ¢ (v).

If u was <i-covered by v, then we would obtain ¢ (1) < ¢ (v) easily®} which
would contradict the fact that we do not have ¢ (1) < ¢ (v). Hence, u is not <;-
covered by v. Consequently, there exists a w € E such that u <; w <; v (since
u <1 v). Consider this w. Applying toa =u,c=wand b = v, we see that
both numbers |[u, w]| and |[w, v]| are smaller than |[u, v]|. Hence, neither (1, w) nor
(w,v) is a malrelation (since we picked (u,v) to be a malrelation with minimum
[, o]]).

But ¢ (v) < ¢ (u) (since we do not have ¢ (u) < ¢ (v)). On the other hand,
u <1 w and therefore ¢ (1) < ¢ (w) (by Claim 1, applied to e = u and f = w).
Furthermore, w <; v and thus ¢ (w) < ¢ (v) (by Claim 1, applied to e = w and
f = v). The chain of inequalities ¢ (v) < ¢ (1) < ¢ (w) < ¢ (v) ends with the same
term that it begins with; therefore, it must be a chain of equalities. In other words,
we have ¢ (v) — ¢ (1t) = ¢ () = ¢ (0)

Now, using ¢ (w) = ¢ (v), we can see that w <, v The same argument
(applied to u and w instead of w and v) shows that u <, w. Thus, u <; w <3 v,
which contradicts the fact that we do not have u <, v. This contradiction proves
Claim 3.

Proof of Claim 2: The condition “f <, e” is stronger than “not e <, f”. Thus,
Claim 2 follows from Claim 3.

52Proof. Assume that u is <j-covered by v. Thus, u and v are <p-comparable (since the double
poset E is tertispecial). In other words, we have either u <, v or u = v or v <, u. Since neither
u <p v nor u = v can hold (indeed, u <3 v is ruled out by assumption, whereas u = v is ruled
out by u <; v), we thus have v < u. Therefore, ¢ (1) < ¢ (v) by Condition 2 (applied to e = u
and f = v), qed.

3 Proof. Assume the contrary. Thus, we do not have w <, v. But ¢ (w) = ¢ (v) shows that we
do not have ¢ (w) < ¢ (v). Hence, (w,v) is a malrelation (since w <1 v and not w <, v but
not ¢ (w) < ¢ (v)). This contradicts the fact that (w,v) is not a malrelation. This contradiction
completes the proof.
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Claims 1 and 2 are now both proven, and so Lemma |[7.1| follows. O

Proof of Lemma Consider the following three logical statements:

Statement 1: The G-orbit O is E-coeven.

Statement 2: All elements of O are E-coeven.

Statement 3: At least one element of O is E-coeven.

Statements 1 and 2 are equivalent (according to the definition of when a G-orbit
is E-coeven). Our goal is to prove that Statements 1 and 3 are equivalent (because
this is precisely what Lemma says). Thus, it suffices to show that Statements
2 and 3 are equivalent (because we already know that Statements 1 and 2 are
equivalent). Since Statement 2 obviously implies Statement 3 (in fact, the G-orbit
O contains at least one element), we therefore only need to show that Statement 3
implies Statement 2. Thus, assume that Statement 3 holds. We need to prove that
Statement 2 holds.

There exists at least one E-coeven ¢ € O (because we assumed that Statement
3 holds). Consider this ¢. Now, let T € O be arbitrary. We shall show that 7 is
E-coeven.

We know that ¢ is E-coeven. In other words,

every ¢ € G satisfying g¢ = ¢ is E-even. (57)

Now, let ¢ € G be such that g7t = 7. Since ¢ belongs to the G-orbit O, we have
O = G¢. Now, m € O = G¢. In other words, there exists some i € G such that
7t = h¢. Consider this h. We have g7t = 7. Since 7 = h¢, this rewrites as gh¢ = h¢.
In other words, h~'g¢h¢ = ¢. Thus, (applied to h~'gh instead of g) shows that
h~1g¢h is E-even. In other words,

the action of 1~ 1gh on E is an even permutation of E. (58)

Now, let € be the group homomorphism from G to AutE @ which describes
the G-action on E. Then, ¢ (h_1 gh) is the action of h~1gh on E, and thus is an even
permutation of E (by (58)).

But since ¢ is a group homomorphism, we have ¢ (h~'gh) = e(h) e (g) e (h).
Thus, the permutations ¢ (h~1gh) and € (g) of E are conjugate. Since the permuta-
tion e (h~1gh) is even, this shows that the permutation ¢ (g) is even. In other words,
the action of ¢ on E is an even permutation of E. In other words, g is E-even.

Now, let us forget that we fixed g. We thus have shown that every ¢ € G satisfy-
ing g7t = 7 is E-even. In other words, 7t is E-coeven.

Let us now forget that we fixed 7r. Thus, we have proven that every 7 € O is
E-coeven. In other words, Statement 2 holds. We have thus shown that Statement
3 implies Statement 2. Consequently, Statements 2 and 3 are equivalent, and so the
proof of Lemma [4.5]is complete. O

5We use the notation Aut E for the group of all permutations of the set E.




Double posets and the antipode of QSym (detailed version) page 57

Proof of Proposition (a) We need to prove that grr € ParE for each ¢ € G and
each 7t € ParE. So let us fix g € G and 7 € Par E. We must prove that g7t € Par E.

We know that 7t is an E-partition (since 7t € Par E). In other words, the following
two claims hold:

Claim 1: Every e € E and f € E satisfying e <1 f satisfy 7t (¢) < 7 (f).

Claim 2: Every e € E and f € E satisfying e <1 f and f <; e satisfy 77 (e) < 77 (f).

But our goal is to prove that g7t € Par E. In other words, our goal is to prove that
g7t is an E-partition. In other words, we must show that the following two claims
hold:

Claim 3: Every e € E and f € E satisfying e <1 f satisfy (g7r) (e) < (g7) (f).

Claim 4: Every e € E and f € E satisfying e <7 f and f < e satisfy (g71) (¢) <
(57) (f).

Let us first prove Claim 4:

Proof of Claim 4: Let e € E and f € E be such that e <; f and f <, e. The

definition of the G-action on the set {1,2,3,...}" shows that (g7r) (¢) = 7 (¢ ")
and (g7) (f) = 7 (§7'f)-

Now, from e <; f, we obtain g-le <; ¢~ !f (since G preserves the relation
<1). Also, from f < e, we obtain ¢~1f <, ¢ le (since G preserves the relation
<5). Thus, we can apply Claim 2 to ¢ 'e and ¢~'f instead of e and f. As a
result, we conclude that 7 (g7 le) < 7 (¢71f). In view of (g71) (e) = 7 (¢ 'e) and
(g7) (f) = m (g7 f), this rewrites as (g7) (¢) < (g7) (f). Thus, Claim 4 is proven.

We thus have derived Claim 4 from Claim 2. Similarly, Claim 3 can be derived
from Claim 1. Thus, Claim 3 and Claim 4 are proven. As explained above, this
shows that g7t is an E-partition. In other words, g7t € Par E. This completes our
proof of Proposition 4.6] (a).

(b) We need to show that x,,y = Xy, for any two elements 7t and ¢ of O. So let
7t and ¥ be two elements of O.

We know that G preserves w. In other words, every ¢ € G and e € E satisfy

w(ge) =w(e). (59)

The two elements 7 and i belong to one and the same G-orbit (namely, to O).
Thus, there exists a ¢ € G satisfying g7t = 1. Consider this g. For each e € E, we
have

¥ (e)=(gm) (e) =7 (g7 (60)
—~—~
=g

(by the definition of the G-action on the set {1,2,3,.. .}E).
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The definition of X, yields X = [] ngig . The definition of xy, ¢, yields

ecE

_ wle)  _ wle) w(ge)
xpw =] Yoy = Hxﬂ(g—le) =11 xﬂ;(g—lge)
eEE N~ ecE ecE | 2
=" _v(se)
(g~ te) o)
(by @0) (since g~ 'ge=e)
here, we have substituted ge for e in the product,
since the map E — E, e > ge is a bijection
— w(ge) _ wle) _
- H xr((e) - H xn(e) = Xmw-
eEE N~~~ ecE

:xw(e)

7(e)
(by G9)
Thus, X,w = Xy,w is proven. This completes the proof of Proposition [4.6| (b). O

Next, we will show three simple properties of posets on which groups act. First,
we introduce a notation:

Definition 7.2. Let G be a group. Let ¢ € G. Let E be a G-set. Then, the subgroup
(g) of G (this is the subgroup of G generated by g) also acts on E. The (g)-orbits
on E will be called the g-orbits on E. When E is clear from the context, we shall
simply call them the g-orbits.

We can also describe these g-orbits explicitly: For any given e € E, the g-orbit
of e (that is, the unique g-orbit that contains ¢) is (g) e = {gke | k € Z}.

Equivalently, the g-orbits on E can be characterized as follows: The action of g
on E is a permutation of E. The cycles of this permutation are the g-orbits on E
(at least when E is finite).

Proposition 7.3. Let E be a set. Let <4 be a strict partial order on E. Let G be a
finite group which acts on E. Assume that G preserves the relation <.

Let ¢ € G. Let ES be the set of all g-orbits on E. Define a binary relation <‘§
on E¢ by

(u <§ v) <= (there exista € uand b € v witha <1 b).

Then, <§ is a strict partial order.

Proposition is precisely [Joch13|, Lemma 2.4], but let us outline the proof for
the sake of completeness:

Proof of Proposition Let us first show that the relation <{ is irreflexive. Indeed,

assume the contrary. Thus, there exists a u € E€ such that u <§ u. Consider this u.
We have u € ES. In other words, u is a g-orbit on E.
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Since u <‘f u, there exist a € u and b € u with a <; b (by the definition of the
relation <§ ). Consider these a and b. There exists a k € Z such that b = g*a (since
a and b both lie in one and the same g-orbit u). Consider this k.

Each element of G has finite order (since G is a finite group). In particular, the
element ¢ of G has finite order. In other words, there exists a positive integer n
such that ¢" = 1. Consider this n. Every p € Z satisfies ¢"? = (¢")” = 1 (since
g" = 1¢). Applying this to p = k, we obtain g”k =1g.

Now, a <1 b = ¢*a. Since G preserves the relation <, this shows that ha <1 hg*a
for every h € G. Thus, for every ¢ € N, we have ¢*a <; ¢’ ¢ka (by the inequality
ha <i hg*a, applied to h = ¢g%). Hence, ¢*a <; g*¢ka = gFtka = g(t+1kg
for every £ € IN. Consequently, ¢%a <; ¢'fa <; ¢%a <; - <y ¢"a. Thus,
¢%a <4 é’i a = a, which contradicts ¢% a4 = 1ga = a. This contradiction

:1G :gozl G
proves that our assumption was wrong. Hence, the relation < is irreflexive.

Let us next show that the relation <‘f is transitive. Indeed, let u, v and w be three
elements of E$ such that u <§ vand v <§ w. We must prove that u <§ w.

There exist a € u and b € v with a <1 b (since u <é’; v). Consider these a and b.

There exist @’ € v and b’ € w with a’ <; b’ (since v <§ w). Consider these a’ and
b.

The set v is a g-orbit (since v € ES). The elements b and 4’ lie in one and the
same g-orbit (namely, in v). Hence, there exists some k € Z such that a’ = ¢fb.
Consider this k. We have a <1 b and thus ¢ka < ¢*b (since G preserves the relation
<1). Hence, ga < ¢"b = a’ <1 V'. Since ¢¥a € u (because a € u, and because u is
a g-orbit) and b’ € w, this shows that u <§ w (by the definition of the relation <‘§ )-
We thus have proven that the relation <§ is transitive.

Now, we know that the relation <§ is irreflexive and transitive, and thus also an-
tisymmetric (since every irreflexive and transitive binary relation is antisymmetric).
In other words, <§ is a strict partial order. This proves Proposition O

Remark 7.4. Proposition|7.3|can be generalized: Let E be a set. Let <1 be a strict
partial order on E. Let G be a finite group which acts on E. Assume that G
preserves the relation <;. Let H be a subgroup of G. Let E be the set of all
H-orbits on E. Define a binary relation <! on E by

(u <f v> <= (there exista € uand b € v witha <1 b).
Then, <H is a strict partial order.

This result (whose proof is quite similar to that of Proposition implicitly
appears in [Stan84), p. 30].

Proposition 7.5. Let E = (E, <1, <7) be a tertispecial double poset. Let G be a
finite group which acts on E. Assume that G preserves both relations <; and <.
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Let ¢ € G. Let ES be the set of all g-orbits on E. Define a binary relation <§
on E¢ by

(u <§ v) <= (there exista € uand b € v witha <1 b).
Define a binary relation <3 on E$ by

(u <5 v) <= (there exista € uand b € v witha <3 b).

Let E¢ be the triple (E€, <§,<3). Then, ES is a tertispecial double poset.

Proof of Proposition[7.5] Both relations <; and <, are strict partial orders (since E
is a double poset). Proposition [7.3{shows that <{ is a strict partial order. Propo-
sition (applied to <; and <3 instead of <; and <{) shows that <§ is a strict
partial order. Thus, E¢ = (Eg, <8, <‘§) is a double poset. It remains to show that
this double poset ES is tertispecial.

Let u and v be two elements of E€ such that u is <§-covered by v. We shall prove
that u and v are <3-comparable.

We have u <{ v (since u is <§-covered by v). In other words, there exist a € u
and b € v with a <; b (by the definition of the relation <§ ). Consider these a and
b.

There exists no ¢ € E satistyinga <;c <1 b El In other words, a is <q-covered
by b (since we know that a2 <q b). Thus, a and b are <;-comparable (since the
double poset E is tertispecial). In other words, either a <o bora = bor b <, a.
Therefore, either u <§ VOoru —=7ovorv <§ u In other words, u and v are
<§-comparable.

Now, let us forget that we fixed u and v. We thus have shown that if u and
v are two elements of E€ such that u is <§-covered by v, then u and v are <3-

%Proof. Assume the contrary. Thus, there exists some ¢ € E satisfying a <; ¢ <1 b. Consider this c.
Let w be the g-orbit of c. Thus, w € ES and ¢ € w.
Now, the elements 2 € u and ¢ € w satisfy a <7 c. Hence, u <§ w (by the definition of the
relation <‘§ ).
Also, the elements ¢ € w and b € v satisfy ¢ <1 b. Hence, w <§ v (by the definition of the
relation <‘§ ).
Now, we have u <‘§ w <‘%7 v. This contradicts the fact that u is <‘§ -covered by v. Thus, we have
obtained a contradiction; hence, our assumption was wrong. Qed.
%6Here, we have used the following facts:

e Ifa <, b, then u <‘§ v. (This follows from the definition of the relation <8, since a € u and
bev)

o If a = b, then u = v. (This follows from the fact that u is the g-orbit of a (since u is a g-orbit
and contains a) whereas v is the g-orbit of b (since v is a g-orbit and contains b).)

e If b <5 a, then v <§ u. (This follows from the definition of the relation <‘§, since b € v and
aecu.)
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comparable. In other words, the double poset E§ = (E$,<{,<3) is tertispecial.
This proves Proposition O

Next, let us state a basic fact about G-sets:

Proposition 7.6. Let G be a finite group. Let E be a G-set. Let X be any set. Recall
that the set X% of all maps E — X becomes a G-set (according to Definition
(dzlzhere is a bijection ® between
e the maps 77 : E — X satisfying gt = 7
and

e the maps 7 : E§ — X.

Namely, this bijection ® sends any map 7 : E — X satisfying g7t = 7 to the
map 7 : E§ — X defined by

7T (u) =t (a) for every u € E$ and a € u.

Proof of Proposition Let 2 be the set of all maps 7 : E — X satisfying g7 = 7.
Thus,
A={n:E—-X | gn=n}={Y:E—=>X | gy =1}

(here, we have renamed the index 7 as ).
Let B be the set of all maps 77 : E$ — X. Thus,

B = {7: ES - X} = XF.

Let m € . Thus, 1 € A ={¢:E— X | g¢ = ¢}. In other words, 7 is a map
Y : E = X satisfying g9 = 1. In other words, 7 is a map E — X and satisfies
g = . Now, we define a map 7° : E§ — X as follows: Let u € E€. Thus, u is a
g-orbit. In particular, u is a nonempty set. Hence, we can pick some a € u. Now,
the element 77 (a) € X is independent on the choice of a Thus, we can define
7t° (1) as 7 (a).

57Proof. We must show that if a; and a, are two elements of u, then 7 (a1) = 7t (a2).
Indeed, let a; and a; be two elements of u. We must show that 7 (a1) = 7 (a3).
The elements a1 and a; lie in one and the same g-orbit (namely, in #). In other words, there
exists some k € Z such that a; = g¥a;. Consider this k.
Recall that g7t = 7r. Thus, g lies in the stabilizer of 7r. Since the stabilizer of 7t is a subgroup of
G, we therefore conclude that every power of ¢ must also lie in the stabilizer of 7r. In particular,
g* lies in the stabilizer of 7t (since g* is a power of g). In other words, g7t = 7. But ay = gkay,

-1
so that a1 = (gk) ap. Applying the map 7 to both sides of this equality, we obtain

7 (ay) = n((gk)l az).
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Thus, we have defined an element 77° (1) for each u € ES. In other words, we
have defined a map n° : E$ — X. Furthermore, this map 7° has the following
property: If u € E$, then

° (u) = 7 (a) for every a € u. (61)

The element 71° is a map E¢ — X, thus an element of XE*. In other words,
n° e XES = 8,
Now, forget that we fixed 7. Thus, for each 7 € 2(, we have defined a 77° € ‘B,
and this 7t° satisfies for each u € ES.
Now, let ® be the map
A — B, 7T 7T°.

(This is well-defined, since 7t° € B for each 7T € 2l.)

Next, let us introduce one more notation: If e is an element of E, then [e] shall
mean the g-orbit of e. Furthermore, let 0 be the map E — ES that sends each
element e € E to its g-orbit [e].

For every 77 € B, we have oo € 2 @

Comparing this with
-1
(gk 71) (ap)=m ((gk) a2> (by the definition of the G-action on Xt ) ,

gkn) (az) = 7 (a). This completes our proof.

——
=7

38 Proof: Let 7T € B. Thus, 7 € B = X In other words, 77 is a map ES — X.
Let e € E. Then, o (e) = [¢] (by the definition of o). Moreover, (g (7o 0)) (¢) = (o o) (g 'e)
(by the definition of the G-action on XE). But the elements ¢ and g_le of E lie in one and the
same g-orbit. In other words, [e] = [g’le]. Now,

we obtain 77 (a1) =

N

(¢(moo))(e) = (TToo) (gfle) =7 0 <g716> =7 [gile}
— | =

(by the definition of o)

Now, forget that we fixed e. We thus have proven that (g (7T o0))(e) = (o) (e) for each
e € E. In other words, g (7To0) =oo.

Now, oo is a map E — X and satisfies g (7To0) = o o. In other words, 7o 0 is a map
¢ : E — X satisfying g1 = 1p. In other words,

Tooc {p:E—X | gp =19} =2l
Qed.
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Now, let ¥ be the map
B — A TT— 7T 0O0.

(This is well-defined, since 7T o 0 € 2 for every 7= € B.)

Now, we have the equalities o ¥ = id @ and Yo ® = id @ These two
equalities show that the maps ® and ¥ are mutually inverse. Hence, the map ® is
invertible. In other words, ® is a bijection.

The map ® is a bijection from 2 to B. In other words, the map ® is a bijection
between

e the maps 77 : E — X satisfying gt = 7
and

o the maps 7 : E§ — X

Y Proof. Let B € B. Then, ¥ (B) = B oo (by the definition of ¥). Let 7 = ¥ (B). Thus, 7 = ¥ (B) €
2.
Now, let u € ES. Thus, u is a g-orbit; hence, u is nonempty. Thus, there exists some a € u.
Consider such an 4. Now, yields 71° (1) = 7t (a). But a is an element of the g-orbit u; thus,
the g-orbit of 4 is u. In other words, [a] = u. The definition of o yields o (a) = [a] = u. Now,

n=Y(B)=pPoo,sothatm(a) = (Boo)(a)=p (o (a) | =B (u). Now, ° (1) =t (a) = B (u).
—~—
=u
Now, forget that we fixed u. We thus have proven that 7°
other words, 7° = B. But the definition of ® yields ® ()

o (‘1’ (ﬁ)) =& (n) = p=id (p)-
gy
Now, forget that we fixed S. We thus have proven that (® o ¥) () = id (B) for each f € B. In
other words, ® o ¥ = id, qed.
0Proof. Let a € 2l. Then, the definition of @ yields ® (a) = a°.
Now, let a € E. Let u = o (a). Thus, u = o (a) = [a] (by the definition of o). In other words,
u is the g-orbit of a. Thus, u is a g-orbit and contains a. So we know that u € E$ (since u is a
g-orbit) and that a € u (since u contains a).

(u) = B(u) for each u € ES. In
= n° = B. Now, (Po¥)(B) =

The equality (61) (applied to 7w = «) yields a° (1) = « (a). We have (a°® o 0) (a) = a° (u (a)) =
S~
=u
a® (u) =« (a).
Now, forget that we fixed a. We thus have shown that (a° 0 0) (a) = a (a) for each a € E. In
other words, a° o0 = a.

But(Yo®)(a) =¥ | ®P(a) | =Y («°) = a° oo (by the definition of ¥). Hence, (¥ o ®) (a) =
a®o0=uwn=id ().

Now, forget that we fixed «. We thus have proven that (¥ o @) (a) = id (a) for each « € 2. In
other words, ¥ o ® = id. Qed.
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(because 2 is the set of all maps 7 : E — X satisfying gt = 71, whereas B is
the set of all maps 7w : E$ — X). Furthermore, this bijection & sends any map
m: E — X satisfying g7t = 7t to the map 7 : E$ — X defined by

7T (u) =t (a) forevery u € ESanda € u

Hence, we have constructed the bijection & whose existence was claimed in
Proposition Thus, Proposition [7.6]is proven. O

Proposition 7.7. Let E = (E, <1, <p) be a tertispecial double poset. Let G be a
tinite group which acts on E. Assume that G preserves both relations <; and <,.
Let g € G. Define the set E¢, the relations <{ and <3 and the triple Ef as in
Proposition Thus, ES is a tertispecial double poset (by Proposition [7.5).
Proposition |7.7] (applied to X = {1,2,3,...}) shows the following:
There is a bijection ® between

e themaps 7 : E — {1,2,3,...} satisfying gr = 7
and
e the maps 7: E§ — {1,2,3,...}.

Namely, this bijection ® sends any map 7 : E — {1,2,3, ...} satisfying gmw = 7
to the map 7w : E§ — {1,2,3,...} defined by

7 (u) =t (a) for every u € E$ and a € u.
Consider this bijection ®. Let 7 : E — {1,2,3,...} be a map satisfying g7t = 7.
(a) If 7t is an E-partition, then ® (71) is an ES-partition.
(b) If ® () is an E$-partition, then 7 is an E-partition.
(c) Letw: E — {1,2,3,...} be map. Define a map w$ : E§ — {1,2,3,...} by

ws (u) =Y w(a) for every u € ES.

acu

Then, Xo(1),w8 = Xrt,w-

1Proof. Let 7w : E — X be a map satisfying g7t = 7r. We must prove that the bijection ® sends 7 to
the map 7 : E$ — X defined by

7T (u) = 1t (a) for every u € ES and a € u. (62)

In fact, shows that 71° (1) = 7 (a) for every u € ES and a € u. Thus, the map 7° is the
map 7 : E§ — X defined by (62). Now, the bijection ® sends 7 to 77° (by the definition of ®).
In other words, the bijection ® sends v to the map 77 : E§ — X defined by (since 7° is the
map 77 : E8 — X defined by (62)). Qed.
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Proof of Proposition [7.7] (sketched). The definition of ® shows that
(®(m)) (u) = 7 (a) for every u € E and a € u. (63)

(a) Assume that 7 is an E-partition. We want to show that ® (7) is an E¢-
partition. In order to do so, we can use Lemma (applied to E¢, (Eg , <§ , <§ ) and
® (71) instead of E, (E, <1, <z) and ¢); we only need to check the following two
conditions:

Condition 1: If e € ES and f € Ef are such that ¢ is <§-covered by f, and if we
have e <3 f, then (® (7)) (e) < (® (7)) (f).

Condition 2: If e € ES and f € Ef are such that ¢ is <§-covered by f, and if we
have f <§ e, then (@ (7)) () < (® (7)) (f)-

Proof of Condition 1: Let e € E¢ and f € Ef be such that e is <{-covered by f.
Assume that we have e <3 f.

We have e <3 f (because ¢ is <{-covered by f). In other words, there exist a € e
and b € f satisfying a <; b. Consider these a and b. Since 7 is an E-partition,
we have 71 (a) < 7 (b) (since a <; b). But the definition of ® (7r) shows that
(®(m)) (e) = m(a) (since a € e) and (P (7)) (f) = 7 (b) (since b € f). Thus,
(®(m))(e) =m(a) <m(b) = (P (7)) (f). Hence, Condition 1 is proven.

Proof of Condition 2: Let e € E¢ and f € Ef be such that e is <{-covered by f.
Assume that we have f <3 e.

We have e <3 f (because ¢ is <{-covered by f). In other words, there exist a € e
and b € f satisfying a <; b. Consider these a and b.

There exists no ¢ € E satisfyinga <1 ¢ <y b @ In other words, a is <j-covered
by b (since a <; b). Therefore, a and b are <,-comparable (since E is tertispecial).
In other words, we have either a <, bora = b or b <, a. Since a < b is impossible
(because if we had a <, b, then we would have e <§ f (sincea € eand b € f),
which would contradict f <§ e (since <‘§ is a strict partial order)), and since a = b
is impossible (because a <; b), we therefore must have b <, a. But since 7 is an
E-partition, we have 7t (a) < 71 (b) (since a <; b and b <, a). But the definition of
® (1) shows that (P (7)) (¢) = 7t (a) (since a € e) and (P (7)) (f) = 7 (b) (since
b € f). Thus, (P(m))(e) = m(a) < m(b) = (P (7)) (f). Hence, Condition 2 is
proven.

Thus, Condition 1 and Condition 2 are proven. Hence, Proposition (a) is
proven.

62Proof. Assume the contrary. Thus, there exists some ¢ € E satisfying a <; ¢ <1 b. Consider this c.
Let w be the g-orbit of c. Thus, w € E3 and ¢ € w.
Now, the elements a € e and ¢ € w satisfy a <1 c. Hence, e <{ w (by the definition of the

relation <§).

Also, the elements ¢ € w and b € f satisfy ¢ <; b. Hence, w <{ f (by the definition of the
relation <‘§).

Now, we have e <‘§ w <<<1g f. This contradicts the fact that ¢ is <‘§ -covered by f. Thus, we have
obtained a contradiction; hence, our assumption was wrong. Qed.
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(b) Assume that ® (71) is an Ef-partition. We want to show that 7 is an E-
partition. In order to do so, we can use Lemma (applied to ¢ = m); we only
need to check the following two conditions:

Condition 1: If e € E and f € E are such that e is <j-covered by f, and if we have
e <p f, then 7t (¢) < 7w (f).

Condition 2: If e € E and f € E are such that e is <j-covered by f, and if we have
f <z e, then 7t (e) < 7 (f).

Proof of Condition 1: Let e € E and f € E be such that e is <j-covered by f.
Assume that we have e <, f.

We have e <1 f (since e is <q-covered by f). Let u and v be the g-orbits of e and
f, respectively. Thus, u and v belong to E$, and satisfy e € u and f € v. Hence,
u <3 v (since e <1 f). Hence, (® (7)) (u) < (® (7)) (v) (since ® () is an ES-
partition). But the definition of ® (7r) shows that (® (7)) (1) = 7 (e) (since e € u)
and (& (7)) (v) = 7 (f) (since f € v). Thus, 7 () = (@ (1)) (u) < (P (7)) (0) =
7 (f). Hence, Condition 1 is proven.

Proof of Condition 2: Let e € E and f € E be such that e is <j-covered by f.
Assume that we have f < e.

We have e <; f (since e is <j-covered by f). Let u and v be the g-orbits of e and f,
respectively. Thus, u and v belong to E¢, and satisfy e € u and f € v. Hence, u <‘§ v
(since e <7 f) and v <§ u (since f <3 e). Hence, (® (7)) (u) < (® (7)) (v) (since
® (71) is an E8-partition). But the definition of ® (77) shows that (P (7)) (u) = 7 (e)
(since e € u) and (¥ (7)) (v) = 7 (f) (since f € v). Thus, w(e) = (P (7)) (u) <
(® (7)) (v) = 7t (f). Hence, Condition 2 is proven.

Thus, Condition 1 and Condition 2 are proven. Hence, Proposition (b) is
proven.

(c) The elements of ES are the g-orbits on E. Hence, the elements of ES are
pairwise disjoint subsets of E, and their union is E. In other words, the set E is the

union of its disjoint subsets u € ES. Therefore, [ = [ ]I (an equality between
acE ucE8 acu

product signs).
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The definition of Xg(,) s shows that

. w8 (e) _ w8 (u)
Xmmmw—|l&qmwy—II X(@(m)) (u)
ecE8 ucks —

(since w8 (u)= Y. w(a))

acu

(here, we have renamed the index e as u in the product)

Y w(a)
= I *eryw = I1T1 x2q§&>><u>
ucEs8 \‘,—/ ucES acu \“,_
=TI X{a 00w

acu

(since
=TT [ = T1xra) = ng

ucES acu acE ecE
N——r
=TI

acE

(here, we have renamed the index a as ¢ in the product)

= Xm,w

(since the definition of x4 yields x;» = T[] X w(e) ). This proves Proposition

t(e)
ecE

(0). ]

Our next lemma is a standard argument in P6lya enumeration theory (compare
it with the proof of Burnside’s lemma):

Lemma 7.8. Let G be a finite group. Let F be a G-set. Let O be a G-orbit on F,
and let T € O.

(a) We have

11 Y 1L (64)

o] 6l &
gm=Tr
(b) Let E be a finite G-set. For every ¢ € G, let sign; ¢ denote the sign of the
permutation of E that sends every e € E to ge. (Thus, § € G is E-even if
and only if sign; ¢ = 1.) Then,

1
—, if O is E-coeven; 1 )
|O| = m Z signp g. (65)
0, if O is not E-coeven g€G;

gn=m
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Proof of Lemma (7.8} Let Stabg 7t denote the stabilizer of 7r; this is the subgroup
{g€ G | gm=m} of G. (This subgroup is also known as the stabilizer subgroup
or the isotropy group of ) The G-orbit of 7t is O (since O is a G-orbit on F, and
since 7 € O). In other words, O = Grt. Therefore, |O| = |Grt| = |G| / |Stabg 7| (by
the orbit-stabilizer theorem). Hence,

1 1 \StabG 71"
= = . 66
O] ~ G /fStab ] — [ (66)
(a) We have
Y 1=|{geG | gm=m}| =|Stabgn|.
Hence,
1
— Y1 :i|5tabcﬂ|zwzi
Gl & |G| |G| O]
Q=TT
N——r
=|Stabg 7|

(by (66)). This proves Lemma [7.8](a).
(b) We need to prove (65). Assume first that O is E-coeven. Thus, all elements of

O are E-coeven (by the definition of what it means for O to be E-coeven). Hence,
7t is E-coeven (since 7t € O). This means that every ¢ € G satisfying gmr = 7 is
E-even. Hence, every ¢ € G satisfying ¢ = 71 satisfies signp ¢ = 1 (since g is
E-even if and only if sign; ¢ = 1). Thus,

1 1 1
— sighp ¢ = — 1=— by (64)
o & 28es=ig L= W ED
gn=m =1 gn=71
1
——, if O is E-coeven; . )
=< O] (since O is E-coeven) .

0, if O is not E-coeven

Thus, we have proven under the assumption that O is E-coeven. We can
therefore WLOG assume the opposite now. Thus, assume WLOG that O is not E-
coeven. Hence, no element of O is E-coeven (due to the contrapositive of Lemma .
In particular, 7t is not E-coeven (since 7 € O). In other words, not every ¢ € G
satisfying g7t = 7 is E-even. In other words, not every g € Stabg 7 is E-even (since
the elements ¢ € G satisfying g7t = 7 are exactly the elements ¢ € Stabg 7). In
other words, not every ¢ € Stabg 7 satisfies sign, ¢ = 1 (since g is E-even if and
only if signp ¢ = 1).

Now, the map

Stabg T — {1, -1}, g — signy g

is a group homomorphism (since the action of G on E is a group homomorphism
G — AutE, and since the sign of a permutation is multiplicative) and is not the
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trivial homomorphism (since not every ¢ € Stabg 7t satisfies sign ¢ = 1). Hence,
it must send exactly half the elements of Stabg 7t to 1 and the other half to —1.
Therefore, the addends in the sum )},  sign; ¢ cancel each other out (one half

geStabG 7T
of them are 1, and the others are —1). Therefore, Y. signp ¢ = 0. Now,
g€Stabg 7w
1 . 1 ) ——, if O is E-coeven;
o] L sieneg =15 ), signeg=0= 10l
3€G; g€Stabg 7t 0, if O is not E-coeven
gﬂ_’:ﬂ_’ . ~~ /
N =0
= ¥
g€Stab; T
(since O is not E-coeven). This proves (65). Lemma [7.§ (b) is thus proven. O

Proof of Theorem [£.7) (sketched). Let ¢ € G. Define the set E$, the relations < and <3
and the triple E¢ as in Proposition Thus, E3 is a tertispecial double poset (by
Proposition [7.5). In other words, (Eg, <§ , <§ ) is a tertispecial double poset (since
ES = (E8, <{,<5)).

Now, forget that we fixed g. We thus have constructed a tertispecial double poset
E¢ = (E$,<§,<3) for every g € G.

Moreover, for every g € G, let us define >4 to be the opposite relation of <3.

Furthermore, for every ¢ € G, define a map w¢ : E§ — {1,2,3,...} by w8 (1) =

Y. w(a). (Since G preserves w, the numbers w (a) for all a € u are equal (for given
acu

u), and thus Y w (a) can be rewritten as |u| - w (b) for any particular b € u. But we
acu
shall not use this observation.) Now, every g € G satisfies

S (T ((ES, <5, <8),w®)) = (—=1)/FIT ((E8,>8,<8),w8). (67)

(Indeed, this follows from Theorem |4.2| (applied to (ES, <§ , <§ ) and w? instead of
(E, <1, <2) and w) since the double poset (ES, <§ , <3 ) is tertispecial.)
For every g € G, we have

) Xzw = I (ES, w?) (68)
7t is an E-partition;
gn=r1
63 Proof of (68): Let ¢ € G. The definition of T (ES, w?) yields
8 y
[ (ES,w?) = Z Xm,w8 = Z X7t,w8 (69)
7t is an E$-partition 7t is an E€-partition

(here, we have renamed the summation index 7 as 77).
In Proposition [7.7], we have introduced a bijection ® between

e themaps m: E — {1,2,3,...} satisfying gm = 7
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It is clearly sufficient to prove Theorem .7 for k = Z (since all the power series
that we are discussing are defined functorially in k (and so are the Hopf algebra
QSym and its antipode S), and thus any identity between these series that holds
over Z must hold over any k). Therefore, it is sufficient to prove Theorem
for k = Q (since Z [[x1, x2,x3,...]] embeds into Q [[x1, x2, X3, ...]], and using this
embedding we have QSym; = QSymg N Z [[x1, X2, x3, . . .]] @) Thus, we WLOG
assume that k = Q. This will allow us to divide by positive integers.

Every G-orbit O on Par E satisfies

1 1 1
AT X = = Xow = 7= |0| X0 0w = X0 w- 70
’O| 7'[;) 7)7:(:” |O| n;) O,w |O‘ ‘ ’ O,w O,w ( )
- ne
(since x( 4, is defined _
to %g X7t,10) [Olx0

and
e the maps 7w: ES — {1,2,3,...}.

Parts (a) and (b) of Proposition [7.7|show that this bijection & restricts to a bijection between
e the E-partitions 7 : E — {1,2,3,...} satisfying g = 7

and
o the ES-partitions 77 : E§ — {1,2,3,...}.

Hence, we can substitute ® (77) for 7T in the sum Y X7 . We thus obtain
7T is an ES-partition

Z X7t,ws = Z X (1),ws = Z X7t,w,

7t is an ES-partition 7 is an E-partition; N 7t is an E-partition;
gn=m =Xr,w gm=r1
(by Proposition[7.7](c))
whence Y Xmw = Y xzws = I (ES, w) (by (69)). This proves (68).
7t is an E-partition; 7t is an ES-partition
gm=mr

®4Here, we are using the notation QSym,_for the Hopf algebra QSym defined over a base ring k.
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Now,
1
I'(E,w,G) = Y Xow = ) o7 L X
O is a G-orbit on ParE 1\/ O is a G-orbit on Par E ‘ ’ e
“1O] 2o
(by (70))

- ¥ ¥ =

O is a G-orbit on ParE €O \ | ’

1

=— Y 1
|G| g€G;
gn=m

(by (64), applied to F=ParE)

1
= B Yo|g L1 e
O is a G-orbit on ParE m€O | | 3€G;
~ ~~ -~ §T=TT
= )y = )3

meParE 7t is an E-partition

1 1
= Z | |Zl X”/w:| | Z an,w

7t is an E-partition 8€G; 7t is an E-partition g€G;
gT=7r gm=71
- ~ g

=L
8€G 1t is an E-partition;

gn=rm

Z Y, Xmu

g€G m is an E-partition;
g=m

=T'(E8,w3)

(by (68))
— Ly B et | = L YT (B <S,<5),08). (7))
G| eG |G| geG
(B i)
Hence, T' (E, w, G) € QSym (by Proposition [3.5).
Applying the map S to both sides of the equality (7I), we obtain

S(I'(E,w,G)) <|G|Zr (E8,<$,<5),w >_ Zs ((E8,<$,<3),wd))

g€G 4

=(~D)IFIr((B8,>4,<§) 08
(by (67))

?Z 1)/FIT (B, >%,<8), ws) . (72)
6
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On the other hand, for every ¢ € G, let sign ¢ denote the sign of the permutation
of E that sends every e € E to ge. Thus, g € G is E-even if and only if sign, ¢ = 1.
Now, every G-orbit O on Par E and every 7 € O satisty

——, if O is E-coeven; 1 )
O] = Gl ) signpg (73)
0, if O is not E-coeven g€G;
{T=TT
(by (65), applied to F = Par E). Furthermore,
sign; g = (—1)FI7% (74)

for every g € G El

5Proof of (74): Let ¢ € G. Recall that sign; g is the sign of the permutation of E that sends every
e € E to ge. Denote this permutation by ¢. Thus, sign; ¢ is the sign of .
The permutation { is the permutation of E that sends every e € E to ge. In other words, { is
the action of g on E. Hence, the cycles of { are the g-orbits on E. Thus, the set of all cycles of ¢
is the set of all g-orbits on E; this latter set is ES. Hence, E$ is the set of all cycles of .

But if ¢ is a permutation of a finite set X, then the sign of ¢ is ( 71)|X‘_|XU‘, where X7 is the
set of all cycles of o. Applying this to X = E, ¢ = ¢ and X7 = E$, we see that the sign of { is

IEI=IBS]

(-1) [E[—IE| (because ES is the set of all cycles of (). In other words, sign; ¢ = (—1) since

signy ¢ is the sign of (), qed.
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Now,
' (E,w,G)

= )3

O is an E-coeven G-orbit on Par E

- T

O is a G-orbit on ParE; nEO
O is E-coeven
O is a G-orbit on ParE;
O is E-coeven 1
0]’
0,

)3 Zan

X0, w
O is an E-coeven G-orbit on Par E 7T€O
=7 L Xnw = Y
|O’ ne0 O is a G-orbit on ParE;
(by (70)) O is E-coeven

Z X7t,w

1
ol ), X
. , TeO

if O is E-coeven;

if O is not E-coeven

(since O is E-coeven)

+

O is a G-orbit on ParE;
O is not E-coeven

since

1

= D of
O is a G-orbit on ParE; | (),
O is E-coeven

+

O is a G-orbit on ParE;
O is not E-coeven

1
= Y. o)
O is a G-orbit on ParE | (,

O is E-coeven

£ L e
1 e
—, if O is E-coeven;
O]
0, if O is not E-coeven
(since O is not E-coeven)

0 Z X710

Y Xpw+
O is a G-orbit on ParE; me€O

O is not E-coeven
A

=0

E = L Xgw

Ois E -coeven

if O is E-coeven;
> Xmw

if O is not E-coeven m€O

1
——, if O is E-coeven;

O] Z X7, w
0, if O is not E-coeven 7O

if O is E-coeven;
Y Xnw

if O is not E-coeven €O
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1
——, if O is E-coeven;
= 2 2 ’O‘ X, w

O is a G-orbit on ParE 7O | Q, if O is not E-coeven
1 .
:m Z ' signp ¢

7'(7'[

(by @3))

~"

1

= Z Z m Z signr ¢ | Xr,w

O is a G-orbit on ParE €O g€G;
~~ - gn=rt
= L = )y
nmeParE 7t is an E-partition
1 ) 1 .
= ). 1G] Y signgg | Xmw = €] ). Y (signg g) Xmw
7t is an E-partition 8€G; 7t is an E-partition ge€G;
§M=TT §m=Tr
=Y
8€G 1t is an E-partition;
gn=m
i IEI |E2|
f L, sieneg Y, Xmw= Z ry B o
eG AR 7t is an E-partition; geG _ g 8
g =(—1)[EI-|E] gngn =(Es$,<{,<3)
by (74 ~~ g
by @) —I (B8 w8)
(by @8))
E|—|E8
16 I (- (2 < <) ). )
E

Hence, I'" (E, w, G) € QSym (by Proposition .

The group G preserves the relation >; (since it preserves the relation <;). Fur-
thermore, Lemma shows that (E, >1, <p) is a tertispecial double poset. Hence,
we can apply to (E, >1,<2), >1 and >§ instead of E, <7 and <§. As a result,
we obtain

T ((E,>1,<2),w, 2 1EEIEIT (B8, >3, <8) , w8) .
6
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Multiplying both sides of this equality by (—1) [l we transform it into
1 _
(~1)FITH (B, >1,<2),w,6) = ()l = 1 (~)FTEIT (B8, >, <5) , wf)
| | 3€G
E E|—|ES
E | | | [~ |1”((E8’>317,<§)’wg)
g€G
=(-1 )\Eg|
o & (5,4, <) )
|G e
=S(I'(Ew,G)) (by 2)) -
This completes the proof of Theorem @ O

8. Application: Jochemko’s theorem

We shall now demonstrate an application of Theorem namely, we will use it to
provide an alternative proof of [Joch13, Theorem 2.13]. The way we derive [Joch13|
Theorem 2.13] from Theorem [4.7)is classical, and in fact was what originally mo-
tivated the discovery of Theorem [4.7] (although, of course, it cannot be conversely
derived from [Joch13, Theorem 2.13], so it is an actual generalization).

An intermediate step between [Joch13, Theorem 2.13] and Theorem [4.7] will be
the following fact:

Corollary 8.1. Let E = (E, <1, <) be a tertispecial double poset. Let w : E —
{1,2,3,...}. Let G be a finite group which acts on E. Assume that G pre-
serves both relations <; and <, and also preserves w. For every q € IN, let
Par, E denote the set of all E-partitions whose image is contained in {1,2,...,4}.
Then, the group G also acts on Par, E; namely, Par, E is a G-subset of the G-set

{1,2,..., q}E (see Definition 4.4{(d) for the definition of the latter).

(a) There exists a unique polynomial Qg € Q[X] such that every 4 € IN
satisfies

Qg (9) = (the number of all G-orbits on Par, E) . (76)

(b) This polynomial satisfies

Qg (—1q)
= (—1)|E| (the number of all even G-orbits on Par, (E, >1,<2))
= (-1)/El (the number of all even G-orbits on Par, (E, <1,>2))  (77)

for all g € IN.
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Proof of Corollary [8.1] (sketched). Set k = Q. For any f € QSym and any 4 € N, we
define an element ps! (f) (9) € Q by

1 _
ps' (F) (9)=f [ 11,...,1,0,0,0,...

g times

(thatis, ps! (f) (g) is the result of substituting 1 for each of the variables x, x,, . .., X,
and 0 for each of the variables Xg+1, Xq+2, Xg+3, - - - IN the power series f).

(a) Consider the elements I (E,w, G) and I't (E, w, G) of QSym defined in Theo-
rem 1.7} Observe that Par, E is a G-subset of Par E.

Now, [GriReil4, Proposition 7.7 (i)] shows that, for any given f € QSym, there
exists a unique polynomial in Q [X] whose value on each g € N equals ps! (f) (g).
Applying this to f =T (E, w, G), we conclude that there exists a unique polynomial
in Q [X] whose value on each ¢ € N equals ps' (T (E,w, G)) (q). But since every
g € N satisfies

1
I' (E = I'(E 1,1,...,1
ps (I'(E,w,G)) (q) (I'(Ew,G)) 1,..,1,0,0,0,
= Y X0 g times

O is a G-orbit on Par E

_ Y xow | 1,1,...,1,0,0,0,...

O is a G-orbit on Par E .
q times

J1, if O C Pary E;
0, if O & PargE

if O C Par; E;

Oisa G- orb1t on Par E { if O Z Par‘i

= 1= the number of all G-orbits on Par, E)
Oisa G- orb1t on Par; E

(78)

this rewrites as follows: There exists a unique polynomial in Q [X] whose value
on each g € N equals (the number of all G-orbits on Par, E). This proves Corol-
lary [8.1] (a).

(b) [GriReil4, Proposition 7.7 (i)] shows that, for any given f € QSym, there
exists a unique polynomial in Q [X] whose value on each g € N equals ps' (f) (g).
This polynomial is denoted by ps1 (f) in [GriReil4 Proposition 7.7]. From our
above proof of Corollary 8.1 (a), we see that

Qg =ps' (T (E,w,G)).
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But [GriReil4, Proposition 7.7 (iii)] shows that, for any f € QSym and m € IN, we

have ps' (S (f)) (m) = ps! (f) (—m). Applying this to f =T (E,w, G), we obtain
psl (S (T <E,w,c>>>< ) = ps! (T (E,w,G)) (—m) = O (—m)
=Qgc

for any m € IN. Thus, any m € N satisfies

Qg (—m) = ps' S (I'(E,w,G)) (m)

=(=1)FIT* ((E,>1,<2),0,G)
(by Theorem [£.7)

= ps! (DT (E,>1,<2),0,G)) (m)
= (=1)Fl ps! (T ((E,>1, <2),w, G)) (m).
Renaming m as g in this equality, we see that every q € IN satisfies
Qe (=) = (=) ps' (I (E,>1,<2),w,6)) (9). (79)
But just as we proved (78), we can show that every g € N satisfies
ps' (I'" (E,w,G)) (7) = (the number of all even G-orbits on Par, E).
Applying this to (E, >1, <) instead of E, we obtain

ps' (T* ((E,>1,<2),w,G)) ()
= (the number of all even G-orbits on Par, (E, >1,<3)).
q

Now, becomes
Qpc (—q) = (D) ps' (T7((E,>1,<2),w,G)) (q)

= (the number of all even G-orbits on Parq(E,>1,<2))

= (—1)‘E| (the number of all even G-orbits on Par, (E, >1,<2)).
In order to prove Corollary (b), it thus remains to show that

(the number of all even G-orbits on Par, (E, >1, <2))
= (the number of all even G-orbits on Par, (E, <1, >2)) (80)
for every g € IN.
Proof of (80): Let g € N. Let wg : {1,2,...,9} — {1,2,...,q} be the map sending
eachi e {1,2,...,9} tog+1—i. Then, the map
Parq (E, >1,<2) —>Parq (E,<1, >2), TTH— WooTT
is an isomorphism of G-sets (this is easy to check). Thus, Par, (E, >1,<2) =

Par, (E, <1,>2) as G-sets. From this, (80) follows (by functoriality, if one wishes).
The proof of Corollary [8.1] (b) is now complete O
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Now, the second formula of [Joch13, Theorem 2.13] follows from our , applied
to E = (P, <, <w) (Where <, is the partial order on P given by (p <, q) <=
(w(p) < w(q))). The first formula of [Joch13, Theorem 2.13] can also be derived
from our above arguments. We leave the details to the reader.

9. A final question

With the results proven above (specifically, Theorems #.2]and .7), we have obtained
formulas for a large class of quasisymmetric generating functions for maps from a
double poset to {1,2,3,...}. At least one question arises:

Question 9.1. In [Grinlé6a], I have studied generalizations of Whitney’s famous
non-broken-circuit theorem for graphs and matroids. One of the cornerstones of
that study is the bijection @ in [Grinl6a, proofs of Lemma 2.7 and Lemma 5.25],
which is uncannily reminiscent of the involution T in the proof of Theorem
(Actually, this bijection ® can be extended to an involution, thus making the
analogy even more palpable.) Both ® and T are defined by toggling a certain
element in or out of a subset; and this element is chosen as the argmin or argmax
of a function defined on the ground set. Is there a connection between the two
results, or even a common generalization?

10. Appendix: Proofs of some basic properties of
quasisymmetric functions

In this final section, we are going to restate and prove (in detail) some foundational facts that were
stated without proof in the first few sections of this note. Most of these facts are well-known,
and all are pretty obvious to anyone with some experience in this subject (although sometimes,
formalizing the intuitively clear arguments is a nontrivial task); the reasons why I nevertheless have
chosen to prove them here are twofold: One is to make this paper more self-contained (although this
is not completely achieved, as some other results from places such as [GriReil4] are used without
proof); another is to do (some of) the groundwork for an eventual formalization of the theory of
quasisymmetric functions in a formal proof system (such as Coq). I do not expect much of the
following to be useful to the reader; most likely, she will be able to reconstruct at least the proofs
herself easily, if not the theorems as well.

10.1. Monomial quasisymmetric functions

We begin with a fact that was used in the definition of M, given in Section

Proposition 10.1. Let & = (a1, ay,...,ay) be a composition. Then,

ay
2 2y = Z m.
non Iy

i1 <ip<---<iy m is a monomial pack-equivalent

A1.,.82 ~p
to x;7x, Xy
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Proof of Proposition If (i1 <ip < --- <iy) is a length-¢ strictly increasing sequence of positive

integers, then (i; < i, < --- < iy) can be uniquely reconstructed from the monomial x{'x;2 - - - x
1 R 24

@ Hence, we conclude the following:

Claim 1: If a monomial m can be written in the form x*1x%2..

i Tip .
increasing sequence (i; < ip < --- < iy) of positive integers, then m can be written in this form in a
unique way.

On the other hand, the definition of “pack-equivalent” yields the following: The monomials

24 .
x ~xif for some length-/ strictly

which are pack-equivalent to x7'x3? - - - x,’ are precisely the monomials of the form xf‘ll x?‘; e xZ’
where (i; < iy < --- <) is a length-{ strictly increasing sequence of positive integers. Hence,
m is a monomial pack-equivalent m is a monomial of the form x;1x72...x; ¢
¢ LAY ay iy Tip ip
0 X X7y for some length-/ strictly increasing sequence
(i1<ip<---<iy) of positive integers
(an equality between summation signs). Thus,
D m = D m
m is a monomial pack-equivalent m is a monomial of the form x"1x*2...x"
81 % M i Yiy i,
to x; Xy "Xy for some length-/ strictly increasing sequence
(i1<ip<---<iy) of positive integers
= 2 M2 M
11 "1 1p
iy <ig<o-<iy
(by Claim 1). This proves Proposition [10.1} O

Definition 10.2. Let k € Z. Then, [k] will denote the subset {1,2,...,k} ={a € Z | 0 <a <k}
of {1,2,3,...}. Notice that |[k]| = k when k € IN. For negative k, we have [k| = @.

We shall now prove a result that will be used further below. We recall the definition of D («)
given in Example [3.6] (c):

Definition 10.3. Let &« = (ay,a,...,1y) be a composition of a nonnegative integer n. Let D ()
denote the set

{ag, 00 +ag, 00 +ao+az,..., 00 +ag+- - +ap_q}
:{0(1+0(2+"‘+06i | ie [5—1]}.

(We notice that this definition of D («) is identical with that given in [GriReil4} Definition 5.10].)
| Lemma 10.4. Let « be a composition of a nonnegative integer n. Then, D («) C [n —1].

Proof of Lemma[[0.4, Write « in the form (aq,a,...,4;). Letk € D («).

We know that (a1, a2,...,ay) = a is a composition of n. Thus, aq,ay,...,a, are positive integers,
and their sumis aq +ap + - - - +ay = n.

We have k € D (a) = {3 +ax+---+a; | i € [{ —1]}. In other words, there exists some i €
[¢ — 1] such that k = &y +a + - - - + a;. Consider this i.

We have i € [¢ — 1], and thus 1 < i < ¢ —1. From i < { — 1, we obtain

Wiy1 +&igp+ -+ ap= (lxi+1+0£,'+2+"'+lxg_1)+l)€g > oy > 0.

>0

%Namely, (i1 < ip < --- < i) is the list of all positive integers j such that x; appears in this mono-
mial, written in increasing order.
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Now,

n=wn)+ay+- - +ay
= (a1 +ag+---F+a;) + (1 F a0+ -+ ap) (sincei < —1<Y¥)

>0

>uptar+--+a; =k,
so that k < n. Combining this with

k=wa1+ar+- - +a; =01+ (g +az+-- - +a;) (since i > 1)

>0

2“]>O/

we find that 0 < k < n. In other words, k € [n —1].
Now, forget that we fixed k. We thus have proven that k € [n — 1] for every k € D («). In other
words, D («) C [n — 1]. This proves Lemma O

Lemma 10.5. Let &« = (ay,a2,...,4y) be a composition of a nonnegative integer n. For every
i€{0,1,...,0}, define a nonnegative integer s; by

Si=wa1+ag+ - +a
We have s; € [n] for every i € [{].
We have sy < s1 < -++ < sy.
We have D («) = {s1,52,...,5/-1}

We have s, = n.

)
)
)
(d) We have s; —s;_1 = «; for every j € [{].
)
) We have sy = 0.

)

For every k € [n], the element min {p € [{] | s, > k} is a well-defined element of [{].

Proof of Lemma We have o = (a1,ay,...,a¢). Hence, (a1, a,...,a/) is a composition of n (since
« is a composition of n). Thus, ay,ay,...,a, are positive integers, and their sum is &y +ay + - - +
Ky = 1.

(a) Leti € [¢]. Thus, 1 <i < /. Now,

si=wp 4o+ 4o =a1+ (e +az+-- - +ap) (since i > 1)

>0

>wnq > 0.
Also, i < /¢, so that

Dé1+062+"'+0é[:(0(1-1-0624-"'+061')+(06i+1+0€,'+2+"‘+0€g) > Si,

=S >0

and thus
si< oy 4oyt 4y =mn.

Combined with s; > 0, this yields s; € {1,2,...,n} = [n]. This proves Lemma (a).
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(b) Let k € {0,1,...,¢ —1}. Then, the definition of s; yields sy = a1 +ay + - - - + a;. Also, the
definition of sy yields

Sk+1:0(1+062+"'+(Xk+12(061+0(2+"'+06k)+0€k+1 > Sp.
~—

=5k >0

In other words, s; < sg11.

Now, let us forget that we fixed k. We thus have shown that sy < s;q foreveryk € {0,1,...,¢—1}.
In other words, sy < s; < --- < s4. This proves Lemma [10.5] (b).

(c) We have

{s1,82,...,80.1} = Si | ie[l—1]
'
=01+ap+-F;
={m+ar+---+a; | i€l -1} =D (a)

(because this is how D (a) is defined). This proves Lemma (0).
(d) Let j € [¢]. The definition of s; 1 yields s; 1 = a1 + a2 + -+ + a;_1. But the definition of s;
yields
si=atan - taj= (v +ax+ - +ajg) Haj =i +a;.

=sj-1

Hence, s; —s;_1 = &;. This proves Lemma (d).

(e) The definition of s, yields sy = &y + ay + - - - + ap = n. This proves Lemma (e).

(f) The definition of sy yields s) = a1 + a2 + - - - + a9 = (empty sum) = 0. This proves Lemma
(f).

(g) Let k € [n]. Hence, 1 < k < n. Thus,n > 1, hence n # 0, so that ay +ap +--- +ay =n #0. If
we had ¢ = 0, then we would have a1 +ap + - - - + &y = (empty sum) = 0, which would contradict
a1+ ap + - - -+ ay # 0. Thus, we cannot have ¢ = 0. Therefore, we have ¢ > 0, so that ¢ € [¢].

Lemma (e) shows that s, = n > k. Now, ¢ is an element of [¢] and satisfies s, > k. In
other words, £ is an element p of [(] satisfying s, > k. In other words, ¢ € {p € [(] | s, > k}.
Hence, the set {p € [{] | s, > k} is nonempty (since it contains ¢) and finite, and thus has a min-
imum (since every nonempty finite set of integers has a minimum). In other words, the minimum
min {p € [¢(] | s, >k} is well-defined. This minimum clearly is an element of [¢]. This proves

Lemma (g)- O

Let us next prove a basic lemma about integers:

Lemma 10.6. Let / € IN. Let sg,s1,...,5¢ be £+ 1 integers satisfying sp < s1 < --- < sy. Let
a€[lland b€ [{] and u € Z.

(@) Ifs, 1 <wuandu <sp thena <b.

(b) Ifs,_1 <u<s;and s,_1 < u < sy, thena =b.

Proof of Lemma (a) Assume that s, 1 < u and u < s,. We must prove that a < b.

Indeed, assume the contrary. Thus, we don’t have 2 < b. Hence, we have a > b. In other words,
b < a. Hence, b < a — 1 (since b and a are integers). Notice that b € [¢] C {0,1,...,¢}. Also, from
a € [{],weobtaina—1¢€{0,1,...,0—-1} C{0,1,...,¢}.

But sy < s; < --- < sy. Hence, s, < s, forany u € {0,1,...,¢} and v € {0,1,..., ¢} satisfying
u < v. Applying this to u = b and v = a — 1, we obtain 5, < s,_1 (since b < a —1). Thus,
u < s, < s,_1 < u, which is absurd. This contradiction shows that our assumption was wrong.
Thus, a < b is proven. This proves Lemma (a).
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(b) Assume thats,_1 < u <s; and sp_1 < u < 5. We must prove that a = b.

We have s;,_1 < u and u < s,. Hence, Lemma (a) (applied to b and a instead of a and b)
yields b < a.

Buts, 1 < uand u < s,. Hence, Lemma (a) yields a < b. Combining this with b < a4, we
obtain a = b. This proves Lemma (b). O

Lemma 10.7. Let &« = (ay,a2,...,4y) be a composition of a nonnegative integer n. For every
i€ {0,1,...,¢}, define a nonnegative integer s; by

Si=wu1+ar+ -+

Lemma (g) says the following: For every k € [n], the element min {p € [¢] | s, >k} isa
well-defined element of [¢]. Hence, we can define a map f : [n] — [¢] by

(f(k) =min{p e [] | sp >k} for every k € [n]) .
Consider this map f.
(a) We have
Se)—1 < k < sp for every k € [n]. (81)
(b) Moreover,
k=s¢ for every k € D (). (82)
(c) Also,
f(si) =i for every i € [/]. (83)
(d) Furthermore,
fk)<f(k+1) for every k € [n —1]. (84)
(e) Also,
fk)y<f(k+1) for every k € D (a). (85)
(f) Moreover,
fk)=f(k+1) forevery k € [n —1]\ D (a). (86)
(g) We have
() = [sj] \ [sj_ﬂ for every j € [/]. (87)
(h) We have
’f_l (])‘ =a; for every j € [/]. (88)

Proof of Lemma We recall two fundamental properties of minima of sets:
o If A is a subset of Z for which min A is well-defined, then
minA € A. (89)
o If A is a subset of Z for which min A is well-defined, and if 4 is an element of A, then
a > min A. (90)
(In other words, any element of A is greater or equal to the minimum of A.)

(a) Let k € [n]. Hence, 0 < k < n. We have

fR)y=min{pe(f] | s, >k} €{pe (]| s>k}
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(by (89), applied to A = {p € [¢(] | sp > k}). In other words, f (k) is an element of [¢] and satisfies
s > k

f(gn the other hand, let us prove that s¢;)_; < k. Indeed, assume the contrary (for the sake of
contradiction). Hence, )1 > k. But Lemma (f) shows that s = 0 < k, so that k > s;.
Hence, s¢(x)_1 > k > sq, so that s¢)_1 # so, and therefore f (k) —1 # 0. In other words, f (k) # 1.
Combined with f (k) € [¢], this shows that f (k) € [¢] \ {1}. Hence, f (k) —1 € [¢ —1] C [{]. Now,
fk)—1 is an element of [(] and satisfies s¢(x)_; > k. In other words, f (k) —1is an element of the
set {p € [(] | s, >k}. Hence, (90) (applied to A = {p € [{] | s, >k} and a = f (k) — 1) shows

that
fk)y—1>min{pe (] | s, >k} =f(k

In other words, —1 > 0. This is absurd. This contradiction proves that our assumption was wrong;
thus, the proof of s¢) 1 < k is complete. Now, we know that s¢(x) 1 < k < s¢) (since sg(xy > k).
This proves Lemma ()

(b) Let k € D («). Thus, k € D () C [n— 1] (by Lemma[10.4). Hence, k € [n —1] C [n]. Thus,
£ € [0

We have k € D (a) = {s1,52,...,5.-1} (by Lemma [10.5] _ (¢)). In other words, k = s; for some
jel— 1} Consider this j. Thus, j € [¢ — 1] C [/].

But (8 ylelds SF)—1 < k< Sf(k)-

Lemma [10.5] (b) shows that sp < s; < --- < s;. Hence, s;_1 < s;j (since j € [{]). Hence,
si-1 < sj = kand k < k = s;. Thus, we know that s; 1 < k < sj and s¢)_1 < k < sg.
Consequently, Lemma (b) (applied to a = j, b = f (k) and u = k) shows that j = f (k). Hence,
Sj = Sf(k), S0 that k = s; = s¢(;). This proves Lemma (b).

(c) Let i € [¢]. Clearly, i is an element of the set {p € | ] | sp > s} (since i € [E] and s; > s;).

Now the definition of f (s;) yields f (s;) = mln{ p € [0] | sp>s;}. But (90) (applied to A =
{p el | sp> s,} and a = i) yields i > min {p el | sp> s,} (since i is an element of the set
{pE ] | sp=>si}). In other words, i > f (s )(smcef( i) = mm{pe ]| sp>s})

Now, assume (for the sake of contradiction) that i # f (s;). Then, i > f (s;) (since i > f (s;)). In
other words, f (s;) < i.

But Lemmal[10.5](b) shows thatsy < s; < --- < s;. In other words, s, < s, forany u € {0,1,...,¢}
and v € {0,1,...,(} satisfying u < v. Applying this to u = f (s;) and v = i, we obtain sf(,) <s;.

From Lemma (a), we obtain s; € [n]. Thus, (applied to k = s;) shows that s¢(;,) 1 <s; <
Sf(s;)- Hence, s; <s F(si) < Si- But this is absurd. This contradiction shows that our assumption (that
i # f (s;)) was false. We therefore have i = f (s;). This proves Lemma [10.7] (c).

(d) Letk € [n —1].

From k € [n — 1], we see that both k and k + 1 are elements of [n]. Thus, f (k) and f (k+ 1) are
well- defined elements of [¢].

But (1) yields sfx)_1 < k < s¢(x). Also, (applied to k + 1 instead of k) yields s¢(41)-1 <
k + 1 < S k+1

Now, g;(k),)l < kand k <k+1 < sg;yq). Also, Lemma(b) shows that sp < 51 < -+ < s4.
Thus, Lemma [10.6] (a) (applied to a=f(k),b=f(k+1)and u = k) yields f (k) < f (k+ 1). This
completes the proof of Lemma (d).

(e) Letk € D (). Thus, k € D( ) € [n—1] (by Lemma[10.4). Hence, f (k) < f (k+1) (by (84)).

We want to prove that f (k) < f (k+1). Indeed, assume the contrary (for the sake of contradic-
tion). Thus, f (k) > f (k+1). Combined with f (k) < f (k+ 1), this shows that f (k) = f (k+1).

We have k = s (by ).

But k+1 € [n] (since k € [n — 1]). Hence, . 81) (applied to k + 1 instead of k) yields s¢(xy1)-1 <
k+1 < s¢(q1). Hence, k+1 <sgqyq) = s (since f (k+1) = f (k)). This contradicts s =k <
k + 1. This contradiction proves that our assumptlon was false. Hence, f (k) < f (k+1) is proven.
This completes the proof of Lemma (e).

(f) Letk € [n —1]\ D (). Thus, k € [n — 1] but k ¢ D ().
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From k € [n — 1], we see that both k and k + 1 are elements of [n]. From (84), we obtain f (k) <
f(k+1).

We must prove that f (k) = f (k+ 1). Indeed, assume the contrary (for the sake of contradiction).
Thus, f (k) # f (k+1). Combined with f (k) < f (k+ 1), this shows that f (k) < f (k+1).

From , we obtain sf;) 1 < k < s¢). From (applied to k + 1 instead of k), we obtain
Sekr1)—1 < k+1 < Spq)-

But f (k) < f(k+1) < ¢ (since f(k+1) € [¢]). Hence, f (k) < ¢ —1 (since f (k) and ¢ are
integers). Thus, f (k) € [ —1]. Hence, sp() € {s1,52,...,5.-1} = D (a) (by Lemma(c)).

Also, f (k) < f(k+1),so that f (k) < f(k+1)—1 (since f (k) and f (k+ 1) are integers). But
Lemma (b) shows that sy < s; < --- < sg. Thus, s, < s, for any u € {0,1,...,¢} and
v € {0,1,...,¢} satisfying u < v. Applying this to u = f (k) and v = f (k+1) — 1, we obtain
S¢(k) < Sf(k+1)—1 < k+ 1. In other words, s¢) < (k+1) — 1 (since sf () and k + 1 are integers).

Now, combining k < sg() with sy < (k+1) —1 = k, we obtain k = sy € D(a). This
contradicts k ¢ D («). This contradiction proves that our assumption was wrong. Hence, f (k) =
f (k+1) is proven. This completes the proof of Lemma ().

(g) Let j € [4].

From Lemma(b), we have sp <s1 <--- <sy. Thus, s; 1 <s;.

Let k € f~1(j). Thus, k € [n] and f (k) = j. From , we obtain s¢)_1 < k < sg). Since
f (k) = j, this rewrites as follows: sji-1 < k< sj. In other words, k € {s]-_l +1,si1+2,... ,s]-} =
[S]] \ [ijl] (since 0 < Sji—1 < S])

Now, forget that we fixed k. We thus have shown that k € [s;] \ [sj_1] for every k € f~1(j). In
other words, f~! (j) C [s;] \ [sj—1]-

On the other hand, let g € [s;] \ [sj_1]. Thus, g € [s;] \ [sj—1] = {sj—1 +1,5j-1+2,...,5;} (since
0 <sj_1 <s;). In other words, s; 1 < g <s;.

Lemma (a) (applied to i = j) yields s; € [n]. Hence, s; < n. Now, g € [s]-] C [n] (since
s;j < n). Hence, (applied to k = g) shows that s¢o) 1 < g < s¢(g)-

We have f (¢) € [{] and j € [{], and we have sf(g) 1 < § < sf(,) and s;1 < g < s;. Hence,
Lemma(b) (applied toa = f (g), b = jand ¢ = g) yields f (g) = j. Hence, g € 1 (j).

Now, forget that we fixed g. We thus have shown that g € f~! (j) for every g € [s;] \ [sj1].
In other words, [s;] \ [sj_1] € ! (j). Combined with f~!(j) € [s;] \ [sj_1], this yields ! (j) =
[si] \ [sj—1]. This proves Lemma[10.7)(g).

(h) Let j € [¢]. From Lemma b), we have sp <'s1 < -+ <s;. Thus, s; 1 <s;. Consequently,
0< 5j—1 < 5j. Hence, [S]] \ [sj—l = {Sj—l -+ 1,S]‘_1 +2,.. .,S]‘}, so that

s\ [sia] [ = [{sj-1 + Lsja 255} = 57 =) (since sj—1 <'s;).

But shows that f~1 (j) = [s;] \ [sj_1]. Therefore, |f~1 (j)| = |[s;] \ [sj-1]| = sj —sj-1 = &;
(by Lemma (d)). This proves Lemma (h). O

Lemma 10.8. Let & = (aq,ap,...,4¢) be a composition of a nonnegative integer 7.
For every i € {0,1,...,¢}, define a nonnegative integer s; by

Si =1+ + -+ 4.

Define a map f : [n] — [{] as in Lemma [10.7]
Let (i1,i,...,in) be an element of {1,2,3,...}" satisfying iy < ip < --- < i, and
{ieln—1] | ij<ij1} €D (a). Then:

(a) We have i, ., = i for every k € [n].

(k)
(b) We have (s, is,, . . . is,) € {1,2,3,...}' and is, <15, < --- < s,.
(C) If {] S [Tl — 1] | l] < ij+1} = D(LK), then isl < isZ < - < 1'5[.
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Proof of Lemma Lemma (b) shows that sp <57 < --- < s4.
Recall that i; < i, < --- < i,. In other words,

iy <y o1

for any two elements u and v of [n] satisfying u < v.
(a) First of all, we notice that i;,,, is well-defined for every k € [n] m
We must show that s, = i for every k € [n].

Assume the contrary (for the sake of contradiction). Thus, i, s = U holds not for every k € [n].

(k)
In other words, there exists some k € [n] satisfying is. 0 | # k- Let g be the highest such k. Thus, g

is a k € [n] satisfying s, o 7 1k In other words, g is an element of [n [n] and satisfies i, (o) # ig. From

lsf # ig, We obtain Sf(g) ;é g. If we had g € D («), then we would have
&= 5f(g) (by (82), applied to k = g)
# g

this would be absurd. Hence, we cannot have ¢ € D («). We thus have ¢ ¢ D («).

We have g € [n], so that 1 < ¢ < n. Hence, n > 1. Consequently, n # 0, so that a; +ap +--- +
ay = n # 0. If we had ¢ = 0, then we would have a1 + ay + - - - + ay = (empty sum) = 0, which
would contradict a1 + ay + - - - + ay # 0. Thus, we cannot have ¢ = 0. Therefore, we have ¢ > 0, so
that ¢ € [¢]. Thus, f (s¢) = ¢ (by (83), applied to i = ¢). Also, n € [n] (since n > 1).

From Lemma [10.5| (e), we obtain n = s,. If we had g = n, then we would have f g =
—~—

=Nn=sy
= sy = n = g; but this would contradict s¢) # §. Hence, we cannot

f(s¢) = € and therefore sf(o) =
have ¢ = n. Thus, g # n.

From g € [n] and g # n, we obtain g € [n] \ {n} = [n —1]. Combining this with ¢ ¢ D («), we
find that g € [n — 1] \ D («). Thus, (86) (applied to k = g) shows that f (g) = f (g +1).

Recall that g is the highest k € [n] satisfying is,, # ix. Hence, for every k € [n] satisfying
zsf # i, we have

k<g. (92)
From g € [n—1], we obtain ¢ +1 € [n]. Now, if we had is, ., # igi1, then we would have
g+1< g (by ., applied to k = g + 1); but this would contradict g +1 > g. Hence, we cannot
have is, ., # ig+1. We therefore must have zsﬂ by = lgﬂ' But f(g) = f(g+1), so thatis, =
Zsf(g+1) zg+1 From ’sf(g # ig, we now obtain iy # zsf =igi1.

Applymg tou =g and v = g+ 1, we obtain ig < igyq (since ¢ < ¢+ 1). Combined with
ig # igyq, this y1e1ds fg <lgy1.

Now, ¢ is an element of [n — 1] and satisﬁes ig <ig41. Inotherwords, g € {j € [n—1] | ij <ijy1}.
In other words, ¢ € D («) (since {j € [n —1] | i; <ijy1} = D («)). This contradicts g ¢ D («). This
contradiction proves that our assumption was wrong. Hence, Lemma [10.§| (a) is proven.

(b) From Lemma [10.5] (a), we see that s; € [n] for every i € [{]. Thus, from (i1,ip,...,in) €
{1,2,3,...}", we obtam (isy,dsy,---,1s,) € {1,2,3,...}5.

It remains to prove that is, <is, < --- <ig,.

Let k € [¢ — 1] be arbitrary. Then, both k and k + 1 belong to [¢]. Hence, both s; and si, 1 belong
to [1] (by Lemma([10.5| (a)).

Now, s < sx41 (because of sp < s1 < --- < sy). Hence, sp < sp41.

Applying to u = s; and v = s;;1, we obtain is, <5, (since sp < sppq).

Proof. Let k € [n]. Thus, f (k) € [¢]. Therefore, Lemma (a) (applied to i = f (k)) yields

Sf(k) € [n]. Thus, isf(k) is well-defined.
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Now, forget that we fixed k. We thus have proven that is, < is,, for every k € [/ —1]. In other
words, i5; < i, < .-+ <is,. This completes the proof of Lemma (b).

(c) Assume that {j € [n —1] | ij <ijy1} = D («).

Now, let k € [¢ — 1] be arbitrary. Then, k+1 € [{] (since k € [¢ —1]). Thus, sx;1 € [n] (by Lemma
(a) (applied to k + 1 instead of 7)), and thus s;1 < n.

Furthermore, s; < si;1 (because of 59 < s1 < -+ < sy). Hence, sp + 1 < s341 (since s; and si41
are integers). Hence, sy + 1 < s;1 < n. Combining this with \SL—H > 1, we obtain s; + 1 € [n].

>0
Applying to u = s +1and v = s;q, we obtain is, 1 <15, (since sp +1 < sp4q).
On the other hand, k € [¢ — 1] and thus

sy € {s1,82,...,50-1} = D (a) (by Lemma [10.5(c))
={jelhn-1] | ij<ip}.

In other words, s is an element of [n — 1] and satisfies i5, < is,+1. Hence, is, <ig 41 <15 ,.
Now, forget that we fixed k. We thus have proven that is < is,, for every k € [{ —1]. In other
words, i5; <is, < -+ < is,. This proves Lemma (0). O

Lemma 10.9. Let &« = (aq,a,...,ay) be a composition of a nonnegative integer n.
For every i € {0,1,...,¢}, define a nonnegative integer s; by

S =1 +ay+ -+ &5

Define a map f : [n] — [{] as in Lemma
Let (hy,hy, ..., hy) be an ¢-tuple in {1,2,3,.. .}g. Assume that hy < hy < -+ < hy. Then:

(a) We have (hf(l)rhf(Z)r /hf(n)) S {1,2,3,...}” and hf(l) S hf(z) S e S hf(n)

() Wehave {j € [n—1] | ) < hyjan) b € D (®).

(¢) Ifhy < hy < --- < hy, then {] S [Tl—l] | I’lf(]) < hf(]Jrl)} = D(Oé)

Proof of Lemma We have (hy,hy, ..., hy) € {1,2, 3,...}2. Hence,
(hf(l)/hf(Z)/ . /hf(l’l)> € {1,2,3, .. .}n.
(a) We have hy < hy < --- < hy. Thus,
hy < hy for any u € [{] and v € [{] satisfying u < v. (93)

Let k € [n—1]. Then, f (k) < f (k+1) (by (84)), and therefore hf() < I¢(41) (by (93), applied
tou = f(k) and v = f(k+1)). Now, let us forget that we fixed k. Thus we have shown that
hey < hygyr) for every k € [n—1]. In other words, hf() < hfp) < -+ < hg(,y. Combined with

hf(l),hf(z), . ,hf(n)> €{1,2,3,...}", this completes the proof of Lemma [10.9| (a).

(b) Let k € {] €[n—1] | hpjy <hpijyn } Thus, k is an element of [n — 1] and satisfies /) <
heks1)- If we had k ¢ D (a), then we would have k € [n—1]\ D (a) (since k € [n—1] and
k ¢ D («)) and therefore f (k) = f(k+1) (by ), and thus h¢y = hf(q); but this would
contradict /¢y < h(41). Hence, we cannot have k ¢ D (a). Thus, we have k € D ().

Now, let us forget that we fixed k. We thus have shown that k € D («) for every
k e {] €n—1] | hgj < hf(j+1)}. In other words, {] €n—1] | hgj < hf(j+1)} C D («). This
proves Lemma [10.9] (b).
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(c) Assume that | < hy < --- < hy. Thus,
hy < hy for any u € [{] and v € [{] satisfying u < v. (94)

From Lemma (b), we obtain

{i€m=10 1 hyj) <hgjen} SD (@), (95)
On the other hand, we have
D («) C {j €n—1] | hyj < hf(jﬂ)}. (96)

[Proof of (96): Let k € D («). Then, f (k) < f (k+1) (by (85)). Therefore, iz < hypy1) (by (09,
applied to u = f (k) and v = f (k+1)). Also, k € D («) C [n —1] (by Lemma[10.4). Thus, k is an

element of [n — 1] and satisfies h¢() < hf(yq). In other words, k € {] € [n—1] | hgijy < hpijsn }
Now, let us forget that we fixed k. We thus have shown that k € {] €n—1] | hpjy < hf(j+1)}

for every k € D («). In other words, D («) C {] €m—1] | hgj) < hf(j+1)}- This proves .]
Combining with , we obtain {] €n—1] | hgjy < hf(j+1)} = D (a). This proves Lemma

(©)- O
Proposition 10.10. Let « be a composition of a nonnegative integer n. Then,
M, = Z Xiy Xiy =+ X,
i1 Sip <+ <iy;

{i€ln=1] | ij<ijs1 }=D(a)

Proof of Proposition Let J denote the set of all length-/ strictly increasing sequences of positive
integers. In other words,

J = {(il,iZ,...,ig) €{1,23,.. Y |ii<ip<- < i(g}. 97)
Renaming the index (i1, i, ...,i7) as (j1, j2, ..., j¢) in this formula, we obtain

T={(uiori) €123} | i<jp <o <je}.

The definition of M, yields

_ LS .5 R}
My = Z Xi Xiy X,
i1 <ip<---<iy
&\/_/
(iningeig)€{1,23,... )5 (iizeig)€d
i]<i2<“'<i[
(since { (i1izip) €{123,. }' | in<ip<e<iy =)
= Q12 R LSO R )
= Z Xl N Z Xl (98)
(ivizensie) €T (j1jaric)€T

(here, we have renamed (i1, iy, ...,i¢) as (ji,2,-- ., j¢) in the sum).
Define a set Z by

7 = {(il,iz,...,in) S {1,2,3,}” | il < iz <-... < in
and {je[n—1] | {j<ij1}=D(a)}. (99)
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Thus, > = Y (an equality between summation signs). Hence,
llglzggln, (il,iQ,...,iy,)GI
{ieln=1] | ij<ijy1 }=D(w)

Z xilxiz c ~xin = Z xilxiz cee xin. (100)
i1 <ip <+ <iy; (i1i2,esin ) ET
{je[ﬂ—l] ‘ l]<l]+]}:D((X)
The definition of Z shows that
1= {(il,iz,...,in) S {1,2,3,...}” | n<ip <---<iy
and {] S [1’1 — 1] | l] < ij+1} =D (Dé)}
= {(ki, ko, ..., kn) €{1,2,3,..}" | kg <k < -+ <ky
and {je[n—1] | kj <kjy1} =D (a)}
(here, we have renamed the index (iy, iy, ..., i,) as (ky,kz, ..., kn)).
Now, for every i € {0,1,..., ¢}, define a nonnegative integer s; by
S;i =1+ 0y + -+ Q.

Define a map f : [n] — [] as in Lemma [10.7]
Now, for every (iy,ip,...,iy) € Z, we have (is,, is,,...,is,) € J @ Hence, we can define a map
@ : 7 — J by setting

(® (i1,12, .- in) = (isy,Qsy, - - -, 1s,) for every (iy,ip,...,1n) €I).

Consider this ®.
For every (iy,i,...,in) € Z, we have

s g = Ik for every k € [n] (101)
El

8Proof. Let (i1, iz, ...,iy) € Z. Thus,

(i1,i2, ... in) €T
= {(kl,kz,...,kn) S {1,2,3,...}n | k1 < kz <o <ky
and {] S [1’1*1] | k] < k]'+1} = D(Dé)}.
In other words, (i1,1,...,iy) is an element of {1,2,3,...}" satisfying i < ip < --- < i, and
{] S [Tl—l] | l] < ij+1} = D(rx)

Thus, {j € [n—1] | ij <ij;1} = D(a) € D («). Hence, Lemma (b) shows that we have
(isy,isy,---,15,) € {1,2,3,.. .}2 and is; <is, < --- < is,. Furthermore, Lemma (c) shows that
sy <15, < --- <is, (since {j € [n—1] | ij <ijy1} = D (a)).

Now, (is,, is,,...,1s,) is an element of {1,2,3,...}6 (since (is,,is,,---,0is,) € {1,2,3,...}£) and
satisfies is, < is, < --- < is,. In other words, (is,, isy, .- -,is,) is a (1, j2, -+, j¢) € {1,2,3,...}"
satisfying j; < jo < --- < jy. In other words,

(isysisys - is) € {Guofaroonje) € 41,28, 3 | i<jp < <jo} =,
ged.
69 Proof of : Fix (i1,ip,...,iy) € Z. Thus,
(il,iz,...,in) e’l
= {(kl,kz,...,kn) S {1,2,3,}” | kl < k2 <... < kn
and {je[n—1] | kj <kjy1} =D (a)}.
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Now, for every (hy,hy,..., hy) € J, we have (hf(l),hf(2),...,hf(n)> eZ Hence, we can
define amap ¥ : 7 — 7T by setting

(‘Y (hl,hz,...,hg) = (hf(l)/hf(Z)//hf(n)) for every (hl,hz,...,hg) < j) .

Consider this Y.
Now, ®o¥ =id [7_TI and¥Yod =id I7_21 Hence, the maps ® and ¥ are mutually inverse. Thus,

In other words, (i1,1,...,iy) is an element of {1,2,3,...}" satisfying i1 < ip < --- < i, and
{jen-1] | ij < iji1} =D (a).
Hence, Lemma (a) shows that we have i; ., = iy for every k € [n]. Hence, (101) is proven.
70P1’00f. Let (l’ll,hz,...,hg) € J. Thus, (hl,hz,...,hg) S J =
{(il,i2,...,ig) € {1,2,3,...}4 | i1<ih<--- < ig}. In other words, (hy,hy,...,hy) is an
(-tuple in {1,2,3, .. .}é and satisfies ] < hp < --- < hy.
From hy < hy < --- < hy, we obtain h; < hy, < --- < hy. Hence, Lemma (a) shows that
we have (hf(l),hf(z),...,hf(n)) €{1,2,3,...}" and hf(l) < hf(z) < ... < hf(n)' Furthermore,

Lemma|10.9)(c) yields {j € [n—1] | lz(j) < hyj) } = D (@),

Thus, (hf(l),hf(z),...,hf(n)> is an element of {1,2,3,...}" which satisfies hf(l) < hf(z) <
o+ < hygy and {] €m—1] | hyj < hf(]-+1)} = D (a). In other words,

(hf(l)/hf(Z)//hf(n)> S {(il,iz,...,in) c {1,2,3,..,}” | i <ip<..-<iy,
and {]G [1’[—1] | Z] < i]'+1} :D(D()}.

In light of , this rewrites as (hf(l),hf(z), .. .,hf(n)) € T. Qed.

"1Proof. Let (hy,hy,..., hy) € J. For every i € [{], we have f (s;) = i (by ) and thus hg(,) = h;.
Now,

(©0¥) (1, h) = @ | W, ha, o he) | =@ (hpay By g

~—

=(hpayhyetison)
= (h o) sy f(s()> (by the definition of ®)
= (hy, ho, ... hy)
(since hg(s,y = h; for every i € [(]).
Now, forget that we fixed (hy,hy, ..., hy). We thus have shown that (P oY) (hy, hy,..., hy) =

(h1,hy, ... hy) for every (hy,hy,..., hy) € J. In other words, ® o ¥ = id, ged.
72Pr00f. For every (iy,1p,...,in) € I, we have

(‘Yqu)(il,iz,...,in):T (I)(i1,i2,...,in) :"I{(isl,l'sy...,l.s/)
—_—
:(ib‘l'isz""'isz)

(by the definition of ®)

(isf(l), spayree s isf(n)) (by the definition of ¥)
= (i1,0p,...,In) (by (101)).
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the map & is a bijection. In other words, the map

I_>j, (il,iz,...,in)H(isl,isz,...,isk)

isa bijectiorm
Now, for every (i1, iy, ...,iy) € Z, we have

X e = M2 4
xllxlz in = i51 xisz xl-sz (102)
7 But becomes
_ Q100 e K1 &2 R
My= Z Xl = Z A e
(J1f2rerje) €T (i1,igeenrin) €L e

=Xiy Xi, - Xiy,
(by (102))
here, we have substituted (is,, is,,...,is,) for (ji,j2,...,j¢) in the
sum, since the map 7 — J, (i1, i2,...,in) = (is;, isy, - - -, s;)

is a bijection

= Z Xip Xiy =+ Xi, = Z Xiy Xiy «* * Xi,

(i1,i2,-/in) €L i1<ip <---<iy;

{ieln=1] | ij<ijy1}=D(a)

(by (100)). This proves Proposition [10.10

10.2. More on D («a)

We shall now prove another property of the sets D («) defined in Definition this property will
be used later on. Let us start with some definitions.

Definition 10.11. For every set A, we let P (A) denote the powerset of A (that is, the set of all
subsets of A).

In other words, ¥ o ® = id, qed.
7Bsince @ is the map

I—J, (1,12, -« in) = (isy, 15y, - 0s))
(by the definition of @)
74 Proof of : Let (i1, dp,...,in) € Z. Then,
xixiox, =[x, =11 11 X, (since f (k) € [¢] for every k € [n])
ken] jell]  kenl; :C/
fk)=j T
~—~~ (because shows that
= TI ikzisf(k) =i5/. (since f(k)=j))
kef=1(j)
o
STT T m, = T =i oatt
jElll kef=1(j) jelaq
&\/_/
:xJSf_il (]>|:XZ/
by 63

This proves (102).
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| Definition 10.12. For every n € IN, we let Comp,, denote the set of all compositions of 7.

Definition 10.13. Let n € N. Let « € Comp,,. Thus, « is a composition of n (since Comp,, is the
set of all compositions of n). Hence, Lemma shows that D () C [n —1]. In other words,
D (x) € P([n—1]).

Now, forget that we fixed a. Thus, we have defined a D («) € P ([n — 1]) for every « € Comp,,.
In other words, we have defined a map D : Comp,, — P ([n — 1]) which sends every « € Comp,,
to D («) € P ([n —1]). Consider this map D.

Definition 10.14. If | is a finite subset of Z, then we let ilis | be the list of all elements of | in
increasing order (with each element appearing only once). For example, ilis {2,5,1} = (1,2,5),
whereas ilis & is the empty list.

Lemma 10.15. Let n € IN. Let I € P ([n—1]). Write the list ilis (IU {0,n}) in the form
(ig,i1,...,im) for some integer m > —1.

(a) We have m > 0.

(b) We have iy = 0.

(c) We have i, = n.

(d) We have (iy —ig,ip —i1,...,im — im—1) € Comp,,.
() We have I = {iy,ip,...,iy—1}

(f) We have D (iy —ig,ip — i1, im — im_1) = L.

Proof of Lemma We have (ig, i1, ...,in) = ilis(1U{0,n}) (by the definition of (i, i1,...,in)).
In other words, (ip, 11, ...,im) is the list of all elements of I U {0,n} in increasing order (since this is
what we defined ilis (I U {0,n}) to be). Thus,

{io, i1, ..., im} =T1U{0,n}
(since the list (ip,71,...,im) is a list of all elements of I U {0, n}). Also,
g <ip < -+ <y
(since the list (ig, 71, ...,im) is in increasing order). Thus,
iy <y for any two elements u and v of {0,1,...,m} satisfying u < v. (103)
Butl € P([n—1]),sothat C [n—1] C [n] € {0,1,...,n}. Hence,

I U {O,ni c{o,1,...,n}ud{0,1,...,n} ={0,1,...,n}.

c{0Ln} o, n}

(a) Assume the contrary. Thus, m < 0. Now, 0 € {0,n} C IU{0,n} = {io,i1,...,in} = {}
(since m < 0). This contradicts the fact that the set {} is empty. This contradiction proves that our
assumption was false. Hence, Lemma (a) is proven.

(b) We have 0 € {0,n} C 1U{0,n} = {ig,i1,...,im}. Hence, there exists some k € {0,1,...,m}
such that 0 = i;. Consider this k.

From Lemma (a), we have m > 0. Hence, 0 € {0,1,...,m}. Thus, iy is well-defined.
Assume (for the sake of contradiction) that iy # 0. Thus, iy # 0 = i}, so that 0 # k and thus 0 < k
(since k € {0,1,...,m}). Therefore, (applied to u = 0 and v = k) shows that iy < i = 0.
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But iy € {ip,i1,...,im} = 1U{0,n} C {0,1,...,n}, so that iy > 0. This contradicts iy < 0. This
contradiction proves that our assumption (that iy # 0) was false. Hence, we have iy = 0. This proves
Lemma (b).

(c) We have n € {0,n} C TU{0,n} = {ig,i1,...,im}. Hence, there exists some k € {0,1,...,m}
such that n = i;. Consider this k.

From Lemma (a), we have m > 0. Hence, m € {0,1,...,m}. Thus, i, is well-defined.
Assume (for the sake of contradiction) that i,, # n. Thus, i, # n = i, so that m # k and thus
k # m. Hence, k < m (since k € {0,1,...,m}). Therefore, (applied to u = k and v = m) shows
that i, < i,,. Hence, iy, > i = n.

But iy, € {ip,i1,...,im} =1U{0,n} C{0,1,...,n}, so that i, < n. This contradicts i,, > n. This
contradiction proves that our assumption (that i, # n) was false. Hence, we have i,, = n. This
proves Lemma (c).

(d) Lemma (a) shows that m > 0. Lemma (c) yields i, = n. Lemma (b) yields
ip = 0. Now,

(ih—idp)+ (o —i1)+ ...+ (im —im—1) =n (104)

l

Now, letk € {1,2,...,m}. Then, k — 1 and k are two elements of {0, 1,...,m}. These two elements
satisfy k — 1 < k. Hence, (applied to u = k —1 and v = k) shows that i1 < ix. Thus, i} — i1
is a positive integer.

Now, forget that we fixed k. Thus, we have shown that for every k € {1,2,...,m}, the number
iy — ix_1 is a positive integer. Hence, (iy —ip,ip —i1,...,im —iy—1) is a finite list of positive inte-
gers, i.e., a composition. The entries of this composition sum to n (because of (I04)). Therefore,
(i —io,ip —11,...,im — iyy—1) is @ composition of n (by the definition of a “composition of n”). In
other words, (i; —ip,ip —i1,...,im — ip—1) € Comp,, (since Comp,, is the set of all compositions of
n). This proves Lemma [10.15|(d).

(e) Let g € I. We shall show that g € {iy,ip,...,i—1}.

75 Proof of :If m =0, then

(iy —ig) + (o —11) + ...+ (im — im—1) = (empty sum) = 0 = ip = iy, (since 0 = m)

n.

Hence, (104) is proven in the case when m = 0. We thus WLOG assume that we don’t have
m = 0.
So we have m # 0 (since we don’t have m = 0) but m > 0. Consequently, m > 0. Now,

(i —idp) + (ip —i1) + ..o+ (im — im—1)
m m m

= (ir - ir—l) = Z ir — Z ir1
=1 r=1 r=1

r

m m—1
= 2 ir - Z iy
r=1 r=0

~~— eV ad
m=1 .o om=1,
=Y irtinm =i+ L ir
r=1 r=1
(here, we have split off the addend for r=m  (here, we have split off the addend for r=0
from the sum, since m>0) from the sum, since m>0)

(here, we have substituted r for r — 1 in the second sum)
m—1 m—1
= | Y irdin|—(io+ Y ir| = in — ip =n
r=1 r=1 :7 :6/

This proves (104).
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We have g € I C [n—1]. Hence, 0 < g <n. Butge I C1U{0,n} = {ip,i1,...,im}. Thus, there
exists some p € {0,1,...,m} such that ¢ = i,. Consider this p.

We have 0 < g, thus ¢ # 0. Hence, i, = ¢ # 0 = iy (by Lemma @Fl (b)), so that p # 0.
Combining p € {0,1,...,m} with p # 0, we obtain p € {0,1,...,m} \ {0} = [m].

We have g < n, thus g # n. Hence, iy = ¢ #n = iy (by Lemmam(c ), so that p # m.
Combining p € [m] with p # m, we obtain p € [m]\ {m} = [m —1]. Therefore, i, € {iy,ip,...,im—1}
Hence, g = ip < {il, in,.. .,l'mfl}.

Now, forget that we fixed g. Thus, we have proven that g € {iy,i,...,i,,_1} for every g € I. In
other words,

1C {iin . iy 1} (105)

On the other hand, fix h € {iy,iy,...,i,—1}. Thus, h = i, for some g € [m — 1]. Consider this 4.
We shall show that i € I.

We have h € {il,iz, .. .,l'mfl} - {iO/ilr .. .,im} =1U {0,1’1}.

But g € [m — 1], so that 0 < g. Therefore, (applied to u = 0 and v = g) yields iy < i;. But
Lemma (b) shows that 0 = iy < i; = h. Hence, h # 0.

Also, g € [m — 1], so that g < m. Therefore, (103) (applied to u = g and v = m) yields ig < im = n
(by Lemmam [10.15(c)). Hence, h = i; < 1, so that i # n.

So h is none of the two elements 0 and n (since h # 0 and h # n). In other words, h ¢ {0,n}.
Combined with h € IU {0, n}, this yields h € (IU{0,n})\ {0,n} C L.

Now, forget that we fixed h. We thus have proven that h € I for every h € {iy,ip,...,i—1}. In
other words,

(i, iz, .. g1} C L.

Combining this with (I05), we obtain I = {i1,, ..., in—1}. This proves Lemma (e).
) Lemmam (d) shows that (iy —io,ip — i1, ...,im — iy—1) € Comp,,. In other words,

(ihy —idp,ip —i1,...,im — iy—1) is @ composition of n (smce Comp,, is the set of all compositions of 7).
If « = (a1, p,...,a¢) is a composition of n, then

D («) ap+oap -4 | i€ [0 —1] (by the definition of D («))

=Y a

r=1

:{il(xr | ie[ﬂ—l}}:{i“r | 36[5—1]}

(here, we renamed the index i as g). Applying this to & = (i1 —ip,ip —i1,...,im — im—1), { = m and
oy = ix — ix_1, we obtain the following:

g
D (iy —io,ip — i1, i — im—1) = {Z(ir—ir—1> | g € [m—l]}- (106)

r=1
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But Lemma [10.15|(b) yields iy = 0. Now, every g € [m — 1] satisfies

g g 8

Z (ir - irfl) = Z ir — Z i1
r=1 r=1 r=1
8 g1
- Y - i

r=1 =

S~~~ Y

g-1 g1

= Z irtig =igp+ Z ir
(here, we have spht off the addend for r=g¢  (here, we have split off the addend for r=0
from the sum, since g>>0) from the sum, since ¢>>0)

(here, we have substituted r for r — 1 in the second sum)

g—1 g—1
= Yi+ig] - io—i—Zir):ig— iy =i
(rl ) ( r=1 —~

=0

Thus, (106) becomes

g
D (i1 —io,ip — i1, i —im—1) = § 3 (ir —ip1) | g € [m—1]
r=1

= {Zg | g e [Wl*l]} = {ilriZ/---/im—l} =1
(by Lemma [10.15| (e)). This proves Lemma [10.15| (f). O

Definition 10.16. Let n € IN. We define a map comp : P ([n —1]) — Comp,, as follows: Let
I € P([n—1]). Write the list ilis (I U {O n}) in the form (i, iy,...,iy) for some integer m >
—1. Lemmam (d) shows that (i; —ig,ip —i1,...,im —im—1) € Comp,. Define compI to be
(i1 —do,i2 — 11, im — Ty—1)-

Hence, a map comp : P ([n—1]) = Comp,, is defined.

Proposition 10.17. Let n € IN. Consider the map D : Comp, — P ([n — 1]) defined in Definition
10.13} Consider the map comp : P ([n — 1]) — Comp,, introduced in Definition 10.16
These maps D and comp are mutually inverse.

Proof of Proposition Let us first show that comp oD = id.

Indeed, let « € Comp,,. Thus, & is a composition of n (since Comp, is the set of all compo-
sitions of n). Write the composition « in the form (aq,a5,...,4;). Hence, & = (a1,a2,...,0¢).
Lemma shows that D («) C [n — 1], so that D (a) € P ([n —1]). Hence, comp (D («)) is well-
defined. The definition of comp (D («)) shows that if the list ilis (D («) U {0,n}) is written in the
form (ig,iq,...,iu) for some integer m > —1, then

comp (D (a)) = (i1 —idp, iy — i1, -+, im — Im—1) - (107)
Now, for every i € {0,1,..., ¢}, define a nonnegative integer s; by
si=ap+ay+ -+ a
Lemma (d) yields s; — s;_1 = a; for every j € [{]. In other words,

(81 — 50,52 = 81,.++,50 —5¢—1) = (a1,&2,...,0¢) . (108)
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Now, we have
D (x)uU{0,n} = {so,51,...,5¢} (109)

[7_31 Thus, the list (sg,s1,...,5¢) contains precisely the elements of the set D (a) U {0,n}. Since
this list (sg,s1,...,5¢) is furthermore strictly increasing (because of Lemma (b)), we thus see
that the list (sg,s1,...,5¢) is the list of all elements of D («) U {0,n} in increasing order (with each
element appearing only once). In other words, the list (sq,s1,...,sy) is ilis (D («) U{0,n}) (since
ilis (D (a) U {0, n}) is defined to be the list of all elements of D («) U {0, n} in increasing order (with
each element appearing only once)). In other words,

ilis (D (&) U {0,n}) = (so,51,--,5¢) -
Hence, (107) (applied to m = ¢ and i} = si) yields

comp (D («)) = (s — 50,52 —S1,...,5¢ —S¢—1) = (&1, 02, ...,0p) (by (108))
.

Thus, (comp oD) (a) = comp (D (x)) = a.
Now, forget that we fixed a. We thus have proven that (comp oD) (a) = a for every « € Comp,,.
In other words,
compoD =id. (110)

On the other hand, let us show that D o comp = id. Indeed, let I € P ([n —1]). Write the list
ilis (IU{0,n}) in the form (ip,iy,...,im) for some integer m > —1. The definition of comp then
shows that comp I = (iy —ip,ip —i1,...,im — iy—1). Now,

(Docomp) (I) =D comp I =D (iy —idp,ip — i1, ..., im —ip—1) =1
——
=(iy—io,ia—i1,im—ipm—1)
(by Lemma [10.15(f)).

Now, forget that we fixed I. We thus have proven that (D ocomp) (I) = I for every I €
P ([n—1]). In other words, D o comp = id. Combining this with (110), we conclude that the
maps D and comp are mutually inverse. Proposition is proven. O

From what we have proven so far, we obtain the following corollary:

Corollary 10.18. Let « be a composition of a nonnegative integer n. Then,

X Xiy Xy Xy = ) M.
i1 <ip<---<iy; B is a composition of n; D(B)2D ()
ij<ij,1 whenever jeD(a)

(Here, we are using the notations of Definition and Definition )

76 Proof of : From Lemma (c), we have D («) = {s1,52,...,5/_1}. Lemma (f) yields
0 = sp. Lemma (e) yields n = sy. Thus,

D () U{\Q_/ n }2{51,52,---,521}U{So,5f}Z{So,sl,---,Se}-
l

=S, =Sy
{51521} 0

This proves (109).
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Proof of Corollary[10.18] Lemma shows that D («) C [n —1].
Proposition yields that the maps D and comp are mutually inverse. Thus, the map D is

invertible, i.e., a bijection.
If (i1,ip,...,ix) is an n-tuple of positive integers, then the condition
(ij < ij41 whenever j € D («)) is equivalent to the condition
(D) {jeln—1] | ij<ij}) |7_7} Hence, we have the following equality between summation

signs:
iy Sip <+ <iy; i Sip <+ <iy;
ij<ijy1 whenever jeD(a) D(a)g{je[n—l] | ij<ij+1}
Thus,

2 xil xiZ e xin
i1<ip <+ <ip;
ij<ij,1 whenever jeD(a)

= Z xllxlz R lel
i1 Sip<-+-<iy;
D(w)C{jeln-1] | ij<ijs1}
- ¥ L owmow
GC[n—1]; i1<ip < <ip;
D(x)CG {jeln—1] | ij<ij1}=G
~

-y - ¥
GC[n—1]; GeP([n—-1));
G2D(«) G2D(«)

(since {je[n—1] | ij <ijp1} C[n—1] forevery (i <ip <---<iy))
= Z Z xil 'xi2 e xin

GeP([n-1]); i1 <ip <+ <iy;
G2D(a)  {je[n—1] | ij<ijy1 }=G

= Z 2 xilxiz s X,
peComp,; i1 Sip <+ <iy;
D(B)2D(«) {je[n—1] | i;<ij11 }=D(p)

7"Proof. Let (i1, iy, ..., in) be an n-tuple of positive integers. Then, we have the following chain of
logical equivalences:
(ij < ij41 whenever j € D (a))
<= (i < i1 whenever h € D (a))
(here, we have renamed the index j as h)

<= | every h € D (a) satisfies i <ipy1
——

this is equivalent to
he{jeln—1] | ij<ij1}
(because h is always an element of [n—1]
(since heD(a)C[n—1]))
< (every h € D () satisfiesh € {j € [n—1] | ij <ij1})

= (D) C{jen—1]|i<i}),

Thus, the condition (i; <ij;; whenever j € D(x)) is equivalent to the condition
(D) S {jen—1] | ij<ij}) Qed.
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(here, we have substituted D () for G in the outer sum, since the map D : Comp, — P ([n —1]) is
a bijection). Comparing this with

Mg
B is a composition of n; D()2D(«) ~~
= Y, i1 <ip<-+-<iy;
peComp,,; {jeln—1] | ij<ij1}=D(B)
D(B)2D(«) (by Proposition[10.10] (applied to f§ instead of «))

(since Comp,, is the set
of all compositions of 1)

e Z Z xil xiz e xi”,
ﬁECOmpn; i1 <ip <o+ <y
D(B)2D(w) {je[n—1] | ij<ij1 }=D(B)

we obtain
D Xiy Xy Xy = )3 M.
i1 <ip<---<ip; B is a composition of n; D(B)2D(«)
ij<ijy1 whenever jeD(a)
This proves Corollary [10.18 O

10.3. T (E,w) is well-defined

Let us next show a really simple fact that was left unproven in Definition

Proposition 10.19. Let E = (E, <1, <3) be a double poset. Let w : E — {1,2,3,...} be a map.

Then, the sum Y X0 in Kk [[x1, X2, x3, . ..]] converges (with respect to the topology on
7t is an E-partition

k [[xl,xz, X3,.. H)
Proposition [10.19|shows that the power series I (E, w) in Definition [3.4is well-defined.

Proof of Proposition[10.19, We know that (E, <1, <3) is a double poset. Hence, E is a finite set.
For every power series f € k[[x1,X2,x3,...]] and every monomial m, we denote by [m] (f) the
coefficient of m in f. Notice that any two monomials m and n satisfy

m) (n) = {é . a1

The definition of the topology on k [[x1, X2, x3, . ..]] has the following consequence:

Fact 1: Let P be a set. Let (a5) .p be a family of elements of k [[x1, x, X3, .. .]]. Assume
that for every monomial m, all but finitely many 7t € P satisfy [m] (a) = 0. Then, the

sum ), &y converges.
nepP

Now, let m be a monomial. Let Z be the set of all positive integers i such that the indeterminate x;
appears in the monomial m. Thus, Z is a finite subset of {1,2,3,...}. Thus, |Z| < co. Also, |E| < o
(since E is finite).

If A and B are sets, and if C is a subset of B, then

{nEBA | (A) QC}%CA as sets (112)

Pl
78 Proof of : This is a well-known fact about sets. The proof proceeds as follows:
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Let Par E be the set of all E-partitions. Thus, every element of ParE is an E-partition, hence a
map E — {1,2,3,...}, hence an element of {1,2,3, .. .}E. In other words, ParE C {1,2,3, .. .}E.
Let Q be the subset
{meParE | n(E)CZ}
of Par E. The set Q is finitd’’}
We have [m] (x¢,0) = 0 for every ¢ € (ParE)\ Q lﬂ Since Q is a finite set, this shows that we
have [m] (xy,») = 0 for all but finitely many ¢ € ParE. If we rename ¢ as 7 in this statement, we

Let A and B be sets. Let C be a subset of B. Let : : C — B be the canonical inclusion map.

e Defineamap ®@: {m € B4 | m(A) C C} — CA as follows:

Let f € {m € B4 | m(A) C C}. Thus, f is an element of B4 and satisfies f (A) C C. Hence,
we can define a map f' : A — C by (f' (a) = f (a) for every a € A). Define @ (f) to be this
map f’. Hence, amap ®: {r € B4 | n(A) C C} — C4 is defined.

e Defineamap ¥:CA — {me B4 | m(A) CC}by
(‘I’(g):tog foreacthCA).

It is easy to see that the maps ® and Y are mutually inverse bijections. Hence, there is a
bijection from {7 € BA | 7 (A) C C} to C/ (namely, the map ®). This proves (112).
79Proof. From (112) (applied to A = E, B = {1,2,3,...} and C = Z), we obtain the fact that

{re{123,..)" | n(E)CZ} =7 assets

Hence,

{ref123.. 1" | (B ZH = |7 = 12" < o0

(since |Z| < o0 and |E| < 0). But

Q={rme PaE | m(E)cz(C{ne{123..}" | n(E)cz|

and thus
Q] < Hne (1,2,3,..)F | 7(E) C z}‘ < oo

Hence, the set Q is finite, ged.
80Proof. Let ¢ € (ParE) \ Q. We shall first show that m # xg,» (as monomials).
Indeed, assume the contrary. Thus, m = x4+, (as monomials). But the definition of x4, shows

— wle)
that xp» = egg Xp(e)-

Now, let f € E. Then, w (f) € {1,2,3,...} (since wisamap E — {1,2,3,...}). Hence, x4y |
xf;((j[)) (as monomials). But xf;((]{)) is a factor in the product EI;[E x;]((:)). Therefore, x;;}((]{)) \ 81;5 x;f)((:)) (as

w(f)

monomials). Hence, Xp(f) | x o(F) | T1 x;]((:)) = m (as monomials). Thus, the indeterminate Xp(f)
ecE

appears in the monomial m. Thus, ¢ (f) is a positive integer i such that the indeterminate x;
appears in the monomial m. In other words, ¢ (f) € Z (since Z is the set of all positive integers
i such that the indeterminate x; appears in the monomial m).

Now, forget that we fixed f. We thus have shown that ¢ (f) € Z for each f € E. In other
words, ¢ (E) C Z.

Now, ¢ € (ParE)\ Q. In other words, ¢ € ParE but ¢ ¢ Q. We now know that ¢ is an
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obtain the following: We have [m] (x,,) = 0 for all but finitely many 7t € Par E. In other words, all
but finitely many 7t € Par E satisfy [m] (x,4) = 0.

Let us now forget that we fixed m. We therefore have shown that for every monomial m, all but
finitely many 71 € ParE satisfy [m] (x,») = 0. Thus, Fact 1 (applied to P = ParE and a7 = X,0)
shows that the sum ). X, converges. Since

mePar E
Y = X

n€ParE 7 is an E-partition

(because ParE is the set of all E-partitions), this rewrites as follows: The sum Yy X7,w
77 is an E-partition
converges. This proves Proposition [10.19 O

Let us also show a more detailed proof of Lemma

Proof of Lemma (a) Assume that E = @. We need to show that I' (E,w) = 1.
Let Par E be the set of all E-partitions. Let ¢ be the unique map @ — {1,2,3,...}. Then, g € ParE

Thus, {g} C ParE.

element of Par E satisfying ¢ (E) C Z. In other words, ¢ € {mr € ParE | 7 (E) C Z}. In other
words, ¢ € Q (since Q = {m € ParE | 7 (E) C Z}). This contradicts ¢ ¢ Q.

This contradiction proves that our assumption was wrong. Hence, m # x¢,» is proven. Now,
(applied to n = x¢,,») shows that

1, if m = xpw; .
[m] (xpw) = {0, fm £ xz: =0 (since m # xg0) ,

ged.
81Proof. Recall the definition of an E-partition. This definition shows that g is an E-partition if and
only if gis amap E — {1,2,3,...} satisfying the following two assertions:

Assertion Ay: Every e € E and f € E satisfying e <y f satisfy g (¢) < g(f).

Assertion Ay: Every e € E and f € E satisfying e <; f and f <; e satisfy g (¢) < g (f).

Now, ¢ is amap @ — {1,2,3,...}. In other words, g is a map E — {1,2,3,...} (since E = 9).
Also, there exists no e € E (since E = &). Hence, Assertion A; is vacuously true. Also, Assertion
Aj is vacuously true (for the same reason). Thus, g is a map E — {1,2,3,...} satisfying the two
Assertions A; and A;. In other words, g is an E-partition (since g is an E-partition if and only if
gisamap E — {1,2,3,...} satisfying the two Assertions A; and A). In other words, g belongs
to the set of all E-partitions. In other words, ¢ belongs to ParE (since ParE is the set of all
E-partitions). In other words, g € ParE. Qed.
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Now, ParE = {g} I?I and xgqp =1 |g_3-} Now, the definition of T (E, w) yields
r (E, w) = Z Xmw = Z X7r,w
7t is an E-partition r€Par E
—_——
)y
mePar E
(since ParE is the set of all E-partitions)
= Y X (since ParE = {g})
ne{g)
=Xgw = 1.
This proves Lemma [6.3) (a).
(b) Assume that E # @. We need to show that ¢ (I' (E,w)) = 0.
For every E-partition 7, we have
(the constant term of x,4) =0 (113)

E

It is well-known that

e (f) = (the constant term of f) for every f € QSym

(where the constant term of f makes sense because f is a power series). Applying this to f =

82Proof. Let ¢ € ParE. We have ParE C {1,2,3,.. .}E (indeed, we have shown this in the proof of
Proposition [10.19). Since E = @, this rewrites as ParE C {1,2,3,...}” = {g}. Combining this

with {g} C ParE, we obtain ParE = {g}, qed.
83 Proof. The definition of X, yields

Xgw = H x;”((:)) = H x;}((:)) (since E = @)
eck ey
= (empty product) =1,

ged.

84Proof of (113): Let 7 be an E-partition. The definition of X, yields xz» = ] x:‘;

ecE
a monomial, and its degree is

w(e) wle)
deg | Xnw =deg|[]x =) deg|(x =) we).
~~ (eEE ﬂ(€)> EEZEM EEZE
(o) 7
I1 xn(e) 7w(e)

ecE

. Thus, Xz is

Now, the sum Y w(e) is a nonempty sum (since E # @), and all its addends are positive

ecE

integers (since w (e) € {1,2,3,...} for each e € E). Thus, ) w (e) is a nonempty sum of positive

ecE

integers, and therefore is itself a positive integer (since any nonempty sum of positive integers is
a positive integer). In other words, deg (x,,) is a positive integer (since deg (x») = Y. w (e)).
ecE

Hence, deg (x,1,w) # 0 = deg1.

But if m is a monomial such that m # 1, then (the constant term of m) = 0. Applying this to
m = Xy, We obtain (the constant term of xy,,) = 0 (since X, 7 1). This proves (113).
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I' (E, w), we obtain

e (T (E,w)) = | the constant term of I'(E w)
= ) X, w
7 is an E-partition

= (the constant term of ) er,w)

7t is an E-partition

= ) (the constant term of X 5) = Y 0=0.
7t is an E-partition 7 7T is an E-partition
(bY>
This proves Lemma 6.3 (b). O

10.4. Increasing and strictly increasing maps as E-partitions

Now, we shall prove two claims that were left unproven in Example

Proposition 10.20. Let E = (E, <1, <p) be a double poset. Assume that the order <, is an
extension of the order < (that is, we have u <, v for every two elements u and v of E satisfying
u <q v). Then, the E-partitions are precisely the weakly increasing maps from the poset (E, <1)
to the totally ordered set {1,2,3,...}.

Proposition 10.21. Let E = (E, <1, <) be a double poset. Let >; denote the opposite relation of
<1. Assume that the order < is an extension of the order > (that is, we have u <, v for every
two elements u and v of E satisfying u >; v). Then, the E-partitions are precisely the strictly
increasing maps from the poset (E, <1) to the totally ordered set {1,2,3,...}.

Proof of Proposition[10.20, Let ¢ : E — {1,2,3,...} be a map. We need to show the following logical
equivalence:

(¢ is an E-partition)
<= (¢ is a weakly increasing map from (E, <;) to {1,2,3,...}). (114)

Recall the definition of an E-partition. This definition shows that ¢ is an E-partition if and only
if it satisfies the following two assertions:

Assertion Ay: Every e € E and f € E satisfying e <y f satisfy ¢ (e) < ¢ (f).

Assertion Ay: Every e € E and f € E satisfying e <7 f and f <; e satisfy ¢ (¢) < ¢ (f).

In other words, we have the following logical equivalence:

(¢ is an E-partition) <= (Assertions .4; and A hold).
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But Assertion A, always holds{%} Now, we have the following chain of equivalences:

(¢ is an E-partition)

<= (Assertions A; and A; hold)

<= (Assertion 4; holds) (since Assertion A, always holds)

<= (every e € E and f € E satisfying e <; f satisfy ¢ (¢) < ¢ (f))
(because this is Assertion A;)

<= (¢ is a weakly increasing map from (E, <) to {1,2,3,...})
(by the definition of a “weakly increasing map”) .

Thus, (114) is proven. This concludes the proof of Proposition [10.20) O

Proof of Proposition[10.21} Let ¢ : E — {1,2,3,...} be a map. We need to show the following logical
equivalence:

(¢ is an E-partition)
<= (¢ is a strictly increasing map from (E, <;) to {1,2,3,...}). (115)

Recall the definition of an E-partition. This definition shows that ¢ is an E-partition if and only
if it satisfies the following two assertions:

Assertion Ay: Every e € E and f € E satisfying e <1 f satisfy ¢ (¢) < ¢ (f).

Assertion Ay: Every e € E and f € E satisfying e <1 f and f <; e satisfy ¢ (¢) < ¢ (f).

In other words, we have the following logical equivalence:

(¢ is an E-partition) <= (Assertions .4; and A, hold).

Now, consider the following assertion:
Assertion Az: Every e € E and f € E satisfying e < f satisfy ¢ (e) < ¢ (f).
The following logical implication is obvious:

(Assertion A3z holds) = (Assertions A1 and A hold). (116)
On the other hand, we also have the following logical implication:

(Assertions A; and A hold) = (Assertion .43 holds) (117)
@ Combining this implication with , we obtain the equivalence

(Assertions A; and A hold) <= (Assertion A3 holds) .

8Proof. We shall show that Assertion A, is vacuously true. In other words, we shall show that
there exist no e € E and f € E satisfying e <; f and f < e. Indeed, assume the contrary. Thus,
there exist two e € E and f € E satisfying e <1 f and f < e. Consider these ¢ and f. From
e <1 f, we obtain e < f (since the order <; is an extension of the order <;). This contradicts
f <2 e (since <3 is a strict partial order). This contradiction proves that our assumption was
false. Hence, there exist no e € E and f € E satisfying e <y f and f <, e. Thus, Assertion Aj is
vacuously true, qed.
86 Proof of : Assume that Assertions .A; and A, hold. We need to show that Assertion A3 holds.
Let e € E and f € E be such that e <1 f. From e <; f, we conclude that f > ¢, so that
f <7 e (since the order <; is an extension of the order >1). Hence, Assertion A, shows that
b(0) < b (f).
Now, forget that we fixed e and f. We thus have proven that every e € E and f € E satisfying
e <1 f satisfy ¢ (e) < ¢ (f). In other words, Assertion A3 holds. This proves the implication

(117).
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Now, we have the following chain of equivalences:

(¢ is an E-partition)

<= (Assertions A; and A; hold)

<= (Assertion A3 holds)

<= (everye € E and f € E satisfying e <1 f satisfy ¢ (¢) < ¢ (f))
(because this is Assertion Aj3)

<= (¢ is a strictly increasing map from (E, <;) to {1,2,3,...})
(by the definition of a “strictly increasing map”) .

Thus, (115) is proven. This concludes the proof of Proposition[10.21 O

10.5. Semistandard tableaux as E-partitions

Let us now verify two further claims made in Example [3.3]- namely, the claims about semistandard
tableaux. We recall the definition of a semistandard tableau:

Definition 10.22. Let y and A be two partitions such that 4 C A. Define the set Y (A/u) as
in Example A semistandard tableau of shape A/y means a map ¢ : Y (A/u) — {1,2,3,...}
satisfying the following two assertions:

Assertion T1: For any (i,a) € Y (A/u) and (i,b) € Y (A/p) with a < b, we have ¢ (i,a) <
? (i,b).

Assertion Tp: For any (a,j) € Y (A/pu) and (b,j) € Y (A/u) with a < b, we have ¢ (a,j) <
o (b, ))-

(It is usual to visualize the set Y (A/u) as a set of 1 x 1-squares on the integer lattice Z?; then,
amap ¢ : Y (A/u) — {1,2,3,...} can be regarded as a filling of these squares with numbers in
{1,2,3,...}. In this visual representation, Assertion 77 claims that the entries of the filling ¢ are
weakly increasing from left to right along each row of the tableau, whereas Assertion 7, says that
the entries of ¢ are strictly increasing from top to bottom along each column of the tableau. See
[GriReil4, §2.2] for more about semistandard tableaux (which are called column-strict tableaux
in [GriReil4]) as well as for examples of this visual representation.)

The following proposition contains two unproven claims made in Example

Proposition 10.23. Let p and A be two partitions such that 4 C A. Define the double posets
Y (A/p) and Y, (A/p) as in Example B.3] Then:

(a) The Y (A/p)-partitions are precisely the semistandard tableaux of shape A/ p.
(b) The Y}, (A/u)-partitions are precisely the semistandard tableaux of shape A/ u.

We shall prove a slightly more general fact:

Proposition 10.24. Let u and A be two partitions such that 4 C A. Define the set Y (A/p) and
the relation <; as in Example Let < be a strict partial order on the set Y (A/u) such that the
following two conditions hold:
Condition O1: For any (i,a) € Y (A/u) and (i,b) € Y (A/pu) with a < b, we have (i,a) < (i,b).
Condition Oy: For any (a,j) € Y (A/u) and (b,j) € Y (A/u) with a < b, we have (b,]) < (a,]).
Then, the (Y (A/u), <1, <)-partitions are precisely the semistandard tableaux of shape A/ .

Before we begin proving this, let us however reach back and verify a really basic result about
partitions:
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Lemma 10.25. Let # and A be two partitions such that u C A. Let (a1, 1), (a2, b2) and (a3, b3) be
three elements of Z? such that (a;,b;) € Y (A/p) and (a3,b3) € Y (A/u) and a; < ap < a3 and
bl S bz S b3. Then,

(a2,b2) € Y (A/ ). (118)

Proof of Lemma Write the partition y in the form (pq, p2, p3, . . .).

Write the partition A in the form (A1, Ay, A3, .. .).

Now, Y (A/p) is the set of all (i,j) € {1,2,3,...}? satisfying p; < j < A; (by the definition of
Y (A/u)). In other words,

Y()L/y):{(i,j)e{l,z,?;,...}z | yi<j§)\i}.

Now,
(a1,b1) € Y (A /) = {(i,]‘) €{1,23,.. 2 | m<j< A,-}.

In other words, (a1,b7) is an element of {1,2,3, .. .}2 and satisfies p,, < by < Ay .
Also,

(a3,b3)€Y(/\/y):{(i,j)€{1,2,3,...}2 | yl-<j§/\l-}.

In other words, (a3, b3) is an element of {1,2,3, .. .}2 and satisfies iz, < bz < Ag,.

From (a1,b1) € {1,2,3,...}2, we a1 > 1and b; > 1. Now, (a2, b7) € {1,2,3,.. .}2 (since ap, > ay >
1and bp > by > 1). Hence, A4, and py,, are well-defined.

The sequence (u1, 2, U3, ...) = y is a partition. Thus, iy > po > p3 > ---. In other words, any
two positive integers u and v satisfying u < v satisfy y, > u,. Applying this to u = a4y and v = ap,
we obtain p,, > p,, (since ay < ap). Thus, pg, < pa, < by < bo.

The sequence (A1,Ap,A3,...) = A is a partition. Hence, Ay > Ap > A3 > ---. In other words,
any two positive integers u and v satisfying u < v satisfy A, > A,. Applying this to u = a, and
v = a3, we obtain A;, > A4, (since ap < az). Thus, Az < Ay, so that by < b3 < Ay, < Ag,. Hence,
Ha, < by < )\az.

Now, we know that (ap,by) is an element of {1,2,3,.. .}2 and satisfies pq, < by < A4,. Hence,

(a2,02) € {(if) € (1,23, | << A} =Y (A/p).

This proves Lemma [10.25 ]

Proof of Proposition Both (Y (A/p), <1, <)-partitions and semistandard tableaux of shape A /u
are maps from Y (A/u) to {1,2,3,...}. Our goal is to show that the (Y (A/u), <1, <)-partitions are
precisely the semistandard tableaux of shape A/u. In other words, our goal is to prove that, for
everymap ¢ : Y (A/u) — {1,2,3,...}, we have the following equivalence:

(pisa (Y (A/u), <1, <) -partition)
<= (¢ is a semistandard tableau of shape A /). (119)

Let¢:Y (A/p) — {1,2,3,...} be a map.

Recall the definition of a (Y (A/u), <1, <)-partition. This definition shows that ¢ isa (Y (A/p), <1, <)-
partition if and only if it satisfies the following two assertions:

Assertion Py: Every e € Y (A/u) and f € Y (A/u) satisfying e <y f satisfy ¢ (e) < ¢ (f).

Assertion Pp: Everye € Y (A/u) and f € Y (A/u) satisfying e <1 f and f < e satisfy ¢ (e) < ¢ (f).

On the other hand, recall the definition of a semistandard tableau of shape A/p. This definition
shows that ¢ is a semistandard tableau of shape A/u if and only if it satisfies the following two
assertions:

Assertion T1: For any (i,a) € Y (A/u) and (i,b) € Y (A/u) with a < b, we have ¢ (i,a) < ¢ (i,b).
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Assertion Tp: For any (a,j) € Y (A/u) and (b,j) € Y (A/p) with a < b, we have ¢ (a,j) < ¢ (b, ]).
Now, we shall prove the logical implication

(pisa (Y (A/u),<q,=<)-partition)
= (¢ is a semistandard tableau of shape A/p). (120)

Proof of ([120): Assume that ¢ is a (Y (A/p), <1, <)-partition. We shall now prove that ¢ is a
semistandard tableau of shape A/ u.

We know that ¢ is a (Y (A/p), <1, <)-partition if and only if ¢ satisfies Assertions P; and P,.
Thus, ¢ satisfies Assertions P; and P, (since ¢ is a (Y (A/p), <1, <)-partition).

We now notice that ¢ satisfies Assertion 77 IBZI and satisfies Assertion 7

Recall that ¢ is a semistandard tableau of shape A/u if and only if it satisfies Assertions 7; and
T>. Thus, ¢ is a semistandard tableau of shape A/ (since ¢ satisfies Assertions 77 and 7).

Now, forget that we have assumed that ¢ is a (Y (A/p), <1, <)-partition. We thus have shown
that if ¢ is a (Y (A/u), <1, <)-partition, then ¢ is a semistandard tableau of shape A/u. Thus, the
implication is proven.

Let us next prove the logical implication

(¢ is a semistandard tableau of shape A/ )
= (¢isa (Y (A/u),<q,<)-partition) . (121)
Proof of : Assume that ¢ is a semistandard tableau of shape A/p. We shall now prove that ¢
isa (Y (A/u),<yq,=)-partition.
Recall that ¢ is a semistandard tableau of shape A/y if and only if it satisfies Assertions 77 and

T>. Thus, ¢ satisfies Assertions 77 and 7, (since ¢ is a semistandard tableau of shape A/ u).
Let us make some simple observations:

e Forany (i,a) € Y(A/u) and (i,b) € Y (A/p) with a < b, we have

¢ (i,a) < ¢(i,b) (122)

8 Proof. Let (i,a) € Y (A/p) and (i,b) € Y (A/u) be such that a < b. From a < b, we obtain a # b,
hence (i,a) # (i,b). Also, a < b (since a < b).

The definition of the relation <; shows that (i,a) <; (i,b) holds if and only
if (i<ianda<band (i,a) # (i,b)). Thus, (i,a) <31 (i,b) holds (since we have
(i<ianda <band (i,a) # (i,b))). But we know that ¢ satisfies Assertion P;. Thus, Asser-
tion P; (applied to e = (i,a) and f = (i,b)) shows that ¢ (i,a) < ¢ (i,b) (since (i,a) <1 (i,b)).

Now, forget that we fixed (i,a) and (i,b). We thus have shown that for any (i,a) € Y (A/pu)
and (i,b) € Y (A/u) witha < b, we have ¢ (i,a) < ¢ (i,b). In other words, ¢ satisfies Assertion
Ti.

8 Proof. Let (a,j) € Y (A/u) and (b,j) € Y (A/u) be such that a < b. From a < b, we obtain a # b,
hence (a,j) # (b,j). Also, a < b (since a < b).

The definition of the relation <; shows that (a,j) <; (b,j) holds if and only
if (a<bandj<jand (a,j) # (b,])). Thus, (a,j) <1 (b,j) holds (since we have
(a<bandj<jand (a,j) # (b,j))). Also, (b,j) < (a,j) (because of Condition O, in the state-
ment of Proposition [10.24). But we know that ¢ satisfies Assertion P,. Thus, Assertion P,
(applied to e = (a,j) and f = (b,])) shows that ¢ (a,j) < ¢ (b,j) (since (a,j) <1 (b,j) and
(b,]) < (a,))

Now, forget that we fixed (a,j) and (b, j). We thus have shown that for any (a,j) € Y (A/u)
and (b,j) € Y (A/u) with a < b, we have ¢ (a,j) < ¢ (b,]). In other words, ¢ satisfies Assertion
T>.
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El
e Forany (a,j) € Y(A/u)and (b,j) € Y (A/p) with a < b, we have
¢ (a,j) < ¢ (b)) (123)
Bl

Now, we can easily see that ¢ satisfies Assertion P; and Assertion P,
Recall that ¢ isa (Y (A/u), <1, <)-partition if and only if ¢ satisfies Assertions P; and P». Thus,
¢pisa (Y (A/u), <1, <)-partition (since ¢ satisfies Assertions P; and P,).

89Proof of (122): Let (i,a) € Y (A/u) and (i,b) € Y (A/u) be such that a < b. We must prove

the inequality (122). If 2 = b, then this inequality holds (because if 2 = b, then ¢ (i, a ) =
—b

¢ (i,b) < ¢ (i,b)). Hence, for the rest of this proof, we can WLOG assume that we don’t have

a = b. Assume this.

We have a # b (since we don’t have a = b). Combining this with a4 < b, we obtain a < b. Now,
recall that ¢ satisfies Assertion 77. Hence, Assertion 77 shows that ¢ (i,a) < ¢ (i,b). This proves
[T22).

DProof of (123): Let (a,j) € Y (A/u) and (b,j) € Y (A/u) be such that a < b. We must prove

the inequality (123). If 2 = b, then this inequality holds (because if 2 = b, then ¢ ( N, ]) =
—b

¢ (b,j) < ¢(b,j)). Hence, for the rest of this proof, we can WLOG assume that we don’t have

a = b. Assume this.

We have a # b (since we don’t have 4 = b). Combining this with 4 < b, we obtain a < b.
Now, recall that ¢ satisfies Assertion 7. Hence, Assertion 7, shows that ¢ (a,) < ¢ (b, ). Thus,
¢ (a,j) < ¢ (b,]). This proves (123).

AProof. Lete € Y (A/p) and f € Y (/) be such that e <; f. We shall prove that ¢ (¢) < ¢ (f).

We have e € Y (A/u) C {1,2,3,...}%. Hence, there exist two positive integers a; and b; such
that e = (a1, b1). Consider these a; and by. Thus, (a1,b1) =e € Y (A /).

We have f € Y (A/pu) € {1,2,3,.. .}2. Hence, there exist two positive integers a3 and b3 such
that f = (a3, b3). Consider these a3 and bs. Thus, (a3,b3) = f € Y (A/p).

We have (a1,b1) = e <1 f = (a3,b3). On the other hand, (a1,b1) <1 (a3,b3) holds if and only
if (a1 <azand by < bsand (aq,b1) # (a3,b3)) (by the definition of the relation <7). Thus, we
have (611 < aj and bl < b3 and (al, bl) 75 (613, bg)) (since (al,bl) <4 (Ll3,b3) hOldS).

Now, a1 < a3 < az and b; < b; < bs. Hence, (applied to (ap,by) = (a3,by)) shows that
(a3,b1) € Y (A/p).

Now, (applied to a3, by and bs instead of i, a and b) shows that ¢ (a3, b1) < ¢ (a3, b3)
(since (a3, b1) € Y (A/u), (a3, b3) € Y (A/u) and by < b3). Thus, ¢ (a3,b1) < 4)(&3, b3l =¢(f).

=f
Also, (applied to a1, a3 and by instead of a, b and j) shows that ¢ (a1,b1) < ¢ (a3, by) (since
(al, bl) € Y(A/y), (ﬂg,bl) ey ()\/]4) and a1 < a3). Thus, ¢ (6) =¢ (ﬂl,bl) < ¢ (03, bl)

:(ulrbl)

Now, ¢ (¢) < ¢ (a3,b1) < ¢ (f).

Now, forget that we fixed e and f. We thus have shown that every e € Y (A/u) and f €
Y (A/ ) satisfying e <; f satisfy ¢ (¢) < ¢ (f). In other words, ¢ satisfies Assertion P;.

92Proof. Lete € Y (A/u) and f € Y (A/u) be such that e <; f and f < e. We shall prove that

¢ (e) <¢(f)-

Assume the contrary. Thus, ¢ (e) > ¢ (f).

We have e € Y (A/u) C {1,2,3,...}*. Hence, there exist two positive integers a; and b; such
that e = (a1, b1). Consider these a; and by. Thus, (a1,b1) =e € Y (A/p).
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Now, forget that we have assumed that ¢ is a semistandard tableau of shape A/yu. We thus have
shown that if ¢ is a semistandard tableau of shape A/, then ¢ is a (Y (A/u), <1, <)-partition.
Thus, the implication (121) is proven.

Now, combining the implications and (121), we obtain the equivalence

(pisa (Y (A/u), <1, <) -partition)
<= (¢ is a semistandard tableau of shape A /).

Thus, the equivalence (119) is proven.

Now, forget that we f1xed ¢. Thus, for every map ¢ : Y (A/u) — {1,2,3,...}, we have proven
the equivalence (119). Thus, a map ¢ : Y (A/u) — {1,2, 3 . }isa (Y (A/u),<q,<)-partition if
and only if it is a senustandard tableau of shape A/ p. Hence the (Y (A/u), <1, <)-partitions are

We have f € Y (A/u) C {1,2,3,...}>. Hence, there exist two positive integers a3 and b3 such
that f = (a3, b3). Consider these a3 and bs. Thus, (a3, b3) = f € Y (A /).

We have (a1,b1) = e <1 f = (a3,b3). On the other hand, (a1,b1) <1 (a3,b3) holds if and only
if (11 <azand by < bz and (a1,b1) # (a3, b3)) (by the definition of the relation <;). Thus, we
have (a1 < a3 and by < b3 and (a1,b1) # (as,b3)) (since (a1,b1) <1 (a3, b3) holds).

Now, a1 < a3 < az and by < by < bs. Hence, (applied to (ap,by) = (as,by)) shows that
(a3/ bl) € Y()\/‘H)

Now, (applied to a3, by and b3 instead of i, a and b) shows that ¢ (a3, by) < ¢ (a3,b3)
(since (Ll3, bl) S Y(/\/}l), (a3, bg) ey (A/ﬂ) and b; < bg) Thus,

¢ (a3, b1) < ¢ (a3, b3) =9 (f) <¢ (e) (since ¢ (e) = ¢ (f))
N — ~——
=f =(a1,b1)
= ¢ (ay,by).

Now, assume (for the sake of contradiction) that a; < a3. Recall that ¢ satisfies Assertion
7. Hence, Assertion 7, (applied to a1, a3 and by instead of a, b and j) shows that ¢ (a1,b1) <
¢ (a3, by) (since (a1,b1) € Y (A/u), (a3, b1) € Y (A/u) and a1 < as). This contradicts ¢ (a3,b1) <
¢ (a1,b1). This contradiction shows that our assumption (that a; < a3) was false. Hence, a1 > a3.

Combining this with a; < a3, we obtain ay = a3. Thus, | a1 ,b3 | = (a3,b3) = f € Y (A /).
If we had by = b3, then we would have | a; , by = (a3, bs), which would contradict
=a3 =by

(a1,b1) # (a3, bz). Hence, we cannot have by = b3. Thus, we have b; # b3. Combined with
b1 < b3, this shows that by < bs.

The relation < is a strict partial order, and thus is antisymmetric.

However, recall that the relation < satisfies Condition Oy in the statement of Proposition[10.24]
This Condition O; (applied to a1, by and b3 instead of i, 2 and b) shows that (a1,b1) < (a1,b3)

(since (a1,b1) € Y (A/u), (a1,b3) € Y (A/p) and by < b3). Thus, e = (ay,b1) < | a1 ,b3 | =
—

=3
(a3,b3) = f. Hence, we cannot have f < e (since the relation < is antisymmetric). This con-
tradicts f < e. This contradiction proves that our assumption was wrong. Hence, the proof of
¢ (e) < ¢ (f) is complete.

Now, forget that we fixed e and f. We thus have shown that every e € Y (A/p) and f €
Y (A/u) satisfying e <1 f and f < e satisfy ¢ (¢) < ¢ (f). In other words, ¢ satisfies Assertion
Ps.
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precisely the semistandard tableaux of shape A/ (because both (Y (A/p), <y, <)-partitions and
semistandard tableaux of shape A/y are maps from Y (A/u) to {1,2,3,...}). O

Proof of Proposition Define the set Y (A/u) as in Example

Define the relations <;, <7 and <j, as in Example It is straightforward to see that <i, <»
and <, are strict partial orders. The definition of Y (A/p) yields Y (A/pu) = (Y (A/u), <1, <z). The
definition of Y;, (A/p) yields Y;, (A/p) = (Y (A/u), <1, <p)-

(a) It is straightforward to see that the relation <, satisfies the Conditions O; and O; in the
statement of Proposition (with < replaced by <,). Hence, Proposition (applied to <3
instead of <) shows that the (Y (A/u), <1, <p)-partitions are precisely the semistandard tableaux
of shape A/u. In other words, the Y (A/p)-partitions are precisely the semistandard tableaux of
shape A/ (since Y (A/p) = (Y (A/p), <1, <2)). This proves Proposition [10.23| (a).

(b) The proof of Proposition (b) is analogous to that of Proposition (a) (but now, the
relation <; and the double poset Y}, (A /) replace the relation <, and the double poset Y (A/p)).

O

10.6. M, as I (E,w)
Next, let us prove the claim of Example [B.6] (b):

Proposition 10.26. Let £ € IN. Let E = {1,2,...,¢}. Let <1 be the restriction of the standard
relation < on Z to the subset E. (Thus, two elements e and f of E satisfy e <; f if and only if
e < f.) Let >; be the opposite relation of <;. (Thus, two elements e and f of E satisfy e > f if
and only if f <y e.) Let E = (E, <q,>1).

(a) Then, E is a special double poset.

(b) Let w : E — {1,2,3,...} be any map. Set o = (w(1),w(2),...,w(¢)). Then, a is a
composition and satisfies I (E, w) = M,.

Proof of Proposition [10.26] (a) The relation <; is a total order (since it is a restriction of the relation
< on Z, which is a total order). Hence, the relation > is a total order as well (since it is the
opposite relation of the total order <1). Thus, (E, <1, >1) is a special double poset (by the definition
of “special”). In other words, E is a special double poset (since E = (E, <1,>1)). This proves
Proposition ().

(b) The map w is a map E — {1,2,3,...}. In other words, the map w is a map {1,2,...,¢} —
{1,2,3,...} (since E = {1,2,...,4}). Thus, (w (1), w (2),...,w(¢)) is a sequence of positive integers,
i.e., a composition. In other words, « is a composition (since & = (w (1) ,w (2),...,w (£))).

We have o = (w (1), w (2),...,w (¢)). Thus, the definition of M, yields

My= Y 2@ 0O, (124)

L . ) L
1<ip<---<iy

It remains to prove that I (E, w) = M,. The order > is an extension of the order >; (obviously).
Thus, Proposition (applied to >; instead of <) shows that the E-partitions are precisely the
strictly increasing maps from the poset (E, <1) to the totally ordered set {1,2,3,...}.

On the other hand, let J denote the set of all length-/ strictly increasing sequences of positive
integers. In other words,

j:{(il,iz,...,ig)6{1,2,3,...}£ | i1<i2<---<z’g}.
Thus,
Y, = )y = L

(i],iz,...,ig)Ej (1‘1,1‘2,.‘.,1'[)6{1,2,3,...}[; iy <ip<---<iy
i1 <ip<---<iy
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(an equality between summation signs).
Let Z denote the set of all E-partitions.
For every ¢ € Z, we have (¢ (1),¢(2),...,¢({)) € T Hence, we can define a map
o:7Z—= Jby
(@©(@) = (¢(1),$(2),...,9(1)  forevery p € Z).

Consider this map ®. This map & is injective{g_zl and surjective{ﬂ In other words, the map & is

PBProof. Let ¢ € Z. Thus, ¢ is an element of Z. In other words, ¢ is an E-partition (since Z is
the set of all E-partitions). In other words, ¢ is a strictly increasing map from the poset (E, <1)
to the totally ordered set {1,2,3,...} (since the E-partitions are precisely the strictly increasing
maps from the poset (E, <1) to the totally ordered set {1,2,3,...}). In other words, ¢ is a map
E — {1,2,3,...} which has the property that if e and f are two elements of E satisfying e <; f,

then
P e) <¢(f) (125)

(by the definition of a “strictly increasing map”).

The map ¢ is a map E — {1,2,3,...}. In other words, the map ¢ is a map {1,2,...,¢(} —
{1,2,3,...} (since E = {1,2,...,0}). Hence, (¢ (1),¢(2),...,¢ (¢)) is an element of {1,2,3, .. }/

Now, let i and j be two elements of {1,2,...,¢} satisfying i < j. The elements ¢ (i) and ¢ (j)
are well-defined (since i and j belong to {1,2,...,¢} = E). We furthermore have i < j. In other
words, i <1 j (since the relation < is the restriction of the standard relation < on Z to the subset
E). Thus, (applied to e =i and f = j) shows that ¢ (i) < ¢ (j).

Now, forget that we fixed i and j. We thus have shown that if i and j are two elements of
{1,2,...,¢} satisfying i < j, then ¢ (i) < ¢ (j). In other words, ¢ (1) < ¢ (2) < --- < ¢ (¥).

Now, (¢ (1),¢(2),...,¢(¢)) is an element of {1,2,3,...}é and satisfies ¢ (1) < ¢ (2) < --- <
¢ (¢). Hence,

@(1),¢2),...,9(0) € {(il,iz,...,i,g) (1,23} |ii<ih<--< z'g} = J,

ged.
9Proof. Let ¢1 and ¢, be two elements of Z such that ® (¢;) = ® (¢). We shall show that ¢ = ¢».
The definition of ® shows that ® (¢1) = (¢1 (1),¢1(2),...,¢1 (£)). The definition of & shows
that @ (¢2) = (¢2 (1), ¢2(2),...,¢2(£)). Hence,

(01 (1), ¢1(2),--., 1 (£)) =P (P1) =D (d2) = (p2(1),$2(2),..., 92 ().

In other words, ¢4 (i) = ¢, (i) for each i € {1,2,...,¢}. In other words, ¢; (i) = ¢, (i) for each
i € E (since E = {1,2,...,/}). In other words, ¢1 = ¢.
Now, forget that we fixed ¢; and ¢,. We thus have shown that if ¢; and ¢, are two elements
of Z such that ® (¢1) = @ (¢2), then ¢1 = ¢,. In other words, the map P is injective, ged.
%Proof. Let j € J. We shall show that j € ® (Z).

We have j € J = {(il,iZ,...,ig) € {1,2,3,...}g | i <ih<: - < ig}. In other words, j has

the form (iy,iy,...,i;) for some (iy,ip,...,ip) € {1,2,3,...}f satisfying i1 < i < --- < ip.
Consider this (il,iz, ey le) Thus, ] = (il,iz, . ,ig).

We have i, € {1,2,3,...} for every e € {1,2,...,¢} (since (i1,ip,...,iy) € {1,2,3,...}[). In
other words, i, € {1,2,3,...} forevery e € E (since E = {1,2,...,/}). Thus, we can define a map
¢:E—{1,2,3,...} by (¢ (e) = i, for every e € E). Consider this map ¢.

We have iy < ip < -+ < iy. In other words, if e and f are two elements of {1,2,...,¢} such
that e < f, then

fe <. (126)

Let e and f be two elements of E satisfying e <; f. From e <; f, we obtain ¢ < f (since
the relation <7 is the restriction of the standard relation < on Z to the subset E). Thus, (126)
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bijective. Thus, @ is a bijection. In other words, the map
zZ—=J, = (¢(1),9(2),...,9(0) (127)
isa bijectio
For every 7 € Z, we have
_w(l) w(2) w(l)
Xmw = X)X 2) " Xa(e) (128)
shows that i, < if. But the definition of ¢ shows that ¢ (¢) = i, and ¢ (f) = if. Hence,

¢ (e) =ie <if=¢(f).

Now, forget that we fixed e and f. We thus have shown that if e and f are two elements of E
satisfying e <1 f, then ¢ (¢) < ¢ (f). In other words, ¢ is a strictly increasing map from the poset
(E, <1) to the totally ordered set {1,2,3,...} (by the definition of a “strictly increasing map”). In
other words, ¢ is an E-partition (since the E-partitions are precisely the strictly increasing maps
from the poset (E, <1) to the totally ordered set {1,2,3,...}). In other words, ¢ € Z (since Z is
the set of all E-partitions).

We have ¢ (e) = i, for every e € E (by the definition of ¢). In other words, ¢ (e) = i, for every
ec€{1,2,...,0} (since E={1,2,...,0}).

Now, the definition of ¢ yields

S(@)=(¢(1),¢2),...0(0) = (ir,i2, . ,ir)
(since ¢ (e) = i, for every e € {1,2,...,(})

:j.

Thus,j=® | ¢ | P (2).
—~—
€z
Now, forget that we fixed j. We thus have shown that j € ®(Z) for every j € J. In other
words, J C @ (Z). In other words, the map P is surjective, qed.
%since the map (127) is the map @ (because ® (¢) = (¢ (1),¢(2),...,¢ (£)) for every ¢ € Z)
97 Proof of (128): Let 7t € Z. Then, the definition of x, ¢, yields

X = HXZEZ)) = H x:';és)) (since E ={1,2,...,¢})
e€E ec{1,2,..,0}

¢
=11

e=1

w(e) _
Xoge) =%

w(l) w(2)
m(1)¥m(2) "

14
e=1

This proves (128).
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Now, the definition of T (E, w) yields

o - o w(l) w(2) — w(l)
TEw) =}  Xw=), Xnw = Y X)) ¥n) Xl
7t is an E-partition nez nez
~—_—— _ o), w@)  w(l)
— =X 1) ¥r2) (0
=L (by (128))

(since Z is the set of
all E-partitions)

_ Z K@) el

(i1,i2,-sdg) €T
————

i1 <ip<-+<iy
here, we have substituted (iy,ip,...,i) for (m(1),7(2),...,7(¢)),
sincethemapZ — 7, ¢ — (¢(1),¢(2),...,¢ (¢ ))
is a bijection

w(l) w(2 w(l
— 2 xil( )xiz( )...xi/( ) = M, (by )

1 <ip<---<lip
This completes the proof of Proposition [10.26| (b). O

For future reference, let us state a consequence of Proposition [10.26

Corollary 10.27. Let « be a composition. Then, there exist a set E, a special double poset E =
(E,<1,>1),and amap w: E — {1,2,3,...} satisfying I' (E, w) = M,.

Proof of Corollary[10.27} Write the composition & in the form (aq,a,...,a;). Hence, (aq,a2,...,a7)
is a composition (since « is a composition). Therefore, a; € {1,2,3,...} foreveryi € {1,2,...,¢}.

Define the set E, the relations <7 and <3, and the double poset E = (E, <1, >1) as in Proposition
(a). Then, Proposition () shows that E is a special double poset.

Define a map w : {1,2,...,¢} — {1,2,3,.. } by (w (i) = w; for every i € {1,2,...,¢}). (This is
well-defined, since a; € {1,2,3,...} for every i € {1,2,...,¢}). Then, w is a map {1,2,...,6} —
{1,2,3,...}. In other words, w is amap E — {1,2,3,...} (since E={1,2,...,¢0}).

Recall that w (i) = «; for every i € {1,2,...,¢}. Thus,

(w(l),w(2),...,w)) = (ar,a2,...,4p) = &.

In other words, « = (w (1), w (2),...,w (£)). Proposition [10.26] (b) thus shows that a is a composi-
tion and satisfies I (E, w) = M,.

We thus have constructed a set E, a special double poset E = (E, <1,>1), and a map w :
E — {1,2,3,...} satisfying I' (E,w) = M,. Hence, there exist a set E, a special double poset
E = (E,<1,>1),and amap w : E — {1,2,3,...} satisfying I' (E,w) = M,. This proves Corollary
O

10.7. Disjoint unions of double posets, and the algebra QSym

We shall now study disjoint unions of double posets. As a result of this study, we will give a new
proof of the fact that QSym is a k-algebra.
Let us first recall the classical definition of the disjoint union of several sets:

Definition 10.28. Let I be a set. For each i € I, let E; be a set. Then, we define a set | |;c; E; by

LIEi=U{i} < Ep).

iel iel
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(Notice that the sets {i} x E; for distinct i € I are disjoint.) The set | |;c; E; is called the disjoint
union of the sets E;. Thus, an element of this disjoint union | J;c; E; is a pair (i,e), where i is an
element of I and where e is an element of E;.

For each j € I, we let inc; be the map

Ej—>|_|Ei, e»—)(j,e).
iel

This map inc; is injective, and satisfies inc; (Ej) = {j} x E;. This map inc; is called the canonical
inclusion of the j-th term into the disjoint union | |;c; E;.

When the sets E; are disjoint, their disjoint union | |;c; E; is often identified with their union
U E; via the bijection
i€l

| |Ei = JE (i,e) — e. (129)
i€l i€l
We shall not make this identification, however.

When the sets E; are not disjoint, the map is no longer a bijection (but just a surjection),
and thus our above definition of | |;c; E; really is the simplest way to define a “disjoint union” of
these sets E; (i.e., a big set into which each E; is canonically embedded in such a way that all the
embeddings have disjoint images).

We have thus defined the disjoint union of arbitrarily many sets. As a particular case of this

construction, we can define the disjoint union of two sets:

Definition 10.29. Let E and F be two sets. Then, a set E U F is defined as follows: Define a family
(Ei)iefo,1y of sets by setting Eg = E and E; = F. Then, define EL F to be the set | Jic (0,1} E;. Thus,
explicitly, we have ELUF = ({0} x E) U ({1} x F). Again, this set E Ll F is often identified with
EUF when E and F are already disjoint; we shall not make this identification, however.

Here are some fundamental properties of the disjoint union of sets:

Remark 10.30. Let I be a set. For each i € I, let E; be a set.

(a) The sets {i} x E; for distinct i € I are disjoint.
(b) If] €lande € E], then (], 6) € Lier Ei-
(c) Letx € | ;s E;. Then, there exist an i € [ and an e € E; such that x = (i, ¢).

A basic map associated to any disjoint union is its index map:

Definition 10.31. Let I be a set. For each i € I, let E; be a set. Define a map ind : | |;c; E; — I as
follows: Let x € | J;c; E;. Then, there exist an i € [ and an e € E; such that x = (i,e) (according
to Remark (c)). Consider these i and e. Clearly, (i,e) is uniquely determined by x (since
(i,e) = x). Hence, both i and e are uniquely determined by x (since i and e are the two entries of
the pair (i,e)). Set ind (x) = i. Thus, a map ind : | J;c; E; — I is defined.

We call ind the index map of the family (E;);.;.
Remark 10.32. Let I be a set. For each i € I, let E; be a set. Foreach j € [ and e € E]', we have
ind (j,e) = j.
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Proposition 10.33. Let I be a set. For each i € I, let E; be a set. Consider the map ind : | |;c; E; — I
defined in Definition
Let j € I. Then, the map

Ej — ind~! (j), e (j,e)

is well-defined and a bijection.

Remark[10.30} Remark [10.32|and Proposition|10.33|are standard facts about sets, and their proofs
are straightforward; we will not dwell on them here any longer.
Here is a sample application of Proposition [10.33| that we will actually use:

Proposition 10.34. Let I be a finite set. For each i € I, let E; be a finite set.
(@) The set | |;< E; is finite.

(b) Let A be a commutative ring. Let E = | |;c; E;. Leta : E = A be a map. Then,

Ha(e) = H H a (ing; (e)) .

ecE i€l ecE;

An analogue of Proposition [10.34{ (b) holds for sums instead of products, of course.

Proof of Proposition[10.34} (a) For each i € I, the set {i} x E; is finite (since it is the Cartesian product
of the two finite sets {i} and E;). Hence, |J ({i} x E;) is a finite union of finite sets (since I is finite),
i€l

and thus itself a finite set. In other words, | J;c; E; is a finite set (since | |;c; E; = U ({i} x E;) (by the

icl
definition of | |;c; E;)). This proves Proposition [10.34] (a).
(b) Let i € I. Then, Proposition[10.33| (applied to j = i) shows that the map

E; — ind ! (i), e (ie)
is well-defined and a bijection. Thus, we can substitute (i,e) for g in the product ] a(g). We
geind 1 (i)
thus obtain
I[] a@=]]a (i,e) =[] a(inc (e)). (130)
geind’l(i) ecEs =inc;(e) o<t
(since inc;(e)=(i,e)
(by the definition of inc;))
Now, forget that we fixed i. We thus have proven (130) for every i € I.
We have
[Tate)=T]a(g) (here, we have renamed the index e as g in the product)
ecE g€E
=[] JI 2@ (since ind g € I for each g € E)
iel g€E;
ind g=i
N——
- 1
geind’] (i)
=] II a(@=]I]]a(nc/e)).
iel geindfl(i) icl ecE;
= I1 a(inc;(e))
ecE;
(by (@30))

This proves Proposition [10.34] (b). O
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The following fact is the universal property of disjoint unions:

Proposition 10.35. Let I be a set. For each i € I, let E; be a set. Let F be a set. For each i € I,
let f; : E; — F be a map. Then, there exists a unique map f : | J;c; E; — F such that every j € I
satisfies f; = f oinc;.

Proof of Proposition (10.35] Proposition [10.35|is another basic property of sets that we are not going
to prove; let us merely exhibit the unique map f : | |;c; E; — F such that every j € I satisfies
fj = f oinc;. Namely, this is the map

|_|El'—>F, (i,e)|—>fl-(e).

iel
O

Definition 10.36. Let I be a set. For each i € I, let E; be a set. Let F be a set. We define a map

Restr : FUier Ei HFE"
iel

by

(Restr (f) = (foing);c; for every f € F|—|i€IEf) .

Corollary 10.37. Let I be a set. For each i € I, let E; be a set. Let F be a set. Then, the map
Restr : FUier Ei 5 TT FFiis a bijection.
iel
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Proof of Corollary The map Restr : Fliet B — [T FEi is injectiv and SurjeCfiV Thus, this
i€l
map Restr is bijective, i.e., a bijection. This proves Corollary

Next, let us define the direct sum of relations:

%Proof. Let a and B be two elements of FUictFi such that Restra = Restr 8. We shall prove that
x = p.
Both « and B are elements of Flici £i, hence are maps | J;c; E; — F.
We have Restra = (a oinc;);.; (by the definition of Restr) and Restr = (B oing;);.; (by the
definition of Restr). Hence,

(a oing;) Restra = Restr = (B oinc;);c;-

iel =
In other words,
« oinc; = B oing; foreveryi € I. (131)

Now, let x € | |;c; E;. We shall prove that « (x) = B (x).
There exist an i € I and an e € E; such that x = (z e) (by Remark [10.30| (c)). Consider these i
and e. The definition of inc; shows that inc; (¢) = (i,e) = x. Now,

(xoing;) (e) = a [ ing; (e) | = a (x),
H:;—’
so that
a(x) = (nvoing) (e) = (Boinc;) (e) =B | inc; (e) | = B (x).
pvng >
ey @31

Now, forget that we fixed x. We thus have proven that « (x) = B (x) for every x € | J;c; E;. In
other words, a = B.

Now, forget that we fixed & and B. We thus have shown that if # and  are two elements of
FUier Ei such that Restra = Restr B, then « = f. In other words, the map Restr is injective. Qed.

P Proof. Let o € T] FEi. Thus, o can be written in the form (f;),.;, where f; is an element of FLi for
iel
every i € I. Consider these f;. Thus, o = (f;);c;-

For each i € I, the element f; is an element of F, thus a map from E; to F. Thus, Proposition
shows that there exists a unique map f : | |;c; E; — F such that every j € I satisfies
fj = f oinc;. Consider this f.

Every j € I satisfies f; = f oinc;. Renaming j as i in this statement, we obtain the following:
Every i € I satisfies f; = f oinc;. In other words, (f;);c; = (f oing;);;.

But f is a map |ic; E; — F, thus an element of Flici®i. Hence, Restr (f) is well-defined.
The definition of Restr shows that Restr (f) = (f oinc;);.;. Comparing this with ¢ = (f;);c; =
(f oinc;);c;, we obtain o = Restr (f) € Restr (FUiel Ei).

Now, forget that we fixed ¢. We thus have shown that o € Restr (F Lier Ei ) forevery o € [T F Ei,

iel
In other words, [T FFi C Restr (F Uier Ef). In other words, the map Restr is surjective. Qed.
il
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Definition 10.38. Let I be a set. For each i € I, let E; be a set. For each i € I, let p; be a binary
relation on the set E;. We shall write the relation p; in infix notation (i.e., we shall write ep; f
instead of (e, f) € p; when we want to say that two elements e and f of E; are related by p). We
define a binary relation p on the set | |;c; E; (again, written in infix notation) by the rule

< (Gie)p (k) <= (j =kand ep;f) )

for any two elements (j,e) and (k, f) of | |;c; E;

This relation p will be denoted by @< p; and called the direct sum of the relations p;.

Notice that we are denoting the relation p in Definition [10.38| by &,-; p; and not by | J;c; p;. The
(rather pedantic) reason for this is that the relations p; are sets (of pairs of elements of E;), and thus
the expression | |;c; p; already has a meaning, which is not the meaning we want to give @;<; p;.

Proposition 10.39. Let I be a set. For each i € I, let E; be a set. For each i € I, let p; be a strict
partial order on the set E;. Then, @;c; p; is a strict partial order on the set | |;-; E;.

Proof of Proposition|[10.39] Let us denote the relation @;<; p; by p. Thus, p is a binary relation on the

set |ie Ei.
We shall write the relations p; and also the relations @;<; p; and p in infix notation.
The definition of @;; p; shows that we have the equivalence

(60 (@) n) = (=kama
iel
for any two elements (j,e) and (k, f) of | |;c; E;. In other words, we have the equivalence
(Gie)p(k f)) <= (j =kand epjf) (132)

for any two elements (j,e) and (k, f) of | |;c; E; (since p = @P;c; i)




Double posets and the antipode of QSym (detailed version) page 117

The relation p is transitiv@ irreﬂexivefzrl and antisymmetriciﬂ_yzl Thus, p is an irreflexive, tran-

10Proof. Let u, v and w be three elements of | |;-; E; such that upv and vpw. We shall prove that upw.

Remark (c) (applied to x = u) shows that there exist an i € [ and an e € E; such that
u = (i,e). Denote these i and e by a and a. Thus, a € I and « € E, are such that u = (a,«). Thus,
(a,0) = u € Lics Ei.

Remark (c) (applied to x = v) shows that there exist an i € I and an e € E; such that
v = (i,e). Denote these i and e by b and B. Thus, b € I and B € E, are such that v = (b, 8). Thus,
(b,B) = v € Lics Ei-

Remark (c) (applied to x = w) shows that there exist an i € [ and an e € E; such that
w = (i,e). Denote these i and e by c and <. Thus, ¢ € I and y € E, are such that w = (¢, 7).
Thus, (c,v) = w € i Ei-

We have upv. This rewrites as (a,a) p (b, B) (since u = (a,a) and v = (b, B)). But (applied
to (j,e) = (a,«) and (k, f) = (b, B)) shows that we have the equivalence

((a,0)p (b, B)) = (a="band pep).

Thus, we have (a = b and ap,f) (since we have (a,a) p (b, B)).
We have vpw. This rewrites as (b, B)p (c,7) (since v = (b,f) and w = (c,y)). But
(applied to (j,e) = (b, B) and (k, f) = (c,y)) shows that we have the equivalence

((b,B)p(c, 7)) = (b=cand ppy7).

Thus, we have (b = ¢ and Bp;,7y) (since we have (b, B) p (¢,7y)). This rewrites as (a = ¢ and Bp,7)
(since a = b).

The relation p, is a strict partial order on the set E; (since p; is a strict partial order on the set
E; for each i € I), and thus is transitive. Hence, from ap, and Bp,7y, we obtain xp,y. Hence,
(a = c and ap,7). But (applied to (j,e) = (a,a) and (k, f) = (c,)) shows that we have the
equivalence

((a,2)p(c,7)) <= (a=candapay).

Thus, we have (a,a) p (c,y) (since we have (a2 = c and ap,7)). This rewrites as upw (since u =
(a,a) and w = (c, 7))

Now, forget that we fixed u, v and w. We thus have proven that if 1, v and w are three elements
of | ;1 E; such that upv and vpw, then upw. In other words, the relation p is transitive, qed.

101proof. Let u € |l;cs E; be such that upu. We shall derive a contradiction.

Remark (c) (applied to x = u) shows that there exist an i € I and an e € E; such that
u = (i,e). Denote these i and e by a and a. Thus, a € I and « € E, are such that u = (a,«). Thus,
(a,0) = u € ies Eiv

We have upu. This rewrites as (a,a) p (a,a) (since u = (a,«)). Hence, (applied to (j,e) =
(a,a) and (k, f) = (a,a)) shows that we have the equivalence

((a,a)p(a,a)) <= (a =aand apyx).

Thus, we have (2 = a and ap,«) (since we have (a,«a) p (a,a)). Hence, ap,x. Thus, there exists an
e € E; such that ep,e (namely, e = ).

The relation p, is a strict partial order on the set E; (since p; is a strict partial order on the
set E; for each i € I), and thus is irreflexive. Hence, there exists no e € E; such that ep,e. This
contradicts the fact that there exists an e € E,; such that ep,e.

Now, forget that we fixed u. We thus have derived a contradiction for each u € |, E;
satisfying upu. Hence, there exists no u € | J;c; E; satisfying upu. In other words, the relation p
is irreflexive, qed.
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sitive and antisymmetric binary relation on the set | |;c; E;. In other words, p is a strict partial order
on the set | |;c; E; (because this is how strict partial orders are defined). In other words, @;c;p; is a
strict partial order on the set | |;c; E; (since p = @< p;). This proves Proposition [10.39 O

Now, we can define the disjoint union of double posets:

I Proposition 10.40. Let I be a finite set. For each i € I, let E; = (E;, <1, <) be a double poset.
Then, (Lics Ei, ®ic; (<1,i) , Bicr (<2,i)) is a double poset.

Proof of Proposition For each i € I, we know that E; is a finite set (since (E;, <1, <p;) is a
double poset), and that <;; and <;; are two strict partial orders on the set E; (for the same reason).
For each i € I, the relation <;; is a strict partial order on the set E;. Thus, @;c;(<1,) is a
strict partial order on the set | |;c; E; (by Proposition applied to <;; instead of p;). Similarly,
@ic; (<2,) is a strict partial order on the set | |;c; E;.
Proposition (a) shows that the set | |;c; E; is finite. Thus, | ;c; E; is a finite set, and
@icr (<1i) and ;e (<p,;) are two strict partial orders on the set | J;; E;. In other words,
(Wier Ei, Bier (<1) » Dicr (<2,4)) is a double poset (by the definition of a “double poset”). This
proves Proposition [10.40} O

Definition 10.41. Let I be a finite set. For each i € I, let E; = (E;, <1, <) be a double poset.
Proposition 10.40[shows that (| l;c; Ej, @ics (<1,i) , Dic (<2,i)) is a double poset. We denote this
double poset by | |;c; E;. We call it the disjoint union of the double posets E;.

In particular, let us define the disjoint union of two double posets:

Definition 10.42. Let E and F be two double posets. Then, a double poset E UF is defined as
follows: Define a family (E;),. (0,1} of double posets by setting Eg = E and E; = F. Then, define

E LIF to be the double poset | |ico,1} E;.

The next proposition characterizes the | |;-; E;-partitions when (E;),.; is a finite family of double
posets:

Proposition 10.43. For every double poset E, let Par E be the set of all E-partitions.
Let F ={1,2,3,...}. Thus, ParE C FE for each double poset E = (E, <1, <3).
Let I be a finite set. For each i € I, let E; = (E;, <1, <) be a double poset. Corollary [10.37,

shows that the map Restr : FUicrEi — TT FEi is a bijection. Let ¢ € FUicr Ei,
i€l

(a) Then, we have the following logical equivalence:
(4) € Par <|_| E1>> = (Restr (¢p) € HPar(EJ) .
i€l i€l
(b) Letw : | J;e; E; = {1,2,3,...} be a map. Then,

Xpw = | | X¢poinc;,woinc;
icl

192Proof. Every binary relation which is transitive and irreflexive must be antisymmetric (this is
well-known). Applying this to the binary relation p, we conclude that p is antisymmetric (since
p is transitive and irreflexive). Qed.
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Proof of Proposition Let E denote the double poset | J;c; E;. Thus,
E = lic1 Ei = (Uier Ei Dic1 (<1,i) , Dicr (<2,i)) (by the definition of | |;c; E)).

Let E be the set | |;c; E;. The element ¢ is an element of Flici B = FE (since | |;c; E; = E), thus a
map from E to F. In other words, ¢ is a map from E to {1,2,3,...} (since F = {1,2,3,...}).

Let <; denote the binary relation @;c; (<1,). Thus, ®;c; (<1i) = (<1)-

Let <, denote the binary relation @;c; (<2;). Thus, @;c; (<2i) = (<2).

(a) Now, ¢ isamap E — {1,2,3,...}, and we have

Hence, the definition of an “E-partition” shows that ¢ is an E-partition if and only if ¢ satisfies the
following two conditions:

Condition P1: Every e € E and f € E satisfying e <; f satisfy ¢ (¢) < ¢ (f).

Condition Py: Every e € E and f € E satisfying e <1 f and f <; e satisfy ¢ (e) < ¢ (f).

We have the following chain of logical equivalences:

(¢ € ParE) <= (¢ belongs to ParE)
<= (¢ is an E-partition)
(since ParE is the set of all E-partitions)
<= (¢ satisfies Conditions P; and P,)

(since ¢ is an E-partition if and only if ¢ satisfies Conditions P; and P,). Thus, we have the
following chain of logical equivalences:

(¢ € ParE)

<= (¢ satisfies Conditions P; and P;)

<= (Conditions P; and P, hold)

<= (Condition P; holds) A (Condition P, holds). (133)

On the other hand, let j € I. Then, inc; is a map E; — |Jicr E;. In other words, inc; is a map
E; — E (since | Jic; E; = E). Hence, ¢ oinc; is a map E; — {1,2,3,...} (since inc; is a map E; — E,
and since ¢ isamap E — {1,2,3,...}).

Furthermore, E; = (E;, <14, <p,) is a double poset for each i € I. Applying this to i = j, we see
that E; = (Ej, <15, <1,j) is a double poset.

So we know that ¢ o inc; is a map E; — {1,2,3,...}, and we have E; = (E;, <1j, <z,). Hence, the
definition of an “E;-partition” shows that ¢ o inc; is an E;-partition if and only if ¢ o inc; satisfies the
following two conditions:

Condition Q (j): Every e € E; and f € E; satisfying e <y, f satisfy (¢ oinc;) (e) < (¢ oingj) (f).

Condition Q; (j): Every e € Ej and f € E; satisfying e <1, f and f <, e satisfy (¢ oinc;) (e) <
(¢ oing;) (f).

We have the following chain of logical equivalences:

(¢ oincj € Par (E;))
<= (¢oinc; belongs to Par (E;))
<= (¢oing; is an Ej-partition)
(since Par (E;) is the set of all E;-partitions)
< (¢oing; satisfies Conditions Q1 (j) and Q3 (j)) (134)
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(since ¢ o inc; is an E-partition if and only if ¢ o inc; satisfies Conditions Q; (j) and Q5 (f)).

Now, let us forget that we fixed j. We thus have introduced two Conditions Q; (j) and Q; (j) for
each j € I, and we have proven the logical equivalence foreachjc I

The definition of Restr yields Restr (¢) = (¢ oinc;), ;. Now, we have the following chain of
logical equivalences:

Restr (¢) € [ [Par (E;)
" icl
=(¢poing;) ;e

— (((p oinc;);c; € [ [Par (El)>
i€l
<= (¢oing; € Par (E;) for eachi € I)

— ¢ oinc;j € Par (E;) foreach j € I

= ((])oincj satisfies Conditions Q1 (j) and Qp (]))
(by ([39)

(here, we have renamed the index i as )

<= | ¢oinc; satisfies Conditions Q1 (j) and Q5 (j) foreachj € I

<= (Conditions Q1 (j) and Q(j) hold)
Conditions Q1 (j) and Q; (j) hold for each j € I)
Condition Q; (j) holds for each j € I)
A (Condition Q5 (j) holds for each j € I). (135)

=
=

But for any two elements (j,e) and (k, f) of E, we have the equivalence
((jre) <1 (k f)) <= (j=kande<y; f) (136)
3] Similarly, for any two elements (j, e) and (k, f) of E, we have the equivalence
((ie) <2 (k f)) = (j=kande <y f). (137)

We observe that every j € I and every e € E; satisfy

¢ (je) = (¢ oing;) (e) (138)

103 proof of : Recall that @;c; (<1;) = (<1).
Now, the definition of the relation @;<; (<1;) shows that

( ((je) (Bict (<14)) (k, f)) <= (j=kande <y, f) )
for any two elements (j,e) and (k,f) of | |ic;Ei )~

In other words,

( (Gre) <1 (k f)) < (j=kande <y f) )

for any two elements (j,e) and (k, f) of E
(since Pjc; (<1,) = (<1) and | ;g E; = E). This proves (136).




Double posets and the antipode of QSym (detailed version) page 121

™4

Now, let us prove the implication
(Condition P; holds) = (Condition Q; (j) holds for each j € I). (139)

[Proof of : Assume that Condition P; holds. We must prove that Condition Q; (j) holds for
eachje I.

Indeed, fix j € I. Lete € Ej and f € E; be such that e < ; f. We shall show that (¢ o ing;) (e) <
(¢ © incy) ().

The definition of inc; yields inc; (e) = (j,e) and inc; (f) =@, f)-

Recall that inc; is a map E; — | ;e E;. In other words, inc; is a map E; — E (since | J;c; E; = E).

We have (j,e) = inc; (e) € E (since inc; is a map E; — E). Also, G, f)= inc; (f) € E (since inc; is
amap E; — E). Thus, (136) (applied to j instead of k) shows that we have the equivalence

((Gre) <1 (i f) < (j=jande<y;f).

Thus, we have (j,e) <1 (j, f) (since we have (j = jand e <y ; f)).

Now, recall that Condition P; holds. Hence, Condition P; (applied to (j,e) and (j, f) instead of
e and f) shows that ¢ (j,e) < ¢ (j, f) (since (j,e) <1 (j, f))- But yields ¢ (j,e) = (¢ oing;) (e).
Also, (applied to f instead of e) yields ¢ (j, f) = (¢ oinc;) (f). Now,

(¢ oiney) (e) = ¢ (je) < ¢ (j. f) = (¢ oincy) (f).

Now, forget that we fixed e and f. We thus have shown that every e € E; and f € E; satisfying
e <y, f satisfy (¢ oingc;) (e) < (¢ oingj) (f). In other words, Condition Q; (j) holds.

Now, forget that we fixed j. We thus have shown that Condition Q; (j) holds for each j € I. This
completes the proof of the implication (139).]

Next, let us prove the implication

(Condition Qq (j) holds for each j € I) = (Condition P; holds) . (140)

[Proof of (140): Assume that Condition Q; (j) holds for each j € I. We must prove that Condition
P71 holds.
We have assumed that
Condition @ (j) holds for each j € I. (141)

Now, let u € E and v € E be such that u <1 v. We shall show that ¢ (1) < ¢ (v).

We have v € E = | J;c; E;. Thus, Remark (c) (applied to x = v) shows that there exist an
i € I and an e € E; such that v = (i,e). Denote these i and e by k and f. Thus, k € I and f € Ej are
such that v = (k, f).

We have u € E = | |;¢; E;. Thus, Remark (c) (applied to x = u) shows that there exist an
i € I and an e € E; such that u = (i,e). Denote these i and e by j and e. Thus, j € [ and e € E; are
such that u = (j,e).

Now, u <1 v. In other words, (j,e) <1 (k, f) (since u = (j,e) and v = (k, f)).

We have (j,e) =u € E and (k, f) = v € E. Thus, shows that we have the equivalence

(Gre) <1 (kf)) < (j=kande <y f).

Thus, we have (j = kand e <y j f) (since we have (j,e) <1 (k, f)). Hence, j = k and e <1, f. Now,
f € Ex = Ej (since k = ).

104proof of : Let j € I and e € E;. The definition of inc; yields incj(e) = (je). Now,

oinc;) (e) = inc; (e) | = i,e). This proves (138).
¢ j ¢ j ¢ p

;\/_/

=(j.e)
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But 1l shows that Condition Q; (j) holds. Thus, this condition shows that (¢ o inc;) (e) <

(¢ oing;) (f) (since e <y, f). But yields ¢ (j,e) = (¢ oincj) (e). Also, (applied to f
instead of e) yields ¢ (j, f) = (¢ oing;) (f). Now,

¢ \(u/) =¢(je) = (¢oing)) () < (poing) (f) = ¢ ez
=(je —k

=¢(kf)=¢ ().
tg/

Now, forget that we fixed u and v. We thus have shown that every u € E and v € E satisfying
u < vsatisfy ¢ (1) < ¢ (v). Renaming u and v as e and f in this statement, we obtain the following:
Every e € E and f € E satisfying e <; f satisfy ¢ (¢) < ¢ (f). In other words, Condition P; holds.
This proves the implication (140).]

Combining the two implications and (140), we obtain the logical equivalence

(Condition P; holds) <= (Condition Q; (j) holds for each j € I). (142)
Next, we shall prove the implication
(Condition P; holds) = (Condition Q; (j) holds for each j € I). (143)

[Proof of : Assume that Condition P, holds. We must prove that Condition Q; (j) holds for
eachje I.
Indeed, fix j € I. Lete € E; and f € E; be such that e <y; f and f <;; e. We shall show that

(¢ oingj) (e) < (¢ oing;) (f).
Just as in the proof of ([139), we can

e show that (j,e) € Eand (j,f) € Eand (j,e) <1 (j, f);
e show that ¢ (j,e) = (¢ oing;) (e) and ¢ (j, /) = (¢ o ing;) (f).

Furthermore, recall that (j, f) € E and (j,e) € E. Thus, (137) (applied to j, f, j and e instead of j,
e, k and f) shows that we have the equivalence

((.f) <2 (jre)) <= (j=jand f <pje).
Thus, we have (j, f) <2 (j,e) (since we have (j = jand f <3 e)).

Now, recall that Condition P, holds. Hence, Condition P, (applied to (j,e) and (j, f) instead of
e and f) shows that ¢ (j,e) < ¢ (j, f) (since (j,e) <1 (j, f) and (j, f) <2 (j, e)). Now,
(¢ oingj) (e) = @ (je) < (. f) = (poingy) (f).
Now, forget that we fixed e and f. We thus have shown that every e € E; and f € E; satisfying
e <y, fand f <pj e satisfy (¢ oinc;) (e) < (¢ oingj) (f). In other words, Condition Q5 (j) holds.
Now, forget that we fixed j. We thus have shown that Condition Q; (j) holds for each j € I. This

proves the implication (143).]
Next, let us prove the implication

(Condition Q5 (j) holds for each j € I) = (Condition P, holds) . (144)

[Proof of (144): Assume that Condition Q; (j) holds for each j € I. We must prove that Condition
P> holds.
We have assumed that
Condition 9 (j) holds for each j € I. (145)

Now, let u € E and v € E be such that u <; v and v < u. We shall show that ¢ (1) < ¢ (v).
Just as in the proof of (140), we can
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e construct k € [ and f € Ej such that v = (k, f);
e construct j € I and e € E; such that u = (j, e);
e show that (j,e) =u € Eand (k,f) =v € E;

e show thatj=kande <y; fand f € Ej;

e show that ¢ (j,e) = (¢ oinc;) (e) and ¢ (j, /) = (¢ o ing;) (f).

On the other hand, v <, u. In other words, (k, f) <2 (j,e) (since u = (j,e) and v = (k, f)).
We have (k, f) € E and (j,e) € E. Thus, (137) (applied to k, f, j and e instead of j, e, k and f)
shows that we have the equivalence

((k f) <2 (jre)) <= (k=jand f <3re).

Thus, we have (k = jand f <, e) (since we have (k, f) <2 (j,e)). Hence, f <, e. In other words,
f <2, e (since k = j).

But 1l shows that Condition Q; (j) holds. Thus, this condition shows that (¢ oinc;) (e) <
(¢ oing;) (f) (since e <y ; f and f <, e). Now,

Pl | =G0 =(9oing) (0) < (poing) () =¢ | j ,f
=(j.e) =k
=¢kf)=0@).

N~

=0

Now, forget that we fixed u and v. We thus have shown that every u € E and v € E satisfying
u <jvand v <, u satisfy ¢ (1) < ¢ (v). Renaming 1 and v as e and f in this statement, we obtain
the following: Every e € E and f € E satisfying e <; f and f <, e satisfy ¢ (¢) < ¢ (f). In other
words, Condition P, holds. This proves the implication (144).]

Combining the two implications and (144), we obtain the logical equivalence

(Condition P; holds) <= (Condition Q; (j) holds for each j € I). (146)

Now, we have the following chain of logical equivalences:

¢ € Par <|_| E,-)

icl
—E
<= (¢ € ParE)
= (Condition P; holds) A (Condition P, holds)

<= (Condition Q; (j) holds for each jeI) <= (Condition Q(j) holds for each jeI)
(by (142)) (by (146))

(by (133))
<= (Condition Q; (j) holds for each j € I)

A (Condition Q5 (j) holds for each j € I)

= (Restr (¢) € [ Par (El)> (by (139)) .

icl

This proves Proposition [10.43| (a).




Double posets and the antipode of QSym (detailed version) page 124

(b) We know that w is a map | J;c; E; — {1,2,3,...}. In other words, w is a map E — {1,2,3,...}
(since E = | ;1 Ej)-

Both w and ¢ are maps E — {1,2,3,...}. Thus, w(e) and ¢ (e) are well-defined elements of
{1,2,3,...} for each e € E.

Let A be the commutative ring k [[x1, X2, X3, .. .]]. Define amap a: E — A by
_ ()
(a (e) = o) for every e € E) . (147)

The definition of x . yields

xpw = [T %507 =1Tale)

ecE ecE

(by (I “)
=TTI] al(inc( (by Proposition[10.34] (b))
i€l eck; %’_/
:xw(inci(e))
(p(inci(e))

(by the definition
of the map a)

_ mc, (woing;) ( e
- H H ¢(inc; (e) H H (q)omcl e)
il ecE; H,_/ i€l ecE;
- (woinci)(e)

_x((poir\ci)(e)
Comparing this with
woing;) (e
H X¢poinc;,woinc; = H 1_[ (q)omc])(
icl ———— i€l ecE;
- (woinci)(e)
_egi x((poir\ci)(e)
(by the definition of Xgoinc; woinc;)
we obtain
Xpw = quboinci,woinci'
i€l
This proves Proposition [10.43| (b). -

Now, we can prove the following fact:

Proposition 10.44. Let I be a finite set. For each i € I, let E; = (E;, <14, <) be a double poset.
Every map w : | |;c; E; — {1,2,3,...} satisfies

r <|_| E,,w) =]]T (E,woing).

i€l icl

Proof of Proposition (10.44] For every double poset E, let Par E be the set of all E-partitions. For every
double poset E = (E, <1, <2) and every map w : E — {1,2,3,...}, we have

I'(E,w)= ) p (by the definition of T (E, w))
7t is an E-partition

B mePar E
(since ParE is the
set of all E-partitions)

=Y e (148)

mePar E




Double posets and the antipode of QSym (detailed version) page 125

Let F = {1,2,3,...}. Thus, ParE C FE for each double poset E = (E, <q,<3). In particular,
Par (| Jic; E;) C FUicr % and every i € I satisfies Par (E;) C FEi.
Letw: | ;e E; — {1,2,3,...} be any map.
Corollary|[10.37|shows that the map Restr : FUic1 Ei — TT FFi is a bijection. Every 7t € Par (|| E;)
i€l
satisfies Restr (71) € [] Par (E;) [**| Hence, we can define a map p : Par (| |;c; E;) — ] Par (E;) by
i€l i€l

i€
(p (r) = Restr (7r) for every 7t € Par (| |;c; E;)). Consider this map p.
Every 7t € Par (| J;c; E;) satisfies

p (71) = Restr (71) = (7 oing;);¢; (149)
(by the definition of Restr). Thus, p is the map
Par <|_| Ei> — [ [Par (E), T (moing);c; -
iel i€l

The map p : Par (| |;c; E;) — I1Par (E;) is injectiveiﬁ and surjectiv Hence, this map p is
icl

195Proof. Let 7w € Par (Uic; E;). Then, 7t € Par (| E;) C FUietBi. Proposition [10.43| (a) (applied to
¢ = ) thus shows that we have the following logical equivalence:

(71 € Par <|_| E,)) = <Restr(7f) € HPar(Ei)> .

iel i€l

Thus, we have Restr (71) € ] Par (E;) (since we have 7w € Par (| J;; E;)). Qed.
i€l
196 proof. Let 7r; and 71, be two elements of Par (| J;c; E;) such that p (771) = p (712). We must show

that 71; = 715.

The map Restr is a bijection, thus injective.

The definition of p yields p (717) = Restr (711) and p (712) = Restr (712). Thus, Restr (717) =
p (1r1) = p (712) = Restr (712). Hence, 711 = 7, (since the map Restr is injective).

Now, forget that we fixed 71 and 7. We thus have shown that if 711 and 71, are two elements
of Par (| J;c; E;) such that p (711) = p (712), then 711 = 7p. In other words, the map p is injective.

Qed.
197proof. Let y € ] Par (E;). We shall prove that y € p (Par (| Jic; E;)).
i€l
The map Restr : FUict B — TT FFi is a bijection, thus surjective. Hence, there exists a ¢ €
icl
FUicr i such that ¢ = Restr (¢) (since oy € [] Par (E;) C [] FF). Consider this ¢.
iel~—~— i€l
CFEi
Proposition [10.43| (a) shows that we have the following logical equivalence:

(cp € Par <|_| El>> = (Restr (¢p) € HPar(Ei)> .

iel iel

Thus, we have ¢ € Par (| |;c; E;) (since we have Restr (¢) = 7 € ] Par (E;)).
i€l

The definition of p yields p(¢) = Restr(¢) = v, so that v = p ¢ €
—~

€Par( e E;)
p (Par (e Ei))-
Now, forget that we fixed 7. We thus have shown that v € p(Par(|J;c; E;i)) for each




Double posets and the antipode of QSym (detailed version) page 126

bijective, i.e., a bijection. In other words, the map

Par <|_| El-) — [ [ Par (E;), = (moing);c;
i€l i€l
isa bijectior{ﬂ_ygl
Every 7t € Par (| J;¢; E;) satisfies

Xmw = Hxnoinci,zuoinci (150)
i€l

@

Now, recall that | |;c; Ei = (Lics Ei, ®icr (<1i) , Bier (<2,i)) (by the definition of | J;c; E;). Hence,
(148) (applied to | l;cs E;, Lics Eis @ic (<1,i) and @je; (<o) instead of E, E, < and <) shows that

F<UE"”> S TS S T
iel nePar(| Jics E;) ~ nePar(| Jicr E;) i€1

= r[[ X7roinc;,woinc;
1€
(by (150))

= E I I X7r;,woing;

(ni)iEIE,Hl Par(E;) i€l
ic

(here, we have substituted (71;);.; for (moing;);.; in the sum, since the map Par (| Jic; E;)) —
[1Par (E;), m— (moing);.; is a bijection). Comparing this with

iel
[ I(Eweine) =] Y} rwoin= Y JIxmweine
iel Vv i€l mePar(E;) (71;);er €11 Par(E;) i€l
= ) X7t,woinc; icl
nePar(Ei)

(by (148), applied to
E;, E;, <1,i, <p,; and woing;
instead of E, E, <1, < and w)

(by the product rule),

we obtain I (| |;c; E;, w) = []T (E;, w o ing;). This proves Proposition [10.44 O
icl

Corollary 10.45. Let I be a finite set. For each i € I, let E; = (E;, <1, <p,;) be a double poset.
For eachi € I,letw; : E; — {1,2,3,...} be a map.
Let F = {1,2,3,...}. For each i € I, we have w; € {1,2,3,...}" = FFi (since {1,2,3,...} = F).
Thus, (w;);; € IT FE.
iel

v € [IPar(E;). In other words, []Par(E;) C p(Par(|Jic;E;)). In other words, the map p
i€l i€l
is surjective. Qed.

1%8gince p is the map

Par <|_| El-) — HPal‘ (E), 7T (7oing) ;e

i€l i€l
199 proof of : Let 7 € Par (| J;c; E;). Then, 7t € Par (| ;c; E;) C FUicr i, Hence, Proposition [10.43
(b) (applied to ¢ = ) yields

Xmw = | Ixnoinc,-,woinc,--
icl
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Corollary [10.37| shows that the map Restr : FlictEi — TTFE is a bijection. Hence,
icl
Restr ! ((w;);c;) is a well-defined element of FUici Ei. Denote this element by w. Then,

HI’(Ei,wi) =T <|_| Ei,w> .

iel iel

Proof of Corollary We have w = Restr ! ((w;),.;) (by the definition of w) and thus
(w;i);e; = Restr (w) = (woing;);c; (by the definition of Restr).

In other words,
w; = w o ing; for eachi € I. (151)

We have w € FUicrEi. Thus, w is a map | J;c; E; — F. In other words, w is a map | J;c; E; —
{1,2,3,...} (since F = {1,2,3,...}). Hence, Proposition [10.44] yields

F<|_|El-,w> IHF Ei,woincl- :HF(EI',ZUZ‘).

icl icl — i€l
(by (7))
This proves Corollary [10.45 O

As a consequence of Corollary[10.45/in the case when I = {0,1}, we obtain the following:

Corollary 10.46. Let E = (E, <19, <20) and F = (F, <1, <2,1) be two double posets. Recall that
a double poset E LI F is defined (in Definition [10.42).

Define a family (Ei)ie{o,l} of sets by setting Eg = E and E; = F. Recall that EUF = | Jicq1) Ei
(by the definition of E Ul F).

Recall that there is a map inc; : Ej — |icqo,1y Ei defined for each j € {0,1}. Thus, we have
two maps incg : Eg = Llicqo,1} Ei and inc; : E; — Llico,1y Ei- In other words, we have two maps
incg: E—~ EUFandinc; : F— EUF (since Ey=E,Ey =Fand EUF = Uie{o,l} E;). (Explicitly,
these maps are given as follows: The map incy sends each e € E to (0,e) € E U F; the map inc;
sends each f € Fto (1,f) € ELF.)

Every map w: ELUF — {1,2,3,...} satisfies

I'(EUF,w)=T(E,woincy) I (F,woinc).

Corollary [10.46(is the “rule for multiplying quasisymmetric functions of the form I' (E, w)” men-
tioned at the end of Section [5 (but here we are denoting by E LI F what had been called EF back
there).

Proof of Corollary[10.46] Define a family (E;);c(q ) of double posets by setting Eg = E and E; = F.
Then, ELF = | Jic (0,1} Ei (by the definition of EL/F).

We have E; = (E;, <14, <p;) for every i € {0,1} @ Also, wisamap EUF — {1,2,3,...}.
In other words, w is a map | Jicjo1y Ei — {1,2,3,...} (since ELUF = | icfo,1y Ei)- Thus, Proposition

H0proof:

e For i = 0, this follows from Ey = E = ( E <10, <2,0> = (Eo, <10, <20)-
=E,
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(applied to I = {0,1}) yields

I'({ || Bow|= J] T(Bywoine;) =T | Eg ,woincy |T [ Ey ,woinc
ie{0,1} i€{0,1} ZE/ \:’F/

=T (E,woincy) I (F,woincy).

Thus,
r( EUE ,w _r( L] Ei,w) =T (E,woincy) T (F,woincy).
=Uicfo1y Ei i€{01}
This proves Corollary [10.46 U

Here is a further corollary of Corollary [10.45

Corollary 10.47. Let I be a finite set. For each i € I, let E; = (E;, <1, <2;) be a double poset.
For eachi € I, letw; : E; — {1,2,3,...} be a map. Then,

HF (E,’, wi) € QSyrn

iel

Proof of Corollary[10.47) Let F = {1,2,3,...}. For each i € I, we have w; € {1,2,3,...}51' = FEi (since
{1,2,3,...} = F). Thus, (w;);c; € 1 F~.
iel

Corollary[10.37|shows that the map Restr : FUic1 Ei — TT FEi is a bijection. Hence, Restr ! ((w;);<;)
iel
is a well-defined element of FUiciEi. Denote this element by w. Thus, w is an element of Flier Ei,
In other words, w is a map | |;c; E; — F. In other words, w is a map | |;c; E; — {1,2,3,...} (since
F={1,23,.}).

Recall that | |;c; E; is a double poset. Its definition shows that

| |Ei= <|_| E, P (<1,). P (<2,i)> :

iel iel iel iel

Proposition [3.5] (applied to | |;c; Ei, Lics Ei, @ier (<1,i) and @je; (<2,) instead of E, E, <1 and <)
thus yields that I (| J;c; E;, w) € QSym.

But Corollary [10.45| yields

TIT (Bjw) =T <|_| Ei,w> € QSym.

i€l i€l
This proves Corollary O

Now, we can prove the following basic fact:

| Proposition 10.48. The subset QSym of k [[x1, X2, x3, .. .]] is a k-subalgebra of k [[x1, x2, x3,...]].

N

e For i =1, this follows from E; = F = ( F <11, <2,1) = (E1,<1,1,<21)-
=E
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Proof of Proposition[10.48] 1t is well-known that QSym is a k-submodule of k [[x1, x2,x3,...]], and
that (M,) weComp 1S @ basis of this k-module QSym.

We shall now prove that
MyMp € QSym for any « € Comp and g € Comp. (152)

[Proof of [I52): Let « € Comp and € Comp.

We know that B € Comp. In other words, B is a composition (since Comp is the set of all
compositions). Corollary (applied to B instead of «) thus shows that there exist a set E, a
special double poset E = (E, <1,>1), and a map w : E — {1,2,3,...} satisfying I' (E,w) = Mg.
Renaming E, E, <1, >1 and w as Eq, Eq, <11, >1,1 and w; in this statement, we obtain the following:
There exist a set Ej, a special double poset E; = (Ej, <11,>11), and amap w; : E; — {1,2,3,...}
satisfying I (Ey, w1) = Mp. Consider these Eq, E1, <11, >1,1 and wy.

We know that &« € Comp. In other words, « is a composition (since Comp is the set of all
compositions). Corollary thus shows that there exist a set E, a special double poset E =
(E,<1,>1),andamap w: E — {1,2,3,...} satisfying I (E, w) = M,. Renaming E, E, <1, >1 and w
as Eg, Eg, <1, >1,0 and wy in this statement, we obtain the following: There exist a set Ey, a special
double poset Eg = (Eo, <1,0,>10), and a map wy : Eg — {1,2,3,...} satisfying I (Ep, wp) = Ma,.
Consider these Eg, Eg, <10, >1,0 and wy.

Now, E; = (E;, <14, >1,) for every i € {0,1} E Moreover, w; is a map E; — {1,2,3,...} for
eachi € {0,1} m Hence, Corollary (applied to {0,1} and > ; instead of I and <; ;) shows
that

I T(E,w;) e QSym.
i€{0,1}
Since
[T T(E,w) =T (Eo,wy)T (Ey,wy) = MaMg,
i€{0,1} H_A,/I_/T
=M, =M,
this rewrites as M,Mg € QSym. Thus, is proven.]
Now, we can see that

ab € QSym for any 4 € QSym and b € QSym. (153)

[Proof of [I53): Let a € QSym and b € QSym. We must prove the relation ab € QSym.

This relation is k-linear in b (since QSym is a k-submodule of k [[x1, x2, x3, .. .]]). Hence, we can
WLOG assume that b belongs to the basis (M) of the k-module QSym. Assume this. Thus,
b = Mpg for some f € Comp. Consider this p.

We must prove the relation ab € QSym. This relation is k-linear in a (since QSym is a k-
submodule of k [[x1, X2, x3, . . .]]). Hence, we can WLOG assume that a belongs to the basis (My)

of the k-module QSym. Assume this. Thus, a = M, for some & € Comp. Consider this a.

Now, a_ b = MaMg € QSym (by ). This proves .]
=M, =Mj

W1 proof:

x€Comp

a€Comp

e For i = 0, this follows from Ey = (Eo, <10, <2,0)-
e For i =1, this follows from E; = (El, <11, <2,1).
12 Pproof:

e For i = 0, this holds because wy is a map Eyg — {1,2,3,...}.

e For i =1, this holds because w is a map E; — {1,2,3,...}.
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Finally, let us prove that
1 € QSym. (154)
[Proof of : There are many reasons why (154) is obvious (for example, it follows from Lemma
(a) or from Mg = 1), but let us derive (I54) from Corollary

For each i € @, we define a double poset E; = (E;, <1;, <p;) and a map w; : E; — {1,2,3,...} as
follows: There is nothing to define, because there exists no i € @.
Thus, Corollary [10.47| (applied to I = @) yields

H T (Ei,wi) S QSym
i€
Since [] T' (E;, w;) = (empty product) = 1, this rewrites as 1 € QSym. Thus, (154) is proven.]
i€o
Now, recall that QSym is a k-submodule of k [[x1, x2, x3,...]]. Combining this with (153) and
(154), we conclude that QSym is a k-subalgebra of k [[x1, x2, x3, . ..]]. This proves Proposition [10.48

O

10.8. Restrictions and disjoint unions

In this short section, we shall prove the following straightforward fact, which will be used in the
next section.

Proposition 10.49. Let I be a finite set. For each i € I, let E; = (E;, <, <p;) be a double poset.
Let E be the double poset | J;cs E;.
For each i € I, let T; be a subset of E;.

Then, E ||_|iEITi: Lier (Ei |T/)
The proof will rely on a rather pedantic notation:

Definition 10.50. Let X be a set. Let p be a binary relation on the set X. Let Y be a subset of X.
Then, p |y shall denote the restriction of the relation p to Y.

Using this notation, we can state the following trivial fact:

I Proposition 10.51. Let E = (E, <1, <p) be a double poset. Let T be a subset of E. Then, E |r=
(T/ (<1) ‘TI (<2) |T)

Proof of Proposition Recall that the double poset E |7 is defined as the double poset (T, <1, <2),
where <; and < (by abuse of notation) denote the restrictions of the relations <; and <; to T.
Avoiding the abuse of notation, this rewrites as follows: The double poset E |1 is defined as the
double poset (T, (<1) |1, (<2) |r). This proves Proposition [10.51} O

Lemma 10.52. Let I be a set. For each i € I, let E; be a set. For each i € I, let T; be a subset of E;.

(@) The set | J;c; T; is a subset of | |;c E;.

(b) For each i € I, let p; be a binary relation on the set E;. Then, (P;c;p;) ||_|iEI Ti=
@iel (pl |Ti)'

Proof of Lemma[10.52} This is a straightforward consequence of the definitions. O
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Proof of Proposition(10.49 Let E denote the set | |;c; E;. Let T denote the set | |;c; T;.
Let <; denote the relation @;c; (<1,;). Let <, denote the relation @;c; (<2;).
We have

E=||E = ||]|E D (<) P (<2) (by the definition of | | Ei>
iel iel iel iel iel
e ——— N —
=E =(<1) =(<2)

= (E/ <1, <2> .

Lemma (10.52| (a) shows that the set | |;c; T; is a subset of | |;c; E;. In other words, the set T is a subset
of E (since | |;c; T; = T and | |;c; E; = E). Hence, Proposition [10.51| shows that

E|[r= (T, (<1) I, (<2) [1)- (155)
We have
D (<) 1) = (<) It (156)
iel

m The same argument (applied to <;; and <, instead of <;; and <;) shows that

D ((<24) |1) = (<2) Ir- (157)

i€l

Furthermore, for each i € I, we have E; |1.= (T, (<1,i) |1, (<2,1) I1;) m Hence, the definition
of ies (E; |1;) yields

L Biln) = | LT D ((<1,) I1), D ((<24) I1)

iel iel iel el
~——
& 0 )
= (T,(<1) I, (<2) I[1) =E |[r=E [y, 1,

(since T = | J;c; T;). This proves Proposition [10.49 O

113Proof of : For each i € I, the relation < ; is a binary relation on the set E; (since (E;, <1, <2,)
is a double poset). Recall furthermore that T; is a subset of E; for each i € I. Hence, Lemma
10.52| (b) (applied to <1 instead of p;) shows that (B;c; (<1,i)) || ),.; ;= Pier ((<1,i) I1;)- Thus,

P ((<1,) Ir,) = (@ (<1,i)) Ui = (<1) Uiy 7= (<1) I (Since LT = T) :
iel iel iel
_\/_./
=(<1)
(since <1 was defined

as @jcr(<1,i))

This proves (156).

14Proof. Leti € I. Then, E; = (E;, <1,,<2,) is a double poset, whereas T; is a subset of E;. Hence,
Proposition [10.51] (applied to E;, E;, <1, <z, and T; instead of E, E, <1, < and T) shows that
E; I1.= (Ti, (<1) |1, (<2,) |1,)-
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10.9. Adm (| J;c; Ei) and the bialgebra QSym

In this section, we shall continue analyzing the disjoint union of several double posets. This will

result in a new proof of the fact that QSym is a k-bialgebra.
We begin with some simple facts:

Let E be the double poset | J;cs E;.
(a) For each (P,Q) € AdmE, we have

()™ (P), (ine) " (Q)) _ € [T Adm (E).

(b) For each ((P;, Q;));c; € Il Adm (E;), we have
iel

<|_| P, | Ql-) € AdmE.

iel iel

Proof of Proposition [10.53] Write the double poset E as (E, <1, <2). Thus,

(E,<1,<2) =E=| |E = <|_| E, P (<), P (<z,i)>

icl iel iel iel
(by the definition of the double poset | |;c; E;). In other words,

E=||E, (<1) =D (<14) and (<2) = D (<24)-
iel iel iel
For any two elements (j,e) and (k, f) of E, we have the equivalence
((re) <1 (k f)) <= (j=kande <y f)

L]

(a) Let (P,Q) € Adm E. We shall show that
(((inc) ™ (P), (inc;) ™ (Q)) ) _ € TT Adm (E).

i€l jer
Indeed, fix i € I. We shall prove that ((inci)_1 (P), (in¢;) (Q)) € Adm (E)).

The sets (inc;) ! (P) and (inc;) "' (Q) are subsets of E (since inc; is a map E; — E).

15 proof of : Recall that (<1) = @ier (<1,0)-
Now, the definition of the relation @;<; (<1;) shows that

( ((Gre) (Bier (<1,1)) (k. f)) = (j=kande <y f) ) _

for any two elements (j,e) and (k, f) of | |;c; E;

In other words,

( (Gre) <1 (b f)) < (j=kande <y f) )

for any two elements (j,e) and (k, f) of E
(since Pjc; (<1,) = (<1) and | ;g E; = E). This proves (158).

Proposition 10.53. Let I be a finite set. For each i € I, let E; = (E;, <1, <p;) be a double poset.

(158)
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We have (P,Q) € AdmE. In other words, P and Q are subsets of E satisfying PN Q = @ and
PU Q = E and having the property that

nop € Pand g € Qsatisfy g <1 p (159)

(by the definition of AdmE (since E = (E, <1, <2)).
If p € Pand g € Q, then

we do not have g <; p. (160)
(Indeed, this is merely a restatement of (159).)
We have
(inc;) ™ (P) N (inc;) " (Q) = (inc;) ! (P n Q) — (inc) ' () = &
——"
=2
and

(inc;) ! (P) U (inc;) ! (Q) = (ing;) ' (P U Q) = (inc;) ' (E) = E;.
——"
=E

Moreover, no p € (in¢;) ' (P) and g € (inc;) ! (Q) satisfy q <1 p

Thus, (in¢;) ' (P) and (inc;) ' (Q) are subsets of E; satisfying (in;) 1 (P) N (inc;) 1 (Q) = @
and (in;)™" (P) U (inc;) "' (Q) = E; and having the property that no p € (inc;) "' (P) and ¢ €
(inc;) "' (Q) satisfy ¢ <1, p- In other words, ((incifl (P), (inc;) " (Q)) € Adm (E;) (by the defi-
nition of Adm (E;) (since E; = (E;, <14, <2,)))-

Now, forget that we fixed i. We thus have shown that ((incifl (P), (inc;) " (Q)) € Adm (E;)
for each i € [. In other words, (((incl-fl (P), (in¢;) ! (Q))) . € [T Adm (E;). This proves

1€

i€l
Proposition [10.53| (a).
(b) Let ((P;, Qi));c; € [T Adm (E;). We shall show that (| ljc; P;, [ ic; Qi) € AdmE.
iel

We have ((P;, Q;));c; € [T Adm (E;). In other words,
i€l

(P;, Qi) € Adm (E;) for eachi € I. (161)
From this, we can easily obtain the following observation:

Observation 1: Leti € I. Then, the sets P; and Q; are subsets of E; satisfying ;N Q; = &
and P; U Q; = E; and having the property that

no p € P;and q € Q; satisfy g <y, p. (162)

116progf. Assume the contrary. Thus, there exist p € (inc;) ' (P) and g € (inc;) ' (Q) satisfying
g <1, p- Consider these p and g.
We have p € (ing;) ' (P). In other words, p is an element of E; satisfying inc; (p) € P. The
definition of inc; yields inc; (p) = (i, p); thus, (i,p) = inc; (p) € P C E.
We have g € (inc;) ' (Q). In other words, g is an element of E; satisfying inc; (q) € Q. The
definition of inc; yields inc; (7) = (i,q); thus, (i,q) = inc; (9) € Q C E.
Now, (applied to (j,e) = (i,q) and (k, f) = (i, p)) yields the equivalence

((g) <1 (ip)) = (i=iand g <yip).

Hence, we have (i,q) <; (i, p) (since we have (i =i and g <7, p)). Moreover, recall that (i, p) € P
and (i,q) € Q. Hence, (applied to (i, p) and (i,q) instead of p and g) shows that we do
not have (i,q) <y (i,p). This contradicts (i,q) <; (i,p). This contradiction shows that our
assumption was false. This completes the proof.
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[Proof of Observation 1: From (161), we obtain (P;, Q;) € Adm (E;). From this, Observation 1
immediately follows by the definition of Adm

(E)]
Now, |l P; and | J;¢; Q; are subsets of E satisfying (| Jic; Pi) N (Lic; Qi) = @ . and
(Uier Pi) U (Lie; Qi) = E @ and having the property that

nop €| |Pand g €| |Q;satisfy g <1 p
icl icl
In other words, (|lic; Pi, Llic; Qi) € AAmE (by the definition of AdmE (since E = (E, <1, <2)).
This proves Proposition [10.53( (b). O

17Proof. For each i € I, the set P; is a subset of E; (by Observation 1). In other words, for each i € I,
we have P; C E;. Thus, |l;c; P C |lie; Ei = E. The same argument (but applied to Q; instead
~—

CE;
of P;) shows that | |;c; Q; C E. Thus, | |;c; P; and | |;c; Q; are subsets of E.
18proof. Let x € (Lie; P;) N (Lje; Qi)- We shall derive a contradiction.
We have x € (;ic; Pi) N (Uier Qi) € Uies Pi- Hence, Remark [10.30] (c) (applied to P; instead of
E;) shows that there exist an i € I and an e € P; such that x = (7,e). Denote these i and e by j
and f. Thus, j € I and f € P; satisfy x = (j, f).
We have x € (Lie; P;) N (Uie; Qi) € Lier Qi Hence, Remark [10.30] (c) (applied to Q; instead
of E;) shows that there exist an i € I and an e € Q; such that x = (i,e). Denote these i and e by
k and g. Thus, k € I and g € Qy satisfy x = (k, g).
We have (j, f) = x = (k,g). In other words, j = k and f = g. Hence, f = g € Qx = Q; (since
k=j).
Observation 1 (applied to i = j) yields ;N Q; = &. But combining f € P; with f € Q;, we
obtain f € P;N Q; = &. This shows that the set & is nonempty (because it contains the element
f). But this is absurd.
Now, forget that we have fixed x. We thus have derived a contradiction for each x € (| J;c; P;) N
(Lier Qi). Hence, there exists no x € (l;jcr Pi) N (Uie; Qi) In other words, the set (| |;c; P;) N
(Llier Qi) is empty. In other words, (| l;c; Pi) N (Lic; Qi) = @.
Wproof. We have E = |lic;E; = U ({i} x E;) (by the definition of |];c;E;) and |jc; P; =
i€l

1
U ({i} x P;) (by the definition of | |;c; P;) and |l;c; Q; = U ({i} x Q;) (by the definition of
iel iel
Licr Qi)- Now,

(I_I Pi) U (I_I Qi) = (U ({i} < Pi)) U (U ({i} x Qi)) = (i} xP)U{i} x Q)

i€l i€l i€l i€l i€l .
T (si :{llw}X(PiUQ)é)Y dz
=U {i}xP; =U {i}xQ; since any three sets X, Y an
iel({ P iel({ Pxu) satisfy (XxY)U(XxZ)=Xx(YUZ))

iel - i€l

=UJ[{1x [@PuQ) =J{i} xE) =E,

—E;
(by Observlation 1)

ged.
120proof. Assume the contrary. Thus, there exist p € | J;c; P and q € | J;c; Q; satisfying g <7 p. Fix
these p and g.

We have p € | |;c; Pi. Hence, Remark (c) (applied to p and P; instead of x and E;) shows
that there existan i € I and an e € P; such that p = (i,¢). Denote these i and e by k and f. Thus,
ke Iand f € Py satisfy p = (k, f).

We have g € | J;c; Q;- Hence, Remark[10.30| (c) (applied to g and Q; instead of x and E;) shows
that there exist an i € I and an e € Q; such that ¢ = (7,e). Denote these i and e by j and e. Thus,
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Definition 10.54. Let I be a finite set. For each i € I, let E; = (E;, <1, <2,;) be a double poset.
Let E be the double poset | J;cs E;.

(a) We define a map
Split : AdmE — [ [Adm (E;)
icl
by
split ((P,Q)) = (((inc)) " (P), (inc;) (Q)))id ,
for each (P,Q) € AdmE

(This is well-defined, because of Proposition [10.53| (a).)

(b) We define a map
Combine : [ [Adm (E;) - AdmE
iel
by
Combine (((P;, Qi))ie;) = (Uier P Uier Qi)
for every ((P;,Q;))icr € ]—IIAdm(Ei)
1S

(This is well-defined, because of Proposition [10.53| (b).)

Next, we need another basic lemma about sets:

Lemma 10.55. Let I be a finite set. For each i € I, let E; be a set. For each j € I, consider the map
iI‘lC]' : E] — |_|i€I E;.

(a) If R is a subset of | |;c; E;, then | J;c; (inc,‘)*1 (R) =R.
(b) Foreachi € I, let R; be a subset of E;. Let j € I. Then, (inc;) ! (Uier Ri) = R;.

Proof of Lemma This is, again, a straightforward fact about sets, and its proof is left to the
reader. O

Proposition 10.56. Let I be a finite set. For each i € I, let E; = (E;, <1, <2;) be a double poset.
Let E be the double poset | ;< E;.
The maps Split and Combine are mutually inverse bijections.

j € Iand e € Q; satisfy q = (j,e).
We have (k,f) = p € |lic; i C Eand (j,e) =g € |l;c; Qi C E. Also, (j,e) =q <1 p = (k, f).
But (I58) yields the equivalence

(Gre) <1 (k f)) < (j=kande<y;f).

Hence, we have (j =k and e <1 f) (since we have (j,e) <1 (k, f)).

We have e € Q; = Q (since j = k). Also, we have e <y f. This rewrites as e <y f (since
j=kK).

But (applied to i = k) shows that no p € P and q € Qy satisfy g <74 p. In other words,
if p € P and g € Qy, then we do not have g <y p. Applying this to p = f and g = ¢, we
conclude that we do not have e < f (since f € P, and e € Q). This contradicts e <1 f. This
contradiction shows that our assumption was wrong. This completes the proof.
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Proof of Proposition[10.56] For each (P,Q) € AdmE, we have

Split ((P,Q)) = (((inci)_l (P), (inc;) " (Q))) (by the definition of Split)

iel
_ .\l oyl
= (((mc]) (P), (incj) (Q)))]‘el (163)
(here, we have renamed the index i as j).

We have Split o Combine = id and Combine o Split = id @ Hence, the maps Split and
Combine are mutually inverse. Thus, these maps Split and Combine are mutually inverse bijections.
This proves Proposition [10.56] U
121proof. Let a € [T Adm (E;). Thus, a has the form a = (w;);.;, where each a; is an element of

iel
Adm (E;). Consider these a;.
For each i € I, the element &; € Adm (E;) has the form a; = (P;, Q;) for two subsets P; and Q;
of E; (by the definition of Adm (E;) (since E; = (E;, <1, <2;))). Consider these P; and Q;.
Now, & = (a;);c; = ((P;, Qi));c; (since a; = (P;, Q;) for all i € I). Applying the map Combine
to both sides of this equality, we find

Combine («) = Combine (((P;, Qi));c;) = <|_| B, |_| Qi)

iel iel

(by the definition of Combine). Hence, (| l;c; P;, | lic; Qi) = Combine (¢) € AdmE. Thus, (163)
(applied to (P, Q) = (Lier P, Llier Q1)) yields

Split <<|_| P,| | Qi>> = | | (inc)) <|_| Pi>, (incj) " <|_| Qi> = (P, Q) s

iel iel iel iel

=D, =Q;

]
(by Lemma|10.55|(b)  (by Lemma (b)
(applied to R;=F;)) (applied to R;=Q;))

jel
= ((P, Q1))ict (here, we have renamed the index j as i)
o

But

(Splito Combine) («) = Split [ Combine (x) | = Split ((U P, | Qi>> =a=1id(a).
— iel el
=(Uier Pillier Qi)

Now, forget that we fixed a. We thus have shown that (Split o Combine) (¢) = id («) for each
« € JT Adm (E;). In other words, Split o Combine = id.

i€l
122Proof. Let &« € Adm E. Recall that

E=||E= <|_| E, D (<), D (<2,i)>

iel iel i€l iel

(by the definition of the double poset | |;; E;).
The element « € AdmE has the form « = (P, Q) for two subsets P and Q of | J;c; E; (by the
definition of AdmE (since E = (|l;c; Ei, @jcr (<1,i) , Bics (<2,i)))). Consider these P and Q.
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Lemma 10.57. Let I be a finite set. For each i € I, let E; = (E;, <14, <) be a double poset. For
eachi eI, letw;: E; — {1,2,3,...} be amap. For each i € I, let T; be a subset of E;.
Let E be the double poset | J;c; E;. Then,

r (E ||_|ieITi'w ||_|ieITi) = HF (Ei |Ti,(woincl-) |T1) :
iel

Proof of Lemma We notice that the notation inc; (for j € ) is slightly ambiguous: It may mean
both the map inc; : E; — | licr E; and the map inc; : Tj — | ;c; T;- In order to resolve this ambiguity,
let us agree to denote the latter map by inc; r (instead of just calling it inc;). Thus, inc; shall only
mean the map inc; : E; — [ Jier E;.
Set T = I—liEI Ti'
Each j € I satisfies
(w |r) oincjr = (w oinc;) |1, (164)

]
But for each i € I, we have E; = (E;, <1, <2;) and therefore E; |1,= (Tj, <1, <2,) (by the
definition of E; |r,). Furthermore, w |7 is a map from | J;c; T; to {1,2,3,...} (because the domain of

Now, a = (P, Q). Applying the map Split to both sides of this equality, we find

. N . . | |
Split () = Split (P, Q) = (((ine;) " (P), (inc) " (Q))) _,
(by the definition of Split). Hence, (((inci)_l (P), (ing;) " (Q))) _ = Split(a) € [T Adm (E;).
1€ iel
Thus, the definition of the map Combine yields

Combine ((((incifl (P), (in¢;) " (Q)))iel) =] (in;) " (P), | (inc;) ' (Q)

iel iel

=P =Q
(by Lemma (@) (by Lemma (a)
(applied to R=P)) (applied to R=Q))

~(P,Q) =«
But
(Combine o Split) (#) = Combine Split (a)
——
=(((ine) (P (ine)) (@),
= Combine ((((incifl (P), (inc;) " (Q)>)iel) =a=id(a).

Now, forget that we fixed a. We thus have shown that (Combine o Split) (¢) = id («) for each
« € AdmE. In other words, Combine o Split = id.
123Proof of (164): Let j € I.
Notice that the map (w |r) o inc; 1 is well-defined, since inc; 1 is a map from Tj to | lic; T; = T-
Let ¢ € T;. Then, inc;(g) = (j,g) (by the definition of the map inc;). Applying the map w to
both sides of this equality, we obtain w (inc; (¢)) = w ((j,8)). On the other hand, inc; 7 (g) =
(j,&) (by the definition of the map inc; r). Applying the map w to both sides of this equality, we
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w ‘T isT = |—|iEI Tl) NOW,

r E |l_|ie1 T; ;o w ‘I_liel Ti
H,_/ ——
—Uzel( =w|r

(by Proposmonm since | liey Ti=T)

:r<|_| (El ‘T w|T> Hr E; |T/ wlT) inci/T
——

icl iel
=(woinc;)|r,

(by

(applied to j=i))
by Proposition[10.44] (applied to E; |1, , T;, <1, <p; and w |t
instead of E;, E;, <1;, <p; and w)
= HF (Ei ‘Ti’ (w oinci) |Ti) .
iel

This proves Lemma O

Corollary 10.58. Let I be a finite set. For each i € I, let E; = (E;, <1, <»,;) be a double poset.
Foreachi €I, letw;: E; — {1,2,3,...} be a map. Then,

A<HF(Ei,wl> [1AT(E,w))

iel iel

Proof of Corollary(10.58] Let E be the double poset | |;c; E;. Then,

E=| |E = <|_| E, P (<1, P (<2,i)>
icl iel el icl
(by the definition of | |;c; E;).
Proposition [10.56| shows that the maps Split and Combine are mutually inverse bijections. In
particular, the map Combine is a bijection. In other words, the map

[]Adm (E;) — AdmE, (P, Qi))ic; <|_| P1,|_|Q1> (165)

iel icl el

obtain w (inc; 7 (g)) = w ((j,&))- Now,
((woing)) |1) (g) = (woine;) (3) = w (inc; (8)) = w ((7,8))-
Comparing this with
((w|r)oinciT) (§) = (w |7) (incjr (g)) = w (incjT () = w ((j,8)),
we obtain ((w oinc)) |T].) (8) = ((w |1) oincyr) (3)-

Now, forget that we fixed g.  We thus have proven that ((woinc]-) |T]) (g) =

((w[r) oinc;r) (g) for each g € Tj. In other words, (woinc;) |r.= (w |r) oincjr. Thus, the
proof of (164) is complete.
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is a bijection (since this map is the map Combine E[)
Let F = {1,2,3,...}. For each i € I, we have w; € {1,2,3,...}Ei = FEi (since {1,2,3,...} = F).
i€l

Corollary[10.37|shows that the map Restr : Flicr Ei — TT FEi is a bijection. Hence, Restr ™ (wi)ier)
iel
is a well-defined element of FUict Ei. Denote this element by w. Then, Corollary [10.45{shows that

HF(Ei,wi):F |_|EZ',ZU :F(E,LU)
i€l icl
——
=E

Applying the map A to both sides of this equality, we obtain

A (HF (Ei, wi))

i€l
=A (T (Ew))
= Y, T(Epwl|p)l (E|gwlg) (by Proposition [5.6))
(P,Q)€AdmE
= Z r (E ||_|ielpi’w ||_|ieI Pi) ®r (E |Uiel Qi W ||_|1€1Qi) (166)

((PirQi))ielell;[I Adm(E;)

here, we have substituted (|l;c; Pi, Llic; Qi) for (P, Q) in the sum,
since the map (165) is a bijection '

We have w = Restr ™! ((w;);;) (by the definition of w) and thus

(w;);e; = Restr (w) = (woing;);; (by the definition of Restr).
In other words,
w; = W o ing; for eachi € I. (167)
But the following holds:
Observation 1: Let ((P;, Q;));c; € IT Adm (E;). Then,
iel
r (E ‘Llielpi’w ||_|ie1 Pi) = Hr (Ei | B, i |Pi) (168)
iel
and
T (E e 0@ o) = TTT (B lgwilg,) (169)
iel

[Proof of Observation 1: Let ((P;, Q;));c; € I1 Adm (E;). Thus, for each i € I, we have (P;, Q;) €
i€l

Adm (E;). Hence, for each i € I, the sets P; and Q; are two subsets of E; (by the definition of
Adm (E;) (since E; = (E;, <14, <2,i)))- Hence, Lemma [10.57| (applied to T; = P;) yields

r (E ||_|ielpi’w ||_|ielpi) = HT (Ei ‘Pi’wi |Pi) .
iel

24because Combine (((P;, Qi));c;) = (Lier Pis Llicr Qi) for every ((P;, Q;));c; € I1 Adm (E;)
i€l
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Furthermore, Lemma (applied to T; = Q;) yields

r (E ’UiEIQi’w ||_|ielQi) = nr (Ei ‘Qi’wi |Q1) :
1€
This completes the proof of Observation 1.]
Now, ([I66) rewrites as follows:

A (HF (Eir wl))

iel
= Z r (E ||_|ielpi’w ||_|ie1pi) ®r (E ||_|ie1 QW ‘UieIQi)
((Pi,Qi))ier €11 Adm(E;)
il :gr(Eilpi,wi\p,.) :gr(mgi,wilgi)
(by (T68) (by (169

= )y (HF (Ei |p, wi m)) ® (HF (Ei lg, wi |Qi)> : (170)

((P,-,Q,-)),-QEH Adm(E;) \i€l iel
icl

On the other hand, for each i € I, we have

AT (B w))= Y. T(Elpwilp)@T (o wilo) (171)
(P.Q)CAGm(E,)

@ Hence,

I A (T (Ej, w;))
iel —
= v T (E;|p,w;|p)®T (Ej| g, wilg)

(P,Q)€Adm(E;)
(by (I71))
=[] X T(Elpwilp)®T (Elgwilg)

i€l (P,Q)cAdm(E;)

- y [T (Eilp,wilp) @T (Eilg, wilg,))

((Pi/Qi))ielegAdm(Ei) iel

= (1_[1 T(Ei\pi,wilpi)> ® (HI T(Ei\Qi,wz'|Ql-))
ic ic
(by the definition of the multiplication on QSym ® QSym )

(by the product rule)

[1T (Ei |, wi |P,«)> ® <HT(Ei Qi IQi)>

((P1,Qi))ier €T Adm(E;) (iel il
i€l

- (Hrmi,wi)) (by (I70)).

i€l

This proves Corollary [10.58 O

125 proof of : Leti € I. Recall that E; = (E;, <14, <p;) is a double poset. Hence, Proposition
(applied to E;, <1;, <p; and w; instead of E, <1, < and w) yields

A (T (E;,w;)) = Y T (E; [p,w; |p) @T (E; g, wi |g) -
(P,Q)cAdm(E;)

This proves (171).
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| Corollary 10.59. Let a € QSym and b € QSym. Then, A (ab) = A (a) A (b).

Proof of Corollary [10.59} It is well-known that QSym is a k-submodule of k [[x1, x2, x3,...]], and that
(M) yecomp 18 @ basis of this k-module QSym.
We shall now prove that

A (MyMpg) = A (My) A (Mp) for any &« € Comp and g € Comp. (172)

[Proof of : Let « € Comp and € Comp.
As in the proof of (152), we can

e find a set Eq, a special double poset E; = (E1,<11,>11), and a map wy : E; — {1,2,3,...}
satisfying T (Ey, wy) = Mpg;

e find a set Ey, a special double poset Ey = (Ep, <10, >10), and a map wg : Eg — {1,2,3,...}
satisfying ' (Eg, wg) = M,;

e show that E; = (E;, <1, >1;) for every i € {0,1};
e show that w; is a map E; — {1,2,3,...} for each i € {0,1}.

Now, Corollary (10.58| (applied to {0,1} and >1; instead of I and <j;) shows that

A( I1 F(Ei/wi)> =[] AT (B, w)).

ie{0,1} i€{0,1}

Since
H r (Ei,wi) =T (EQ,ZUQ) T (El,wl) = MaMﬁ,
i€{0,1} ——— — —
=My =Mp

this rewrites as A (MyMg) = T1 A (I (E;, w;)). Hence,
i€{0,1}

A (MocMﬁ) = H A (F (Ei,wi)) =A|T (Eo,ﬂ)o) AT (El,wl) =A (M,x) A (Mﬁ) .
R —

. —_——
ie{0,1} i, M
Thus, (172) is proven.]
Now, we can see that
A (ab) = A (a) A (b) for any a € QSym and b € QSym. (173)

[Proof of (I73): Let a € QSym and b € QSym. We must prove the relation A (ab) = A (a) A (b).

This relation is k-linear in b (since A is a k-linear map). Hence, we can WLOG assume that b
belongs to the basis (M,) weComp of the k-module QSym. Assume this. Thus, b = Mg for some
B € Comp. Consider this .

We must prove the relation A (ab) = A (a) A (b). This relation is k-linear in a (since A is a k-linear
map). Hence, we can WLOG assume that a belongs to the basis (M) of the k-module QSym.
Assume this. Thus, a = M, for some & € Comp. Consider this a.

Now, yields A (MyMg) = A (My)A (Mg). Since a = M, and b = Mg, this rewrites as
A (ab) = A (a) A (b). This proves (173).]

Corollary [10.59| immediately follows from (173). O

Now, we can prove that QSym is a bialgebra:

ac€Comp
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Proposition 10.60. The k-algebra QSym, equipped with the comultiplication A and the counit ¢,
becomes a k-bialgebra.

Proof of Proposition[10.60} Let ¢’ be the map
k[[xl,xz,x3,...]]—>k, f'—>f(0,0,0,)

Then, ¢ is a substitution homomorphism (since it substitutes (0,0,0,...) for the indeterminates
X1,%2,X3,...), and therefore is a k-algebra homomorphism.

Now, ¢ = ¢ |stm @ Hence, ¢ is a restriction of the map ¢. Thus, ¢ is a restriction of a
k-algebra homomorphism (since ¢’ is a k-algebra homomorphism), and thus itself is a k-algebra
homomorphism.

Itis easy tosee that A (1) =1®1 m Thus, the map A sends the unity of the k-algebra QSym
to the unity of the k-algebra QSym ® QSym (since the latter unity is 1 ® 1). Combining this with
Corollary we conclude that A is a k-algebra homomorphism (since A is a k-linear map).

Now, the k-algebra QSym, equipped with the comultiplication A and the counit &, becomes
a k-bialgebra (because it is a k-algebra and a k-coalgebra, and because A and ¢ are k-algebra
homomorphisms). This proves Proposition O

Finally, using [GriReil4] Proposition 1.36], we can leverage Proposition [10.60| to a proof of the
following fact:

| Proposition 10.61. The k-bialgebra QSym is a Hopf algebra (i.e., it has an antipode).

Proof of Proposition [10.61|(sketched). It is not hard to see that the k-bialgebra QSym is a connected
graded k-bialgebra, where the grading is given by the degree of the power series (i.e., for each
n € N, the n-th graded component of QSym is the k-submodule

{f € QSym | the power series f is homogeneous of degree n}

of QSym

A well-known result states that every connected graded k-bialgebra is a Hopf algebra (i.e., it has
an antipode) Applying this to the connected graded k-bialgebra QSym, we thus conclude that
the k-bialgebra QSym is a Hopf algebra (i.e., it has an antipode). This proves Proposition [10.61} [J

126Proof. Recall that the map & sends every power series f € QSym to the result f(0,0,0,...) of
substituting zeroes for the variables x1, x, x3, ... in f. Thus, for each f € QSym, we have

e(f)=£(0,0,0,...) =€ (f) (since € (f) = £(0,0,0,...) (by the definition of ¢'))
= (8/ |QSym) (f)

In other words, & = €’ [Qsym-
127Proof. There are many ways to prove A (1) = 1® 1 (for example, it follows from 1 = Mg using
the definition of A), but let us derive A (1) = 1 ® 1 from Corollary
For each i € @, we define a double poset E; = (E;, <1, <p;) and a map w; : E; — {1,2,3,...}
as follows: There is nothing to define, because there exists noi € @.
Thus, Corollary [10.58| (applied to I = @) yields

A (HF (E;, wl)> =[] AT (E,w)) = (empty product)
i€g i€g
= (the unity of the k-algebra QSym ® QSym) = 1® 1.
Since [] I (E;, w;) = (empty product) = 1, this rewrites as A (1) = 1® 1. Qed.
ico
128This k-submodules has basis (M, ) #€Comp, -
129This is proven, for example, in [GriReil4 Proposition 1.36].
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There is also an alternative way to prove Proposition|10.61} by constructing the antipode explicitly
(e.g., using Proposition [10.70| as the definition of the antipode) and then showing that it satisfies
the axioms of an antipode. We shall not dwell on this.

10.10. F, as T'(E)
Next, let us prove a claim made in Example [3.6 (c):

Proposition 10.62. Let & = (a1, a2,...,4) be a composition of a nonnegative integer n. Define a
set D («) as in Definition[10.3] Let E = {1,2,...,n}. Then, there exists a total order <, on the set
E satisfying

(i+1<pi for every i € D (a)) (174)

and

(i<oi+1 foreveryi € {1,2,...,n—1}\ D (a)). (175)
We shall actually prove the following fact first (which is easily seen to be equivalent to Proposi-
tion [10.62):

Proposition 10.63. Let n € IN. Let E = {1,2,...,n}. Let Q be a subset of {1,2,...,n — 1}. Then,
there exists a total order <, on the set E satisfying

(i+1<ai for every i € Q) (176)

and

(i<pi+1 foreveryic {1,2,...,n—1}\ Q). (177)

Usually, there are, in fact, several total orders <, satisfying the conditions of Proposition [10.63
but of course it suffices to construct one of them in order to prove the proposition.
Before we prove Proposition [10.63] let us record a really simple fact:

Proposition 10.64. Let E and F be two sets. Let w : E — F be a map. Let < be a strict partial
order on the set F. We define a binary relation < on the set E as follows: For any 2 € E and
b e E, weseta < bifand only if w (a) < w (b).

(@) The relation < is a strict partial order on E.

(b) Assume that the relation < is a total order. Assume that the map w is injective. Then, the
relation < is a total order.

Proposition [10.64|is a basic fact about partial and total orders; its easy proof is left to the reader.

Proof of Proposition We shall use the notation introduced in Definition (that is, we shall
write [k] for {1,2,...,k} when k € Z). In particular, [n] = {1,2,...,n} = E.

We shall also use the so-called Iverson bracket notation: If A is any logical statement, then we shall
1, if Ais true;
0, if Ais false’
Now, we define a map p : [n] = Z by

write [A] for the integer

(p(i)=1QN[i—1]| for every i € [n]).
We also define a map w : [n] — Z by

(w(i)=—np(i)+i for every i € [n]).
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The map w is injectiv@ Notice that w is a map [n] — Z. In other words, w is a map E — Z (since
[n] = E).

Consider the total order < on the set Z (that is, the usual smaller relation on Z). Define a binary
relation < on the set E as follows: Forany a € Eand b € E, we seta < b if and only if w (a) < w (D).
Proposition [10.64] (b) (applied to F = Z) thus shows that the relation < is a total order.

Now, it is easy to show that

p(i+1)—p@i)=1[ieQ] for every i € [n —1] (178)
=1

We now claim that
(i+1<i for every i € Q). (179)

130proof. Let i and j be two elements of [n] such that w (i) = w (j). We shall show that i = j.
Assume the contrary. Thus, i # j. We can WLOG assume that i > j (since otherwise, we can
just switch i with j). Assume this. Combining i > j with i # j, we obtain i > j, so thati —j > 0.
We have i € [n], so that 1 < i < n. Thus, n > 1, so that n > 0. Combined with i — j > 0, this
yields — > 0.
The definition of w shows that w (i) = —np (i) +i = imodn. The same argument (applied
N’

=0modn
to j instead of i) yields w (j) = jmodn. Thus, i = w (i) = w(j) = jmodn. In other words,

J t—] J

. . 1—17 . . . 1— . . .
n | i—j. Thus, — is an integer. Hence, —= > 1 (since —— > 0), so that i —j > n (since

n > 0). Hence, i > n+ j > n. This contradicts i < n. This contradiction proves that our
>
(since je[n])
assumption was wrong. Hence, i = j is proven.
Now, forget that we fixed i and j. We thus have shown that if i and j are two elements of [1]
such that w (i) = w (j), then i = j. In other words, the map w is injective. Qed.
131 proof of : Let i € [n — 1]. We must prove . We are in one of the following two cases:
Case 1: We have i € Q.
Case 2: We have i € Q.
Let us first consider Case 1. In this case, we have i € Q. Hence, {i} C Q, so that QN {i} = {i}.
But

Qni—-1hn{i}=Qn[i—-1n{i} =QN& =0.
——— —

(since i¢[i—1])
Also,
Qn [ =Qn(i-1u{i})=@Qnii-1)u@n{i})=(QnN[i—-1])uU{i}.
~— —_——
=[i—1]u{i} ={i}

Hence,

Qnfi] |=1@Qn[i-1)u{i}

;\/_/

=(Qn[i-1])u{i}
= Qnli—-1[ +[{i}] (since (QN[i —1])N{i} = )
— S~~~

=1

)
(since p(i)=|QN[i=1]))
=p(i)+1
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[Proof of (179): Leti € Q. Thus,i € Q C [n—1]. Thus, 1 <i < n—1,s0 that n —1 > 1. Also,

i € [n—1],so that (178) yields p (i + 1) — p (i) = [i € Q] =1 (since i € Q). Now, the definition of w
yields w (i+1) = —np (i+1) + (i+1) and w (i) = —np (i) + i. Hence,
w(i+1) — w(i) =(-np(i+1)+(i+1))—(—np(i)+1i)
—— S~
=—np(i+1)+(i4+1) =—np(i)+i

=-—n(p(i+1)—p()+(i+1) -
| \—/—

=1 =1
= —n+l=—(n-1)<—-0=0.
N s’
>1>0

In other words, w (i+1) < w ().

But i+ 1 < i holds if and only if w (i +1) < w (i) (by the definition of the relation <). Hence,
i+1 =< iholds (since w (i + 1) < w (i)). This proves (179).]

Furthermore, we claim that

(i<i+1 foreveryie {1,2,...,n—1}\ Q). (180)

[Proof of ([180): Leti € {1,2,...,n—1}\ Q. Thus, i € {1,2,...,n—1} but i ¢ Q. We have
ie{l,2,...,n—1} =[n-1]. Thus,-yleldsp( +1)—p(i)=1]i€ Q] =0 (since i ¢ Q). Now,

Now, the definition of p yields

p(i+1)=1QN |({+1)—-1||=]1QnN][i]|=p()+1,
N’

=i

sothatp(i+1)—p (i) =1=[i € Q] (since [i € Q] =1 (since i € Q)). Thus, (178) is proven in
Case 1.
Let us now consider Case 2. In this case, we have i ¢ Q. Thus, {i} N Q = @. Now,

Qn  [i  =an(i-1u{})=(@n[i-1)u@n{i})

N =’ | S —

=[i-1]ufi} ={i}nQ=0
=(QNn[i—-1)ug=Qnli—1].

Hence,

QN |=1Qnli-1l=p()  (sincep(i)=|QN[i—1]|).
——
=Qn[i-1]

Now, the definition of p yields

e+l =1Qn |+ -1 =|QN[][=p(@),
Hﬁ,‘_/
sothat p(i+1)—p (i) = 0= [i € Q] (since [i € Q] = 0 (since i ¢ Q)). Thus, (178) is proven in

Case 2.
We have now proven (178) in each of the two Cases 1 and 2. Therefore, (178) always holds.
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the definition of w yields w (i +1) = —np (i+1) + (i+1) and w (i) = —np (i) + i. Hence,

wi+l) — w(@) =(np(i+1)+(+1) = (=np(i)+i)
—— ~~
=—np(i+1)+(i+1) =—np(i)+i

= n(p(i+1) —p (i) +(i+1) i
=0 =1 i
=-0+1=1>0.

In other words, w (i +1) > w (i), so that w (i) < w (i +1).

But i < i+ 1 holds if and only if w (i) < w (i + 1) (by the definition of the relation <). Hence,
i < i+ 1 holds (since w (i) < w (i +1)). This proves (180).]

Now, we know that < is a total order on the set E and satisfies and (180). Hence, there
exists a total order <, on the set E satisfying

(i+1<qi for every i € Q)

and
(i<pi+1 foreveryi e {1,2,...,n—1}\ Q)
(namely, < is such a total order). This proves Proposition [10.63 O

Proof of Proposition [10.62} We shall use the notation introduced in Definition (that is, we shall
write k] for {1,2,...,k} when k € Z). In particular, [n] = {1,2,...,n} =E.

Lemma shows that D («) C [n—1] = {1,2,...,n —1}. In other words, D («) is a subset of
{1,2,...,n —1}. Proposition [10.63| (applied to Q = D («)) thus shows that there exists a total order
< on the set E satisfying

(i+1<yi for every i € D (a))

and
(i<gi+1 foreveryi € {1,2,...,n—1}\ D (a)).
This proves Proposition [10.62 O

Next, let us prove another claim made in Example [3.6| (c):

Proposition 10.65. Let &« = (aq,ap,...,a7) be a composition of a nonnegative integer n. Define
a set D (a) as in Definition Let E = {1,2,...,n}. Let <; be the total order on the set E
inherited from Z (thus, two elements a and b of E satisfy a <1 b if and only if they satisfy a < b).
Let <, be a strict partial order on the set E satisfying and (175). Then,

F((E,<1,<2)) = Z Xiy Xip 0 X,
i1§i2§-“§in;
ij<ij;1 whenever j€D(«)
= ) Mp.
B is a composition of n; D(B)2D(«)

Proof of Proposition [10.65] Let us first observe a simple fact: If # and v are two elements of {1,2,...,n}
such that u < v and v <, u, then

{u,u+1,...,v—-1}ND(a) # @ (181)
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iz

Let Z be the set of all (E, <, <p)-partitions. The definition of I ((E, <1, <)) yields

F((E,<1, <2)) = Z X7,

7 is an (E,<1,<p)-partition

where x; = T x,(,). Thus,

ecE
I'((E,<1,<2)) = )y Xr =Y Xn. (182)
7 is an (E,<1,<p)-partition ez
=X
neZ

(since Z is the set of all
(E,<1,<2)-partitions)

On the other hand, define a set W by
W= {(i1,ip,...,1n) €{1,2,3,..}" | i1 <ip <--- <y
and (ij < ij41 whenever j € D («))}. (183)
Thus, we have the following equality between summation signs:
(il,llg,..A,in)EW (i],iz,‘...,l’y})6{1,2,3,...}"; i1§i2§~~§in;

i1 <in<---<iy; ij<ij,1 whenever jeD(a)
ij<ij,1 whenever jeD(a)

For every m € Z, we have (rt(1),7(2),...,m(n)) € W E} Hence, we can define a map
®: Z — W by setting

(®(m)=(m(1),7(2),...,m(n)) for every m € Z).

132 proof of : Let u and v be two elements of {1,2,...,n} such that u < v and v <, u. We must
prove (181).
Indeed, assume (for the sake of contradiction) that {u,u+1,...,v -1} ND (a) = @.
We have u > 1 (since u € {1,2,...,n})and v < n (since v € {1,2,...,n}). Also, u # v (since
u < o).
Now, letk € {u,u+1,...,v—1} be arbitrary. If we had k € D («), then we would have

ke{uu+1,...,0-1}ND (a) (sincek € {u,u+1,...,v—1} and k € D (a))
:@,

which would imply that the empty set @ has at least one element (namely, the element k); but
this is clearly absurd. Thus, we cannot have k € D (x). Therefore, we must have k ¢ D («).
Butk € {u,u+1,...,v—1} C {1,2,...,n —1} (since u > 1 and v < n). Combining this with
k ¢ D(a), we obtain k € {1,2,...,n—1}\ D (a). Hence, (applied to i = k) shows that
k<, k+1.

Now, forget that we fixed k. We thus have shown that k <, k+ 1 for each k €
{u,u+1,...,v—1}. In other words, we have the relations u < u+1, u+1 <, u+2, ..,
v—1 <, v. Since (E, <p) is a poset (because < is a strict partial order on E), we can combine
these relations into a chain of inequalities:

u<pou+l<ou+2<y---<p0.

Thus, u <, v (since u # v). This contradicts v <, u (since <j is a strict partial order on E).

This contradiction shows that our assumption (that {u,u+1,...,v -1} N D(a) = 2)
was false. Hence, we cannot have {u,u+1,...,v—1} N D (x) = @. We thus must have
{fu,u+1,...,0-1}ND (a) # @. This proves (181).

133Proof. Let m € Z. We must show that (7 (1), 7 (2),..., 7 (n)) € W.
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Consider this map ®. Thus, ® isthemap Z - W, m— (7 (1),7(2),...,7(n)).

First, let us see that (77 (1),71(2),...,7(n)) is well-defined. We have 7t € Z. In other words,
7 is an (E, <1, <p)-partition (since Z is the set of all (E, <1, <p)-partitions). Hence, 7 is a map
E — {1,2,3,...}. In other words, misamap {1,2,...,n} — {1,2,3,...} (since E = {1,2,...,n}).
Hence, (7 (1),7(2),...,7(n)) is well-defined and an element of {1,2,3,...}".

Recall the definition of an (E, <1, <p)-partition. This definition shows that 7r is an (E, <1, <3)-
partition if and only if it satisfies the following two assertions:

Assertion Aq: Every e € E and f € E satisfying e < f satisfy 7 (e) < 7t (f).

Assertion Ay: Every e € E and f € E satisfying e <1 f and f <; e satisfy 7 (e) < 7w (f).

Thus, 7t satisfies Assertions A; and A, (since 7 is an (E, <, <j)-partition).

We now shall show that

(k) <m(k+1) forevery k € {1,2,...,n —1}. (184)

[Proof of ([I84): Let k € {1,2,...,n — 1} be arbitrary. We shall show that 7 (k) < 7t (k+1).

We have k € {1,2,...,n —1}. Thus, both k and k 4 1 belong to the set {1,2,...,n}. In other
words, both k and k + 1 belong to the set E (since E = {1,2,...,n}).

Recall that <; is the total order on the set E inherited from Z. Hence, k <1 k+ 1 (since
k < k+1). Therefore, Assertion A; (applied to e = k and f = k + 1) yields 7 (k) < 7 (k+1).
This proves (184).]

Now, shows that 7 (1) < 7 (2) < -+ < 7 (n).

Next, let us show that

() <m(j+1) whenever j € D (). (185)

[Proof of ([185): Let j € D ().

We shall use the notation introduced in Definition (that is, we shall write [k] for
{1,2,...,k} when k € Z). In particular, [n —1] = {1,2,...,n —1}. Lemma shows that
D(a) C [n—1] = {1,2,...,n—1}. Hence, j € D(a) C {1,2,...,n—1}. Thus, both j and
j+ 1 belong to the set {1,2,...,n}. In other words, both j and j + 1 belong to the set E (since
E={1,2,...,n}.

Recall that <; is the total order on the set E inherited from Z. Hence, j <; j+ 1 (since
j<j+1). Also, j+1 <3 j (by (I74), applied to i = j). Therefore, Assertion A, (applied to e = j
and f = j+1) yields 7 (k) < 7 (k + 1). This proves (185).]

Now, we know that (7t (1), 7 (2),..., 7t (n)) is an element of {1,2,3,...}" and satisfies 77 (1) <
m(2) <---<m(n)and (7 (j) < m(j+1) whenever j € D (a)). Thus,

(m(1),7(2),...,m(n)) € {(in,in,...,in) €{1,2,3,..}" | 1 <ip <--- <y
and (i; < ij41 whenever j € D («)) }
=W.
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The map & is surjectivﬂ and injectiv@ In other words, the map ® is bijective, i.e., a bijection.

134Proof. Let g € W. We shall show that g € ® (Z).

We have
geW={(inio,...,0n) €{1,2,3,..}" | 1 <ip <--- < iy
and (i; < ij41 whenever j € D (a)) }.
In other words, g is an (i1, ip,...,in) € {1,2,3,...}" satisfying iy < i < --- < i, and

(ij < ij11 whenever j € D (w)). Consider this (i1,1a,...,ix). Thus, g = (i1,1p, ..., in).
We have i1 < iy < --- < iy. In other words, for any u € {1,2,...,n} and v € {1,2,...,n}
satisfying u < v, we have
iy < io. (186)

Notice also that we have
(ij < ij41 whenever j € D (a)) . (187)

Define amap 7: {1,2,...,n} — {1,2,3,...} by setting
(rr (k) =iy forevery k € {1,2,...,n}).

Thus, 7 is a map from E to {1,2,3,...} (since E = {1,2,...,n}).

Recall the definition of an (E, <1, <p)-partition. This definition shows that 7 is an (E, <1, <3)-
partition if and only if it satisfies the following two assertions:

Assertion Ay: Every e € E and f € E satisfying e <; f satisfy 7 (e) < 7w (f).

Assertion Ay: Every e € E and f € E satisfying e <1 f and f <; e satisfy 7 (e) < 7 (f).

We shall now show that 7 satisfies Assertions A; and Aj,.

Proof of Assertion Aj: Lete € E and f € E be such that e <1 f. Recall that <; is the total order
on the set E inherited from Z. Hence, e <7 f holds if and only if e < f. Thus, e < f (sincee <1 f
holds). Thus, e < f. Hence, (applied tou =eand v = f) yields i, <i £ Now, the definition
of 7t yields 7t (e) = i, and 7 (f) = is. Hence, 7 (¢) =i, < iy = 7 (f). This proves Assertion A;.

Proof of Assertion Ay: Lete € E and f € E be such that e <1 f and f <; e. Recall that < is the
total order on the set E inherited from Z. Hence, ¢ <; f holds if and only if e < f. Thus, e < f
(since e <y f holds). Thus, e < f.

Both e and f are elements of E. In other words, both e and f are elements of {1,2,...,n} (since
E=1{1,2,...,n}). We have e < f and f <, e. Thus, (applied to u = e and v = f) yields
{e,e+1,...,f —1}ND (a) # @. In other words, the set {e,e +1,..., f —1} N D (a) is nonempty;
hence, this set contains an element. In other words, there exists some j € {e,e+1,...,f —1} N
D («). Consider such j.

We have j € {e,e+1,...,f—1}ND(a) C {e,e+1,...,f—1}. Thus,e < j < f—1. From
j<f—1 weobtainj+1<f.

From e € {1,2,...,n}, we obtain e > 1. From f € {1,2,...,n}, we obtain f < n. Thus,
je{ee+1,...,f—1} C{1,2,...,n—1} (since e > 1 and f < n). Hence, both j and j + 1 are
elements of {1,2,...,n}.

We have j € {e,e+1,...,f =1} N D (a) C D («). Thus, i; < ij1q (by (I87)). Applying to
u =eand v = j, we obtain i, < i; (since e < j). Applying tou =j+Tand v = f, we obtain
i1 < if (since j+1 < f). Hence, i, < i <ijp1 < if.

Now, the definition of 7 yields 7 (¢) = ip and 7 (f) = iy. Hence, 7t (¢) =i, < iy = 7t (f). This
proves Assertion A;.

Now, we have shown that 7t satisfies Assertions A; and A,. Thus, 7t is an (E, <1, <p)-partition
(since we know that 7t is an (E, <1, <p)-partition if and only if it satisfies Assertions .4; and Ajy).
In other words, 71 € Z (since Z is the set of all (E, <, <y)-partitions).
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In other words, the map Z — W, 7 — (7 (1),7(2),...,7m(n)) is a bijection (since ® is the map
Z—-W, m— (r(1),7(2),...,7(n))).
Every m € Z satisfies
X = Xp(1)Xr(2) " Xr(n) (188)

Now, the definition of ® yields

O ()= (r(1),7(2),...,m(n)) = (i1, iz, ..., i)
(since 7t (k) = iy for every k € {1,2,...,n})

:g'

Hence, g = @ ( s ) ced(2).
~~
€z

Let us now forget that we fixed g. We thus have shown that g € ® (Z) for every g € W. In

other words, W C ® (Z). In other words, the map ® is surjective, qed.
135Proof. Let 711 and 7, be two elements of Z such that @ (7r;) = @ (2). We shall prove that

711 = 7M.

The definition of @ yields ®(m) = (m(1),7m1(2),...,m(n)) and P (M) =
(2 (1),m2(2),...,m (n)). Thus,

(m (1), m(2),...,m (n) =P (m) =P (m) = (m2(1),m12(2),...,m (1)) .

In other words,
my (i) = mp (i) foreveryic {1,2,...,n}.

In other words,
my (i) = 1y (i) for every i € E

(since E = {1,2,...,n}). In other words, 1y = 715.
Now, forget that we fixed 71 and 7. We thus have shown that if 711 and 71, are two elements
of Z such that ® (711) = ® (71), then 1 = 5. In other words, the map & is injective, ged.
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3¢ Now, becomes

I'((E,<1,<2)) =Y, Xt =) a1 ¥r2)  Xn(n)
ez =Xr(1)Xr(2) " X (n) nez

(by (18%))

= )3 Xiy X+ X,
(it,i2,..yin) EW
—_———
= Y
i1 <ip<-++<ip;
ij<ij,1 whenever jeD(a)
here, we have substituted (iy,ip,...,i,) for (7t (1),7(2)
sincethemap Z - W, m+— (m(1),7(2),...,
is a bijection
i1 <ip<---<iy;
<ij11 whenever j€D(«)

g
= ) Mp
B is a composition of n; D(B)2D(«)

(by Corollary[10.18). This proves Proposition [10.65 O

Definition 10.66. Let « = («1,a2,...,4) be a composition of a nonnegative integer n. Define a
set D (a) as in Definition Define a formal power series F, € k [[x1, X2, x3,...]] by

F, = 2 Xiy Xiy =+ X, - (189)
i1 <ip <+ <iy;
ij<ijy1 whenever jeD(a)

This formal power series F, is called the fundamental quasisymmetric function corresponding to the
composition «. We have

Fy = Z XipXip » 0+ Xy, = Z Mﬁ
i1<ip<-+-<iy; B is a composition of n; D()DD(«)
i;<ij;1 whenever j€D(a)

(by Proposition [10.65), so that F, € QSym.

10.11. The antipode of M,
Next, we shall prove a fact which is (in a sense) similar to Corollary [10.18

Corollary 10.67. Let a be a composition of a nonnegative integer n. Then,

Z XigXig *** Xiy = Z Mg.
i1 <ip <+ <iy; B is a composition of 1;
{jeln—1] | ij<ir1 }D(@) D(B)CD(a)

(Here, we are using the notations of Definition and Definition )

136 Proof of : Let 7t € Z. The definition of x;; yields
X = Hxn(g) = JI Xr2(e) (since E = {1,2,...,n})

ecE ec{1,2,..n}
= Yrn(1)*n(2) " Xnr(n)-

This proves (188).
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Proof of Corollary Proposition yields that the maps D and comp are mutually inverse.
Thus, the map D is invertible, i.e., a bijection.

Now,

Z Xiy Xip =+ Xiy
i1 <ip <+ <iy;
{i€ln=1] | ij<ij;1 }CD(a)
= Z Z Xiy Xip ©+ = Xiy,
GC[n—1]; i1 <ip <+ <iy;
GCD(a)  {jeln—1] | ij<ijy1 }=G
W—/

= r
GeP([n-1]);
GCD(a)

(since {je[n—1] | ij<ijy1} C[n—1] forevery (iy <ip <--- <ip))

= X D Xy Xiy - X,
GeP([n-1]); i1<ip < <ip;
GCD(a) {je[n—1] | ij<ij1}=G

frg Z Z xil xiz e xin
peComp,; i1 <ip <+ <ip;
D(B)CD(a) {je[n—1] | i;<ij.1 }=D(B)

(here, we have substituted D () for G in the outer sum, since the map D : Comp, — P ([n —1]) is
a bijection). Comparing this with

D Mg

B is a composition of 1; ~~
D(B)CD L Xiy Xip X
g i1 iy << e
= Y {i€ln=1] | ij<ij;1}=D(B)
peComp,; (by Proposition [10.10] (applied to 8 instead of &))
D(B)=D(«)

(since Comp,, is the set
of all compositions of 1)

e Z Z xil xiz e xin’
ﬁECompn; i1 <ip <o+ <iy;
D(B)CD(w) {je[n—1] | ij<ij11 }=D(B)

we obtain
)3 Xi Xy Xy = D M.
i1 <ip<---<iy; B is a composition of n;
{j€ln—1] | ij<iji1 }CD(a) D(B)ED(a)
This proves Corollary O

Next, we shall prove an analogue of Proposition [10.26

Proposition 10.68. Let £ € N. Let E = {1,2,...,¢}. Let <1 be the restriction of the standard
relation < on Z to the subset E. (Thus, two elements e and f of E satisfy e <; f if and only if

e < f.) Let >1 be the opposite relation of <;. (Thus, two elements ¢ and f of E satisfy e > f if
and only if f <y e.) Let E' = (E, >1,>1).

(@) Then, E’ is a special double poset.

(b) Let w : E — {1,2,3,...} be any map. Set o« = (w(1),w(2),...,w(¢)). Then, a is a
composition. Write a in the form a = (ay,a,...,ay). We have

I(E,w)= Y  xx2---x"

.y T T iy
[ >ip>2ip
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Proof of Proposition[10.68} (a) The relation <; is a total order (since it is a restriction of the relation
< on Z, which is a total order). Hence, the relation > is a total order as well (since it is the
opposite relation of the total order <1). Thus, (E, >1, >1) is a special double poset (by the definition
of “special”). In other words, E’ is a special double poset (since E' = (E,>1,>1)). This proves
Proposition ().

(b) The map w is a map E — {1,2,3,...}. In other words, the map w is a map {1,2,...,¢} —
{1,2,3,...} (since E = {1,2,...,4}). Hence, for every i € {1,2,...,¢}, we have w (i) € {1,2,3,...}.
Thus, (w (1),w (2),...,w (¢)) is a sequence of positive integers, i.e., a composition. In other words,
a is a composition (since & = (w (1) ,w (2),...,w (£))).

We have &« = (w (1), w(2),...,w(¥)). Thus, (a,a2,...,00) = a = (w(1),w(2),...,w(¢)). In
other words, oy = w (k) for each k € {1,2,...,¢}. Hence,

ay & 0y _ w(1) w2)  w(l)
. Z . iy Xy iy T Z i X i (190)
1]2122-"21[ N———— 112122---215
—, (), w@) ()

T T iy
(since ap=w(k) for each ke{1,2,...,0})

It remains to prove that I' (E/, w) = Y xf‘ll ?‘22 e ng. The order > is an extension of the
i1 >ip > >y ]
order >; (obviously). Thus, Proposition [10.20| (applied to E/, >; and >; instead of E, <1 and <)
shows that the E'-partitions are precisely the weakly increasing maps from the poset (E, >1) to the
totally ordered set {1,2,3,...}.
On the other hand, let J denote the set of all length-¢ weakly decreasing sequences of positive

integers. In other words,
J = {(il,iz,...,ig) €{1,23,.. 1 | i1>ip> > i(;}.

Thus,
(i1/i2/'"/if)et7 (il,iQ,...,i/)6{1,2,3,“.}(; 112122214
i1 =iy > >y
(an equality between summation signs).
Let Z denote the set of all E'-partitions.
For every ¢ € Z, we have (¢ (1),¢(2),...,¢(¢)) € J Hence, we can define a map

137Proof. Let ¢ € Z. Thus, ¢ is an E'-partition (since Z is the set of all E/-partitions). In other words,
¢ is a weakly increasing map from the poset (E, >1) to the totally ordered set {1,2,3,...} (since
the E’-partitions are precisely the weakly increasing maps from the poset (E, >1) to the totally
ordered set {1,2,3,...}). In other words, ¢ is a map E — {1,2,3,...} which has the property
that if e and f are two elements of E satisfying e > f, then

¢(e) <o (f) (191)

(by the definition of a “weakly increasing map”).

The map ¢ is a map E — {1,2,3,...}. In other words, the map ¢ is a map {1,2,...,¢} —
{1,2,3,...} (since E = {1,2,...,£}). Thus, (¢ (1),¢ (2),...,¢ (£)) is an element of {1,2,3,...}".

Now, let i and j be two elements of {1,2,...,/} satisfying i < j. We havei € {1,2,...,¢} = E;
thus, ¢ (i) is well-defined. Similarly, ¢ (j) is well-defined. The definition of the relation <; shows
that the relation < is the restriction of the standard relation < on Z to the subset E. Thus, i <1 j
if and only if i < j. Hence, i <; j (since i < j). Thus, j >1 i (since >; is the opposite relation
of <1). Hence, (applied to e = j and f = i) shows that ¢ (j) < ¢ (i). In other words,
o (i) > ¢ ().

Now, forget that we fixed i and j. We thus have shown that if i and j are two elements of
{1,2,...,¢} satisfying i < j, then ¢ (i) > ¢ (j). In other words, ¢ (1) > ¢ (2) > --- > ¢ (¢).
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D:Z— Jby
(@(¢) = (¢(1),9(2),...,¢(£)) for every ¢ € Z).
Consider this map ®. This map & is injectiv@ and surjectiv@ In other words, the map @ is

Now, (¢ (1),¢(2),...,¢(£)) is an element of {1,2,3,.. .}é and satisfies ¢ (1) > ¢ (2) > --- >
¢ (¢). In other words,

(1), ¢((2),....¢(0)
€ {(il,iz,...,ig) €{1,23,.. Y | i1>i> > z'g} =J,

ged.
138 Proof. Let ¢ and ¢, be two elements of Z such that @ (¢;) = @ (¢,). We shall show that ¢; = ¢».
The definition of ® shows that ® (¢1) = (¢1 (1),¢1(2),...,¢1 (£)). The definition of & shows
that @ (¢2) = (¢2 (1), ¢2(2),...,¢2(¢)). Hence,

(@1 (1), 91(2),--,¢1(0)) = P(P1) = P (¢2) = ($2(1),92(2) ..., 2 (£)).

In other words, ¢; (i) = ¢, (i) for each i € {1,2,...,¢}. In other words, ¢; (i) = ¢, (i) for each
i € E (since E = {1,2,...,/}). In other words, ¢; = ¢».
Now, forget that we fixed ¢; and ¢,. We thus have shown that if ¢; and ¢, are two elements
of Z such that ® (¢;) = @ (¢2), then ¢; = ¢». In other words, the map P is injective, ged.
139Proof. Let j € J. We shall show that j € @ (Z).

We have j € J = {(il,iz,...,zj) € {1,2,3,...}K | ih>ip > > z'g}. In other words, j has

the form (i1, ip,...,i;) for some (i1, ip,...,ip) € {1,2,3,...}£ satisfying i1 > ip > --- > ip.
Consider this (i1,1y,...,i¢). Thus, j = (i1,i2,...,i¢).

We have i, € {1,2,3,...} for every e € {1,2,...,0} (since (i1,i,...,i7) € {1,2,3,...}£). In
other words, i, € {1,2,3,...} forevery e € E (since E = {1,2,...,¢}). Thus, we can define a map
¢:E—{1,2,3,...} by (¢ (e) = i, for every e € E). Consider this map ¢.

We have iy > ip > --- > iy. In other words, if e and f are two elements of {1,2,...,¢} such
that e < f, then

i > if. (192)

Let e and f be two elements of E satisfying e >1 f. We have e >; f. In other words, f <; e
(since >1 is the opposite relation of <1). In other words, f < e (since < is the restriction of the
standard relation < on Z to the subset E). Thus, (applied to f and e instead of e and f)
shows that i [ io. In other words, i, < i Iz But the definition of ¢ shows that ¢ (¢) = i, and
§(f) = is. Hence, ¢ () = ic < if = ¢ (f).

Now, forget that we fixed e and f. We thus have shown that if e and f are two elements of E
satisfying e >1 f, then ¢ (¢) < ¢ (f). In other words, ¢ is a weakly increasing map from the poset
(E, >1) to the totally ordered set {1,2,3,...} (by the definition of a “weakly increasing map”).
In other words, ¢ is an E’-partition (since the E’-partitions are precisely the weakly increasing
maps from the poset (E, >1) to the totally ordered set {1,2,3,...}). In other words, ¢ € Z (since
Z is the set of all E'-partitions).

We have ¢ (e) = i, for every e € E (by the definition of ¢). In other words, ¢ (¢) = i, for every
ec€{l1,2,...,0} (since E={1,2,...,¢}). In other words, (¢ (1),¢ (2),...,¢ (¢)) = (i1,12,...,ip).

Now, the definition of ® yields

(@)= (1), ¢(2),....00) = (i,iz ... i) = j.

Thus,j=®| ¢ | €®(2).
~—~—
(V4
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bijective. Thus, @ is a bijection. In other words, the map
Z—J, m— (r(1),7(2),...,7(0)) (193)

is a bijection (since the map (193) is the map D).
For every 7 € Z, we have

_ow(l) _w(2) w(l)
Xmw = X)X ) Xy (194)

=

Now, the definition of I' (E/, w) yields

/ _ _ o w(l) w(2) w(l)
I (E,w) = ) X =) Xrt,w = Y X)) ()
7T is an E/-partition nez ~ nez
—_— — v, w(2)  w(l)
— =Y r2) " Fr(0)
"5 (by ()

(since Z is the set of
all E/-partitions)

_ Z K1), w@) w)
11 %) 1p
(il/iZ/"'riZ)ej
N——
R
here, we have substituted (i1,1y,...,i¢) for (¢ (1),¢(2),...,¢(¥)),
since themap Z — J, m— (n (1), 7 (2),..., (é))
is a bijection

= Z xZ(l)xi}(Z) . x:};(é) _ Z x?ll x;’;z .. 'x?; (by (T90)) .

i 2ip>-- iy i1 =iy > >0y
This completes the proof of Proposition [10.68| (b). O
Our next claim is an analogue of Proposition {10.10

Proposition 10.69. Let « = (a1, ay,...,ay) be a composition of a nonnegative integer n. Then,

I B L 2 X e
' Z ' le xl2 xlé o ' X, Xiy X, -
i1<ip<--<iy i1<ip<-+-<iy;
{]’6[1171] I z]<1]+1}§D(:x)

Proof of Proposition[10.69] Let J denote the set of all length-¢ weakly increasing sequences of posi-
tive integers. In other words,

J = {(il,iZ,...,ig) €{1,23,. .} | ih<ihb<- < i,g}. (195)

Now, forget that we fixed j. We thus have shown that j € ®(Z) for every j € J. In other
words, J C ® (Z). In other words, the map @ is surjective, qed.
140 proof of (-) Let 7t € Z. Then, the definition of x,;, yields

Xt = Hxnz = H xz;;éz)) (since E ={1,2,...,¢0})
ecE ec{1,2,...,(}
\—\/—/
¢
= H

This proves (194).
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Renaming the index (i, iy, ..., i) as (ji,j2,--.,j¢) in this formula, we obtain

\7:{(jl/jzln-/jﬂ)6{1/2/3/~--}£ | jl S]ZSS][}

Now,
Z x{Xl xlféz . .x’ffﬂ
o2 Iy
i1<ip<---<iy
= Y = T
(i1,isri)€{1,2,3,..};  (ininig)€T
i1<ip <<y

(since {(il,iz,...,i[)6{1,2,3,...}/ | ilSizS---Sié}:])
_ X1 ,.00 Xy X1 .00 LY
= xtxteeext = D PRI 196

Z o 1y Z J1)2 Je ( )

(i1,d2esig) €T (1jarije) €T

(here, we have renamed (i1, 1iy,...,i¢) as (ji,2,-- ., j¢) in the sum).
Define a set Z by

I= {(il,iz,...,in) € {1,2,3,...}n | i <ip <---<iy

and {je[n—1] | ij<ij1} CD(a)}. (197)
Thus, > = y (an equality between summation signs). Hence,
i1 <ip <+ <iy; (1,82, in ) ET
{ieln—1] | ij<ij;1 }SD(a)
L XXy X, =} X¥yee X (198)
i1 <ip <+ <iy; (i1,i2,rin) €T

{jeln-1] | ij<ij1 }CD(x)
The definition of Z shows that
T ={(iriz, .. in) €{1,2,3,..}" | i1 <ip <--- <y
and {je[n—1] | ij<ijy1} S D(a)}
= {(ki, ko, ..., kn) €{1,2,3,..}" | k1 <k < -+ <ky
and {je[n—1] | kj <kjy1} S D(a)}

(here, we have renamed the index (iy, iy, ..., i,) as (ky, k2, ..., kn)).
Now, for every i € {0,1,..., ¢}, define a nonnegative integer s; by

Si =wa1 +0ar+ -+ 4.

Define a map f : [n] — [{] as in Lemma [10.7]
Now, for every (iy,1y,...,iy) € I, we have (is,, isy,...,1s,) € T @ Hence, we can define a map
®:7Z — J by setting

(®(i1,12, .- in) = (isy,dsy, - - -, 1s,) for every (iy,ip,...,in) €I).

141proof. Let (iy,ia,...,in) € Z. Thus,

(i1,i, ... in) €T
= {(kl,kz,...,kn) € {1,2,3,...}n | k1 < k2 < <ky
and {je1—1] | k <k} €D @)},
In other words, (i1,1,...,iy) is an element of {1,2,3,...}" satisfying i1 < ip < --- < i, and
{iemn-1] 1 i<ijg1} CDa).
Lemma (b) shows that we have (is, is,, . ..,is,) € {1,2,3,.. .}e and is; <is, <--- <, In
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Consider this ®.
For every (iy,1,...,in) € Z, we have

Is py = Tk for every k € [n] (199)

[+
Now, for every (hy,hy,...,hy) € J, we have (hf(l),hf(Q),...,hf(n)) e’ Hence, we can

define amap ¥ : J — T by setting

(‘P (hl,l’lz,...,hg) = (hf(l)/hf(Z)’/hf(n)) for every (h1,h2,...,hg) S ,_7) .

Consider this ¥.

other words,

(isy,isy,---,15,) € {(h,jz,..-,jg) 6{1,2,3,...}5 | 1 <jp<--- Sie} =7,

ged.
192 proof of : Fix (i1, 1y, .. .,in) € Z. We need to prove the equality (199).

We have
(i1,ip,...,in) €T
={(k1, ko, ..., kn) €{1,2,3,..}" | kg <kp < -+ <y
and {j € [n—1] | kj <kjj1} CD(a)}.
In other words, (i1,1,...,iy) is an element of {1,2,3,...}" satisfying i1 < ip < --- < i, and

{jeln—-1] | ij<ij} € D(«). Hence, Lemma (a) shows that we have i, = i for

every k € [n]. Hence, (199) is proven.
143Proof. Let (hy,hy, ... Hy) € J. Thus,  (hy,hy, ..., hy) € J =

{(il,iz,...,ig) € {1,2,3,...}£ | 1 <ip <--- < ig}. In other words, (hy,hy,... hy) is an {-
tuple in {1,2,3,.. .}Z and satisfies iy < hy < .-+ < hy. Hence, Lemma (a) shows that
we have (hf(l)/hf(Z)rrhf(n)> S {1,2,3,...}” and hf(l) < hf(2) < ... < hf(n) Furthermore,
Lemma 10.9) () yields {j € [1 1] | hg) < hin) | S D ().

Thus, (hf(l),hf(z), .. .,hf(n)) is an n-tuple in {1,2,3,...}" which satisfies hf(l) < hf(2) <... <
h(n) and {] €n—1] | hgj < hf(j+1)} C D («). In other words,

(hf(l)' hy@y - hf(n))
€ {(inin, ... i) €{1,2,3,..}" | iy <ip < -+ <y
and {je[n—-1] | ij<ij1} SD(a)}.

In light of , this rewrites as (hf(l),hf(z), .. .,hf(n)) € 7. Qed.
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Now, ®o¥ = id E] and Yo ® = id E} Hence, the maps ® and ¥ are mutually inverse.
Thus, the map @ is a bijection. In other words, the map

I-J, (i,12, -+ i) > (isy isys - - isy)

isa bijectior@

Now, for every (iy,i,...,in) € Z, we have

e ey o= XM %2 M
Xi Xyt Xiy, = xisl xis2 xl.s[ (200)

144proof. Let (hy,hy, ..., hy) € J. For every i € [¢], we have f (s;) =i (by ) and thus hg,) = h;.
Now,

(©0F) (Il i) = @ | ¥ ko, ) | =@ (hpay byl )

R ———

= ()b )
= (h PR R hf(sg)) (by the definition of ®)

= (hy,hy, ..., Hy)

(since hg(s,y = h; for every i € [(]).
Now, forget that we fixed (hy,hy, ..., hy). We thus have shown that (P oY) (hy,hy,..., hy) =
(h1,hy, ... hy) for every (h,hy,..., hy) € J. In other words, ® o ¥ = id, ged.
145Proof. For every (iy,1p,...,in) € I, we have

(Toq))(il,iz,...,in):T (D(il,iz,...,in) IT(isl,iSZ,...,iS[)
| S —
:(i51/i52/~-vis€)
(by the definition of ®)
= (isf(l)’ isﬂz),. .., isf(n)) (by the definition of ¥)

= (i1,ip,...,in) (by (199)) .

In other words, ¥ o ® = id, qed.

46gince @ is the map

-7, (ir, 2, - in) = (isy, isy, - -+ is,)

(by the definition of ®)
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m But becomes

_ N K1 4,82 AR
My = Z XXl = Z AL e
(uj2rie) €T (i1i20ein) €T e e Y

(by (200D)

here, we have substituted (is,, is,,...,is,) for (ji,/2,...,j¢) in the
sum, since the map Z — J, (i1, i2,...,in) = (is;, isy, - - -, s;)
is a bijection
= Z XigXip * -+ Xy = Z Xig Xip +* Xiy,
(i1,02in) €T i1<ip <o+ <i;
{ieln=1] | ij<ij1 }SD(w)

(by (198)). This proves Proposition [10.69 O

Let us now prove the main statements made in Example [4.8| (b):

Proposition 10.70. Let & = (&, a3, ...,a7) be a composition of a nonnegative integer n. Then,

4 ¢ 4 Ko
S (M) = (-1) ) x;"lle‘zz . ~xf;‘ =(-1) ) x?‘lfxi; t.. ~x§.’;1
1222y i1 <ip <<y
4
=(-1) ). M,.
7 is a composition of n;
D(’Y)QD((“f/aéfll'“/al))

Proof of Proposition[10.70, Let E = {1,2,...,£}. Thus, |E| = L.

Let <1 be the restriction of the standard relation < on Z to the subset E. (Thus, two elements e
and f of E satisfy e <; f if and only if e < f.) Let >1 be the opposite relation of <;. (Thus, two
elements e and f of E satisfy e >1 f if and only if f <; e.) Let E = (E, <y, >1). Then, Proposition
(a) shows that E is a special double poset. The double poset E is special, thus semispecia
and therefore tertispecial@PHence, Theorem 4.2| (applied to > instead of <) yields

ST ((E,<1,>1),w)) = (=DE T((E,>1,>1),w)
;\H
=(-1)'
(since |E|=f)
= (=1)'T((E,>1,>1),w). (201)
147Proofof: Let (i1,ip,...,in) € Z. Then,
xixip-oxi, =[x, =11 11 X, (since f (k) € [¢] for every k € [n])

keln) jelll keln); ~
f(k)=j By

~—~~—(because (199) shows that

TT ig=is ) =is; (since f(k)=j)

kef=1(j)
_ R S A S Y. S 7/
= 11 X = H Xig = X g iy
JEl] kef1(j) jell]
———

is; I :xis
by E9)
This proves (200).

since every special double poset is semispecial
since every semispecial double poset is tertispecial

148
149
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Let w : {1,2,...,0} — {1,2,3,...} be the map sending every i to ;. Thus, w is a map from
{1,2,...,¢} t0{1,2,3,...}. In other words, w is a map from E to {1,2,3,...} (since E = {1,2,...,¢}).
Now, the definition of w yields w (i) = a; for every i € {1,2,...,£}. In other words, «; = w (i) for
every i € {1,2,...,¢}. We have

a=(ay,a,...,00) = (w(),w(2),..., w(l))
(since a; = w (i) for every i € {1,2,...,¢}). Hence, Proposition [10.26| (b) shows that « is a composi-

tion and satisfies T' (E,w) = M,. Thus, M, =T E ,w| =T((E <1,>1),w). Applying the

map S to both sides of this equality, we obtain
S (Ma) = S (T ((E,<1,>1),w)) = (=1)' T ((E, >1,>1) ,w) (202)

(by (201)).
Let E' = (E, >1,>1). Then, Proposition [10.68| (a) shows that E’ is a special double poset. Propo-

sition [10.68| (b) furthermore shows that
I (E,w)= Z x?‘llx?‘; coexe

Iy

Now, (202) becomes

S(My) = (=D'T | (E,>1,>1),w | = (-1)" I (E,w)
————

—F/ 115 (12 &y
=E _ y 202 N

izipzeziy 120

=(-)" Y A (203)
i >ip> >0 '

4 Ny 0 ap
= (_]‘) Z xigl xl'gz_l e xlllf

(2012 2] e et

N NN M

=x.%x. X,

— Y ip “ip iy
i Sip <<y

here, we have substituted (ig,ip_1,...,71)
for (iy,iy,...,ip) in the sum
l )
=(-1) Yy x;?‘fx;"; RERRE (204)
i1 <ip<---<iy '
Now, recall that («q,ay,...,a7) = « is a composition of n. Thus, a3 + ay + - - - + &y = n. Hence,
ap+oap 1 +--+ay =01 +ay+---+ay =n. Thus, (ay,ay_1,...,01) is a composition of n. There-
fore, Corollary (applied to (ay,ay_1,...,a1) instead of &) yields

Z Xig Xiy * 0+ Xj, = Z M’B (205)
i1 <ip <+ <iy; B is a composition of 1;
{jeln—1] | ij<iji1 }SD((agtp—1,-1)) D(B)CD((app—1,--21))

(Here, we are using the notations of Definition and Definition [10.3]) On the other hand, Propo-
sition [10.69| (applied to (ay, ap_1,...,a1) and ay 1 instead of a and ay) yields
Kp_
Z xilxl{ xl‘; b x;tl - Z xi] xiZ U xirl
i1 <ip<---<iy i1<ip <<
{i€ln—1] | ij<ijy1 }SD((wptp—1,-01))

= ) Mg (by (205)).

B is a composition of n;
D(B)D((apteg—1,---s01))
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Hence, (204) becomes

14 ) Ry L
S (M) = (—1) ) x;?‘fxi; 1---x?21 =(-1) ) Mg.
i1 <ip<---<iyp B is a composition of n;

D(B)SD((app—1,21))

= Z Mﬂ
B is a composition of #;
D(B)SD((apg—1,--21))

This equality, combined with (203) and (204), proves Proposition [10.70 O

10.12. The antipode of F,

Recall how we defined a power series F, € QSym for every composition a in Definition [10.66; We
shall now study the antipode of this F,. First, let us introduce an operation on compositions:

Definition 10.71. Let &« = (aq,a3,...,4¢) be a composition of a nonnegative integer n. Thus,
(a1, a2, ...,0¢) is a composition of n. In other words, a1, ay, ..., ay are positive integers, and their
sum is aq +ap +---+ay, = n. Hence, ay +ay 1+ ---+a1 = a1 +a+---+ay = n. Thus,
(g, p_1,...,a1) is a composition of 1 as well. We denote this composition (ay, ay_1,...,a1) by
rev &, and we call it the reversal of a.

Let us pause to see how this allows rewriting part of Proposition|10.70

Proposition 10.72. Let « be a composition of a nonnegative integer n. Let £ € IN be such that «
is an /-tuple. Consider the map D : Comp, — P ([n — 1]) defined in Definition [10.13| Then,

S(My) = (1) Y M,

7 is a composition of 1;
D(y)CD(reva)

Proof of Proposition[10.72] Write a in the form a« = (aq,ay,...,ay) (this is possible since « is an /-
tuple). Then, the definition of rev a yields reva = (ay, ay_1,...,&1). But Proposition [10.70] yields

S(M,) = (-1)" Y M, = (1) Y M,

7 is a composition of #; 7 is a composition of #;
D(r)SD((wpmp—1,-m1)) D(7)CD(reva)
(since (ag,ap_1,...,01) = reva). This proves Proposition [10.72 O

Proposition [10.72|is easily seen to be equivalent to [GriReil4, Theorem 5.11]@]
Next, let us define the conjugate of a composition (following [GriReil4, Definition 5.22]):

Definition 10.73. Let a be a composition of a nonnegative integer n. We shall use the notations
that were used in Proposition

We know that rev « is a composition of #; in other words, reva € Comp,,. Hence, D (reva) €
P ([n—1]). Thus, [n —1]\ D (reva) € P ([n —1]). Hence, comp ([n — 1]\ D (reva)) € Comp,,.
In other words, comp ([ — 1] \ D (reva)) is a composition of .

We denote this composition comp ([n — 1] \ D (reva)) by w («), and call it the conjugate of .

1%0Indeed, the ¢ (a) in [GriReild, Theorem 5.11] is precisely what we call £ in Proposition [10.72
whereas the condition “7 coarsens rev («)” in [GriReil4, Theorem 5.11] is equivalent to “D (y) C
D (reva)”.
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Remark 10.74. Let « be a composition of a nonnegative integer n. Then,
D(w(a)) =[n—1]\ D (reva)
(where we are using the notations that were used in Proposition [10.17).

Proof of Remark|10.74} Proposition shows that the maps D and comp are mutually inverse.
Thus, D o comp = id. Now, the definition of w («) shows that w («) = comp ([ — 1] \ D (reva)).
Applying the map D to both sides of this equality, we obtain

D (w(«)) = D (comp ([n — 1]\ D (reva))) = (D o comp) ([n — 1]\ D (reva))
=id
=[n—1]\ D (reva).

This proves Remark [10.74 O

Lemma 10.75. Let a« be a composition of a nonnegative integer n. Consider the map D :
Comp,, — P ([n — 1]) defined in Definition {10.13
We have D (reva) ={n—u | u€ D (a)}.

Proof of Lemma Write the composition « in the form (a1, a2, ...,a¢). Thus, & = (ay,az,..., ).
Hence, (a1,a3,...,a7) is a composition of n (since « is a composition of n). Therefore, a1, ay, ..., ap
are positive integers whose sum is n. Thus, &y +ay +--- +a, = n.

For every i € {0,1,...,¢}, define a nonnegative integer s; by

Si =1+ &y + -+ .

Lemma [10.5] (c) thus shows that D («) = {s1,s2,...,5/_1}.
For every i € {0,1,...,¢}, define a nonnegative integer t; by

ti=aptapq+- - +appr)—i
Lemma (c) (applied to reva, ayy 1§ and ¢; instead of a, a; and s;) thus shows that D (reva) =

{t1,t2, ..., ty_1} (sincereva = (ay,ap_1,...,a1) (by the definition of rev «)). Buteachi € {1,2,...,¢ —1}
satisfies t; = n —sy_; Hence,

(t1,t2, ..., tp1) = (n —Sy_1,N—S¢_2,...,1 —557(271» =Mn—sp_1,n—5p_5,...,n—51),
so that {t1,tp,...,tp 1} ={n—sp_1,n—5sp_5,...,n—s1}. Now,

D (reva) ={t,tp,...,.tp 1} ={n—sp_1,mn—84_o,...,n—51}

n—u | ue{sy 1,5 2,...,51t p={n—u | ueD()}.

={s1,82,--.,5¢-1}=D(a)
This proves Lemma [10.75 O

151Proof. Leti € {1,2,...,¢ —1}. The definition of s, ; yields sy ; = a1 +az + --- + ay_;. But from
a1 +ap + - - -+ ap = n, we obtain

n=waytap+-tapg=(agtaptFag) (i oot Fag) = s+t

=S0_; =aptap_qttag_jpg
=ptap gt e )i =t

Hence, t; = n —sy_;, qed.
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Now, let us prove an analogue of Proposition [10.65

Proposition 10.76. Let &« = (aq,a,...,a7) be a composition of a nonnegative integer n. Define
a set D («) as in Definition Let E = {1,2,...,n}. Let < be the total order on the set E
inherited from Z (thus, two elements a and b of E satisfy a <1 b if and only if they satisfy a < b).
Let >; be the opposite relation of <;. (Thus, two elements e and f of E satisfy e >; f if and only
if f <7 e.) Let <; be a strict partial order on the set E satisfying and (175). We shall use the
notation introduced in Definition [10.2) (that is, we shall write [k] for {1,2,...,k} when k € Z).

(a) We have
F((E,>1,<2)) = 2 Xiy Xip o X,
ilZiZZ"'Zin}
ij>ij,1 whenever j€[n—1]\D(«)
(b) We have
[ ((E,>1,<2)) = ) Xiy Xiy + -+ Xiy = Fy(a)-
i1 <ip<-+-<iy;

ij<ij,1 whenever je[n—1]\D(rev «)

Proof of Proposition(10.76] (a) Let us first observe a simple fact: If u and v are two elements of
{1,2,...,n} such that u < v and u <, v, then

{u,u+1,...,v—-1}y Z D (a) (206)
2

Let Z be the set of all (E, >1, <p)-partitions. The definition of ' ((E, >1, <3)) yields
T ((E,>1,<2)) = Y X,

7 is an (E,>1,<p)-partition

where x; = ] x,(,). Thus,

ecE
r((Er >1, <2)) = Z Xr = Z Xr- (207)
7 is an (E,>1,<p)-partition nez
=X
nez

(since Z is the set of all
(E,>1,<7)-partitions)

152Proof of : Let u and v be two elements of {1,2,...,n} such that u < v and u <, v. We must
prove (206).

Indeed, assume (for the sake of contradiction) that {u,u+1,...,v -1} C D («).

We have u > 1 (since u € {1,2,...,n})and v < n (since v € {1,2,...,n}). Also, u # v (since
u < v), so that v # u.

Now, let k € {u,u+1,...,v—1} be arbitrary. Thus, k € {u,u+1,...,v—1} C D (). Hence,
(applied to i = k) shows that k+1 <5 k.

Now, forget that we fixed k. We thus have shown that k +1 < k for each k €
{u,u+1,...,v—1}. In other words, we have the relations v < v—1, v—1 <, v -2, ...,
u—+1 < u. Since (E, <) is a poset (because <3 is a strict partial order on E), we can combine
these relations into a chain of inequalities:

0<00—1<0—-2<p---<p U

Thus, v < u (since v # u). This contradicts u < v (since <5 is a strict partial order on E).

This contradiction shows that our assumption (that {u,u+1,...,v—1} C D («)) was false.
Hence, we cannot have {u,u+1,...,v—1} C D (a). We thus must have {u,u+1,...,v -1} €
D (). This proves .
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On the other hand, define a set W by
W= {(i1,i,...,0n) €{1,2,3,..}" | 120 >+ >y,
and (i; > ij41 whenever j € [n —1]\ D (a)) } . (208)
Thus, we have the following equality between summation signs:
(i1,i0,--/in ) EW (i1,i2)sin)€{1,2,3,..}"; 120> >ip;

Wb o i;>ij 1 whenever je[n—1)\D(a)
ij>ij,1 whenever j€[n—1]\D(«)

For every m € Z, we have (7t (1),7(2),...,t(n)) € W @ Hence, we can define a map
@ : Z — W by setting

(® () =(m(1),7(2),...,m(n)) for every m € Z).

133 proof. Let T € Z. We must show that (7 (1),7(2),..., 7 (n)) € W.

First, let us see that (7t (1),7(2),..., 7 (n)) is well-defined. We have 7t € Z. In other words,
7 is an (E, >1, <p)-partition (since Z is the set of all (E, >1, <»)-partitions). Hence, 77 is a map
E —{1,2,3,...}. In other words, wisamap {1,2,...,n} — {1,2,3,...} (since E = {1,2,...,n}).
Thus, (7t (1),7(2),...,7(n)) is well-defined and an element of {1,2,3,...}".

Recall the definition of an (E, >1, <p)-partition. This definition shows that 7 is an (E, >1, <p)-
partition if and only if it satisfies the following two assertions:

Assertion Aq: Every e € E and f € E satisfying e > f satisfy 7 (e) < 7 (f).

Assertion Ay: Every e € E and f € E satisfying e >1 f and f <, e satisfy 7 (e) < 7 (f).

Thus, 7 satisfies Assertions A1 and A; (since 7 is an (E, >1, <p)-partition).

We now shall show that

(k) >m(k+1) forevery k € {1,2,...,n —1}. (209)

[Proof of 209): Let k € {1,2,...,n — 1} be arbitrary. We shall show that 7 (k) > 7t (k +1).

We have k € {1,2,...,n—1}. Thus, both k and k + 1 belong to the set {1,2,...,n}. In other
words, both k and k + 1 belong to the set E (since E = {1,2,...,n}).

Recall that <7 is the total order on the set E inherited from Z. Hence, k <1 k+ 1 (since
k<k+1).

But k+1 > k holds if and only if k <1 k+ 1 (since > is the opposite relation of <1). Thus,
k+1 >1 k holds (since k <1 k+ 1). Therefore, Assertion A; (applied to e = k+1 and f = k)
yields 7t (k4 1) < 7t (k). Hence, 7t (k) > 7t (k4 1). This proves (209).]

Now, shows that 77 (1) > 7 (2) > -+ > 7t (n)

Next, let us show that

m(j)>mn(j+1) whenever j € [n —1]\ D («). (210)

[Proof of (210): Let j € [n — 1]\ D («). Thus, j € [n— 1] and j ¢ D («).

From j € [n—1] = {1,2,...,n—1}, we conclude that both j and j+ 1 belong to the set
{1,2,...,n}. In other words, both j and j+ 1 belong to the set E (since E = {1,2,...,n}). We
have j € [n—1] \D(a) = {1,2,...,n—1}\ D (a), so that j < j+1 (by , applied to

——
={12,...n-1}
i=j).

Recall that <; is the total order on the set E inherited from Z. Hence, j <; j+ 1 (since
j <j+1). Butj+1 >; jholds if and only if j <1 j+ 1 (since >; is the opposite relation of
<4). Thus, j+1 >; j holds (since j <; j + 1). Also, j <3 j + 1. Therefore, Assertion A, (applied
toe=j+1and f =) yields 7(j+1) < 7 (j). In other words, 7t (j) > 7t (j+1). This proves

210

Now, we know that (7t (1), 7 (2),..., 7t (n)) is an element of {1,2,3,...}" and satisfies 7 (1) >
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Consider this map ®. Thus, ® is themap Z - W, 7 — (7 (1),7(2),..., 7t (n)) (since ® (1) =
((1),7(2),..., 7 (n)) for every 1 € Z).

m(2)>--->m(n)and (7 (j) > m(j+ 1) whenever j € [n — 1]\ D («)). In other words,
(r(1),7(2),..., nt(n)) € {(ir,ip,...,in) €{1,2,3,..}" | i1 >0 >+ >y,
and (i; > ij41 whenever j € [n —1]\ D (a)) }
=W.
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The map & is surjectivﬂ and injectiv@ In other words, the map ® is bijective, i.e., a bijection.

14Proof. Let g € W. We shall show that g € ® (Z).

We have
geW={(inio,...,0n) €{1,2,3,..}" | 1 > ip > >,
and (i; > ij41 whenever j € [n — 1]\ D (a)) } .
In other words, g is an (i1, ip,...,in) € {1,2,3,...}" satisfying iy > i, > -+ > i, and

(ij > ij41 whenever j € [n — 1]\ D («)). Consider this (i1, iy, ..., in). Thus, g = (i1, i, ..., in).
We have i1 > i > --- > iy. In other words, for any u € {1,2,...,n} and v € {1,2,...,n}
satisfying u < v, we have
iy > dp. (211)

Notice also that we have
(ij > ij41 whenever j € [n — 1]\ D (a)). (212)
Define amap 7: {1,2,...,n} — {1,2,3,...} by setting
(7t (k) =iy forevery k € {1,2,...,n}).

Thus, 7 is a map from E to {1,2,3,...} (since E = {1,2,...,n}).

Recall the definition of an (E, >1, <p)-partition. This definition shows that 7 is an (E, >1, <3)-
partition if and only if it satisfies the following two assertions:

Assertion Aq: Every e € E and f € E satisfying e > f satisfy 7 (e) < 7 (f).

Assertion Ay: Every e € E and f € E satisfying e >1 f and f <, e satisfy 7 (e) < 7 (f).

We shall now show that 7t satisfies Assertions A, and Aj.

Proof of Assertion Ay: Lete € E and f € E be such that e > f. Recall that > is the opposite
relation of <;. Hence, e >1 f holds if and only if f <y e. Thus, f <; e (since e >1 f holds). Now,
recall that < is the total order on the set E inherited from Z. Hence, f <; e holds if and only if
f <e. Thus, f < e (since f <4 e holds). Thus, f < e. Hence, (applied to u = f and v = ¢)
yields i > In other words, i, < i . Now, the definition of 7t yields 7 (¢) =i, and 7t (f) =i Iz
Hence, 7 () = ip < if = 7 (f). This proves Assertion A;.

Proof of Assertion Ay: Lete € E and f € E be such thate >1 f and f <y e. Thus, f < e (indeed,
this can be proven just as in our proof of Assertion Aj).

Both e and f are elements of E. In other words, both e and f are elements of {1,2,...,n} (since
E =1{1,2,...,n}). We have f < e and f <, e. Thus, (applied to u = f and v = e) yields
{f,.f+1,...,e =1} D («). In other words, there exists some j € {f, f +1,...,e — 1} such that
j ¢ D («). Consider such j.

Wehaveje {f,f+1,...,e—1}. Thus, f <j<e—1 Fromj<e—1 weobtainj+1<e.

From f € {1,2,...,n}, we obtain f > 1. From e € {1,2,...,n}, we obtain ¢ < n. Thus,
je{f,f+1,...,e—1} C{1,2,...,n—1} (since f > 1 and e < n). Hence, both j and j + 1 are
elements of {1,2,...,n}.

We have j € {1,2,...,n — 1} = [n — 1]. Combining this with j ¢ D (), we obtain j € [n — 1]\
D (). Thus, i; > i (by (212)). Applying tou = f and v = j, we obtain iy > i; (since
f <j). Applying tou = j+1and v = e, we obtain i1 > i (since j +1 < ¢). Hence,
i Zl] >Z']'+1 > i, so that i, <if.

Now, the definition of 7 yields 7 (¢) = ip and 7 (f) = is. Hence, 7t (¢) =i, < iy = 7t (f). This
proves Assertion A;.

Now, we have shown that 7t satisfies Assertions A; and A,. Thus, 7 is an (E, >1, <p)-partition
(since we know that 7t is an (E, >1, <p)-partition if and only if it satisfies Assertions .4; and Ajy).
In other words, T € Z (since Z is the set of all (E, >1, <p)-partitions).
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In other words, the map Z — W, 7 — (7 (1),7(2),...,7m(n)) is a bijection (since ® is the map
Z—-W, m— (r(1),7(2),...,7(n))).
Every m € Z satisfies
X = Xp(1)Xr(2) " Xr(n) (213)

Now, the definition of ® yields

O ()= (r(1),7(2),...,m(n)) = (i1, iz, ..., i)
(since 7t (k) = iy for every k € {1,2,...,n})

:g'

Hence, g = @ ( s ) ced(2).
~~
€z

Let us now forget that we fixed g. We thus have shown that g € ® (Z) for every g € W. In

other words, W C ® (Z). In other words, the map ® is surjective, qed.
15proof. Let 711 and 7, be two elements of Z such that ® (7r;) = @ (72). We shall prove that

711 = 7M.

The definition of @ yields ®(m) = (m(1),7m1(2),...,m(n)) and P (M) =
(2 (1),m2(2),...,m (n)). Thus,

(m (1), m(2),...,m (n) =P (m) =P (m) = (m2(1),m12(2),...,m (1)) .

In other words,
my (i) = mp (i) foreveryic {1,2,...,n}.

In other words,
my (i) = 1y (i) for every i € E

(since E = {1,2,...,n}). In other words, 1y = 715.
Now, forget that we fixed 71 and 7. We thus have shown that if 711 and 71, are two elements
of Z such that ® (711) = ® (71), then 1 = 5. In other words, the map & is injective, ged.
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58 Now, becomes

I'((E,>1,<2))
=), Xr = X Xr()¥r(2) i)
meZ _, ;\/x nez
(1)* (2 7(n)
by €19

= L Xiy Xy - Xiy
(i1i2,../in) EW
—_———
= X
120y > 2ip;
>ijy1 whenever je[n—1]\D(«)

4
here, we have substituted (iy,1y,...,in) for (7t (1), (2)
since themap Z - W, m+— (nt(1),m(2),...,
is a bijection
= 2 xllxlz e xl-n_
i1 >ip> e 2iy;
i;>i;,1 whenever j€[n—1]\D(«)

This proves Proposition [10.76] (a).
(b) Write the composition « in the form (ay,a,...,ap). Thus, & = (aq,az,...,a;). The definition

of reva yields reva = (ay,ap 1,...,41).

Proposition [10.76| (a) yields
I'((E,>1,<2)) = Y Xiy Xiy -+ - Xi,

i1 >ip > Ziy;
>ij11 whenever je[n—1]\D(a)

Y

= Z Xi Xiy g 0" Xig
. . n2iy 1220y —
in1-j>1y41-(j+1) Whenever j€[n—1]\D(«) =iy Xip Xip
= R
1 Sip < <iy;

in1-j>1y41-(j+1) Whenever je€[n—1]\D()
(since the condition #;,>i,_1>--->1 is equivalent
to the condition 7y <ip <---<iy)

(il,i2,. ..,in) as (in, l'nfl,. . .,il)
= Z Xiy Xiy =+ X, - (214)

i1 Sip <+ <i;
in1-j>int1-(j+1) Whenever j€[n—1]\D(«)

( here, we have renamed the summation index )

But for every n-tuple (i, iy, ...,in) € {1,2,3,...}", the condition
(in+1—j > iy 41— (j4+1) Whenever j € [n — 1]\ D (zx)) (215)

is equivalent to the condition

(ij < ij41 whenever j € [n— 1]\ D (reva)) (216)

156 Proof of : Let 7T € Z. The definition of x;; yields
o I XA [ (since E = {1,2,...,n})

ecE ec{12,..n}
= Xn(1)Xn(2) " Xn(n)-

This proves (213).
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1

157Proof. Let (i1,i2,...,in) € {1,2,3,...}" be an n-tuple. We must show that the condition (215) is

equivalent to the condition (216).

Lemma [10.75]yields D (reva) = {n —u | u € D (a)}.

Let us first prove that 215) implies (216).

Proof that implies : Assume that holds. Now, let j € [n — 1]\ D (reva). Thus,
je[n—1]butj ¢ D (reva).

Now, we shall prove that n — j ¢ D («). Indeed, assume the contrary. Thus, n —j € D («), so
thatn — (n—j) e {n—u | u€ D (a)} (since n — (n — j) has the form n — u for some u € D («)
(namely, for u = n —j)). Therefore, n — (n—j) € {n—u | ue D(a)} = D (reva). Since
n— (n—j) = j, this rewrites as j € D (reva). This contradicts j ¢ D (reva). This contradiction
proves that our assumption was wrong. Hence, n — j ¢ D (a) is proven.

Also, j € [n—1], so that n —j € [n—1]. Combining this with n —j ¢ D (a), we obtain
n—je€ [n—1]\ D (a). Now, we assumed that holds. Hence, (applied to n — j instead
of j) shows that iy 1_(y_j) > inp1—((n—j)+1) (Since n —j € [n—1]\ D (a)). In other words,
ijy1 >ij(sincen+1—(n—j)=j+1landn+1—((n—j)+1)=j). In other words, i; <ij,1.

Now, forget that we fixed j. We thus have shown that i; < i;;; whenever j € [n — 1]\ D (reva).
In other words, holds.

Now, forget that we assumed that holds. We thus have shown that if holds, then

holds. In other words, we have proven that implies (216).

Let us now prove that (216) implies (215).

Proof that implies: Assume that holds. Now, let j € [n—1]\ D («). Thus,
jen—1]butj ¢ D (a).

Now, we shall prove that n —j ¢ D (reva). Indeed, assume the contrary. Thus, n —j €
D (reva). Hence, n —j € D(reva) = {n—u | u€ D (a)}. In other words, n — j has the
form n — u for some u € D (x). Consider this u. Thus, n —j = n — u, so that j = u. Hence,
j =u € D(a). This contradicts j ¢ D («). This contradiction proves that our assumption was
wrong. Hence, n — j ¢ D (reva) is proven.

Also, n —j € [n—1] (since j € [n—1]). Combining this with n —j ¢ D (reva), we obtain
n—j€ [n—1]\ D (reva). Now, we assumed that holds. Hence, (applied to n — j
instead of j) shows that i, ; < i(,_jj41 (since n —j € [n—1]\ D (reva)). In other words,
i(n—j)41 > in—j. Hence,

in—l—l—j = i(n—j)+1 (since n+1 —j = (ﬂ —]) + 1)
> dp—j = lpp1-(j+1) (sincen—j=n+1—-(j+1)).
Now, forget that we fixed j. We thus have shown that i1-; > i,,1_(j;1) whenever j €

[n —1]\ D («). In other words, (215) holds.
Now, forget that we assumed that (216) holds. We thus have shown that if (216) holds, then

(215) holds. In other words, we have proven that (216) implies (215).

We have now shown the following two facts:

o (215) implies (216).
o (216) implies (215).

Combining these two facts, we conclude that the condition (215) is equivalent to the condition

. Qed.
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Now, (214) becomes
I'((E,>1,<2))

Z Xig Xiy ** * i,
i1 <ip <+ <iy;
in41-j>1y41-(j4+1) whenever j€[n—1]\D(«)

= Y
i1 <ip<---<ip;
ij<ij,1 whenever j€[n—1]\D(rev a)
(because for every n-tuple (i1,iz,...,in)€{1,2,3,...}",
the condition (in+1—j>in+1—(/+l) whenever je[nfl]\D(zx))
is equivalent to the condition (i]-<i]-+1 whenever je[n—1]\D(rev IX)))
= Z Xiy Xiy *+* Xi, - (217)
i1 <ip<-+-<iy;

ij<ij,1 whenever j€[n—1]\D(rev &)

Now, recall that w («) is a composition of # (since « is a composition of n). Hence, the definition
of F,(s) yields

Fow = X XiyXiy + e Xi, = > Xiy X+ X,
i <ip<-+-<iy; i1 Sip <+ <iy;
ij<ijy1 whenever jeD(w(a)) ij<ij,1 whenever je[n—1]\D(rev«)

(since D (w (a)) = [n—1]\ D (reva) (by Remark [10.74)). Comparing this with (217), we obtain
I'((E,>1,<2)) = Fy(a) This equality and (217) together complete the proof of Proposition [10.76
®). u

Finally, we can derive a formula for the antipode of F;:

I Proposition 10.77. Let « be a composition of a nonnegative integer n. Then, S (F,) = (—1)" Foo(w)-

Proposition is [GriReil4}, (5.9)] (although [GriReil4] uses the notation L, for what we call
Fy).

Proof of Proposition Write the composition a in the form (a1, ap, ..., ap). Thus, & = (aq,a,...,ay).
Define a set D («) as in Definition [10.3]

Let E={1,2,...,n}. Thus, |[E| = n.

Let <; be the total order on the set E inherited from Z (thus, two elements a and b of E satisfy
a <1 b if and only if they satisfy a < b). Let > be the opposite relation of <;. (Thus, two elements
eand f of E satisfy e > f if and only if f <; e.)

Proposition shows that there exists a total order <, on the set E satisfying and (175).
Consider such a <. Thus, <5 is a total order, hence a strict partial order. Hence, Proposition
yields

I'((E, <1,<2)) = Y Xiy Xiy *** X,
i1 <ip<---<iy;
ij<ijy1 whenever jeD(a)
Comparing this with (189), we obtain I' ((E, <1, <2)) = Fa.

We shall use the notation introduced in Definition (that is, we shall write [] for {1,2,...,k}

when k € Z). Proposition [10.76 (b) yields

F((E,>1,<z)) = Z Xig Xiy *+ = Xi, :Fw(a)‘
i1 Sip <+ <iy;
i;<ijy1 whenever j€[n—1]\D(reva)

The double poset (E, <1, <p) is special (since <; is a total order), thus semispecia@ and
therefore tertispecia Hence, Corollary {4.3| yields S (T ((E, <1,<2))) = (—1)ET ((E, >1, <2)).
158
159

since every special double poset is semispecial
since every semispecial double poset is tertispecial
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Since I' ((E, <1,<2)) = Fu, |E| = nand I' ((E,>1,<2)) = F,(y), this rewrites as follows: S (F,) =
(-1)" Fi()- This proves Proposition O
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