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I will refer to the results appearing in the paper “A Determinantal Formula
for the Exterior Powers of the Polynomial Ring” by Dan Laksov and Anders
Thorup by the numbers under which they appear in this preprint.

10. Errata

e page 828, §0.3: It is worth saying that if ¢ = bNTN + by TN 4 by, TN-2 4+
- is a Laurent series, and if i is an integer such that i > N, then you set
b; = 0. (This is used, for example, in the definition of Res (g1, ..., gn), since
otherwise the entries b; _; of the determinant are undefined if one of the
series g1, ...,9n begins with a very low negative power of T.)

e page 829, Theorem 0.1: In part (3), I'd replace “exponents” by “nonnega-
tive exponents” for clarity.

e page 829, Remark 0.5: The reasoning for why “(2) is a consequence of (3)”
can be simplified. All you need is the following: In order to prove (2) in
general, it suffices to prove (2) in the case when f,..., f, are monomials
(since any polynomial is an A-linear combination of monomials). In other
words, it suffices to prove (2) in the case when each i € {1,2,...,n} satisfies
fi = T for some g; € IN. So assume WLOG that we are in this case.
Then, note that both the left hand side and the right hand side of (2) are
alternating as functions in the parameters q1, g2, . . ., g (because the residue
of n polynomials f1, f2,..., fn vanishes when two of the polynomials are
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equal, and switches sign if two of the polynomials are swapped). Thus,
we can assume WLOG that g; > g2 > --- > g,. Assume this, and write
the g; in the form g; = h; +n — i for some h; € IN; then, the inequalities
g1 >qy > -+ >qy >0lead tohy > hp > --- > hy, > 0. Thus, f1 (X) A
c A f (X) = XAl A Xhatn=2 AL A XM (since each i € {1,2,...,n}
satisfies f; = T = Thi+n=1 (since g;i = hi +n —1)) and

1
Res (%, ey %) = Shy hy,..hin

(this has been proven in the previous paragraph). Thus, the claim of (2) is
precisely the assertion (3).

Note that we did not need to assume (1) to make this argument.

e page 831, proof of Lemma 1.1: Before “To prove assertion (3)”, add “Now
assume [ to be equipped with a total order.”.

e page 832, §1.3: When defining S here, you should perhaps say that this S is
not the same S that was defined in §0.1, but rather a generalization thereof.

e page 832, proof of Proposition 1.3: Remove the four sentences that begin
with “Then we have an equality” and end with “and hence fy is in the
kernel”. (These four sentences merely repeat the four preceding sentences.)

e page 832, proof of Proposition 1.3: “Assume that M is A free” — “Assume
that M is A-free”.

e page 833, §2.1: In “and it is clear that the action of S on A [Xy,..., X,]
is determined by these equations”, replace “A [Xj, ..., X,]” by “A} A[X]".
(Or perhaps remove these words altogether, since you don’t seem to use
them anywhere.)

e page 833, proof of Proposition 2.1: Replace “of (2.2)” by “of (2.1)".

e page 833, proof of Proposition 2.1: This proof is not complete. You im-
plicitly build up an involution for each k € {1,2,...,n — 1} that pairs up
cancelling addends on the right hand side of (2.1); but why don’t these
involutions for different values of k “snatch away” addends from one an-
other? An addend may be paired up by more than one of the involutions.

I suggest replacing the proof by a cleaner argument, which I show in the
Appendix to these errata (Section [11.1)):

e page 834, proof of Corollary 2.2: I find this proof somewhat harrowing
to read; the combinatorics requires too much handwaving. I present a
different proof (longer, but a lot less reliant on mental acrobatics) in the
Appendix to these errata (Section [11.2).
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e page 834, proof of Corollary 2.2: In the proof of Corollary 2.2 (your proof,
not mine), replace “into n + 1 intervals” by “into m + 1 intervals”.

e page 835, §2.2: “Note that the Schur function sy, 5, 5,0.0" — “Note that
the Schur function sy, 4, n,.0,..0"-

e page 835, §2.2: The sentence “For m = 1 Gatto’s formula clearly holds”
should be moved after the next sentence (“We prove Gatto’s formula ...”),
since at its current position it is unclear what the “m” stands for.

e page 835, §2.2: “on the positive integers m” — “on the smallest positive
integer m”.

e page 835, §2.2: Before “Development of the determinant”, insert “Now
assume that (hy,hy, ..., hy) € N" has hyy1 = hyyp = -+ = hy = 0 but
hw > 0.

e page 835, §2.2: In the first displayed equation of §2.2, replace the subscript
“l’ll,. . '/hifllhﬂ»l/ .. .,hm_l,O, .. .,O” by ”hl, .. .,hifl,]’li+1 - 1, .. .,hm - 1,0, .. .,O”.

e page 835, proof of Lemma 2.3: I cannot follow this proof at the point where
you argue that “ fX" "1 A X""2 A - - A X0 contains the term X"+7=1 A X2+71=2 A
- A XM A slightly different (but cleaner) proof of Lemma 2.3 is shown
in the Appendix to these errata (Section [I1.3).

e page 836, §3: On the first line of §3, I would replace “of Section 1” by “of
(1.2)”, just to be a bit more specific.

e page 836, §3.1: I suggest replacing “free A-module of rank 1 over S” by
“free S-module of rank 1”.

e page 836, §3.1: Replace “alt (X’fﬁ"*l e XS) ” by “alt (X’fﬁ”*l e XZ”) 7

e page 836, §3.1: I would simplify this whole paragraph, avoiding the first
reference to [22], as follows:

“Let A be the Vandermonde determinant

n—i _ n—lyn—-2_ . ~yn—n
det((X]. >1<i<n, 1<]-<n) = alt (Xl X2 X )

Note that A= T] (X;—X;).

1<i<j<n
The Jacobi-Trudi formula ([22, 1.3, (3.4) on p. 41]) shows that

Sty = alt (X{TFTIXGETE LX) (1)

for any (hy,hy, ..., hy,) € N" satisfying hy > hy > --- > h,. (Keep in mind
that what is called s, in [22, §1.3] corresponds to our
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alt (XillJrn_ngﬁ”*z e XQ”JF"_”) /A, where (hy,hy, ... hy) = (A, Mg, .., Ay);
meanwhile, what we call sy, ,, .5, corresponds to the determinant det (h Ai—i+]’)
in [22, §1.3].)

Let v denote the S-linear isomorphism A’} A [X] — A[Xj,.. ., XM con-
structed in Proposition 3.1. Then, v is bijective (since <y is an isomor-

phism) and thus injective. Now, for any (hy,hy, ..., h,) € IN" satisfying
hi > hy > --- > hy, we have

1<i,j<n

v (Xhl—i—n—l A Xh2+n—2 Ao A th—i—n—n)

= alt (X’fﬁn_lX;ﬁ"*z - XZ”“‘”) (by the definition of )
= Shl/h2/~-/hnA (by )
= Shu o,y At (XETIXE 2 X (since & = alt (xy=1x3=2... X7 ) )

:,)/(Xn—l/\XVl—ZA_,,/\XVl—H)
= Shy e Y (an AX'TEAA X“")

=7 <5h1,h2,...,h,1 XTIAXTTZA A X”‘”) (since 7y is S-linear)

and therefore

XM=t g xhtn=2 p g Xt =g XTTLAXTTEA A X,
1, seeeslin
)
This proves part (3) of the Main Theorem. As we know from Remark 0.5,
this entails that part (2) of the Main Theorem also holds. It remains to
prove part (1).

The family

(Xil/\XiZ/\.../\Xin)

(il,iz,...,in)ENn,' 11 >ip> >0y

and the family

(Xh1+n—1 A Xl’lz—l—?’l—z A--- A th-l—n—?’l)
(hllhzl'--/h}’l)eINn; hlzhzzzhn

can be obtained from one another by relabellingﬂ Hence, these two fami-
lies have the same span. Since the first family spans the A-module A’} A [X]

Indeed, there is a bijection from the set {(i1,ip,...,in) € N" | i1 > iy > -+ > iy} to the
set {(hy,hy,...,hy) € N" | hy > hy > --- > hy}; this bijection sends each (iy,i,...,iy) to
(ii—n+1,ip—n+2,...,iy —n+n). This bijection has the property that if it sends some
n-tuple (i1, iy, ...,i,) to an n-tuple (hy, hy, ..., hy), then Xhitn=1 p Xhotn=2 p . A Xhntn-n —
X A X2 A - A X', Therefore, if we relabel the first of our two families using this bijection,
then we obtain the second family.
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(because the A-module A [X] is spanned by X°, X!, X?,...), we thus con-
clude that the second family spans the A-module A\ A [X] as well.

For any (hy,hy, ..., h,) € IN" satisfying hy > hp > --- > h,, we have

Xh1+nfl A Xh2+n72 Aeee A th+nfn
= Shyhy, in Xl A\ X2 A-- - ANXTH (by )
h\/—/
€S
€S- (X”*U\X””/\---/\X”*”) .

In other words, f € S+ (X" 1 AX"2 A .-+ A X"™") whenever f is an ele-
ment of the family (X"+7=1 A XMFn=2 Ao A Xlntn—n) () NP Ty Sy
Hence, f € S (X" 'AX"2A--- AX"™) holds for each f € N} A[X]
(since the family (XM 1=1 A X2Hn=2 A A Xhotn=m)
spans the A-module A\’ A [X]). In other words,

(h1/h2/«~./hn)eNn; hl ththn

NyAX] S (XTIAXT2 A AXT).

Combining this with S+ (X" "1 A X"2A--- AX"") C A} A[X] (which is
obvious), we obtain

N, AX] =5 (X”—l/\xn—z/\---/\x”—”).

Hence, the n-vector X"~ 1 A X""2 A - .- A X"~ generates the S-module \'} A [X].
Since the annihilator of this n-vector is zero (by Lemma 2.3), we thus
conclude that the 1-tuple (X" 1 AX""2A---AX"") is a basis of the S-
module A} A [X]. In other words, the S-module A\’ A [X] is free of rank 1,
generated by the n-vector X"~1 A X"=2 A ... A X"~ This proves part (1)

of the Main Theorem. Thus, the Main Theorem is completely proven.

e page 836, §4.1: Before “The residue algebra S [T] /P is freely generated”,
add “The polynomial P € S[T] is monic of degree n. Thus,”.

e page 836, §4.1: After “well-known to be an isomorphism”, add “(but this
latter fact will not be used)”.

e page 836, §4.1: After “and it is free of rank 17, add “with a basis consisting
of the single element ¢" "1 A& 2 A - A Z0 (since S [¢] is a free S-module
with basis ¢~ 1,&"=2,..., &Y.

e page 837, §4.1: “exterior product” — “exterior power”.

e page 837, proof of Lemma 4.1: “from the equation 0 = P (&) = " ! —
18" 24 -+ (=1)"¢,” — “from the equation 0 = P (&) = " — c1&" 1 +
. + (_1)1’1 Cn”.
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e page 838, proof of Theorem 4.2: “natural injection of S-algebras” — “nat-
ural homomorphism of S-algebras”. (It is true that this homomorphism is
an injection, but this is not obvious at this point, and not needed for your
argument; it is thus only distraction.)

e page 838, proof of Theorem 4.2: After “and equal to the identity on S”,
add “(by the universal property of the residue algebra S[¢] = S[T] /P,
since P (X;) = 0)".

e page 838, proof of Theorem 4.2: “with the natural surjection A [X3,..., A,] —
N4y A[X]” — “with the natural surjection A[Xy,..., Xn] = QR A[X] —
Na A[X]".

e page 838, proof of Theorem 4.2: I suggest explaining somewhere what
you mean by “alternating” when talking about maps out of a tensor power.
(Namely, you say that an A-linear map f : Q'3 V — W (for two A-modules
V and W) is alternating if and only if the map

Vvt - W,
(01,02,...,00) = (V1 RV X - RVy)

is alternating; equivalently, you say that f : @’4 V — W is alternating if
and only if f factors through the canonical projection @'y V. — A’y W.)

e page 838, §4.3: After “is upper triangular with 1’s on the diagonal”, add
“(by the equality T"/P (T) = Y Shj—n T~/ in Remark 0.5, and because

j=n—h
so=1)".

e page 838, §4.3: You write: “Therefore, since A5 S [¢] is free of rank 1 over
S with generator &1 A - - - A &Y, equation (4.5) is general”. In my opinion,
this can be explained better. Indeed, if fi, f2,..., f» € S[T] are n polyno-

hifo —fn

B P D

classes of the polynomials fi, f2,..., f» modulo P (but not on these poly-

nomials themselves In other words, this residue can be depends only
on the values f1 (), f2(Z), ..., fn () (since these values encode the same
information as the residue classes of the polynomials fi, f», ..., f» modulo

mials, then the residue Res depends only on the residue

h fu
5P
added to one of fi, f2,..., fu (since this residue is S-multilinear in fi, fo, ..., f» and vanishes
when one of fi, fo, ..., fu is divisible by P).

2This is because the residue Res ) does not change when a multiple of P is
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P). Hence, the map
w: (S[EN" = N\gSIEl,
0 2@ @) o Res (T 2 By tnerznnge
(for fi, foy ..., fa € S[T])

is well-defined. This map « is furthermore S-multilinear (since the residue
is S-multilinear) and alternating (since the residue is alternating). Hence,
it induces an S-linear map

o N\gSIE = N\oSIEl

AEARE@ A Afa@) o Res (B2 B ertpgza. g

(for f1, fa, ..., fn € S[T]).

But you have proved the equality (4.5) in the case when f; (T) = T"~ for

alli € {1,2,...,n}. In other words, you have shown that

Tnfl Tnfz Th—n
P’ p P

gnl/\gnZ/\.”/\gnn:Res< )gnl/\gnz/\.”/\go'

But the definition of &’ (applied to the polynomials T"~1, T"~2,..., T" "
instead of f1, fo,..., fu) yields

o <§n—1 A gn—2 A A Cn—n)

n—1 n—2 n—n
:Res(T— = I )g”—lAg”—zA---Ago.

p’ p’7 P
Comparing these two equalities, we find

o (€n—1 AE2A A gn—n) — LA LA

—id (gn—l A énfz A A gnfn> )

Hence, the two S-linear maps o’ : ALS[G] — ASS[¢] and id : ASS[E] —
A% S[g] are equal to each other on the element &1 A &2 A ... A g,
Since this element &1 A & ~2 A+ .. A Z"" generates the S-module A% S [¢],
we can thus conclude that the two maps «’ and id are identical (because
if two S-linear maps are equal to each other on a given generating set of
their domain, then they must be identical). In other words, «' = id. Hence,

every fi, fa, ..., fn € S[T] satisfy
L (A@NLE) NN fa(D))

=id

=1d(ACAL2E) N Nfu () = AN f2(E) AN fu (D).
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Hence,

A@QNREG A A fu(©)
=& (AN Q) A Afa(©))

= Res (ﬁé%) FIAETZA A

(by the definition of a’). Hence, (4.5) is proven.
y p

e page 839, §5.1: Replace “isomorphism of S-algebras S [{] — S [X;]” by “ho-
momorphism of S-algebras S [¢] — A [X1, Xp, ..., Xn]”. (It is true that this
homomorphism restricts to an isomorphism of S-algebras S [¢| — S [X]],
but this is neither needed nor easy to prove at this point.)

e page 839, §5.1: It is worth mentioning here that you are considering A¢ S [¢]
to be equipped with its natural structure (not its symmetric structure)
throughout §5.

e page 839,.§5.2: Replace “when F; = T fori = 1,2,...,n" by “when
(Fi =T"'fori=1,2,.. .,n)”. (The parentheses are meant to clarify the
logical structure of this sentence:

“The function R is equal to 1 when (Fi =T fori=1,2,..., n) ",
not
“ (The function R is equal to 1 when F; = T”_i) fori=1,2,...,n".

e page 839, §5.2: You write: “It follows immediately that”. I don’t find this
obvious enough to deserve the word “immediately”. The argument you
are tacitly making here is essentially the argument you have done in §4.2
in order to prove (4.5); it is not in any way made unnecessary by the slight
change of viewpoint done in §5.

e page 839, §5.2: “prove that the generator &1 A - -+ A Z¥ has no S-torsion”
— “prove that the generator X"~ ! A --- A XY has no S-torsion”. (For the
generator &1 A - -+ A &0, this is obvious, but that is not the generator you
need here.)

e page 839, §5.2: “Under the composition of the map (4.4) with the alterna-
tor” — “Under the alternator”. (The map (4.4) is not needed here.)

e page 839, §5.2: “A" A[X]" — “N} A[X]".

e page 839, §5.2: “the generator ¢" ! A - - A& is mapped” — “the generator
X" 1A+ A X% is mapped”.

e page 839, §5.2: After “the generator itself has no S-torsion”, add “(since
the alternator map alt is S-linear)”.
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e page 839, §5.3: “Therefore the target is a free S-module of rank 17 —
“Therefore the target is generated (as an S-module) by the regular polyno-
mial A. Hence, it is a free S-module of rank 1”.

e page 839, §5.3: “It follows that both maps are isomorphisms.” — “Hence
the composite map in (5.2) is a surjective S-linear map between two free S-
modules of rank 1, and thus is an isomorphism. It follows that both maps
in (5.2) are isomorphisms (since they are surjective).”

7

e page 839, §5.3:  would replace “times A or, equivalently, an anti-symmetric”
by “times A. Equivalently, an anti-symmetric”.

e page 840, §6.1: After “see [2, VI 6.5], [24, 2.1], [6], or [25]”, I would also
add a reference to [LakThol2, §1.3] (where A, is denoted by S,).

e page 840, §6.1: In the sentence that defines 0!, replace “if h; = n — i for
i=1,...,r"by“ifhj=n—iforalli =1,...,r" (to prevent misunder-
standing).

e page 840, §6.1: “we write 0 = LM s “we write 9 = 9l 17,

e page 840, §6.1: Replace “A, [T] [[T1] — A[T] [[T!]]” by “A, [T] [[T7}]] —
AT [[T1])"

e page 841, proof of Lemma 6.1: After “Now, p (T) is an A-linear combi-
nation of monomials T"”, add “with i < n, and in this combination the
monomial T" has coefficient 1”.

e page 841, proof of Lemma 6.1: “we see, that” — “we see that”.

e page 841, Proposition 6.2: This proposition is correct, but it is insufficient
for what you want to use it for (namely, proving Proposition 6.3). In order
to make it stronger, I suggest removing the words “of degree t” (so g can
have any degree). This necessitates a minor tweak in the proof (see below).

e page 842, (6.6): On the right hand side of (6.6), add a comma before ”%”.

e page 842, proof of Proposition 6.2: The last paragraph of this proof is
no longer correct now that I have generalized it. So let me suggest an
alternative to this last paragraph:

“Thus, we know that the left hand side of (6.6) vanishes if g divides some
gj, and is A-linear in each g;. Hence, the left hand side of (6.6) does not
change if we add a multiple of g to some g;. The same holds for the right
hand side (for the same reason). Thus, we can replace each polynomial
gj by its remainder modulo (g). Hence, we can WLOG assume that all
polynomials g; have degree < degg. Assume this. Since both sides of (6.6)
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are A-linear in each g;, we can furthermore assume that each g; is a single
monomial: that is, there is a t-tuple (my,my, ..., m¢) € {0,1,...,degq — 1}t
such that each j satisfies g; = T". Assume this, too. Furthermore, both
sides of (6.6) vanish if two of the g; are equal; thus, we can WLOG assume
that mq,my, ..., m; are distinct. Assume this. Finally, both sides of (6.6) are
anti-symmetric in the 8js hence, we can WLOG assume that m; > my >
-+ > my (since otherwise, we can just permute mq,my, ..., m; so that this
holds). Assume this. Combining m; > my > --- > m; with the fact that
my, Moy, ..., m; are distinct, we obtain m; > my > --- > m;. Therefore,
m+1>my+2>--->m+t Hence, each j € {1,2,...,t} satisfies

mj+j<m+1<degq

since (mq,my,...,m) € {0,1,...,degqg — 1}t
and thus m; € {0,1,...,degqg — 1}, so that m; < degg —1

and thus

mj < degg — j.
Thus, for each j € {1,2,...,t}, the polynomial g = T™ is monic of degree
at most deg g — j (since m; < degg — j), and therefore can be written in the

form .
gi= c]'Tdegq_] + (lower order terms), (3)

where “(lower order terms)” means an A-linear combination of monomi-
als T" with u < degq — j, and where ¢; € A is either 0 or 1 (depending on
whether m; < degq — j or m; = degq — j). Consider these c;.

Thus, for each j € {1,2,...,t}, the Laurent series % € A[T)[[T7!]] has

the form

g c]-Tdeg =] + (lower order terms)

i p (by @)

= c]-T_j + (lower order terms), 4)

where “(lower order terms)” means an A-linear combination of monomi-
als T" with u < —j. (Here, we have used the fact that ¢ is a monic polyno-
mials of degree deg g, and therefore division by g lowers the leading term
of any Laurent series by the degree g.)

From H we see that the matrix used in defining the residue Res (%, et &)

q
is upper-triangular, with diagonal entries cy, ¢y, ..., c;. Hence, its determi-
nant is given by

Res <&,...,&> = C1Cy - - Ct. (5)
q q

10
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Also, prq is a monic polynomial of degree r + degq (since p, and g are
monic polynomials of degrees r and degg, respectively). Now, for each

j€{1,2,...,t}, the Laurent series % € A[T) [[T7!]] has the form
r

gj  ¢jT897J + (lower order terms)

o _ by (3)
prq prq (by )

= c]-T_r_j + (lower order terms), (6)

where “(lower order terms)” means an A-linear combination of monomi-
als T" with u < —r —j. (Here, we have used the fact that p,q is a monic
polynomial of degree r 4 degg, and therefore division by p,q lowers the
leading term any Laurent series by the degree r + degg.)

1

Furthermore, for eachi € {1,2,...,r}, the Laurent series 79_ e A[T)[[T7Y]
1

has the form

1 .
— = T '+ (lower order terms), (7)

pi
where “(lower order terms)” means an A-linear combination of monomi-
als T" with u < —i. (This is simply because p; is a monic polynomial of

degree i.)
From (7) and @, we see that the matrix used in defining the residue
1 1
Res (—,..., —,&,...,&) is upper-triangular, with diagonal entries
p1 pr pPrq prq/ _ o
1,1,...,1,c1,c2,...,ct. Hence, its determinant is given by
——
r times
1 1
Res (—,...,—,&,...,&) =1-1---1cicp---ct =ci0p- ¢t
P1 Pr Prq Prq M

r times
Comparing this with (5)), we obtain
Res <l,...,l,&,...,&> = Res (g—l,...,&) .
p1 Pr Prq prq q q
This proves (6.6), and thus completes the proof of Proposition 6.2.”

e page 842, proof of Proposition 6.3: Replace “the corresponding composi-
tion 9> by “the corresponding composition 8% := 9?0 - - - 0d"”, since
strictly speaking you have not defined 9> yet (not that it isn’t very obvi-
ous).

e page 842, (6.8): On the right hand side of the first line of (6.8), replace
llf (Cl)” by llfl (Cl)”.

11
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e page 842, proof of Proposition 6.3: “follows from equation (6.7) applied
with r := 1 and g := 1”7 — “follows from equation (6.3) applied with
A=A, r:=1,0a :=38,q:=q,t:=r—1and g = f; 1 (since
pr=T-Crand p=(T—G1) -1 = p1q1)”.

Note that this relies on the generalized version of Proposition 6.2 suggested
above, since g1 has degree n — 1, not r — 1 (in general).

e page 843, §7.1: You write: “Itis easy to check that the S-algebra A [X1, ..., Xj]
satisfies the universal properties of the splitting algebra of the generic poly-
nomial P = (T—X;)-+-(T—X,) = T" —1T" '+ -+ (=1)"¢, over S
with Xj, ..., X,, as universal roots”.

Let me spell out what this means and actually check that it is true.

First of all, the universal property of the splitting algebra of a polynomial
has been stated in [LakTho12] (more precisely, [LakTho12, §1.2] defines fac-
torization algebras through their universal property, and [LakThol12, §1.3]
defines splitting algebras as a particular case of factorization algebras). Ap-
plying this property to the S-algebra A [Xj, ..., X;], we see that the claim
that “the S-algebra A [Xj, ..., X,] satisfies the universal properties of the
splitting algebra of the generic polynomial P = (T —X;)--- (T — X)) =
T" — T 4+ (—1)" ¢, over S with Xj,...,X, as universal roots”
boils down to the following statement:

Statement 1: Let B be any S-algebra. Let p = @192 - ¢, be
any factorization of p over B [T] into monic linear polynomials
1, 92,...,¢n € B[T]. Then, there is a unique S-algebra homo-
morphism 7 : A[Xy,...,Xs] — B such that the induced map{]
y[T] : (A[X1,...,Xu))[T] — B|[T] maps T — X; to ¢; for all
ie{1,2,...,n}.

Thus, it suffices to prove Statement 1.
We shall prove it by showing a slightly nicer version of it first:

Statement 2: Let B be any S-algebra. Let uj,uy, ..., u, € B be any
elements such that

P=(T—u)(T—up) - (T —uy) in B[T]. (8)

3Here and in the following, we are using the following notation: If P and Q are two rings, and
if « : P — Q is any ring homomorphism, then « [T] shall denote the ring homomorphism
from P [T] to Q [T] that is defined by

m X m i
(«[T]) <Z piT1> =Y a(p) T for all m € N and pog, p1,...,pm € P.
i=0 i=0

(Thus, roughly speaking, « [T] is the map that transforms a polynomial p € P [T] by applying
« to each coefficient of this polynomial.) This map « [T] is said to be induced by «.

If both rings P and Q are W-algebras for some commutative ring W, and if a : P — Qis a
W-algebra homomorphism, then the induced map « [T] is a W [T]-algebra homomorphism.

12
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Then, there is a unique S-algebra homomorphism v : A [Xy,..., X,] —
B such that

(v (Xi) = u; forallie {1,2,...,n}). )

[Proof of Statement 2: First of all, let us recall the universal property of the
polynomial ring A [Xj, ..., X,]. This property shows that there is a unique
A-algebra homomorphism vy : A[Xj,..., X,| — B satisfying (9). Denote
this ¢ by #. Thus, 7 : A[Xy,..., Xn] — B is an A-algebra homomorphism
and satisfies

(7 (Xi) = u; foralli e {1,2,...,n}). (10)

Next, we shall show that 7 is actually an S-algebra homomorphism. Let us
consider the A [T]-algebra homomorphism

n[T]: (A[Xy,..., Xu]) [T] = BI[T]

induced by 7. (This homomorphism # [T] simply applies # to each coeffi-
cient of the polynomial it acts upon.)

For eachi € {1,2,...,n}, we have

(m[TH(T—-X;) =T —n(X;) (by the definition of 7 [T])
=
(by (10))
=T-— U;.

Multiplying these equalities for all i € {1,2,...,n}, we obtain

(7 [TH (T = X1) - ( [T (T = Xa) -~ (7 [T (T = Xa)
:(T—ul)(T—uz)-~-(T—un). (11)

On the other hand, B is an S-algebra. Thus, the map
1:5S— B, s+—s-1p

is an S-algebra homomorphism, and therefore an A-algebra homomor-
phism. It thus induces an A [T|-algebra homomorphism ([T] : S[T] —
B[T]. Note that the “P” on the left hand side of the equality (8) actually
stands not for the polynomial P € S|T] itself, but rather for its image
(¢[T]) (P) under this homomorphism; thus, (8) rewrites as

([T]) (P) = (T = 1) (T — uz) -~ (T — ).

13
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Comparing this with (1), we find

(7 [TD(T = X1) - ( [TH (T = Xa) - - - - (7 [T]) (T = X»)
= (¢[T]) (P). (12)

From P=T" —c;T" ! + -+ + (—1)" ¢, we obtain
([T (P) =T" =y (c)) T" '+ -+ (=1)" 1 (cn)
(by the definition of # [T]). Hence,

T" = () T" -+ (=1)" 1 (en)

= ([T]) (P) = (7 [T]) ((T = X1) (T = X2) - - - (T = Xa))
(since P = (T —X1)(T—Xp)--- (T — Xy))

=@ [TH(T=X1) - ([T (T = X) - - - (7 [T (T = Xa)
(since 1 [T] is a ring homomorphism)

(¢[T]) (P) (by (12))
= (1[1)) (T” PN (o T (—1)"cn)
(since P=T"'—T" 4 -+ (=1)" cn)
=T"—1(c)) T" 1o (=1)" 1 (cp) (by the definition of ¢ [T]) .

This is an equality between two polynomials in B [T]. Comparing the coef-
ticients on both sides of this equality, we find that

(_1)i’7 (ci) = (—1)it(ci) foreachi € {1,2,...,n}.
In other words,
1 (ci) =1(c;) foreachi € {1,2,...,n}. (13)

Now, ¢ is an S-algebra homomorphism and thus an A-algebra homomor-
phism (since A is a subring of S). Hence, # and ¢ are two A-algebra ho-
momorphisms. These two homomorphisms # and ¢ are equal on the n
elements ¢y, ¢y, ..., cy (by (13)); thus, they are equal on a generating set of
the A-algebra S (since the n elements cy, ¢y, ..., c, form a generating set of
the A-algebra S Eb Therefore, these two homomorphisms must be identi-
ca]ﬂ In other words, 7 = 1. Hence, 7 is an S-algebra homomorphism (since
1 is an S-algebra homomorphism). Therefore, # is an an S-algebra homo-
morphism v : A [Xy,...,X,] — B satisfying (9) (since 1 (X;) = u; for all

by the Fundamental Theorem on Symmetric Polynomials

SHere we are using the following fact: If two A-algebra homomorphisms have the same domain
and the same codomain, and are equal on a generating set of their domain, then they must
be identical.

14
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i €{1,2,...,n}). Thus, there exists at least one S-algebra homomorphism
v:A[Xy,...,Xn) — B satisfying (9) (namely, v = 7).

On the other hand, it is easy to see that there exists at most one S-algebra
homomorphism v : A[Xj, ..., X,] — B satisfying

Combining the previous two sentences, we conclude that there is exactly
one S-algebra homomorphism 7 : A[Xy,..., X,] — B satisfying (9). This
proves Statement 2.]

[Proof of Statement 1: For each i € {1,2,...,n}, we can write the polynomial
¢; € B[T] in the form ¢; = T — u; for some u; € B (because ¢; is a monic
linear polynomial over B, and since every monic linear polynomial over B
can be written in this form). Consider this u;. Thus, uq,uy,...,u, are n
elements of B. Now, in B [T], we have

p=¢1¢2  @n= (T —uy) (T —up) - (T —up)

(since ¢; = T —u; for each i € {1,2,...,n}). Hence, Statement 2 yields that
there is a unique S-algebra homomorphism v : A [X1,...,Xn] — B such
that

(v (Xi) = u; foralli e {1,2,...,n}).

Now, for any S-algebra homomorphism v : A[Xj,..., X,] — B, we have
the following chain of equivalences:

(the induced map v [T] : (A[Xy,...,Xx]) [T] = B[T]
maps T — X; to ¢; foralli € {1,2,...,n})

= | MH(T-=X) = ¢
~~ d v

=T—7(X;) =T—u;
(by the definition of y[T])

foralli e {1,2,...,n}

— | T—v(X;)=T—u; forallie {1,2,...,n}

= (r(Xi)=u)
<~ (y(Xj) =wu;forallie{1,2,...,n}). (14)

Now, recall that there is a unique S-algebra homomorphism v : A [Xj, ..., X,| —
B such that
(v (Xi) = u; foralli e {1,2,...,n}).

®Proof. The universal property of the polynomial ring A[Xj,..., X,] shows that there ex-
ists exactly one A-algebra homomorphism v : A[Xy,...,X,] — B satisfying (9). Hence,
a fortiori, there exists at most one such A-algebra homomorphism. Thus, there exists at
most one S-algebra homomorphism 7 : A[Xj,...,X,] — B satisfying (9) (because any S-
algebra homomorphism 7 : A[Xj,...,X,] — B is automatically an A-algebra homomor-
phism v : A[Xjy,...,X,] — B). Qed.

15
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In view of the equivalence (I4), we can restate this as follows: There is
a unique S-algebra homomorphism v : A [Xy,...,X,] — B such that the
induced map v [T] : (A[Xy,...,Xxu]) [T] — B[T] maps T — X; to ¢; for all
i€{1,2,...,n}. This proves Statement 1.]

e page 843, Proposition 7.1: After “is an isomorphism”, add “sending X"~ A
-+ A X% to 17 (since you end up using this later, in §7.2).

e page 843, proof of Proposition 7.1: After “So the S-module A\ A [X] is
generated by XA AXMfor 0 < h; < n—i”,add “(since this S-module
is a quotient of @'} A[X] = A [Xy, ..., Xn])".

o page 843, §7.2: Replace “f1 (X1) A+ A fu (Xp)” by “f1 (X) A -+ A fu (X))

11. Appendix: Some alternative proofs

11.1. An alternative proof of Proposition 2.1
Alternative proof of Proposition 2.1. LetIN = {0,1,2,...}, and let

Kn={G1,j2 - ju) EN" | (jiy>h;forallie€ {1,2,...,n})
and j1 +jpp+- -+ ju=m+h+---+h,+h}.

If (j1,j2,-..,jn) € Ky, then we say that (j1, jo, ..., jn) is interlacing if each k € {2,3,...,n}
satisfies hy_1 > jx. Thus

{Grjarsjn) €Ki | (ji 2, - -+, jn) is interlacing}
= {1 2, 1jn) €K | hq > jeforall k € {2,3,...,n}}
={(u 2 jn) €EN" | (g1 > jx forallk € {2,3,...,n})
and (j; > h; foralli e {1,2,...,n})
and j1+ o+ +js =hi+ha+ -+l +h}  (by the definition of K)
={(ujo--sjn) EN" | i+jo+--+ju=h+h+--+h,+h

and (hx_1 > jxforallk € {2,3,...,n}) and (j; > h; foralli € {1,2,...,n})
= (12l >)p2h> > jn>hn)
={(vj2rrjn) EN" | itjot - djp=h+h+ - +hy+h
andj1 >y > jp > hy > - > ju > hy}
=

(by the definition of ;). Hence,

Y. = ) (15)

(J1,j2,--rjn ) EX (J1j2s-rjn ) €T
is interlacing

(an equality of summation signs).

16
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Also, the map

Ih_>K:h/
(il,iz,...,in) — (h1+i1,h2+i2,...,hn—|—in)

is well-defined and a bijection (this follows easily from the definitions of 7 and K;).
Hence, we can substitute (j1,j2,---,jn) for (hy +1iy,ha +ia, ..., hy +iy) in the sum

Y Xhitio p Xhatia A Lo A XMt We thus obtain
(z‘l,iZ,...,in)eIh

Xh1+i1 A Xh2+i2 A A th+in
(illiZI---rin)EIh
= Y XhPAXPA-AXD 6
(jlrjz ----- ‘n)EKh

If (ji,j2,---,ju) € Ky, then we say that (1,2, ..., jn) is non-interlacing if (j1,j2,...,jn)
is not interlacing.

Thus, if (j1,/2,--.,jx) is non-interlacing, then there exists some k € {2,3,...,n} that
satisfies i1 < jx (because otherwise, (j1,j2,...,jn) would be interlacing). The largest
such k will be called the violation of (j1,j2,...,jn)-

If an n-tuple (j1,/2,...,jn) € Ky is non-interlacing and has violation k, then:

e we say that (j1, o, ..., ju) is degenerate if ji = jx_1;

e we say that (ji, /2, ..., ) is non-degenerate if ji # ji_1.

Clearly, any non-interlacing n-tuple (j1,j2,...,jn) € Kj is either degenerate or non-
degenerate (but not both).
If (ji,j2,---,jn) € Ky is non-interlacing and degenerate, then

XIAX2EA---AXI =0

(because if we let k denote the violation of (ji,j2,...,jn), then the degenerateness of
(ji j2 -+, ju) yields jx = jx—1, and therefore there are two equal elements among
Xn, X2, .., X)), Thus,

Y XNAXPA - A\XI =0, (17)

(J1J2seerjn ) EKCH =0
is non-interlacing
and degenerate

If (ji,jo,---,jn) € Kj is non-interlacing and non-degenerate, and if k is the vio-
lation of (ji,j2,...,jn), then we have jy > hy_1 (since the definition of “violation”
yields hr_1 < jx) and jx_1 > By (since jr_1 > hx_1 > hi). Hence, in this case, the n-
tuple (j1,j2,- -, jk—2/ jks Jk—1, Jk+1s Jk+2/ - - -, Ju) (Obtained from (1,2, ..., jn) by swapping
the (k — 1)-st and k-th entries) still belongs to K. Moreover, this n-tuple
(i, J2s - - s Jk=2s Jkr k=1, Jkt1s Jkt2s - - - » Ju) 18 NON-interlacing (since k € {2,3,...,n} satisfies
hx—1 < jk—1) and has violation k (because this k is still the largest such k; indeed, noi > k
satisfies h;_1 < j;), and thus is non-degenerate (since jx # jx—1 yields jr_1 # ji)

17
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Thus, we can define a map

® : {non-degenerate non-interlacing (j1,2,...,jn) € K1}
— {non-degenerate non-interlacing (ji,j2,...,jx) € Ky}

as follows: If (ji,j2,...,ju) € Ky is non-interlacing and non-degenerate, and if k is the
violation of (1, j2, ..., ), then we set

> (jl/jZ/ cee /jn) = (jl/jZ/ s /jk*Z/jk/jk*l/]‘k+1/jk+21 ce /jn)

(that is, ® swaps the (k — 1)-st and k-th entries of (j1, j2, ..., jn), while leaving all other
entries unchanged). The previous paragraph shows that this map ® is well-defined (i.e.,
if (j1,j2,---,jn) € Ky is non-interlacing and non-degenerate, then so is ® (ji, j2, ..., jn))
and preserves the violation (i.e., if (ji,/2,...,j») € Kj is non-interlacing and non-
degenerate, then the violation of (ji,ja,...,Jx) is also the violation of ® (ji,j2,...,jn))-
Thus ® is an involution (that is, ® o ® = id), because applying ® to @ (ji, ja, ..., jn) Will
swap the same two entries that were swapped in the definition of ® (jy, jo,...,j,) and
therefore recover the original n-tuple (j1,j2,...,ju). Moreover, if (j1,j2,...,jn) € K, is
non-interlacing and non-degenerate, then

P (jlljZl .. -ljn) ;é (jlljZ/ .. -ljn) .

IZIIn other words, the involution @ has no fixed points. Finally, if (j1,/2,...,j.) € K, is
non-interlacing and non-degenerate, and if (ji,jb,...,j,) = P (j1,j2, .-, ju), then

XAAXEAN o AXI = —XINAXEA - A X

(because the n-tuple (Xfi, Xh,..., Xjfl) is obtained from the n-tuple (X/1, X2, ..., X/} by
swapping the (k — 1)-st and k-th entries). Thus, the fixed-point-free involution ® pairs
up the addends of the sum

XNAXEN - A X

(sf2srjn) EKh
is non-interlacing
and non-degenerate

into pairs of mutually cancelling addends. Consequently, this sum is 0. In other words,
we have
XnAXEA - A\ XI=0. (18)
(J1J2seerjn) EKH

is non-interlacing
and non-degenerate

Now, every non-interlacing (j1, j2, ..., jn) € Ky, is either degenerate or non-degenerate

7Proof. Let (j1,j2,---,jn) € K be non-interlacing and non-degenerate. Let k be the violation
of (j1,j2,---,jn)- Thus, jr # jx_1 (since (j1,j2,...,jn) is non-degenerate). Thus, the (k —1)-st
entry of @ (ji,j2,...,jn) is distinct from the (k — 1)-st entry of (j1,j2,...,jn) (since the former
entry is ji, while the latter entry is jx_1). Thus, ® (j1,j2,.--,jn) # (1, j2, -, jn)-

18
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(but not both). Hence,

XUAXRNA - A Xn

(jrj2reerjn) EKY

is non-interlacing
= Y XHAXRA A X4 Y XIAX2A A X

(J1,j2,--1jn) ELY (J1,j2s--1jn) EK

is non-interlacing is non-interlacing
and degenerate and non-degenerate
=() =0
(by ) (by )

= 0. (19)

But each (ji,j2,...,ju) € Ky is either interlacing or non-interlacing (but not both).
Hence,

(jl/jZ/---/j11)€/Ch
= Y XPAXPA-AX 4 Y XPAXRA A X

(J1f2reerfin ) EKH (f1rf2rmijn) EKH
is interlacing is non-interlacing
=0
(by )
= Y XPAXRA-AXP= Y XPAXRA-AXD
(jler/---rjn)eKh (j]/er---/jH)E\Zl

is interlacing

(by (15)). Hence, the equality (2.1) becomes

s (Xhl AXI A = YT X p e L e
(ir,i2,1rin) €T
= Z XAAX2ZA o A XIn (by (16))
(of2seeerfin) €K
= Z XAAX2NA - A X
(of2reerfn) €T

This proves Proposition 2.1. O

11.2. An alternative proof of Corollary 2.2

The following proof of Corollary 2.2 is not substantially different from the one
in your paper, but it is a lot more explicit and requires less combinatorial skill to
understand.

I will break the proof up into several lemmas. First, some definitions are needed:

Definition 11.1. Let j = (j1,/2,...,jm) € IN™ be an m-tuple of nonnegative integers.
We say that j is nonincreasing if j; > jo > -+ > jp.
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Definition 11.2. Fix n € IN. We let N'Z denote the set of all nonincreasing n-tuples of
nonnegative integers.

Thus, NZ C IN" (since each element of N'Z is an n-tuple of nonnegative integers,
thus belongs to IN").

Definition 11.3. Let j = (j1,/2,...,jm) € IN™ be an m-tuple of nonnegative integers.
We define |j| to be the nonnegative integer j1 + jo + - - - + jm.

Definition 11.4. Let j = (j1,j2,...,ju) € IN" be an n-tuple of nonnegative integers.
We define XJ to be the n-vector X' A X2 A -+ A Xin € Ny A[X].

Definition 11.5. Let j = (j1,j2,...,ju) € N" and h = (hy,hy,..., h,) € IN" be two
n-tuples of nonnegative integers. We write j © h if and only if we have j; > hy > jp >
hy > -+ > j, > h, (that is, if and only if we have j; > h; for each i € {1,2,...,n} and
hi > jii1 foreachi e {1,2,...,n+1}).

We can now rewrite Proposition 2.1 as follows:

Lemma 11.6. Let h € IN" be nonincreasing. Let i € Z. Then,

sXt= Y X.
JENT;
joh;
[j|=Ih|-+h

(Here, we are following the convention that s, = 0 when h < 0.)

Proof of Lemma Write the n-tuple h € IN” in the form h = (hy, hy, ..., h,). Hence,
|h| = hy + hy + - - - + hy, (by the definition of |h|) and X! = X" A X2 A ... A XM (by the
definition of X"). Also, (h1,hy, ..., hy) = h is nonincreasing; in other words, h; > hy >
ce >y,

It is easy to see that Lemma holds when 1 < 0 Hence, for the rest of this
proof, we WLOG assume that 1 > 0.

8Proof. Assume that i < 0. Thus, s;, = 0, so that shXh =0.
On the other hand, we claim that there exists no j € N'Z satisfying j © h and |j| = |h| + h.
Indeed, let j € N'Z be such that j @ h and |j| = |h| + h. Then, j is a nonincreasing n-tuple
of nonnegative integers (since j € N'Z). Write this n-tuple j in the form j = (j1, 2, .- -, jn)-
Recall that j © h; in other words, j1 > hy > jo > hy > .-+ > j, > hy (since this is
how “j @ h” is defined). Hence, j; > h; for each i € {1,2,...,n}. Adding up these n
inequalities, we obtain j; +jp + -+ 4 ju > hy +hy + -+ 4+ hy. The definition of |j| yields
ljil=j1+j+--+ju>h+hy+ -+ hy, = |h|. This contradicts |j| = |h| + < |h|.

<0
Now, forget that we fixed j. We thus have found a contradiction for each j € N'Z satisfying

j@hand |j| = |h| + h. Hence, no such j exists. Thus, thesum Y. XJ is empty, and thus
JENT;
joh;
li[=[h[+h
equals 0. Comparing this with s, X" = 0, we find s,X" = Y XJ. Thus, Lemma [11.6]is
JENT;
joh;
lil=[h[+h

proven (under the assumption that i < 0).
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Therefore, Proposition 2.1 yields

s (Xhl AXE2A - /\Xh">

= 2 XEAXRN A X
(j1rf2rmesjn) €T

(20)

where J), is the set of all n-tuples (ji,j2,...,ju) € IN" satisfying j1 +jo+ -+ +j, =
hi+hy+---+hy,+hand j; > hy > jp > hy > --- > j, > hy. Consider this set J},.

For any n-tuple j € IN", we have the logical equivalence

GeT) < (jeNZandjohand [j| = |h|+h)

Pl

(21)

9 Proof of : Let j € IN” be an n-tuple. Write j in the form j = (j1,j2,...,jn). Then, we have

lil =j1+j2+ -+ ju (by the definition of |j|). Moreover, j = (j1,ja,- -, jn) € IN”; hence, we

have the chain of equivalences

(j e NI) < (j is nonincreasing) (by the definition of N'7)
= (W1 >p>>jn) (by the definition of “nonincreasing”)

and the equivalence
(]@h) < (]12]’11 >j22h2>"'>jn2hn)

(by the definition of “j @ h”), since j = (j1,2,...,jn) and h = (hy, hy, ... hy).
On the other hand, we know that (1, j2,...,jx) € IN". Hence, we have the equivalence

((j2r- -1 Jn) € Tn)
<~ (j12h1 >j22h2>"‘>jnZhnandjl+j2+“‘+jn:h1+h2+"'+hn+h)

(by the definition of 7;).
Now, we have the following chain of equivalences:

(jeNZandjohand |j| =|h|+h)

= (eNI) A (joh) A il = |h| +h
~——— ~—— ~— ~—
<~ (]12]222],1) < (j12h1>j22h2>~~->jn2hn) :j1+j2+"‘+jn =hy+hy+--+hy
= (h2p>-2jANH>h>p>h> - >j, >hy)

= (W2 >p>ho> > >hy)
(since the chain of inequalities (j; >hy>jp>hy>--->jn>hy)
clearly implies (j1>j>+->ju))

A(j1+j2+"'+jn:h1+]’l2+"'+hn+h)

— (hz2m>p>2h> - >jp>h)ANji+j2+ - +jn=h+h+ - +h+h)
= (> >p>h>-->jpy>hyandji+jo+--+jn=h+h+ - +h,+h)
= ((juj2,---sjn) € Tn) (by @22))

= (€ (since (ju,j2, -+ jn) =1J)-

This proves (21).

(22)
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Now, recall that 7, C IN". Hence, we have the following equality of summation signs:

Z _ Z o Z because for any j € IN”, we have the
i N = N i logical equivalence (21)
j€u7h jENI;
joh;
lil=Ih|+n
= ) (since NZ C IN").
JENT;
joh;
li[=[h[+h
Hence,
Y xXi= ) X,
JETn JENT;
joh;
li[=[h[+h
so that
Z X — Z X = Z X Gof2reeesfin)
. . .. . N——
]eé\{—lI, lejh (]1/]2/"'/]1’1)ek7]l :le ijz/\.,./\xjn‘ ‘
512 h (by the definition of X (/1/2-n))

(here, we have renamed the summation index j as (j1,j2,---,jn))
= Y O XPAXEA-AX
(J1j2seerfn ) ET
Comparing this with (20), we obtain
s (Xhl AX" A --/\Xh”> - ¥ x.
JENT;
joh;
[j|=Ih|+h
In view of XM = X" A X2 A ... A X! this rewrites as

sXt= Y X,

JENT;
joh;
ljl=h|+
This proves Lemma [11.6} O

Next, we introduce another notation:

Definition 11.7. Let h = (hy,hy, ..., hy,) € IN™ be an m-tuple of nonnegative
integers. Let i € {1,2,...,m}. Then, h™ is defined to be the (m — 1)-tuple
(hy,ha, ... hi—1,hiva, ... hy) € N1 of nonnegative integers. (This is obtained from
h by removing the i-th entry.)

Lemma 11.8. Let j € N"” and h € IN"*! be two nonincreasing tuples such that |j| >

|h| — n. Then, ‘
Y,  (-1)'=0.
i€{12,...n+1};
joh™
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Proof of Lemma[I1.8] Write the n-tuple j € IN" in the form j = (ji,j2,...,ju). We extend
the n-tuple (j1,j2,...,ju) € N" C Z" to an (n+ 1)-tuple (j1,j2,.--,jus1) € Z"! by
setting j,, 41 = —1.

Write the (n + 1)-tuple h € N"*! in the form h = (hy,hy, ..., hy11). Thus, by > hy >
-+ + > hy41 (since h is nonincreasing).

Define the two sets

]:{ie{l,Z,...,n—f—l} | j@hwiandjizhi} and (23)
H:{ie{1,2,...,n+1} | j@thandji<hi}. (24)
Each i € {1,2,...,n+ 1} satisfies either j; > h; or ji < h;i (but not both at the same
time). Hence, we can split the sum v (—1)" as follows:
i€{1,.2,..n+1};
joh™
-n'= Yy '+ ) (=1
i€{1,2,..n+1}; i€{1,2,..n+1}; i€{1,2,..n+1};
joh™ joh™; joh™;
Jji>h; Ji<hi
r x
ic] icH
(by @3) (by @)
=Y (1) + Y (—1)". (25)
ie] ieH

Now, we claim that
u+leH for each u € J. (26)

[Proof of (26): Let u € J. We must prove that u +1 € H.

We have u € J. In view of , this means that u is an element of {1,2,...,n + 1} that
satisfies j @ h™* and j, > h,.

Hence, j, > h, > 0 (since (hy, hy, ..., hyy1) = h € N*1). If we had u = n+1,
then we would have j, = j,41 = —1 < 0, which would contradict j, > 0. Hence,
u # n+1. Combining this with u € {1,2,...,n+ 1}, we obtainu € {1,2,...,n}. Hence,
u+1¢€{1,2,...,n+1}. Thus, the n-tuple h~#*+1) is well-defined.

Recall that h = (hy, hy, ..., h,+1). Hence, the definitions of h™* and h~ (1) yield

thl = (hll h2/ sy hufll hll+1’ 4 hn+1) and
hN(u+1) = (hlr hZ/ ey hul hu‘i’Z’ e ’hn+1> ’

We have jo h~*. Inview of j = (j1,j2,...,ju) and W™ = (hy, ho, ... hy—1, hys1, ... hpy),
this rewrites as

iz >jo>hy > >0 > hy1 >y > hyyr > jusr = hygo > > 2> hyp

(by the definition of the notation “j @ h™~"”). We can split this chain of inequalities into
three pieces as follows:

jl Z hl > j2 Z hZ > > ju—l 2 hu—l > ju;’ (27)
ju > hu—H > ju—&-l?
ju+1 > hu+2 > jl¢+2 > hu+3 > > jn > hn+1- (28)
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From hy > hy > --- > hy41, we obtain h, > h,41, so that h, > hy,1 > j,41. Hence,
ju 2 hu > ju+1- (29)

We can splice the three chains of inequalities (27), and together into one long
chain:

A=ht>jo>hy > >ju > hy > jugr = hyo > jusa 2 bz >0 > jn 2 My

This rewrites as j @ h~(#*1) (by the definition of the notation “j @ h~(#+1”, since j =
(jl,jz, N /jn) and hN(”Jrl) = (hl,l’lz, ce ,hu, hu+2, N ,hn+1)).

Also, ju+1 < hyy1 (since hy4q1 > juy1). Now, we know that u + 1 is an element of
{1,2,...,n+ 1} and satisfies j © h~(#+1) and jut+1 < hyt1. In view of , this rewrites
as u +1 € H. This proves .]

Next, we claim that

u—1€] for each u € H. (30)

[Proof of (30): Let u € H. We must prove that u —1 € J.

We have u € H. In view of , this means that u is an element of {1,2,...,n 41}
and satisfies j © h™* and j, < hy,.

It is not hard to see that u # 1 [[*] Combining this with u € {1,2,...,n+ 1}, we
obtain u € {2,3,...,n+1},sothatu —1 € {1,2,...,n+1}. Hence, the n-tuple h~(-1)
is well-defined.

19Proof. Assume the contrary. Thus, u = 1. Hence, h™* = h~1 = (hy, h3,. .., hy41) (by the
definition of h™!, because h = (hy,hy, ... hyi1)). Also, ju, < hy; this rewrites as j; < hy (since
u = 1). In other words, h; > j;.
But recall that j @ h™*. In view of j = (j1,j2,...,jn) and h™* = (hy, h3,..., h,+1), this
rewrites as
N=>hy>jp>hy3> - >jn > hyp

(by the definition of the notation “j @ h™*”). Thus, in particular, we have h; > j; for each
i € {2,3,...,n}. This inequality also holds for i = 1 (since h1; > j;), and thus holds for all
i€ {l1,2,...,n}. Hence, for eachi € {1,2,...,n}, we have h; > j; + 1 (because h; > j;, but
both h; and j; are integers). Hence,

n n n n
Y m>Y (Gi+1)= Y +Y1=(i+p+ - +ju)+n
i=1 i=1 i=1 i=1
N~ N~
=jitiotetis =N

Butj = (ji,j2,...,jn) and thus |j| = j; + jo + - - - + j (by the definition of |j|). Hence,

n
Yo hi = (it jat o ju) 4n > [ = nbn = b =kt By
- —[j|>Ih|—n

(by the definition of |h|, since h = (hy,hy, ..., hy41))

n
= (i +ha+- - +hy) + Ini1 > ) hi
> 2"0 i=1
:El hi (since (hy,hp,...ltyy1)=hEN"TT)

This is absurd. This contradiction shows that our assumption was false. Qed.
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Recall that h = (hy,hy, ..., h,+1). Hence, the definitions of h™* and h~(-1) yield
h™" = (hl,hz,...,hu_l,l’lu+1,...,hn+1) and
hN(uil) = (hlthI crcy hule hl{/ .. /hn+1) .

We have jo h™~*. Inview of j = (j1,j2,...,ju) and W™ = (hy, ho, ..., hy—1, hys1, ... hpy),
this rewrites as

h=zh>p2>2hy> >0 2l >ju 2y > juvt 2 hus2 >0 > e 2 by

(by the definition of the notation “j @ h™~"”). We can split this chain of inequalities into
three pieces as followsErI

f=h>jpp>hy> - >jyu0>hy_2>j,1; (31)
ju—l > hy—1 > ju?
ju > hu+1 > ju+1 > hu+2 > > ]ﬂ > hn—H- (32)

From hy > hp > --- > hy41, we obtain h,_y > hy, so that j,_1 > h,_1 > h,. Hence,
jufl 2 hu > ju (SinCe ju < hu) . (33)

We can splice the three chains of inequalities (31), and together into one long
chain:

jlZhl>j22h2>"'>ju—12hu>ju2hu+l>jzt+12hu+2>"'>jnzhn+1-

This rewrites as j @ h™~(*~1 (by the definition of the notation “j ©® h~(*~1", since j =
(jl,jz, .. ,jn) and hw(ufl) = (hl,hz, e hy oy, ... ,hn+1)).

Also, j,—1 > h,—1 (as we have seen). Now, we know that u — 1 is an element of
{1,2,...,n+ 1} and satisfies j © h~(#=1) and ju—1 > hy—1. In view of , this rewrites
as u — 1 € J. This proves (30).]

Now, define a map

a:] —H, ur—u-+1.

(This map is well-defined, due to (26).)
Also, define a map
B:H—], u—u—1.

(This map is well-defined, due to (30).)
Clearly, the maps a and B are mutually inverse. Thus, the map « is invertible, i.e., is
a bijection. Now, becomes

Y (=Y 1+ Y1 =L+ Y (-t

ie{1,2,..n+1}; i€] i€eH i€] i€] e
o SR ~(1)
=y (~-1)*® (since a(i)=i+1

ic] (by the definition of ))
(here, we have
substituted a(i) for i
in the sum, since the
map «:]—H is a bijection)

=L)X ()T =Y () - (- =0

i€] ie] T~ ig] ic]

=—(-1)
This proves Lemma [I1.8 O
Hwe are using u € {2,3,...,n+ 1} here.
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Lemma 11.9. Let h = (hy, hy, ..., hy,y1) € Nl be a nonincreasing tuple. Let g € Z
be such that g < n. Then,

~i

n+1 .
Y (—1) sp_g XM =0,
i=1

Proof of Lemma The (n + 1)-tuple (hy, hy, ..., hy41) is nonincreasing. In other words,
hy > hy > -+ > hy.
Leti € {1,2,...,n+1}. Then, from hy > hy > --- > h,;1, we obtain hy > hy > --- >
hi1 > hiy1 > > hyy1. _
In other words, the n-tuple h™" is nonincreasing (since
h~ = (hy,hy, ..., hi_1,his1, ..., hee1)). Moreover, it is easy to see that |h~i| + h; = |h|.
Thus, Lemma @ (applied to h™' and h; — g instead of h and h) yields

s—gX® = Y, X= Y X (34)
JENT; jENT;
joh™; joh™;
lj|=|h~|+hi—q lil=|h[—q

(since [h™| 4 h; = |h)).

Now, forget that we fixed i. We thus have proven the equality for each i €
{1,2,...,n+1}.

Recall that g < n; thus, |h| —g > |h| — n. Now,

n+1 . v
(_1)1 Shi—qxh
i=1
~—~— _ Y xi
= X JENTZ;
ie{1,2,.,n+1} ]-@hN,‘_
lil=Ih|—q
(by 39
= Y (- )Y X= Y Y (-1)'X
i€{12,..n+1} JENT; i€{12,...n+1} JENT;
joh™i; joh™";
lil=Ih|—q lil=Ih|—q

= ¥ r
JENT; ie{12,..,n+1};
ljl=h[-g  jon~

- Y Y (-DxX= Y Y (X

JENT; ie{12,..,n+1}; JENT; i€{1,2,..,n+1};
ljl=hl—7  jon~ lji|=h|—q joh™
=0
(by Lemma [T1.§]

(since = || —q>Th] 1)

= )y oxi=o.
JENT;
il=Ih|—q

This proves Lemma [11.9 O
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Lemma 11.10. Let h = (hy,hy, ..., hy1) € N"T! be any (n + 1)-tuple. Let g € Z be
such that g < n. Then,

n+1 . i
Y (—1) sp_g XM =0,
i=1

Proof of Lemma[11.10, If we swap two adjacent entries of the (n + 1)-tuple h (say, the

r-th and the (r +1)-st entry, where r is some element of {1,2,...,n}), then the sum
+1 . y
nz (-1)' shi,th flips its sign (indeed, all addends of this sum except for the r-th and

i=1

(;+ 1)-st one flip their sign, whereas the r-th and the (r 4 1)-th addends trade places
n+1 . i
and also flip their signs). Therefore, the sum ) (—1)’ shi,th is anti-symmetric in
i=1
the h; (since any permutation of the entries of the (n + 1)-tuple h can be achieved by
repeatedly swapping adjacent entries). Hence, in proving that this sum equals 0, we
can WLOG assume that iy > hy > --- > h,.q1. Assume this. In other words, the
(n + 1)-tuple h is nonincreasing (since h = (hy, hy, ..., h,11)). Hence, Lemma yields
n+1 , i
Y. (—1)"sy,_qX"" = 0. This proves Lemma|11.10 O
i=1
Alternative proof of Corollary 2.2. Let m € {1,2,...,n} and (hy, hy,..., hy) € IN™. Let us
extend the m-tuple (hy,h, ..., hy) € N™ to an (n + 1)-tuple (hy, hy, ..., hyy1) € Z" L by
setting

(hi=n+1—i for each i > m). (35)
Thus,

(hl,hQ,...,hn+1) = (hl,hz,...,hm,n—m,n—m—1,...,0) ENn—H.

Denote this (1 + 1)-tuple (hy,ha, ..., hyy1) € N** 1 by h. Thus, h = (hy,ha, ..., hyi1).
From (B5), we also obtain

(i1, B2, oo hp1) = (m—mn—m—1,...,0) and thus
(M2, Wt oo b)) =(n—m—1,n—m—2,...,0).
We have m < n < n+ 1. Furthermore, m —n < 0 (since m < n), so that 0 €

{m—-—nm—-n+1,...,0}.
Also, n —m < n (since m > 0). Hence, Lemma |[11.10| (applied to g = n — m) yields

n+1

E (_1>ishi7(nfm)Xth =0.
i=1

Hence,

n+1 m n+1

0=} (—1) Sy (nomy X* = )3 (—1) S (o) X* "+ Dy (=)' Sty (o X
i=1 i=1 i=m+1

(here, we have split the sum at i = m + 1, since 0 < m < n + 1). Thus,

n—+1

Z (_1)ishi—(n—m)XhNi = -

i=m+1 i

(= 1) Spy () X (36)

o

Il
—_
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Buteveryi e {m+1,m+2,...,n+1} satisfies i > m and thus h; = n+1—i (by (35))
and therefore

hi —(n—m)=m+1—-i)—(n—m)=m+1—1i. (37)
=n+1—i
Hence,
n+1 ; i
) E <_1) Sh;ﬁ(nfmlx
= =Sm4l—i
(by 37))
= i h~ 0 m+1—i h~ (1)
= Y (—D)'spmiX® = Y (-1 siX
i=m+1 i=m—n
(here, we have substituted m + 1 — i for i in the sum)
-1 / ~(m+1—i
_ (_1)m+170 S0 th(m+1—0) + E (_1)m+171 S; Xh (m+1-i)
S—— i=m—n
:(71)m+1 =1 . =0
(since i<—1<0)
here, we have split off the addend for i = 0 from the sum,
since0 e {m—nm—-—n+1,...,0}
—1 ; ~(m+1—i ~(m+1—
(_1)m+1 Xh“(”“rl*ﬂ) + Z (_1)m+1—1 OXh (m+1—i) _ (_1)m+1 Xh (m+1 0).
i=m—n
=0
Comparing this equality with (36), we find
m+1 v h~(m+1-0) UL i h~i
(-D)" X ==Y (=1)'sp_(uemy X" .
i=1
Multiplying both sides of this equality with (—1)"*!, we find
h(m+1-0) m+1 2 i h~i " i h~
X = (_1) E (_1> Shi—(n—m) X = <_1) Z (_1) shi*nerX
=1 ~— i=1
:(_1)m :Shi—n+m
. +i h~i
= Z (_1)m lshi—n—l-mX : (38)
i=1
But
W00 = W0 = (g, R, B g, B, - )
(since h = (hy, hy, ..., hy11)). Hence, the definition of xh o) yields

th(m+170) _ Xhl A Xhz A A Xhm A Xhm+2 A Xhm+3 ANERWAN th+1

:Xn—m—l/\}ct—m—z/\.“/\xo
(since (hyso,hmss,...tys1)=(n—m—1,n—m-2,...,0))

=X AX AN XA XA X2 A LA XO,
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Comparing this with (38), we obtain
XM A XA A X A XA XA A XD

m

~i

(=)™ sy X" (39)

[uy

Also, every i € {1,2,...,m} satisfies
h~ = (hy,ha, ... i1, hig, . )
(since h = (hy,hy, ..., hy11)) and therefore
XET = XA XA A X A XA A X
=X AX A AKX A XA A XA X A X2 A X

:anm/\xn—mfl/\“,/\xo
(since (hys1,lmt2,ip1)=m—mn—m—1,...,0))

(since i < m)
= XM A X" A A XA XA A X A XA XA A X
Hence, rewrites as
XM A XA N X A XA XA A XD

m

e (—1)m+l Shi_n+m
i=1

-(Xhl/\XhU\---/\th*l/\Xh"“/\---/\Xh"'/\X”_m/\X”_m_l/\'--/\Xo>.

This proves Corollary 2.2.

11.3. An alternative proof of Lemma 2.3

Alternative proof of Lemma 2.3. We must prove that each f € S satisfying
fr(X"PAX"2A--- AX0) =0 satisfies f = 0. So let f € S be such that
f(X"PAX"2A--- A X%) = 0. We must prove that f = 0.

Consider the alternator map alt : A} A[X] — A[Xjy,Xy,...,X,]. This map alt is
S-linear (by Proposition 1.3). Hence,

f-alt(X”’l/\X”’zA---/\XO) —alt]| f- (X”’l/\X”’z/\---/\XO)

=0
= alt0 = 0. (40)
But the definition of alt yieldsF_ZI
alt (X’H AX"ZN A XO)
— ~1yn—2 —
= L (TR )

ce6,

12Here, we are using the notation (—1)” for the sign of a permutation ¢.
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Now, we claim that this element alt (X" ' A X" 2 A - A X%) of A [Xy, X, ..., X, is reg-
ular (i.e., not a zero-divisor). Here are two ways to prove this:

[First proof of the fact that alt (X" 1 A X"2 A - -+ A X0) is regular: Equip the set N” with
the lexicographic order; this is the total order in which

(hl,hz,...,hn) > (kl,kz,...,kn) if and onlyif
the first non-zero term in the sequence hy — ki, hy — ko, ..., h, — ky, is positive.

Now, yields
alt (X" AX" A A X0)

— —1yn—2 -
= UEZG (=) X7y X00) Xo0
= X 1X372... X" + (lower order terms), (42)

where “(lower order terms)” means an A-linear combination of monomials X]' X5% - - - X3"
with (v1,02,...,04) < (n—1,n—2,...,n—n). (Of course, the “<” sign here refers to
the lexicographic order on IN".)

On the other hand, let ¢ € A[Xy,Xy,..., X,| be nonzero. Then, ¢ has at least one
nonzero coefficient. Hence, we can find some nonzero ¢ € A and some (g1,2,...,81) €
IN" such that

g =cX{' X5 -+ X3" + (lower order terms), (43)

where “(lower order terms)” means an A-linear combination of monomials X{X}? - - - X};"
with (uq,up,...,uy) < (81,82, --.,8n). Consider this c and this (g1,82,...,8n)-

But it is easy to see that the lexicographic order on IN” respects entrywise addition
of n-tuples in IN" (which, of course, corresponds to multiplication of monomials in
A[Xq, Xy, ..., X)) To be more precise: If four n-tuples

(ug,u, ..., un), (p1,p2,---,Pn), (v1,02,...,0n) and (q1,92,...,qn)
in IN" satisfy

(ulluZI e /ui’l) S (pl/ pZ/ crcy pn) and (44)
(01/7)2/- . '/vl’l) S (qlquI' . -/Qn); (45)

then we have

(”11”2/«~/un) + (011’02/"'1011) S (PLPan/pn) + (C]1/¢72/~~~IQn)

(where the addition of n-tuples is entrywise), and this inequality becomes an equality
only when both and become equalities.
Hence, if we multiply the equalities and (42), then we find

g -alt <X”_1 AX"2N - /\X0>

= chlJr("*l)Xgﬁ(nd) coo Xl (lower order terms),
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where “(lower order terms)” means an A-linear combination of monomials X{X}? - - - X};"
with (uq,up,...,uy) < (@1 +(n—1),82+n—-2),...,8u+ (n—2)). Thus, the coeffi-
cient of the monomial X‘lglJr(”*l)Xgﬁ(”Q) e X‘E”Jr(”*”) in the polynomial
g -alt (X”_1 AXP2ZA A XO) is ¢, which is nonzero. Hence, the polynomial

g-alt (X" T AX""2A--- A X" has at least one nonzero coefficient. Thus, this polyno-
mial g -alt (X"~ A X""2A--- A X?) is nonzero.

Now, forget that we fixed g. We thus have proven that g - alt (X" ' A X" 2 A -+ A X0)
is nonzero whenever ¢ € A[Xy,X>,...,X,] is nonzero. In other words, the element
alt (X" TAX"2 A AXO) of A[Xy, Xy, ..., X, is regular. Qed.]

[Second proof of the fact that alt (X" 1 A X"~2 A - - A X0) is regular: From (41), we obtain

alt (X”*1 AXTZA A XO)

_ _1\9 yn—1lyn—=2 _ ~yn—n
- Z ( 1) Xa(l)XJ(Z) Xa(n)

eSS,
= det ((X’.li) . , > (by the definition of a determinant)
] 1<i<n, 1<j<n
= I xi-X) (46)
1<i<j<n

(by the well-known formula for the Vandermonde determinant). But the polynomial

[T (X;—X;) is aregular element of A[Xj, Xy, ..., X,] (this is well-known; see, e.g.,
1<i<j<n

[Grinbel9, Corollary 4.4]). In view of , this rewrites as follows: The polynomial
alt (X" PAX" 2 A+ A XY) is a regular element of A [Xy, Xy, ..., X,). Qed.]

Either way, we have now shown that the element alt (X" ' AX"2A---AX?) of
A[Xy,Xp,...,X,] is regular. Hence, from , we obtain f = 0 (since f € S C
A[X1, Xa, ..., X))

Now, forget that we fixed f. We thus have shown that each f € S satisfying f -
(X"PAX"2 A AXD) = 0 satisfies f = 0. In other words, the annihilator of X"~! A
X" 2A---AX%in S is zero. In other words, the annihilator of X" ' A X" 2A ... A X0
in A[Xq, Xz, ..., Xu|"™ is zero (since S = A[Xj, Xa,..., Xu|™). This proves Lemma
2.3. O
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