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Errata and questions by Darij Grinberg

These are corrections and comments to the “Lecture Notes on Cherednik Algebras”
by Pavel Etingof and Xiaoguang Ma. In their current form, they cover only the first
ca. 10 pages of the notes.

Section 1

e Page 4: Replace “irrieducible” by “irreducible”.

e Page 5: Replace “shperical” by “spherical”.

Section 2

e Page 6, Theorem 2.1: I think the words “rational coefficients”, “lower or-
der terms” and “homogeneous” need some more explanations. Here is how I
understand them; please correct me if I am getting something wrong:

“rational coefficients” means “coefficients which are rational functions in the vari-
ables 1, xo, ..., x,” (not “coefficients which are rational numbers” or “coefficients
which are polynomials over Q7).

“lower order terms” means the following: Let D be the C-algebra of all partial
differential operators in the variables z1, z9, ..., x,, whose coefficients are rational
functions in the variables x1, xo,...,x,. Define a C-algebra filtration on D by
requiring that all rational functions in x, xs, ..., x,, are in filtration degree 0, and

all — are in filtration degree 1. Then,
&vj

n a j
L;= Z ((91:1) + lower order terms

i=1

means that

n a j ‘
L;= Z ((9%) mod ((j — 1) -th filtered part of D).
i=1

And the order of a partial differential operator £ € D means the smallest n € N
such that E lies in the n-th filtered part of D. Am I seeing this right?

Note that this C-algebra filtration on D can be also characterized differently:
Let Deonst denote the C-algebra of all partial differential operators in the vari-
ables x1, s, ...,x,, whose coefficients are constant. Let the unadorned ® sign
denote ®c. Then, D = C(x1,x2,...,2,) ® Deonst as vector spaces. Since the

0
algebra Dconst 18 canonically graded (by giving all £ the degree 1) and the
L
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algebra C (z1,xs, ..., z,) is trivially graded (by giving its every element the de-
gree 0), the tensor product C(z1, 29, ..., ;) ® Deonst 18 also graded. Since D =
C(x1, 22, ..., Tn) @ Deonst as vector spaces, this yields that the vector space D
is also graded (albeit this is not a grading of the C-algebra D, since generally
D # C (21,9, ..., ;) @ Deonst as algebras), hence filtered. This filtration is easily
seen to be the same filtration on D as defined above.)

Note that as vector spaces,

(j-th filtered part of D)/ ((j — 1)-th filtered part of D)
= (j-th graded part of D)
(since the filtration of D comes from a vector space grading on D)
= (j-th graded part of C (z1, 2, ..., Z5) @ Deonst)
= C(z1, 9, ...,x,) ® (j-th graded part of Deonst)

(since C (z1, 3, ..., x,) is concentrated in degree 0).

“homogeneous” means the following: Let Dy, be the C-subalgebra of the algebra
D (defined above) generated by all homogeneous rational functions in x4, zs, ...,

and the derivations ——. This is a graded algebra, where the degree of a homo-
Lj

geneous rational function is its usual degree, and the degree of a derivation 2.

Lj
is —1. Then, when we say that a differential operator in D is homogeneous of
degree k (for some integer k), we mean that this operator lies in Dy, and has

degree k.

Page 6, four lines above Definition 2.3: You speak of an “inner product”.
Maybe point out that it is supposed to be bilinear, not sesquilinear (some people
might be confused).

Page 6, two lines above Definition 2.3: You say “equivalently, s is conjugate
to diag (—1,1,...,1)”. Conjugate where? in GL (h) or in O (h) ? In this case,
both are true (as long as we suppose s to lie in O (b)), but it would be better if
you would point this out more explicitly.

Page 6, Theorem 2.4, and many times after: I think Theorem 2.4 is called
the Chevalley-Shephard-Todd theorem, with two “h”’s in “Shephard” (cf. http:
//en.wikipedia.org/wiki/Geoffrey_Colin_Shephard ).

Page 6, one line below Theorem 2.4: Maybe add “if GG is a complex reflection
group” into the sentence that comes directly after Theorem 2.4.

Page 6, two lines below Theorem 2.4: You write: “The numbers d; are
uniquely determined”. You need to add here that you require d;y < dy < ... <
daimy (else, the “Ly = H” part of Theorem 2.9 makes no sense).

Page 7, Example 2.5: It is not clear what p; are, and why you write P; (p1, ..., pn)
(the p; are definitely not polynomial variables, since they are algebraically de-
pendent). Let me just record the answer (which you explained in an email): You
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e ter+---+e ;
want p; = e; — ! 2 “ € b (where ey, eq, ..., e, are the standard basis

n
vectors of C"), and instead of P; (py, ..., p,) you simply want to write P;.

Page 7, between Definition 2.6 and Example 2.7: You write: “Note that
by Chevalley’s theorem, a parabolic subgroup of a complex (respectively, real)
reflection group is itself a complex (respectively, real) reflection group.” What
Chevalley’s theorem do you mean? If you are applying Theorem 2.4, isn’t it quite
an overkill? (Or is there really no simpler proof?)

Page 7, between Example 2.7 and §2.4: You write: “and we can define the
open set h*C of all A € h& for which G, = G””. I think the “h” should be

reg
ccb*G’n here

Page 7, first line of §2.4: Replace “Let s C GL (h)” by “Let s € GL (h)”.

Page 7, second line of §2.4: You might want to point out that a “nontrivial
eigenvalue” of a reflection means an eigenvalue # 1. (Normally, in linear algebra,
I tend to mean # 0 by “nontrivial”.)

Page 7, one line above Definition 2.8: What do you mean by a “conjuga-
tion invariant function”? Invariant under conjugation by elements of W, or by
conjugation by any element of O (h) (or even GL (h) 7) that happens to send an
element of S to another element of S 7

Page 7, Definition 2.8: This is hardly an error, but maybe it would improve
the exposition if you would define what Ay means. (It’s just that I don’t like
algebra texts relying on geometry preknowledge.) I assume we can define it by

Ay = ; 92 for any orthonormal basis (y1,%s, ..., y,) of b ?

Page 7, one line above Theorem 2.9: When you write “P; (p) = p*”, it
wouldn’t hurt to point out that p is a variable vector in h* (not b), so “P; (p) =
p?” describes P; as a polynomial function on h* (that is, an element of C [h*] =

Sh).

Page 8, two lines above Remark 2.10: You write: “This theorem is obviously
a generalization of Theorem 1 about W = &,,.” Given that the representation
C" of &,, is not irreducible, while lifting the L; from the representation C"*
of &,, to C" requires some work (as our emails showed), I don’t think the word
“obviously” is justified here. See below for a proposal how to improve this (by
getting rid of the standing assumption that b be irreducible).

Page 8, fourth line of §2.5: You write: “We normalize them in such a way
that (s, ) = 2.7 At this point, I had to think for a while about why this is
possible (i. e., why we don’t have (as, ) = 0). This is quite easy to see by
diagonalizing the matrix s, but maybe you should make this an explicit exercise.
(Remark 2.13, too, could be an exercise.)

Page 8, fifth line of §2.5: Again, you speak of a “function invariant with
respect to conjugation”, and it is not clear by what you allow to conjugate. (I
will henceforth assume that you allow conjugation by G.)
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e Page 8, Definition 2.11: Please say that C(h) means the quotient field of
S (b*). (I know that this follows from standard algebraic geometry notation, but
I didn’t expect that you are using algebraic geometry notation.) Also, please add
“Let a € h.” at the beginning of this Definition.

e Page 8, Proposition 2.14: Beginning with part (i) of this proposition, you
seem to systematically write (-, -) for the bilinear form on h* x h that you formerly
denoted by (-, -). I don’t like this notation very much, because (-, -) already means
two different bilinear forms (one on h x h and one on h* x h*) in the case when
G C O (h), but it’s okay since one can always infer types. But you should point
out the change in notation, or else it appears as if you suddenly switched to the

case G CO(h)!

e Page 9, proof of Theorem 2.15: I think that

y I
_ch (CL,O&S) (‘I7O‘s)(b7a5) SDQX ’ 2
seS
should be 1)
_ch (‘%048) (:E,Oz;/) (bvas) SDO‘SY ’ _2 }
sES

(leaving aside the fact that you are still using the notation (-,-) for what was
formerly called (-,-)). To make sure that I haven’t done any mistakes, let me
write up the details of this computation. (They are completely straightforward
and I don’t think you should explicit them in the paper, but I am doing them
here so you can tell me where I am going wrong.)

It is clearly enough to prove that every s € S satisfies

1— A
5

[s, Dy] = (b, ats) sDqy -

First, we show that

1— A
2

every b € b satisfies b — s7'b = (b, as) . (2)

(This is similar to Proposition 2.14 (i), but with b instead of h*.)
Proof of (3): WLOG, assume that h = C", s = diag (\s,1,1,...,1), a5 = €} and

a) = 2ey, where (eq, es, ..., €,) is the standard basis of C" and (e, €3, ..., %) is its
dual basis. (This situation can always be achieved by an appropriate change of
basis in h.) By linearity, it is enough to prove in the cases when b = ¢; for

i€ {1,2,...,n}. So consider this case. If i > 1, then both sides of are 0, and

thus (2)) holds. Remains the case + = 1. In this case, b =¢; = iasv, so that

1
b - S_lb - 5 O{v — 3_10{\/ =



and
-\, ) -\,
5 < b, as >a;/ =3 (eg,e7) ) = 5 al.

=€1  =e7 =1

Thus, holds in the case + = 1 as well, and thus is proven.
Proof of : We have

(s, Dy) = $Dy — Dys = s | Dy — s1Dys
~——

:Ds_lb

(by Proposition 2.14 (ii))
=S (Db - Dsflb) = SDl -\
— > (bas)ay
:Dbfsflb:Dl — )\8 2
(b,as)ag/
(by (@)
1— A

= (b, o) sDgy - and (1)) is proven.

2 Y

e Page 9, proof of Theorem 2.15: You write: “since this algebra acts faithfully
on C(h)” (where “this algebra” is the semidirect product CG x D (byeg)). I am
wondering how you prove this. I have a proof, but it is rather messy: First, the
claim that CG x D (h,e) acts faithfully on C(h) can be rewritten as follows: If
(Dg) e 1s a family of differential operators indexed by elements of G such that

> gD, is 0 as an endomorphism of C(h), then each g € G satisfies D, = 0.
geG
To prove this, we first notice that we can WLOG assume that every D, has

polynomial coefficients (because we can move denominators to the left, moving
them past derivations by means of the quotient rule and moving them past the
g’s by using the formula

gof=1(9f)g for any g € G and f € C(b)

). Now, let v € h be a point which is not fixed by any g € G\ {id}. Recall that
> gD, is 0 as an endomorphism of C (h). In particular, ) gD, acts as 0 on
geG geG

C[b]. Thus, for every p € C[h], a certain C [h]-linear combination of the partial
derivatives of p (of various orders) taken at the points gv for varying g € G is
identically 0 (and the coefficients of this combination don’t depend on p). But
since we can find a polynomial with any given set of finitely many prescribed
values of partial derivatives at finitely many pointsﬂ, this yields that the C[h]-
linear combination must be trivial at v; in other words, D, is identically 0 at v

!This follows from the Chinese remainder theorem, applied to the ring C [p]. In fact, by prescribing
the values of finitely many partial derivatives of a polynomial p € C [h] at some point w € h, we put
a condition on the residue class of p modulo a certain power of the maximal ideal m,, C b (where
m,, is the ideal of all polynomials that vanish at w). Such a condition is always satisfiable. Thus, if
we prescribe the values of finitely many partial derivatives of a polynomial p € C[p] at finitely many
points wy, wa, ..., we € h, we put conditions on the residue classes of p modulo powers of m,,,, m,,,
..., My,,. Each of these ¢ conditions alone is satisfiable; thus, the conjunction of these ¢ conditions



for every g € GG. Since this holds for every point v € h which is not fixed by any
g € G\ {id}, and since the set of such points is Zariski-dense in b, this yields
that D, is identically 0 everywhere for every g € G. This proves that each g € G
satisfies Dy = 0, ged.

e Page 9, §2.6, just before Proposition 2.16: It would be nice to explain when
an element of CW x D (h,y) or an operator on the space of regular functions of
Breg 1s said to be W-invariant. (Short answer: When it commutes with every
geWw.)

e Page 10, two lines above Corollary 2.17: You write: “the algebra (Sf))W
is free”. By “free”, you mean “free as a commutative algebra”, not “free as an
algebra”. (I know, this is some nitpicking.)

e Page 10, Corollary 2.17: In my opinion, you should explain what P; (D,,, ..., D,,)
means, because P; is just an element of Sh, and not a polynomial. (The meaning
of P;(Dy,,...,D,,) is the following: Since {y1,v2,...,y,} is a basis of b, we can
identify the symmetric algebra Sh with the ring of polynomials in the r variables
Y1, Y2, .., Y over C. Thus, P; € Sh becomes a polynomial in the r variables y;,
Y2, ..., Yr. If we now substitute Dy, , D,,, ..., D, for these variables yi, yo, ..., yr
in P; (this is allowed because the Dunkl operators D, commute), we obtain an

element of CW x D (h,ez). This element is what you denote by P; (D,,, ..., Dy, ).

e Page 10, proof of Corollary 2.17: Replace “L;” by “L;” twice in this proof.
e Page 10, proof of Corollary 2.17: This proof would be more readable if you

would explain why the P; (D,,, ..., D,, ) is W-invariant for all j. The proof is not
too immediate:

First, it is easy to see that the map

h— CW X D (hreg) ,
a— D,

is C-lineaiP] Denote this map by 7.

Since {y1, ¥y, ..., Y-} is a basis of b, we can identify the symmetric algebra Sh
with the ring of polynomials in the r variables yi, v, ..., vy, over C. Thus,
every P € Sh becomes a polynomial in the r variables yi, y2, ..., ¥.. As a
consequence, for every P € Sh, we will denote by P (D,,, D,,, ..., D,,) the result
of substituting D,,, D,,, ..., D,, for these variables yi, y2, ..., y» in P. When

is also satisfiable (because the Chinese remainder theorem says that (C[h]) / (mimg2..mo) =

‘ ¢
I1 (C[b]) /mgi, so that every (-tuple in [] (C[h]) /mgi has a common representative in C [p]), i. e.,
i=1 i=1
we can find a polynomial with our given set of prescribed values.
2This is because the map

h— CW X D (breg) ,
a— 0,

is C-linear, and because «; is C-linear for every s € W.



P e b, then P(Dy,,D,,,...,D,, ) is a C-linear combination of D,,, D,,, ..., D,
(here, we regard b as a subspace of Sh, so P € § yields P € Sh).

It is easy to see that
every a € b satisfies D, = a (D,,, Dy,, ..., D,,) (3)

(where a (Dy,, Dy,, ..., D,,) is to be understood as just explained, with a being
regarded as an element of Sh). (In fact, the equation (3] is C-linear in a (because
of the C-linearity of T'), and thus in order to prove it for all a € b, it is enough
to prove it in the case when a € {y1, 9, ..., y,} (since {y1,¥ya,...,y,} is a basis of
b), but in this case it is trivial.)

Now, for any j € {1,2,...,dimbh} and any g € W, we have

9P (Dyw g Dyr) g_l

= P; (gDy,g ", ... gDy, g7 ") (since conjugation by g is an algebra automorphism)
= P; (Dgy,, .., Dgy,.) (since gDy, g~" = Dy, for every i due to Proposition 2.14 (ii))
= PJ ((gyl) (Dy17Dy2’ e Dyr) A (gyr) (Dy17 DyQ’ e Dy’l‘))

(since (3) yields that Dy, = (9yi) (Dy,, Dy, -.., Dy, ) for every )
= (Pj (gylu 7gy7")> (‘Dy17 ) Dyr)

(. J

=gPj=P;
(since P;(SH)W)
here (as explained above) (P; (gyi, ..., 9y:)) (Dy,, ..., D,,) means
“the polynomial P; (gyu, ..., gyr) with Dy, D,,, ..., D, substituted for yi, o, ..., y.”

= PJ (Dylv "'>Dyr)v

so that P; (D,,, ..., Dy, ) is W-invariant, qed.

The main idea of this proof, I think, was the C-linearity of T'. While trivial, it is
(in my opinion) unexpected for such a complicated map.

Pages 7-10: Here are various suggested changes to make the proofs clearer (these
changes should be made at the same time, as they depend one on another):

— In Theorem 2.9, add the claim that the L; are W-invariant. (Otherwise, The-
orem 2.1 doesn’t directly follow from Theorem 2.9, because Theorem 2.1 claims
the &,-invariance of the L;.)

— In Corollary 2.17, add the claim that the L; are W-invariant. (Otherwise,
Theorem 2.9 with the added claim that the L; are W-invariant doesn’t directly
follow from Theorem 2.9.)

— On page 9, you write:

“For any element B € CW x D (b,¢g), define m (B) to be the differential operator
C(h)" — C (), defined by B. That is, if B = > gew Beg, By € D (Breg), then
m(B) = zgew B,.”

This is slightly confusing, since you later (in the proof of Corollary 2.17) want

m (B) to be defined on the whole C (h) rather than just on C ()". In my opinion,
you should replace the text I've just quoted by the following:
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“For any element B € CW x D (Byeg), define a differential operator m (B) €

D (byeg) by m (B) = > B,, where B is being written in the form B = ) B,g
geWwW geWw

with B, € D (heg). The differential operator B defined this way satisfies the

following properties:

(i) If f € C ()", then m (B) f = Bf.

(ii) If B € CW X D (Byeg) is W-invariant, then m (B) is W-invariant as well]

(i) Any s € W and any B € CW x D (b,eg) satisfy m (B) = m(Bs). (This

is used, e. g., in the proof that m (D;) = m (D,0,) in the proof of Proposition

3Proof. Let B € CW x D (hyeg) be W-invariant. Write B in the form B = Y. Byg with B, €

geWwW
D (hreg). Then, m (B) = > B,. Let h € W. Since B is W-invariant, we have hB = Bh, so that
geEW
-1
> hByg=hY Byg=hB= h= Bygh=> By-1gh'h
geEW geEW =3 Byg geEW geEW —id
N—— gEW -

=B
here, we substituted gh~! for g in the sum
(since the map W — W, g+ gh~! is a bijection)

= Z th—lg.

geW

Compared to

> hB, 9= > hByhTthg =) hBgh~'hg =)  hBy-1,h7 hhlg

geW =h~1hg geWwW geWwW geWwW —id

here, we substituted h~'g for g in the sum
(since the map W — W, g+ h~lg is a bijection)

=Y hBy-1zh'y,
geWw

this yields Y Byu-19 = >, hBj-1,h7'g. Notice that every g € W satisfies By,-1 € D (hreg) and
geEwW gEW
hBp-1,h~" € D (Dreg).
But any element of CW X D (h,ee) can be uniquely written in the form ), Cyg with Cy € D (hreg)-
gEW

Hence, if we have )" Cyg = )  Dgyg for some choice of Cy € D (hyeg) and Dy € D (hreg), then every
geW geEW

g € W satisfies Cy = Dg. Applied to Cy = Bgp—1 and Cy = hBhflgh_l, this yields that

every g € W satisfies Byj-1 = hBh—lgh/71
(because Y. Bgp-19= >, hBj-1,h7'g). Hence,

geEW geEwW
> Bgp-r= > hByigh™' =" hBgh!
geWwW geEW geEW

here, we substituted ¢ for A~ 'g in the sum
(since the map W — W, g — h~lg is a bijection)

=h| Y By |h ' =hm(B)h"

gew

=m(B)



2.16.)

(iv) Any A € CW x D (hyeg) and any W-invariant B € CW x D (b,e,) satisty
m (AB) =m (A)m (B).”

e Pages 7-10: In much of Section 2, you work with a standing assumption re-
quiring that h be an irreducible W-module. This makes deducing Theorem 2.1
from Theorem 2.9 unnecessarily hard. There is a very easy way to get rid of the
standing assumption:

— On page 7, replace “Let us assume that h is an irreducible representation
of W (i. e. W is an irreducible finite Coxeter group, and b is its reflection
representation.) In this case, we can take P, (p) = p?” by “Note that if b is an
irreducible representation of W (i. e. W is an irreducible finite Coxeter group,
and b is its reflection representation), then we can take P, (p) =p% If W =&,
and h = C" (with the standard permutation representation of &,,), then we can
take P, (p) = p*”.

— In Theorem 2.9, replace “L; = H” by “if £ € {1,2,...,dimb} is such that
P, (p) = p?, then L, = H”.
— One line above Corollary 2.17, replace “P; = p?” by “P,”.

— In Corollary 2.17, replace “Ly = H” by “if £ € {1,2,...,dimb} is such that
Pg (p) = p2, then Lg = H”.

e Page 10, proof of Proposition 2.18: The expression “) 9y, (logd.)9,,” is
i=1

ambiguous: Does 0,, (logd.) mean the product 9,, - (logd.) in D (hye) or the
y;-derivative of logd. ? (I know it means the latter.)

e Page 10, proof of Proposition 2.18: As I don’t like this proof (it uses a
strange function d., which is in general not algebraic and doesn’t have a very
obvious interpretation as a power series), let me reformulate it in a more algebraic
way. First, [ will show some lemmas:

Lemma 2.18a. Let A and D be C-algebras. Let G be a subset of A which
generates A as a C-algebra. Let f: A — D be a C-linear map. Assume that

f(ab) = f(a) f(b) for every a € G and b € A.

Also, assume that f (1) = 1. Then, f is a C-algebra homomorphism.
Proof of Lemma 2.18a. Let H be the subset

{reA| f(zb)=f(x)f(b) for every b € A}.

Compared to

here, we substituted ¢ for gh~! in the sum
B h—1 = Bg . —1 - .. .

Z 9 Z (since the map W — W, g — gh™! is a bijection)
geWw geEWwW

=m (B) )
this yields m (B) = hm (B) h™1, so that m (B) h = hm (B).
Since this holds for every h € W, this yields that m (B) is W-invariant, qged.
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Every a € G satisfies a € H (because every a € G satisfies f (ab) = f (a) f (b) for
every b€ A, and thus a € {r € A | f(xb) = f(x) f(b) for every b€ A} = H).
In other words, G C H.

Also, any A € C, u € C, a € H and o' € H satisfy \a + ua’ € H ﬁ Combined
with the trivial fact that 0 € H (this quickly follows from f (0) = 0), this yields
that H is a C-vector subspace of A.

Also, 1 € H (since f (\1%) = f(b) = \fl?r)f(b) = f(1) f(b) for every b € A,
sothat 1 € {x € A | f(xb)=f(x)f(b) for every b € A} = H). Besides, any
a € H and o € H satisfy aa’ € H  [| Combining this with the fact that
1 € H and that H is a C-vector subspace of A, we conclude that H is a C-
subalgebra of A. Combined with G C H, this yields that H is a C-subalgebra
of A containing G as a subset. But since every C-subalgebra of A containing
G as a subset must contain A as a subsetﬂ this yields that H contains A as a
subset. In other words, A C H. Thus, every a € A satisfies a € A C H =

{reA| f(zb)= f(x)f(b) for every b € A}, so that f(ab) = f(a) f(b) for

4 Proof. Let A\ €¢ C, p € C, a € H and d

H. Since a« € H =

S
{reA | f(xb)=f(x)f(b) for every b € A}, we have f (ab) = f(a) f (b) for every b € A. Since
a € H={zxeA| f(zb)=f(x)f(b) for every b € A}, we have f(a'b) = f(a’)f(b) for every

be A

f

for eve

Now,
(()\a + pa') b) = f(Aab+ pa'b) =X f(ab) +u f(a'd) (since f is C-linear)
—_—— — —
=Xab+pua’b =f(a)f(b) =f(a’)f(b)
=Af(a) f(b) +pf () f(b) = (Mf(a) +uf (a)) f(b) = f (Aa+ pa') f(b)
=f(Xa+pa’)
(since f is C-linear)
ry b € A. In other words, Aa +pa’ € {z € A | f(xb) = f(x) f(b) for every b € A} = H, qed.

®Proof. Let a € H and o’ € H. Sincea € H={x € A | f(ab)= f(z)f(b) for every b € A}, we

have

f(ab) = f(a) f(b) for every b€ A (4)

for every b € A. Since o' € H ={x € A | f(ab)=f(x)f () for every b € A}, we have f (a’d) =
f(a) f(b) for every b € A. Now, every b € A satisfies

and

Hence,

f(ad’d) = f(a) f(a'b) (by (), applied to a’b instead of b)
—
=f(a")f(b)
= f(a) f(a') f (D)

=f(a)f(a’)
(by , applied to a’
instead of b)

flad'd) = f(a)f(a)f®) = f(ad)f(b) for every b € A. Hence, ad’ €

{reA | f(xb)=f(x)f(b) for every b€ A} = H, qed.
6 Proof. We know that G generates A as a C-algebra. In other words, A is the smallest C-subalgebra
of A containing G as a subset. Hence, every C-subalgebra of A containing G as a subset must contain

Aasa

subset, qged.
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every b € A.

We thus have proven that every a € A and b € A satisfy f(ab) = f(a) f (b).
Combined with f (1) = 1 and with the C-linearity of the map f, this yields that
f is a C-algebra homomorphism. Lemma 2.18a is proven.

Lemma 2.18b. Let V be a finite-dimensional C-vector space, and let U be a
Zariski-dense open subset of V. Let C[U] and C [V] be the coordinate rings of U
and V', respectively (so that C[V] =5 (V*), and C[U] is a localization of C [V]).
Let 7: V — C[U] be a C-linear map. Assume that

[Ou+7(a),0,+7(b)] =0 for any a € V and b € V. (5)

Then, there exists a unique C-algebra homomorphism ¢ : D (U) — D (U) which
satisfies the following two conditions:

Condition 1: We have ¢ (f) = f for every f € C[U] (where C[U] is canonically
embedded into D (U)).

Condition 2: We have ¢ (9,) = 0, + 7 (a) for every a € V.

Proof of Lemma 2.18b. Since the C-algebra D (U) is generated by the elements
of C[U] and the elements 0, for a € V, it is clear that there exists at most
one C-algebra homomorphism ¢ : D (U) — D (U) satisfying Conditions 1 and 2.
Hence, in order to prove that there exists exactly one such homomorphism, we
need only check that there exists at least one such homomorphism. Let us do
this now.

Let Deonst (V) be the C-algebra of differential operators on V' with constant coef-
ficients. Recall that D (U) = C[U]® Deonst (V') as a vector space (where ® means
®c). In particular, for any f € C[U] and any D € Deonst (V'), the operator
fD € D(U) is the tensor product f @ D € C[U] ® Deonst (V).

Moreover, we can define a map 0 : V' — Deonst (V') by

d(v) = 0, for every v € V.

Then, 0 is a C-linear injection, and the image 0 (V') is the space of all degree-1
differential operators on V with constant coefficients. Denote by 971 : 9 (V) — V
the inverse of 0 on 0 (V).

Let D' be the C-subalgebra of D (U) generated by {0, + 7 (v) | v € V}. Then,
the algebra D’ is commutative (because shows that its generators commute).
Define a k-linear map & : V — D’ by

E(w)=0,+7(v) for every v € V.

Then, £ 0 0! is a C-linear map 9 (V) — D’. By the universal property of the
symmetric algebra, the C-linear map £ 097! : 9 (V) — D’ can be extended to a
C-algebra homomorphism = : S (0 (V)) — D’ such that

E(z)= (€007 (2) for every z € 9 (V) (6)
(because D' is commutative). Consider this =.
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Since 0 (V') is the space of all degree-1 differential operators on V' with con-
stant coefficients, we have Deonst (V) = S (0(V)). Hence, we can regard = :
S(0(V)) — D" as a C-algebra homomorphism Deops (V) — D’. Since = is a
C-algebra homomorphism, we have = (1) = 1.

Now, define a C-linear map < : C[U] ® Deonst (V) — D (U) by
s(f® D)= f=(D) for every f € C[U] and D € Deonst (V) -

Since C[U] ® Deonst (V') = D (U), this map ¢ is a C-linear map D (U) — D (U).
We claim that ¢ is a C-algebra homomorphism satisfying Conditions 1 and 2.

In fact, every f € C[U] satisfies

sl f | =<s(f®l)=f=(1) (by the definition of )
~ —~—
=f®1 =1

Thus, ¢ satisfies Condition 1. Applied to f = 1, Condition 1 yields ¢ (1) = 1.
Every a € V satisfies

S \82/ =((1®0d,) =1=(0,) (by the definition of ¢)
—18d.
=Z2(0,) = (5 o 8’1) (0a) (by (6), applied to z = 9,)
=& 071 (0a) =¢(a) =0, + 7 (a) (by the definition of &) .
~——

=a

(since da =9(a))

Thus, ¢ satisfies Condition 2.

We now will prove that ¢ is a C-algebra homomorphism. For this, define a subset
Gof D(U) by G =C[U]UO (V). Then, G generates D (U) as a C-algebra. Hence,
Lemma 2.18a (applied to A =D (U), D =D (U) and f = ¢), in order to prove
that ¢ is a C-algebra homomorphism, it will be enough to prove that

¢ (ab) =< (a)s (b) for every a € Gand be D (U). (7)

So let us prove this now:

Proof of (): Let a € G and b € D (U). Since the equality is C-linear in b, we
can WLOG assume that b has the form gF for some g € C[U] and E € D (U)
(because every element of D (U) is a C-linear combination of elements of this
form). Assume this. Thus, b = gF = g ® E. Hence,

s(b)=¢(g®FE)=g=(E) (by the definition of ¢). (8)

Sincea € G = C[UJUI(V), we have a € C[U] or a € 9 (V). Thus, we must be
in one of the following cases:
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Case 1: We have a € C[U].
Case 2: We have a € 0 (V).

Let us consider Case 1 first. In this case, a € C[U]. Hence, ¢(a) = a (by
Condition 1, applied to f = a), and

¢|a 7b =¢| agE | =<(ag®@ E) =_a ¢g=(F) (by the definition of ¢)
=g9FE =ag®FE =s(a) =s(b
(by @)

=¢(a)s (D).

Hence, (7)) is proven in Case 1.

Let us now consider Case 2. In this case, a € J(V). Thus, there exists some
v € V such that a = 0,. Consider this v. Let 0,9 denote the product of the
elements 0, and g in the C-algebra D (V'), whereas 0, (¢g) denotes the image of g
under the differential operator d,. Then,

0vg = g0, + 0y (9) ,

so that
a b = 3ug E:gavE+av(g)E:g®avE+av(g)®Ev
=0y =9E  —49,48,(9)
and thus

c(ab) =< (g OE+0,(9) 9E) = <(gRE) + <(0,(9) @E)

=9=2(0u E) =0, (9)E(E)
(by the definition of ¢)  (by the definition of ¢)

——— ——
(since = i Coalseh —(¢c07),
hon?omorphisi) (byt@ aé]);) %hed
=g(£007) (Q)E(E)+ 0 (9)E(E) =95 | 07'(0s) |E(E)+0.(9)E(E)
—_—— ——
=£(071(9v)) (since 53):8(11))
=g §(v) E(E)+0,(9)E(E) =9g(0 +7(v)E(E) + 9y (9) E(E)
—0,+7(v)

(by the definition of &)

=90 +7(v)+0,(9) | Z(E) = (99 + g7 (v) + 0, (9)) Z(E) .
—_—

=90y +97(v)

On the other hand, Condition 2 (applied to v instead of a) yields < (9,) = 9, +
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S a S b = ¢(0, S(g®F
- , @) WwoEB
=0y =9E=goFE =0y+7(v) =9=(E)

(by the definition of )
O+ T)EE) = g E(B)+70)g
=90y +0u(g) =g7(v)
= 90,=(E) + 0, (9) E(E) + g7 (v) E(E)
= (99y + 0, (9) + 97 (v)) E(E) = (90, + g7 (v) + 0, (9)) E(E)
= (ab).

[1]

(E)

Hence, is proven in Case 2.

So we have proven in each of the Cases 1 and 2. Since Cases 1 and 2 are the
only possible cases, this yields that always holds.

Thus, Lemma 2.18a (applied to A = D (U), D = D(U) and f = ¢) yields
that ¢ is a C-algebra homomorphism. Hence, ¢ is a C-algebra homomorphism
satisfying Conditions 1 and 2. We thus have verified the existence of a C-algebra
homomorphism ¢ : D (U) — D (U) satisfying Conditions 1 and 2. This completes
the proof of Lemma 2.18b.

Corollary 2.18c. Let h be a C-vector space. Let & be a finite set. For every
s € S, let ¢s be an element of C and let a; be an element of h*. Let b, be a
Zariski-dense open subset of h such that every a € b, and every s € S satisfy
as (a) # 0. Then, there exists a unique C-algebra homomorphism ¢ : D (byeg) —
D (hreg) which satisfies the following two conditions:

Condition 1: We have ¢ (f) = f for every f € C[hyeg] (Where C [,eg] is canonically
embedded into D (Byeg))-

Condition 2: We have ¢ (0,) =0, + Y css (a) for every a € b.
s€eS Qs

Proof of Corollary 2.18c. Let V. = h and U = bye. Define a C-linear map
7 :h — Clhreg] by

7(a) = Z M for every a € b.

(0
seS s

Then, obviously, Conditions 1 and 2 of Corollary 2.18¢c are equivalent to Condi-
tions 1 and 2 of Lemma 2.18b, respectively.
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Every a € § and b € h satisty

[0y + 7 (a), 0, + 7 (b))

S

seS s sES s

(since 7 (a) = Z %@ and 7 (b) = Z CSC:; (b)>

s

csas (D) csais (a) cstis (@) csas (D)
- [aimab] + aa;z—] + [Z 7ab + Z 72
T ses O ses Os | Lses ses O 3
csais (a) =0
:_ b SES Oés
B csais (b) csais (a)
SES SES

-~ -~

csas (b) 1 csa (a) 1
=0a| 2 =3 csas(b)-0a | — =0 > — |= csas(a)d | —
SES Qg sES Qg sES Qg sES Qg

— S (b) - (- ~S s (a) (-
=Y e () M 3" e (a) ()

seS

——
Ou (as) g (a) Oy (as) s (D)
T2 a2 T2 a2
(since Oq(as)=as(a) (because o (since Op(as)=as(b) (because as
is linear)) is linear))
as (a) as (b)
=T ) (55) ~ T (-5
(0% (07
SES - d / SES -— S
—csa (a) o (b) —csa (a) ag (D)
) a; ) a;

csos (a) ag (b csas (a) ag (b
-y (a)Q ()_Z (Oé)2 ®) .
seS § sES s

Hence, Lemma 2.18b yields that there exists a unique C-algebra homomorphism
¢ : D(U) — D(U) which satisfies the Conditions 1 and 2 of Lemma 2.18b. In
other words, there exists a unique C-algebra homomorphism ¢ : D (U) — D (U)
which satisfies the Conditions 1 and 2 of Corollary 2.18¢ (because we know that
Conditions 1 and 2 of Corollary 2.18c are equivalent to Conditions 1 and 2 of
Lemma 2.18b, respectively). Corollary 2.18¢ is thus proven.

Definition. Let h be a C-vector space with a nondegenerate bilinear inner
product (+,-). Let W C O (h) be a real reflection group, and S C W the set of
reflections. Let ¢ : § — C be a function invariant under conjugation (by elements
of W). For every s € S, we will write ¢ for ¢ (s). For every s € S, let as € h* be
the unique (up to scaling by an element of C*) nonzero eigenvector of s (acting
on bh*) with eigenvalue —1, and let o) € b be the unique (up to scaling by an
element of C*) nonzero eigenvector of s (acting on ) with eigenvalue —1. Define
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H as in Definition 2.8, and define H as in Proposition 2.16. Let Breg be the subset
{zebh | W,={id}} of h. According to Corollary 2.18¢c, there exists a unique
C-algebra homomorphism ¢ : D (hyes) — D (breg) which satisfies the Conditions
1 and 2 of Corollary 2.18c{Z]. This homomorphism ¢ will be denoted by ¢.. Due
to Condition 1, it satisfies

Se (f) = f for every f eC [breg} (9)
(where C [hyeg] is canonically embedded into D (hyeg)). Due to Condition 2, it
satisfies
G () = 0y + Z M for every a € b. (10)
seS %s

Remark. In terms of your Proposition 2.18, this homomorphism ¢, is the conju-
gation by 4, (that is, it is given by D + §' o D 0 4,). However, our definition of
¢ was purely algebraic, while your . is a transcendental function (in general).

Now, our elementary version of Proposition 2.18 rewrites as follows:
Proposition 2.18d. We have ¢, (ﬁ) =H.
Before we prove this, another lemma:

Lemma 2.18e. Let h be a C-vector space with a nondegenerate bilinear inner
product (+,-). Let W C O (h) be a real reflection group, and S C W the set of
reflections. Let ¢ : & — C be a function invariant under conjugation (by elements
of W). For every s € S, we will write ¢4 for ¢ (s). For every s € S, let as € h* be
the unique (up to scaling by an element of C*) nonzero eigenvector of s (acting

on h*) with eigenvalue —1. Let b, be the subset {x € h | G, = {id}} of b.
Then:

(a) Every t € S satisfies

t (Hoz) =]

seS sES

(where t (H as> denotes the action of t € W on [] as € S (h¥)).

seS seS
(b) We have
Z CsCy, (Oés, au) _ O
SES; ueS; Qs
s#u
(c) We have

Z CsCy (0537 au) — Z Cg <a57 as)
sty a2

sES; ues seS S

Proof of Lemma 2.18e. Let us notice that

if two t € S and s € S satisfy Ker (o) C Ker (o), then t = s (11)

In fact, every a € byee and every s € S satisfy as (a) # 0 (because otherwise, a would be fixed
under s, contradicting W, = {id}).
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H. As a consequence, the polynomials a € C[h] for s € S are pairwise coprimeﬂ

Also, for every t € S and every s € S, we have ta, € C*ayy—1 H In other
words, for every t € § and every s € S, there exists a i, ; € C* such that

lag = [y sQpgt—1. (12)

Consider these fu .
(a) Let t € S. Then,

t H O | = H (tas> = H s H Qg1

seSN{t} seSN\{t} =ut,sa' - seSN\{t} seSN{t}
= H Qs
seS\{t}

(because the map
SNt} =S \{t}, s—~tst™!

is a bijection)

= H Ht,s H .

seS\ [t} seS\Jt}

8 Proof of : Let t € S and s € S satisfy Ker (a¢) € Ker (vs). Then, Ker (a;) = Ker (a;) (since
Ker () and Ker () are hyperplanes in b, and thus have the same dimension).

But s is the reflection in the hyperplane Ker (as) (because s is a reflection, and ay € h* is the
unique (up to scaling by an element of C*) nonzero eigenvector of s (acting on h*) with eigenvalue
—1). Similarly, ¢ is the reflection in the hyperplane Ker («;). Thus,

s = | the reflection in the hyperplane Ker (as) | = (the reflection in the hyperplane Ker (cy)) = ¢,
—_———
=Ker(ay)

qed.

9 Proof. Assume the contrary. Then, there exist two distinct elements t € S and s € S such
that the polynomials o, and «; have a nontrivial common divisor. Consider these ¢t and s. The
polynomials a; and a; have a nontrivial common divisor, but are both linear. Therefore, as and oy
must be proportional to each other, i. e., there exists a A € C* such that as = Aay. Therefore,
Ker () = Ker (a), so that t = s (by (1)), contradicting the assumption that ¢ and s be distinct.
This contradiction proves that our assumption was wrong, ged.

0 Proof. Let t € S and s € S. Then, o is a nonzero eigenvector of s (acting on h*) with eigenvalue
—1. Thus, sas = —lay = —ag, so that (tst’l) (tas) = t& = —ta,. In other words, tay is an

=,
eigenvector of tst~! (acting on h*) with eigenvalue —1. Also, tas # 0 (since as # 0). Hence, tay is a
nonzero eigenvector of tst~! (acting on h*) with eigenvalue —1. Thus, tay € CXayg -1 (because g1
is the unique (up to scaling by an element of C*) nonzero eigenvector of tst~! (acting on h*) with
eigenvalue —1), ged.
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Hence,

12 H as | =t t H Qg

seS\{t} seSN\{t}

= H Ht,s H Qg
seS\{t} seSN{t}

= I we.- t(Has>

seSN{t} seS

2
H ,ut,s H Q.

seS\Jt} seS\Jt}

= Il wms Tl oas
se€S\A{t} sESN{t}

Compared with ¢2 [T as| = [l «s (because t is a reflection and thus
seS\{t} seS\{t}

2
satisfies 2 = id), this yields [ [] = jus.s [I as= [l as Since J] «s
seSN{¢} seSN{t} seSN{t} seSN{¢}

2
is nonzero, this yields ( II ,ut,s> =1. Hence, [ ms=1lor [] jpus=

seSN{¢} seSN{t} seSN{t}
—1.
Let us first assume that  [[ s = —1. In this case,
seSN{t}
t H as | = H [t.s H g = — H Q. (13)
seS\{1} seSN{t}  seS\{t} seS\{1}
-1
Now, Ker (o) € U Ker(ay) . Hence, there exists a p € Ker (ay) such
SES; s#t
that p¢ |J Ker(ay). Pick such a p.

SES; s#t
Now, t is the reflection in the hyperplane Ker (o) (because ¢ is a reflection, and
a; € h* is the unique (up to scaling by an element of C*) nonzero eigenvector of ¢
(acting on h*) with eigenvalue —1). Thus, Ker (a;) = {set of fixed points of ¢ in h}.
Since p € Ker (ay) = {set of fixed points of ¢ in b}, the point p is fixed under ¢,
so that tp = p and thus t~'p = p. Thus,

t H (o7 (p): H O (t_lp): H Qg (p)

seSN{t} seSN{t} ~ seSN{t}

1 Proof. Assume the contrary. Then, Ker (o) € |J Ker (ay). Since Ker (o) and Ker () are

SES; s#t

vector subspaces of B, this yields that there exists some s € S such that s # t and Ker (o) C Ker ()
(because there is a well-known linear-algebraic fact that if a vector subspace U of a finite-dimensional
C-vector space V' is a subset of the union |J W; of finitely many subspaces W; of V', then there exists

icl

some i € I such that U C W;). Consider this s. Then, Ker (a;) € Ker (), so that t = s (by (11)),
contradicting s # t. This contradiction shows that our assumption was wrong, ged.
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Compared to

t| I | |®=-| [ o] ®.
seS\{t} seS\{t}

— I o
seSN\A{t}

(by (@)

this yields [[ as](p)=- [l as|(p). Thus, I[I as|(p) =0
seSN{¢} seSN{t} sESN{¢}

In other words, [] «s(p) = 0. Hence, there exists some s € S\ {t} such that

seSN\{t}

p € Ker (o). In other words, p € |J Ker(as) = | Ker(ay), contradict-
seSN\{t} SES; s#t

ingp¢ U Ker(ay).

SES; s#t
This contradiction shows that our assumption (the assumption that [] s =
seSN{t}

—1) was wrong. So we don’t have [ ., = —1. Since we know that we have

seSN{t}
II ms=1or J] ms=—1,thisyieldsthat [] ps=1
seSN{¢} seSN{t} seSN{t}

But we know that oy is an eigenvector of ¢ (acting on h*) with eigenvalue —1.
Thus, tay = —1lay = —ay.

Now, [Jas=ar- ][] «as, so that

s€S seSN{t}
t(Has):t oy - H as | = tay -t H Qg

s€eS seSN\{t} =y seSN{t}
= Il pes I o
seS\{t} seS\{t}

== I weae IT ac=-]]e

seSN{t} seSN{t} seS
~ o

This proves Lemma 2.18e (a).
(b) Let P be the function
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Then, every t € S satisfies

tP =t Z M _ Z Cstcu (04: o) _ Z Csctu (tast, tay,)
SES; UES; Asu SES; u€eS; (fars) (fo) SES; uES; (texs) (tov)

s#u s#u s#u
(sincet € S CW C O(h) and thus (as, ay) = (tag, tay,))
Z CsCy (/Lt,satst*I 5 Mtuatut*l)

Ht,sQtsp—1 « it 0 Q=1

SES; ueS;
s#u

(since yields tos = pig s0us—1 and tay, = fig Q1)
Z CsCylht, st (atst_la atut—l) _ Z CsCy, (atst_la Oétut—l)

Opop—1 * g -1
S€S: neS: Mt s st ot gt S€S: weS:;

SF#U SFU

Qpgp—1 Qg —1

. Z Cst—1 Crut—1 (Qpst—1, Qpyr—1) ( since the function c is invariant under )

lpgp—1 Olpgp—1 conjugation, and thus ¢, = ¢;—1 and ¢, = Cpup—1

SES; ueS;
s#u

. 2 : CsCy ((1/5, au)
(6787
SES; ueS; s
s#u

here, we substituted (s,u) for (tst™! tut™!) in the sum, because the map
{(s,u) €S xS | s#u} = {(s,u) eSXS | s£u}, (s,u) v (tst™ tut™")
is a bijection

=P.
, sy (s,
Moreover, since P = > CsCu (s ) and [] as = [] ay, we have
seS; ueS; QsQy, SES qES
s#u

CsCy (s, vy Hsaq
P.H%: Z M.Haq: Z CsCu (g, ) - 5
gy, QO

seS s€S; ueS; qeS SES; u€eS;
SFEU SF#U _ I o
qeSN\{s,u}
= E CsCy (s, ) - H Q.
sES; u€eS; geS\{s,u}
s#u

This yields immediately that P - [[ as € C[h] and deg (P- II as> < |S] - 2.
seS s€S
Also, every t € S satisfies

t(P-H%):@- t(Has> =P []a. (14)

sES seS

=— H Qg
sES
(by Lemma 2.18e (a))
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Thus, for every t € S, we have a; | P+ [] s in C[b] . Since the polynomials

seS
as € C[h] for s € S are pairwise coprime, this yields that [[ a: | P+ [] as in
tesS seS
C[h] (because C[h] is a unique factorization domain). Since deg (P -1 as) <
seS

|S| —2 < |S| = deg <H ozt), this leads to P- [[ as = 0 (because if a polynomial
tesS seS
is divisible by a polynomial of greater degree, then the former polynomial must
be 0). Hence, P = 0 (since C [h,e] is an integral domain, and [] a, # 0). Since
seS

CsCy (Qus, vy CsCy (Qus, vy

P = , this rewrites as ) = 0. Lemma
SES; ueS; QsQy, SES; ueS; QsQy,
s#u s#u
2.18¢ (b) is proven.
(c) We have
CSC’LL (a57 au) o CSC’LL (a87 O{u + CSC’LL a57 au)
Z Qg Z Qs Z Qs
s€S; ueS ST s€ES; ueS; “ sES; ueS; “
s#u L S=u .,
A ~ _y -~
=0 CsCs (g,
(by Lemma 2.18¢ (b)) =3 LS’S)

SES gy
2
B Z CsCs (s, 0t5) Z c; (o, a)
- - — 5
(6@ [0
seS §78 seS S

and thus Lemma 2.18¢ (c) is proven.

12 Proof. Let t € S. We know that t is the reflection in the hyperplane Ker (o) (because t is a
reflection, and ay € h* is the unique (up to scaling by an element of C*) nonzero eigenvector of ¢
(acting on h*) with eigenvalue —1). Thus, Ker (o;) = {set of fixed points of ¢ in h}.

Now, let € Ker (a¢). Then, tx = x (because x € Ker (az) = {set of fixed points of ¢ in h}) and

thus t~'2 = z, so that
-1 _
) <P~Has> Tz <P~Has>(x)
seS =z seS

(11
(( Hf)) —<P-gas><x>,

=PI a.

(by )
this yields (P- I as>( )= (P 1] a )( so that (P~ I as> (x) = 0.

sES seS seS

Compared to

Now forget that we fixed . We thus have proven that every © € Ker (o) satisfies <P - 11 ozs> (x) =
seS

0. In other words, the polynomial P - ] «, vanishes on the kernel of the linear function «;. Thus,
seS
ar | P- ][] as in C[h] (because a polynomial which vanishes on the kernel of a linear function must

seS
be divisible by that function), ged.
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Proof of Proposition 2.18d. Let {y1,ya,...,y-} be an orthonormal basis of b.
Then, by the definition of the Laplace operator, Ay = > 92
i=1

For every s € §, we have

- 1
Z Qg (?/z) Y, = 5 (045, as) 04;/- (15)
i=1

E Thus, for every s € §, we have
Zas Yi) :8XT3 =0 (by )

g, Ots) Oy (16)

13 Proof of : Let s € S. Then, the bilinear form (-,-) is W-invariant (because W C O (h)).
Since the bilinear form (+,-) is nondegenerate, it induces an isomorphism J : h* — h. This isomor-
phism J is W-linear (since (-,-) is W-invariant). Also, it satisfies

=Y W)y for every ¢ € b

(since {y1, Y2, ..., Yr} is an orthonormal basis of h). Applied to ¢ = s, this yields

(045) = Zas (yl) Y
=1

But since a; is an eigenvector of s (acting on h*) with eigenvalue —1, we have say; = —lay = —as.
Thus, J (sas) = J (—as) = —J (as). Compared with J (sas) = sJ (o) (since J is W-linear), this
yields sJ (o) = —J (as5) = —1J (o). In other words, J (as) is an eigenvector of s (acting on h) with
eigenvalue —1. This yields that J (as) € Cay (because ) € b is the unique (up to scaling by an
element of C*) nonzero eigenvector of s (acting on ) with eigenvalue —1). In other words, there

exists a A € C such that J (as) = Aay. We now will prove that A = = (as, as).

™ 5 (
In fact, from J (as) = > as (y;) v, we deduce that

T

<Oésw] 9 = <asazas yz 1> Zae Yi <0497yz> = ;( s (yz))Q = (CVS,OLS)

—C“S(yl)

(since {y1, Y2, ..., Yr} is an orthonormal basis of h). Compared with

<asa‘](as)> *)‘<O‘Sa >*2>‘
—— \T_/

=Aay =2

1
this yields 2A = (as, as), so that A = 5 (as, as). Now,

Zas (yl) Yi = J(as) = A O‘};/ =5 (OéS,OtS) Oé;/'

This proves .
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Also, for every s € S and g € h*, we have

(O‘& as) g (a;/) =2 (a57g) . (17)

[

1 7
14 Proof. Let s € S and g € h*. Then, {) yields 3 (s, as) o = 37 as (y:) yi, so that (as, as) af =
i=1

2> a (yi) vi, and thus

i=1

9((as,a5)a)) =g <2Zas (yi)yz) =2 D a(w)g) =2(as9).
i=1 i=1

) =(as,9)
(since {y1,Y2,...,yr} is an
orthonormal basis of b)

Since g ((as, as) af ) = (as, as) g (o), this rewrites as (as, o) g (ay) = 2 (aw, g). This proves ([17)).
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On the other hand, from Ay = ) 852,, we obtain
i=1

= e (ZT: 852) = i S (0y,)

T e
781;1_’_ Z et} y’L

seES Oé
(by (10)), applied to a=y;)

(since ¢, is a (C—algebra homomorphism)

_ i <ayl + Z Csa; (yz)>

S

i=1 SES
e 2
o2 40,, 3 CsOls (yz>+ 5 CsQs <yl)8yi+ > Csts (Ys)
‘ €s Ol SES Ol SES Olg

_ Z 82 +0, Z csts (:) Z Cso‘; (yz)a (Z Cso‘; (%))

seS seS seS
Csx
=Yg+ 0, 3
seS
=A, . o 1
= cs Y Qs (yz)ayz
seS i=1 s
: csts (i) . csavs (i) 2
+ stts 7 a S-S 1
oy ey, vy (y e
\1:1 sES , i=1 . sES ,
! s .
R L B Css (Yi) Cutu (i)
seS =1 s s€S; ues Qg (67
- 1
= Ay + Cs Qs (yz) Oy, —
seS =1 \9_“”/
(i)
—— 0y, 40y, | —
Qg Qg
.,
Csv Gy
N N N N o
seS =1 z 1 s€8; ues
CsCu r

> as(yi)ou(ys)

SES; u€ES (g, i=1
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1 CsCy
Cs Qg (yz) a_ayz + Z Z Qs (yl) Ay (yl)

i=1 5 SES; ueS i=1
A
=(as,0u)
(since {y1,y2,.-.,yr} is an orthonormal
basis of b)

:Arﬁ-zcszas(yz ayz—i_zcsz% y) Ou (_)

seS

+ Z Cs Z s (yi) ai@yi + Z Ofszu (as, )

=1 SES i=1

i=1 s€S; ueS

_Ab+22cszas yi) @ﬁZCsZ%(%) Ou (ai>

seS

i=1 seS =1 N ,
1 . _ ayi (O‘S) _ oF (yZ)
Ta, z-; s (y1)9y; a? a2

(since Oy, (as)=as(y;) (because o
is linear))

CsCu
+ > (s, )
SES; ueS sy
CsCy (s, Q1) C? (s, )
s€ES; ueS QgQly, 7565 ag
(by Lemma 2.18e (c))
— A a (y ) Cz (0557 O[S)
— b+2ch Zas Yi) yl—l—ZcSZas Yi) +ZT
seS SES i=1 s | s€S s
1 g
:5(0‘870‘8)804;/ = GES Oé2 Z(O‘S(yl))

(by (16))
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T

= Ah —i—Qch 0537055) aa - % Z(as (%‘))2 +Z

seES seS =1 seS
) M ’ (anas)
Cs (Olg, (X ) =(as,0s )
5 C (o) (since {y1,2.yr} is an
ses Qg s orthonormal basis of )

—Ah+2@%g—z (as, ) +Z as’as

a57 as)

seS seS %’_/ seS
cs (v, )
—
CS (a87 as) CS (a87 as) c (a57 as)
=M+ Ouy =D =504y 3 (18)
s€S 8 s€S 8 s€S s
On the other hand, every ¢t € S satisfies
csas (@) . v
Se (Bay) = Oy + Z T (by (10), applied to a = ;)
seES
= Oay + Z Cultu at (here, we renamed s as u in the sum).
ueS
(19)
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Vv
ot Cuty (@)

ueS Oy,

(by , applied to t=s)

Cs (OZS, as) Cs (0657 as) CyOly (Oé;/)
2 T Ou Z D D

S u

seS SES u€eS ,
TV
B Cs (05, ) Cury (7))
sES; uesS Qg Qy,
Z Cs (O[S, as>a v+ Z Cs (Oés, as) . Coy Oy (Oé;/)
ak
seS s ) s€S; ues % — o <
CsCy
= (as,as)aw ()
gy,
Z M@av + Z CsCu (ozs, as) a, (o))
o QL “
seS seS; uesS

*2(0‘3 au)
(by , applied to g=aw,)

Z Cs (O;Sa aS)aaSV +2 Z CsCy (Ozs, au)
N————

seS s s€S; uesS s U

 CsCy (as, o)

asau
ch (&saas)av+2 > CsCu (s, )
a
(0% (e 7Ye%
ses s SES; uES v
WV
2
Cs (as, O‘S)
=5 5
seS Oé

(by Lemma 2. 18e (c))

ch (Czjaas)aasv +22 CYsaofs

seS
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Cs (s, )

Now, H = Ay — > Oay, so that

seS Qg
T7 Cs (asaa/s) Cs (Oés,()zs)
o (H) =6 [ A =D =200 | = (By) — 6 | D =0,
seS Qs seS Qs
2
_ (Ah + Z Cs (a57 as)aa;/ . Z Cs (0452, as) i Z Cs (OCSQ, O[s>>
SES Qs SES s sES Qg
Cs <a37 O{S Oés, Qg
— Oay +2
(3o v )

(by (1) and
Cs (ocs, ;) 2 (as, )
=8y~ (Z T2 " Z oz

‘ seS s sES S ,
VT
s (g, ) A (ag, a) s (cs + 1) (ag, ag)
T a? - a? :s%:S a?
S S S

cs (cs + 1) (a, as)
= Ay — Z a2 =H.
sES S

This proves Proposition 2.18d.

Proof of Theorem 2.9. The C-algebra homomorphism <. : D (hreg) — D (hreg)
preserves the degree of homogeneous differential operators and their symbols and
commutes with the action of W by conjugation (these facts all are easy to prove),
and maps H to H (by Proposition 2.18d). Hence, applying ¢. to Corollary 2.17,
we obtain Theorem 2.9 (at least, if we add to Corollary 2.17 the claim that the L;
are W-invariant, as I suggested above), with the L; being given by L; = ¢, (fj).

Theorem 2.9 is thus proven, and with it Theorem 2.1.
e Page 10, Remark 2.20: It would be better to replace “L;” by “L;” here.
. [To be continued?]

e Page 12, Example 2.25: In this example, you regard h as being embedded into
C"™ as the subspace consisting of the vectors whose coordinates sum to zero. (This
is the same embedding as in Example 2.5.) The p; are the same as in Example
2.5. The z; (for each i € {1,2,...,n}) is the linear map sending each element of
b to its i-th coordinate. This all is worth pointing out explicitly, since it is far
from obvious.
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