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Abstract. Consider the ring & of symmetric polynomials in k vari-
ables over an arbitrary base ring k. Fix k scalars ay,ay,...,a; € k.

Let I be the ideal of S generated by hy, 1 —a1, hy k10 —a2,..., hy —
ax, where h; is the i-th complete homogeneous symmetric polynomial.

The quotient ring S /I generalizes both the usual and the quantum
cohomology of the Grassmannian.

We show that S/I has a k-module basis consisting of (residue
classes of) Schur polynomials fitting into an (n — k) x k-rectangle;
and that its multiplicative structure constants satisfy the same Ss-
symmetry as those of the Grassmannian cohomology. We prove a
Pieri rule and a “rim hook algorithm”, and conjecture a positivity
property generalizing that of Gromov-Witten invariants. We con-
struct two further bases of S/ I as well.

We also study the quotient of the whole polynomial ring (not just
the symmetric polynomials) by the ideal generated by the same k
polynomials as I.
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1. Introduction

This is still a draft — proofs are at various levels of detail, and the order of the
results reflects the order in which I found them more than the order in which
they are most reasonable to read. This draft will probably be split into several
smaller papers for publication. I recommend [Grinbel9] as a quick survey of
the main results proved here.

This work is devoted to a certain construction that generalizes both the reg-
ular and the quantum cohomology ring of the Grassmannian [Postni05]. This
construction is purely algebraic — we do not know any geometric meaning for it
at this point — but shares some basic properties with quantum cohomology, such
as an Sz-symmetry of its structure constants (generalizing the S3-symmetry for
Littlewood-Richardson coefficients and Gromov-Witten invariants) and conjec-
turally a positivity as well. All our arguments are algebraic and combinatorial.

1.1. Acknowledgments

DG thanks Dongkwan Kim, Alex Postnikov, Victor Reiner, Mark Shimozono,
Josh Swanson, Kaisa Taipale, and Anders Thorup for enlightening conversa-
tions, and the Mathematisches Forschungsinstitut Oberwolfach for its hospital-
ity during part of the writing process. The SageMath computer algebra system
[SageMath] has been used for experimentation leading up to some of the results
below.

2. The basis theorems

2.1. Definitions and notations

Let IN denote the set {0,1,2,...}.

Let k be a commutative ring. Let k € IN.

Let P denote the polynomial ring k[xq,xp,...,x¢]. This is a graded ring,
where the grading is by total degree (so degx; =1 for each i € {1,2,...,k}).

For each & € ZF and each i € {1,2,...,k}, we denote the i-th entry of a by
a; (so that « = (aq,ap,...,a;)). For each a € ]Nk, we define a monomial x* by
X = xMy%2 Lk

1 %2 k-

Let S denote the ring of symmetric polynomials in P; in other words, § is the
ring of invariants of the symmetric group Sy acting on P. (The action here is the
one you would expect: A permutation ¢ € Sy sends a monomial x; x;, - - - x;,, to
Xo(iy)Xo(ir) " Xo(iy)")

The following fact is well-known (going back to Emil Artin):

| Proposition 2.1. The S-module P is free with basis (x*), Nk, 4. <i for each i-
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Proofs of Proposition can be found in [LLPT95, (DIFE.1.3)], in [Bourba03,
Chapter 1V, §6, no. 1, Theorem 1 c)], in [Gailla21l, Theorem, part (c)] and in
[Macdon91, (5.1)]ﬂ The particular case when k is a field is also proved in
[ArtinZ1, result shown at the end of §II.G]H The particular case of Proposition
when k = Q also appears in [Garsia02, Remark 3.2]. A related result is
proven in [FoGeP097, Proposition 3.4] (for k = Z, but the proof applies equally
over any k).

Now, fix an integer n > k. For each i € {1,2,...,k}, let a; be an element
of P with degree < n —k +i. (This is clearly satisfied when ay,ay,...,a; are
constants in k, but also in some other cases. Note that the a; do not have to be
homogeneous.)

For each a € ZF, we let || denote the sum of the entries of the k-tuple a (that
is, |a| = a1 +an+ -+ ag).

For each m € Z, we let h;, denote the m-th complete homogeneous symmetric
polynomial; this is the element of S defined by

— _ o
hy, = Z Xiy Xip + 0 Xy, = Z x*. (1)
1<ii<ip < <ip <k ch]Nk;
|a[=m

(Thus, hg =1, and h,;; = 0 when m < 0.)
Let ] be the ideal of P generated by the k differences

By k1 — a1, hy—jypo — a2, .., by — ay. (2)

If M is a k-module and N is a submodule of M, then the projection of any
m € M onto the quotient M/N (that is, the congruence class of m modulo N)
will be denoted by .

2.2. The basis theorem for P /]

The following is our first result:

IStrictly speaking, [Macdon91, (5.1)] is only the particular case of Proposition 2.1| for k = Z.
However, with some minor modifications, the proof given in [Macdon91] works for any k.
2To be more precise, Artin proves in [Artin71) §II.G, Example 2] that (when k is a field)

* the monomials x* with « € INF satisfying a; < i for each i are linearly independent
over the field Syt of symmetric rational functions in x1, xg, . . ., x; over k (and therefore
also linearly independent over the ring S of symmetric polynomials), and

¢ each polynomial g € P can be represented as a polynomial in x1, xp, ..., X, with coef-
ficients in S and having degree < i in each x; (that is, as an S-linear combination of
the monomials x* with & € INF satisfying a; < ).

Combining these two facts yields Proposition [2.1| (when k is a field).
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I Theorem 2.2. The k-module P /] is free with basis (W)(X ENE: <K+ for each i

Example 2.3. Let n = 5 and k = 2. Then, P = k[x1, x2], and ] is the ideal of
P generated by the 2 differences

hy —aq = (x‘ll + x%xz + x%x% + xlxg + x%) —m and
hs —ay = (x? + X% + X325 + x3x3 + x1x5 + xg’) — ay.

Theorem yields that the k-module P/] is free with ba-
sis (xa)ae]N%x- 3iiforeach; this basis can also be rewritten as

LS. %)
11€{0,1,2,3}; a,€{0,1,2,3,4}
can be written as a linear combination of elements of this basis. For example,

As a consequence, any xllxg2 e P/]

= — x3xp — X3x3 — x1%3 — x5 and

Nkml »jfhl

= ap — alx_l.

These expressions will become more complicated for higher values of n and

k.

Theorem [2.2|is related to the second part of [CoKrWa09, Proposition 2.9] (and
our proof below can be viewed as an elaboration of the argument sketched in
the last paragraph of [CoKrWa09, proof of Proposition 2.9]).

2.3. The basis theorem for S/1I

To state our next result, we need some more notations.

Definition 2.4. (a) We define the concept of partitions (of an integer) as in
[GriRei20, Chapter 2]. Thus, a partition is a weakly decreasing infinite se-
quence (A1, Ay, Az, ...) of nonnegative integers such that all but finitely many
i satisfy A; = 0. We identify each partition (A1, Ay, A3,...) with the finite list
(A1,A2,...,Ap) whenever p € N has the property that (A; =0 for alli > p).

For example, the partition | 3,1,1,0,0,... | is identified with (3,1,1,0) and
N
zeroes
with (3,1,1).

(b) A part of a partition A means a nonzero entry of A.

(c) Let Py, denote the set of all partitions that have at most k parts and have
the property that each of their parts is < n — k. (Visually speaking, Py, is the
set of all partitions whose Young diagram fits into a k x (n — k)-rectangle.)

(d) We let @ denote the empty partition ().
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Example 2.5. If n = 4 and k = 2, then
Pow = Poa = {2,(1),(2),(1,1),(21),(2,2)}
If n =5and k = 2, then

Pin = Ps ={2,(1),(2),(3),(1,1),(21),(3,1),(2,2),(32),(33)}.

It is well-known (and easy to see) that P, is a finite set of size (Z) (Indeed,
the map

Pkln%{(al,az,...,ak)E{l,Z,...,n}k ‘ a1>a2>--->ak},
A (/\1 +k,)\2+k—1,...,)\k+1)
is easily seen to be well-defined and to be a bijection; but the set

{(ﬂ1,a2,...,ak) < {1'2"'-r”}k | oy >a > > ak} has size (Z))

Definition 2.6. For any partition A, we let s, denote the Schur polynomial in
X1,X2, ..., X corresponding to the partition A. This Schur polynomial is what
is called s, (xq,x7,...,x;) in [GriRei20, Chapter 2]. Note that

sy =20 if A has more than k parts. 3)

If A is any partition, then the Schur polynomial s, = s, (x1,%2,...,X;) is sym-
metric and thus belongs to S.
We now state our next fundamental fact:

Theorem 2.7. Assume that ay,ay,...,a; belong to S. Let I be the ideal of S
generated by the k differences (2). Then, the k-module S/1 is free with basis

(g) )LGPk,” .

We will prove Theorem 2.7]below; a different proof has been given by Weinfeld
in [Weinfel9, Corollary 6.2].
The k-algebra S/1 generalizes several constructions in the literature:

e Ifk=Zanda) =a; = --- = a, =0, then §/I becomes the cohomology
ring of the Grassmannian of k-dimensional subspaces in an n-dimensional
space (see, e.g., [Fulton99, §9.4] or [Manive0l, Exercise 3.2.12]); the ele-
ments of the basis (5)), p,, correspond to the Schubert classes.

e lfk=Z[glanday =ap = - = ar_; = 0 and ap = — (—1)"g, then S/I
becomes isomorphic to the quantum cohomology ring of the same Grass-
mannian (see [Postni05]). Indeed, our ideal I becomes the ]Zn of [Postni05),
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(6)] in this case, and Theorem generalizes the fact that the quotient
(A ®Z[q]) /]y, in [Postni05, (6)] has basis (s) cp, -

One goal of this paper is to provide a purely algebraic foundation for the
study of the standard and quantum cohomology rings of the Grassmannian,
without having to resort to geometry for proofs of the basic properties of these
rings. In particular, Theorem [2.7| shows that the “abstract Schubert classes” s
(with A € P ,,) form a basis of the k-module §/1, whereas Corollary further
below shows that the structure constants of the k-algebra S/I with respect to
this basis (we may call them “generalized Gromov-Witten invariants”) satisfy
an Sz-symmetry. These two properties are two of the facts for whose proofs
[PostniO5] relies on algebro-geometric literature; thus, our paper helps provide
an alternative footing for [Postni05] using only combinatorics and algebraﬂ

Remark 2.8. The k-algebra P /] somewhat resembles the “splitting algebra”
Spliti‘ (p) from [LakTho12, §1.3]; further analogies between these concepts can
be made as we study the former. For example, the basis we give in Theorem
is like the basis in [LakTho12, (1.5)]. It is not currently clear to us whether
there is more than analogies.

3. A fundamental identity

Let us use the notations /,, and e;, for complete homogeneous symmetric poly-
nomials and elementary symmetric polynomials in general. Thus, for any m € Z
and any p elements y1,¥>,...,yp of a commutative ring, we set

hon (Y1, Y2, -, Yp) = Yoo ViV Vi and 4)
1< <ip <<y <p
em (Y1,Y2,- -, Yp) = Y YirYin Vi (5)

1<i)<ip<---<iy<p

(Thus, ho (y1,Y2,--.,yp) = Llandeg (y1,y2, ..., yp) = 1. Also, ep (Y1, Y2, ..., Yp) =
0 for all m > p. Also, for any m < 0, we have hy (y1,¥2,...,yp) = 0 and
em (V1,Y2,..,yp) = 0. Finally, what we have previously called 4, without any
arguments can now be rewritten as i, (x1,x7,...,x;). Similarly, we shall occa-
sionally abbreviate ey, (x1,x2,...,Xx) as ex.)

Lemma 3.1. Leti € {1,2,...,k+ 1} and p € IN. Then,

i—1
hp (x,-,xl-H, .. .,xk) = Z (—1)t€t (xl, X2, .. .,x,-_l) hp—t (Xl, X2, .. .,xk) .
t=0

3This, of course, presumes that one is willing to forget the cohomological definition of the ring
QH* (Gryy), and instead to define it algebraically as the quotient ring (Ax ® Z [q]) /] , using
the notations of [Postni05].
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Notice that if i = k + 1, then the term hy, (x;, Xi+1, ..., X¢) on the left hand side
of Lemma 3.1|is understood to be 1, of an empty list of vectors; this is 1 when
p = 0 and 0 otherwise.

Lemma 3.T]is actually a particular case of [Grinbel6) detailed version, Theorem
3.15] (applied to a = x; € k[[x1,x2,x3,...]] and b = h) (x1,x2,x3,...) € QSym)

However, we shall give a more elementary proof of it here. This proof relies
on the following two basic identities:

Lemma 3.2. Let A be a commutative ring. Let y1,Y2,...,yp be some elements
of A. Consider the ring A [[u]] of formal power series in one indeterminate u
over A. Then, in this ring, we have

p
Y- g (v y2 - yp) U (6)
geN j=
and )
Z (=1)7eq (Y1, Y2, -, Yp) U H 1—yju) )
geN j=1

Proof of Lemma The identity (6) can be obtained from the identities [GriRei20),
(2.2.18)] by substituting y1,y2,...,¥p,0,0,0,... for the indeterminates x1, x2, x3, . ..
and substituting u for t. The identity (7) can be obtained from the identities
[GriRei20, (2.2.19)] by substituting y1,y2,...,¥p,0,0,0,... for the indeterminates
X1, X2, X3, ... and substituting —u for ¢t. Thus, Lemma is proven. O

Proof of Lemma Consider the ring P [[u]] of formal power series in one inde-
terminate u over P. Applying (6) to P and (x;, xit1,...,X) instead of A and
(v1,Y2,--.,Yp), we obtain

k—i+1 1 k 1

Yo hg (i xiga, o )ul = [ ————— =11

gEN ].:1 1-— xiﬂ',lu j:i 1-— x]-u

(here, we have substituted j for i +j — 1 in the product). Applying (/) to P and
(x1,%2,...,%;_1) instead of A and (y1,¥2,...,Yp), we obtain

—_

—

Z (—1)1 eq (x1,%2,...,xi—1)ul = (1 — xju) . (8)

geN

\‘. .
|
—_

Applying @ to P and (x1,xa, ..., x;) instead of A and (yl,yz,. ..,Yp), we obtain

k
Y hg(x1,x0,...,x =11 . 9)
geN j=1 x]
“Here, we are using the ring k [[x1, X2, x3,...]] of formal power series in infinitely many vari-

ables x1,x2,x3,..., and its subring QSym of quasisymmetric functions. See [Grinbel6] for
a brief introduction to both of these. Note that the symmetric function hy (x1,x2,x3,...) is
called hp in [Grinbel6].
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Thus,

1
J———— —_
e
—
—_
|
\.R
=
SN—
v
~.
[N ie
[EN
| —_
\R
=
\_/

-~

=Y (—=1)Teq(x1,x0,.xi—1)ul =¥ hg(x1,22,...,x)uf

qeIN geN
(by @) (by @)
= < Y (—1)7eq (x1,x2, ..., %i_1) u‘7> ( Y hg(x1,x2,. .., %) uq> :
geN geN

Comparing the coefficient before u” in this equality of power series, we obtain

I
=

I’lp (xl-,xiﬂ, e ,xk) (—1)t et (xl,xz,. . .,xi_l) hp—t (xl,xz, ey xk)

=) (—1) er (x1,x2, .. Xim1) hp—p (x1,%2,. .., xk)
=0

(since hy—t (x1,x2,...,x¢) = 0forall t > p)

i—1
= Z (—1)t (o (xl, X2,.. .,xi,l) I’lpft (xl,xz, . .,xk)
t=0
(since e; (x1,Xp,...,x;_ 1) =0forallt >i—1).
This proves Lemma [3.1] O

Corollary 3.3. Let p be a positive integer. Then,

k
t=1

Proof of Corollary Lemma [3.1] (applied to i = k + 1) yields

k
2 (—1) er (x1,x2, ..., %) hp—t (x1,X2,..., Xk)

t=0 ~~ 7 ~~ g

k
Z (—1)t ethp_t.
t=0

hp (X1, Xkt2s - - 0 Xk)

=hps
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Comparing this with

hy (Xk41, Xkq2, - - -, Xk) = hp (an empty list of variables) = 0 (since p > 0),
we obtain
i t 0 i : i t
0= (—1) Etl’lp_t = (—1) €o hp_() + (—1) ethp_t = hp + (—1) ethp—t-
=0 Y:f\hf’ =1 =1
- =hp
Hence,

k
t=1

This proves Corollary O

4. Proof of Theorem 2.2

We shall next prove Theorem [2.2| using Grobner bases. For the concept of Grob-
ner bases over a commutative ring, see [Grinbel7, detailed version, §3].

We define a degree-lexicographic term order on the monomials in P, where
the variables are ordered by x; > xp > --- > x;. Explicitly, this term order is
the total order on the set of monomials in x1, x, ..., x; defined as follows: Two
monomials xj'xy2 - - - x;* and xllxg2 . xf" satisfy x]1xp2 -« xF > xflx§2 . -xfk
if and only if

e eitheraw; +ap+ - +ag>pB1+ P2+ -+ Br

®or &y +ay+ - +ap = B+ B2+ -+ Br and there exists some i €
{1,2,...,k} such that a; > B; and (aj = B; for all j < i).

This total order is a term order (in the sense of [Grinbel7, detailed version,
Definition 3.5]). Fix this term order; thus it makes sense to speak of Grobner
bases of ideals.

Proposition 4.1. The family

i—1

<hn—k+i (Xi, X1 r Xk) — Z (—1)t et (x1,%2,...,%i_1) ﬂit)
ie{12,..k}

t=0

is a Grobner basis of the ideal |. (Recall that we are using the notations from

and (5).)

10
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Proposition is somewhat similar to [Sturmf08, Theorem 1.2.7] (or, equiva-
lently, [CoLiOs15, §7.1, Proposition 5]), but not the sameﬂ It is also similar to
[LomQui21, comment at the end of §IIL.4]. Our proof of it relies on the following
elementary fact:

Lemma 4.2. Let A be a commutative ring. Let by, by,...,by € A and
€1,C2,...,Cr € A. Assume that
i—1
b; € ¢c; + Z ci_tA (10)
t=1

foreachi € {1,2,...,k}. Then, A+ A+ -+ bA=c1A+ A+ -+ A
(as ideals of A).

Proof of Lemma We claim that

j j
Y bpA=) c,A foreachj € {0,1,...,k}. (11)
p=1 p=1

[Proof of (TI): We shall prove by induction on j:

Induction base: For j = 0, both sides of the equality are the zero ideal of
A (since they are empty sums of ideals of A). Thus, holds for j = 0. This
completes the induction base.

Induction step: Leti € {1,2,...,k}. Assume that holds for j =i —1. We
must prove that holds for j = i.

We have assumed that (11) holds for j = i — 1. In other words, we have

-1 i—1 i—1 i—1
Y. byA = ) cyA. But l) yields b; € ¢;+ Y ¢; tA = ¢; + ) cpA (here, we
p=1 p=1 t=1 p=1

have substituted p for i — t in the sum). Thus,

i

i—1 i—1
¢ €bi— Y cpA=Dbi+ ) c,A,
p=1 p=1
so that

i—1 i—1
;A C (bl + Z CPA> A CbA+ Z CPA.
p=1 p=1

i—1
But from b; € ¢; + ). ¢, A, we obtain

p=1
i—1 i—1 1
p=1 p=1 p=1

5For example, our a1, ay, . . ., a are elements of k rather than indeterminates (although they can
be indeterminates if k itself is a polynomial ring), and our term order is degree-lexicographic
rather than lexicographic. Thus, it should not be surprising that the families are different.

11
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Now,
i i—1 i i i
p=1 p=1 i“ p=1 p=1 p=1
i-1 i/ €L opd
=Y pAC Y cpA T
p=1 p=1
(since i—1<i)
Combining this inclusion with
i i—1 i—1 i—1
Y opA=)Y cpA+ A C ) cpA+bA+) A
p=1 p=1 \: p=1 p=1
§b1A+ Z CPA
p=1

i—1 i—1 i—1 i
=Y A+ ) cpA+b A=) b,A+bA=) byA,
p=1 p=1 p=1 p=1

J/

-~

i—1 i—1
=Y cpA=Y byA
p=1 p=1

i i
we obtain ) byA = ). cpA. In other words, (11) holds for j = i. This completes
p=1 p=1
the induction step. Thus, is proven by induction.]
Now, (applied to j = k) yields

k k
Z bpA = Z cpA.
p=1 p=1
Thus,
k k
hA+bA+ -+ A=) bA=) cpA=c1A+0A+ -+ A
p=1 p=1

This proves Lemma O

Proof of Proposition |.1| (sketched). For each i € {1,2,...,k}, we define a polyno-
mial b; € P by

i—1
bi = hy i (X0 Xig1, o) — Y (=) e (x1, %2, ., Xim1) @iy
=0

Then, we must prove that the family (b;);, {12,k is @ Grobner basis of the ideal
J. We shall first prove that this family generates J.

12
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For each i € {1,2,...,k}, we define ¢; € P by ¢; = h,,_; — a;. Then, | is the
ideal of P generated by the k elements cj,cy,...,c; (by the definition of ]). In
other words,

J=aP+aP+- - +cP. (12)
Foreachi € {1,2,...,k}, we have

i—1
bi = fln—k—ﬁ-i (x,-,xl-H,...,xk)/ — Z (—1)t€t (xl,xz,...,xi_l)ai_t
T t=0
i—1
:igo(—l)tet(xl,xz,...,xi,l)hn_k+i_t(x1,x2,...,xk)
~ (by Lemma B.1] (applied to p=n—k-+1))
i—1
= Z (_1)t€t (%1, %2, -+, Xi1) Mg (X1, X2, -+, Xg)
t=0
i—1 ;
=Y (=1) e (x1,%x2,. .., Xi—1) @iy
t=0
i—1 ;
- Z (_1) et (x]_l X2, eney xi—l) hn—k—|—i—t (x]./ X2, ey xk)j —ai—¢
t=0 ~
=hy_jeyivt
i—1 ;
=) (=Der(xi, 22, Xi1) (M kit —ait)
t=0 N
=c;_
(by the deﬁnlititon of ¢j_y)
i—1
=Y (—1)'er (x1, %2, .., Xi1) Cit
t=0
0 = t
= (—1)"eo (x1,x2,...,X0-1) Ci—o + Z (—1) e (x1,x2,...,%i—1) Ci—¢
N—— N ~~ \7/ =1 ~~ 4
=1 =1 =C; epP
y v
eci+ ) Peiy=ci+) ciP.
t:lj/‘; t=1
=Ci¢

Hence, Lemma (applied to A = P) yields that b1y P + by P + --- + b P =
1P + 2P + -+ cP (as ideals of P). Comparing this with (12), we obtain
J =biP+bP +--- 4 b /P. Thus, the family (bi)ie{l,z,...,k} generates the ideal J.
Furthermore, for each i € {1,2,...,k}, the i-th element
i-1
bi = hy ki (Xiy Xig1, -, ) — 3 (=) e (x1, 20, xi1) 4y
t=0

of this family has leading term x?*k“ (because the polynomial

13
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Y (=1)'er (x1,x2,...,%_1)a;_; has degree < n —k + i H whereas the poly-
t=0

nomial h, i (Xj, Xj11,..., %) is homogeneous of degree n — k + i with leading
term xf*k“ . Thus, the leading terms of the k elements of this family are
disjoint (in the sense that no two of these leading terms have any indeterminates
in common). Thus, clearly, Buchberger’s first criterion (see, e.g., [Grinbel7, de-

tailed version, Proposition 3.9]) shows that this family is a Grobner basis. O

Proof of Theorem |2.2| (sketched). This follows using the Macaulay-Buchberger basis
theorem (e.g., [Grinbel”, detailed version, Proposition 3.10]) from Proposition
(Indeed, if we let G be the Grobner basis of | constructed in Proposition
then the monomials x® for all « € IN* satisfying (a; < n — k + i for each i) are
precisely the G-reduced monomialsﬂ) O

5. Proof of Theorem 2.7]
Next, we shall prove Theorem

Convention 5.1. For the rest of Section we assume that aq,ay, ..., a; belong

to S.

Thus, ay,a,, .. .,a; are symmetric polynomials. Moreover, recall that for each
i € {1,2,...,k}, the polynomial a; has degree < n —k +i. In other words, for
eachi e {1,2,...,k}, we have

deg (a;) <n—k+i. (13)

Substituting i — n 4 k for i in this statement, we obtain the following: For each
ie{n—k+1,n—k+2,...,n}, we have

deg (a,_yi) <n—k+(i—n+k)=1i. (14)

®Proof. It clearly suffices to show that for each t € {0,1,...,i—1}, the polynomial
er (x1,x2,...,%;_1)a;_; has degree < n —k +i.
So let us do this. Lett € {0,1,...,i — 1}. Then, the polynomial a; _; has degree < n —k +
(i — t) (by the definition of ay,ay, ..., ax). In other words, deg (a;_;) < n —k+ (i — t). Hence,
the polynomial e; (x1, X2, ...,x;_1) a;_; has degree

deg (et (x1,x2,...,xi-1) a;—t) = deg (et (x1,x2,...,xi-1)) + deg (a; )
——
<t <n—k+(i—t)

<t+(n—k+(i—t)=n—k+i.

In other words, the polynomial ¢; (x1, x2,...,x;_1) 4;_; has degree < n — k+1i. Qed.
“Indeed, every term of the polynomial /1, _j; (X, Xi1, .- ., X) has the form x{"x;T{! - - x;* for

some nonnegative integers u;, uj11,...,u; € IN satisfying u; + w1 +---+up = n—k+1i.

Among these terms, clearly the largest one is x?*k“.
8because the i-th entry of the Grobner basis G has head term xl’.l*k”

14
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Let I be the ideal of S generated by the k differences (2). Hence, these differ-
ences belong to I. Thus,

hy_kyj =ajmodI foreachje{1,2,...,k}. (15)
Renaming the index j as i — n 4 k in this statement, we obtain

hi =a;_, xmodI foreachie {n—k+1,n—k+2,...,n}. (16)

Lemma 5.2. Let A be a commutative k-algebra. Let B be a commutative A-
algebra. Assume that the A-module B is spanned by the family (b,),.,, € BY.
Let Z be an ideal of A. Let (ay),.y € AY be a family of elements of A such

that the k-module A/T is spanned by the family (@), € (A/Z )V. Then, the

k-module B/ (ZB) is spanned by the family <avbu>( eUxV € (B/ (IB))UXV'
u,u X

Proof of Lemmap.2} Easy. Here is the proof under the assumption that the set U
is finite’t

Let x € B/ (ZB). Thus, x = b for some b € B. Consider this b. Recall that the

A-module B is spanned by the family (b,) Hence, b = ) puby for some
uel

family (pu),cy € AY of elements of A. Consider this family (py), ;-

Recall that the k-module A/Z is spanned by the family (a,),., € (A/ 7).
Thus, for each u € U, there exists a family (gu,0),.y € k" of elements of k such
that p,, = Z Ju,pfy (and such that all but flmtely many v € V satisfy g, = 0).

uel:

Consider thls family (qu,0),cy-
Now, recall that B/ (ZB) is an A/Z-module (since B is an A-module, but each
i € T clearly acts as 0 on B/ (ZB)). Now,

x=b= Z Pubu (since b= Z pubu>

uel uel
= P_ Z Z qu%bu = Z Qu,vavbu-
uel Nl uecl veV v (u0)elUxV
= ) quofy —— =ayby
veV — Z
(u,v)eUxV

Thus, x belongs to the k-submodule of B/ (ZB) spanned by the family
(avbu> . Since we have proven this for all x € B/ (ZB), we thus con-
(uv)eUxV

clude that the k-module B/ (ZB) is spanned by the family (avbu)( ey
u,v)elx
(B/ (ZB))"*Y. This proves Lemma O

9The case when U is infinite needs only minor modifications. But we shall only use the case
when U is finite.

15
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Lemma 5.3. Let M be a free k-module with a finite basis (bs),.s. Let (a4),; €
MY be a family that spans M. Assume that |U| = |S|. Then, (ay),, is a basis
of the k-module M. (In other words: A spanning family of M whose size
equals the size of a basis must itself be a basis, as long as the sizes are finite.)

Proof of Lemma Well-known (see, e.g., [GriRei20, Exercise 2.5.18 (b)]). O
Lemma 5.4. Let i be an integer such that i > n — k. Then,

h; = (some symmetric polynomial of degree < i)mod I.

Proof of Lemma 5.4 (sketched). We shall prove Lemma [5.4) by strong induction on
i. Thus, we assume (as the induction hypothesis) that

h; = (some symmetric polynomial of degree < j)mod I (17)

foreveryje {n—k+1,n—k+2,...,i—1}.

If i <, then (16) yields h; = a;_, . mod I (sincei € {n —k+1,n—k+2,...,n}),
which clearly proves Lemma 5.4 (since a;_,,x is a symmetric polynomial of de-
gree < i . Thus, for the rest of this proof, we WLOG assume that i > n.
Hence, each t € {1,2,...,k} satisfies

i—te{n—k+1,n—k+2,...,i—1}(since i — t >n—kandi—_t <
>n <k >1
i — 1) and therefore
hi_; = (some symmetric polynomial of degree < i —f)mod I (18)

(by (17), applied to j =i — t).
But i is a positive integer (since i > n > 0). Hence, Corollary 3.3| (applied to
p = i) yields

t
hl' = — (—1) (o hi—t
2 Bit
=(some symmetric polynomial of degree <i—t)mod I

(by (T8))

k
- (—1)" e - (some symmetric polynomial of degree < i —t)
t=1
= (some symmetric polynomial of degree < i) mod I.

This completes the induction step. Thus, Lemma |5.4]is proven. O

10by
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Definition 5.5. The size of a partition A = (Aq,A2, A3, ...) is defined as A +
A2 + Az + - -+, and is denoted by |A|.

Definition 5.6. Let P denote the set of all partitions with at most k parts.
Thus, the elements of P, are weakly decreasing k-tuples of nonnegative inte-
gers.

Proposition 5.7. Let A = (Aq, Ay, ..., A¢) be a partition in Pg. Then:
(a) We have

(b) Let p € {0,1,...,k} be such that A = (A1,Az,...,Ap). Then,

Proof of Proposition 5.7} (b) Proposition (b) is the well-known Jacobi-Trudi
identity, and is proven in various places. (For instance, [GriRei20), (2.4.16)] states
a similar formula for skew Schur functions; if we set 4 = @ in it and apply both
sides to the variables x1, xp, ..., x;, then we recover the claim of Proposition
(b).)

(@) We have A = (Aq,Ay, ..., A¢). Hence, Proposition (a) is the particular
case of Proposition [5.7] (b) for p = k. O

Lemma 5.8. Let A = (A1, Ap,...,A/) be any partition. Leti € {1,2,...,¢} and
j€{1,2,...,0}. Then,

Y, (M—uw)+ ), u=A—(Ai—i+)).
ue{12,..,0}; ue{12,..,0};
Ui u#j

17
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Proof of Lemma We have

Yo (Au—u) + ), u

ue{l2,..0}; ue{l,2,..0};
u#i u#j
= ¥ ww-(A—) = T uj
ue{1,2,..,0} ue{12,...0}
= Yo M—u) ==+ ) u—j
ue{l1,2,...0} ue{l,2,...0}

-~

= ) Au— X u

ue{l1,2,..0} ue{l,2,..,0}

= Y. A=Y u—WNi—iD)+ ), u—j

ue{l,2,...t} ue{l,2,...0} ue{1,2,...,0}
= Y M=) —j=AM-i—) —j=1A = (i —i+]).
ue{l1,2,...0}
————
=[Al
This proves Lemma O

Next, let us recall the definition of a cofactor of a matrix:

Definition 5.9. Let £ € IN. Let R be a commutative ring. Let A € R*** be any
¢ x f(-matrix. Leti € {1,2,...,¢} and j € {1,2,...,¢}. Then:

(@) The (i, j)-th minor of the matrix A is defined to be the determinant of the
(¢ —1) x (£ —1)-matrix obtained from A by removing the i-th row and the
j-th column.

(b) The (i, j)-th cofactor of the matrix A is defined to (—1)"*/ times the (i, j)-
th minor of A.

It is known that any / x {-matrix A = (a; ;) over a commutative

1<i<t, 1<j<¢
ring R satisfies

4
detA =) a;;- (the (i,j)-th cofactor of A) (19)

j=1

for each i € {1,2,...,¢}. (This is the Laplace expansion of the determinant of A
along its i-th row.)

Lemma 5.10. Let A = (A1, Ay, ..., Ay) be any partition. Leti € {1,2,...,¢} and
j€{1,2,...,¢}. Then, the (i, )-th cofactor of the matrix (M, —u1v)1<,<p 1<0</
is a homogeneous symmetric polynomial of degree |A| — (A; — i+ ).

Proof of Lemma (sketched). This is a simple argument that inflates in length
by a multiple when put on paper. You will probably have arrived at the proof
long before you have finished reading the following.

18
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Foreachu € {1,2,...,¢} and v € {1,2,...,¢}, we define an integer w (u,v) by
w(u,v)=A, —u+o. (20)

Let A be the matrix (hw<u,v>)1<u<£ ., Let  be the (i, j)-th minor of the

matrix A. Thus, p is the determinant of the (¢ — 1) x (£ — 1)-matrix obtained
from A by removing the i-th row and the j-th column (by Definition 5.9|(a)). The
combinatorial definition of a determinant (i.e., the definition of a determinant
as a sum over all permutations) thus shows that y is a sum of (¢ —1)! many
products of the form

thy(

hw( ) hw(

inj1)Fw(izja) * g 1je-1)’

where iy,1p,...,ij_1 are £ — 1 distinct elements of the set {1,2,...,¢} \ {i} and
where ji,j,...,js—1 are £ — 1 distinct elements of the set {1,2,...,¢} \ {j}. Let
us refer to such products as diagonal products. Hence, u is a sum of diagonal
products.

We shall now claim the following:

Claim 1: Each diagonal product is a homogeneous symmetric poly-
nomial of degree |A| — (A; —i+7).

[Proof of Claim 1: Let d be a diagonal product. We must show that d is a
homogeneous symmetric polynomial of degree |A| — (A; — i+ ).
We have assumed that d is a diagonal product. In other words, 4 is a product
of the form
+hy(

T T

i) wliz2) i0-1/je-1)!

where iy,1ip,...,ip_1 are £ — 1 distinct elements of the set {1,2,...,¢} \ {i} and
where ji,2,...,js_1 are £ — 1 distinct elements of the set {1,2,...,¢} \ {j}. Con-
sider these i1,1p,...,i;_1 and these ji,j2,...,j/—1.

The numbers iy, iy, ...,iy_q are £ — 1 distinct elements of the set {1,2,...,¢}\
{i}; but the latter set has only ¢/ — 1 elements altogether. Thus, these numbers
i1,1p,...,ip_1 must be precisely the ¢ — 1 elements of the set {1,2,...,¢}\ {i}
in some order. Similarly, the numbers ji, j», ..., j,—1 must be precisely the £ — 1
elements of the set {1,2,...,¢} \ {j} in some order.

For each p € {1,2,...,¢ —1}, the element hw( of S is homogeneous of

iP’jP)
degree w (ip, j,) (because for each m € Z, the element h,, of S is homogeneous

of degree m). Hence, the product hy;, i\hw(iy,j) ** * Pa(i, 4,j, ;) 15 homogeneous

19
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of degree

w iy, j1) +w (ia, jo) + - +w (ig—1,jr-1)
= ) w (ip, jp) = ) </\ip —1p +jp>
pe{1,2,0—1} — pe{1,2,0—1}
=Aip—ip+jp

(by the definition of w(ip,jp))

= > (M-i) o+ Y

pe{1,2,..0-1} pe{12,..0-1}
=(7y _i1)+(/\i2_i2)+"'+</\i4_1 —ieq) —J1+]2E +e- 1
= ¥ (MA-u) uef1,2,. f}\{;}
o ue{12. i} . (since jy,ja,...,j¢_1 are precisely
(since iy,ip,...,ig—1 are precisely . the /—1 elements of the set {1,2,....0}\{j}
the {—1 elements of the set {1,2,...,0}\{i} in some order)

in some order)

— Z (Ay —u) + Z u

ue{1,2,...L3\{i} uef{1,2,... L1\ {j}
-5 5
ue{l,2,..0}; ue{1,22,...L};
uti ui
= Y (M-uw)+ Y u=[A—(A—i+))
ue{1,2,...L}; ue{1,2,...L};
ui u#j

(by Lemma [5.8). Thus, d is homogeneous of degree [A| — (A; —i+ ) as well
(since d = zhyi i lw(ingp) - Moy, y,j, ) Hence, d is a homogeneous sym-
metric polynomial of degree |A| — (A; —i+j) (since d is clearly a symmetric
polynomial). This proves Claim 1.]

Now, u is a sum of diagonal products; but each such diagonal product is a
homogeneous symmetric polynomial of degree |A| — (A; —i+j) (by Claim 1).
Hence, their sum yu is also a homogeneous symmetric polynomial of degree
A= (A= i+ ).

Recall that y is the (i, j)-th minor of the matrix A. Hence, the (i, j)-th cofactor
of the matrix A is (—1)"" 4 (by Definition E 9 (b)). Thus, this cofactor is a
homogeneous symmetric polynomial of degree |A| — (A; —i+j) (since p is a
homogeneous symmetric polynomial of degree |A| — (A; — i +j)).

But

A= hw(u,v) = (hAu—quv)lgugf, 1<v<t (21)
——

:h)tu—”‘f‘v
by @M / 1<y<r, 1<0<s

We have shown that the (7, j)-th cofactor of the matrix A is a homogeneous sym-
metric polynomial of degree |A| — (A; —i+ ). In view of (1), this rewrites as

20
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follows: The (i,j)-th cofactor of the matrix (hx,—y+0)1<, <y 1<y<¢ i @ homoge-

neous symmetric polynomial of degree |[A| — (A; —i+j). This proves Lemma
0.10] O

Lemma 5.11. Let A € P be a partition such that A € P ,,. Then,

sy = (some symmetric polynomial of degree < |A|) mod I.

Proof of Lemma (sketched). Write the partition A as A = (A1, Ay, ..., Ag). (This
can be done, since A € P;.) Note that k > 0 (since otherwise, A € P, would lead
to A = @ € Py ,, which would contradict A & Py ,).

From A € Py and A € Py, we conclude that not all parts of the partition A are
< n — k. Thus, the first entry Ay of A is > n — k (since Ay > Ay > A3 > ---). But
A = (A1,Ay,..., A). Thus, Proposition 5.7 (a) yields

k
s = det (11, uio)1zusk, 120ek) = 20 117G (22)
j=1

where C; denotes the (1, j)-th cofactor of the k X k-matrix (A, —u+v)1< <k 1<o<k-

(Here, the last equality sign follows from (19), applied to £ = k and R = S and
A= (h/tlt—u+v)1<u<k, 1<pepand ayp =hy, _y4pand i = 1)

Foreachj e {1,2,...,k},wehave Ay —14+j > A1 —14+1=A; >n—kand
therefore

ha, 14
= (some symmetric polynomial of degree < A; —1+ j)mod I (23)
(by Lemma 5.4} applied to i = A1 — 1+ ).
For each j € {1,2,...,k}, the polynomial C; is the (1, j)-th cofactor of the ma-
trix (Ap,—utv)1<y<k 1<o<k (bY its definition), and thus is a homogeneous sym-

metric polynomial of degree |A| — (A; — 1+ ) (by Lemma applied to £ =k
and i = 1). Hence,

C; = (some symmetric polynomial of degree < |A| — (A —1+7])) (24)

foreachje {1,2,...,k}.
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Therefore, becomes

k
sp=Y, hay 14

=1 N——
=(some symmetric polynomial of degree <A;—1+j)mod I

(by @3))

G

~—

=(some symmetric polynomial of degree |[A|—(A1—1+7))

(by @4))

k
= ) (some symmetric polynomial of degree < A; —1+ )
j=1

- (some symmetric polynomial of degree |A| — (A1 —1+))

= (some symmetric polynomial of degree < |A|)mod I.

This proves Lemma O
Recall Definition 5.6

Lemma 5.12. Let N € IN. Let f € S be a symmetric polynomial of degree
< N. Then, there exists a family (c) y of elements of k such that
f = ). CkSk.

KEPk,’
x| <N

KEPk,' |K|<

Proof of Lemma For each d € IN, we let Sgeg—q be the d-th graded part of the
graded k-module S. This is the k-submodule of S consisting of all homogeneous
elements of S of degree d (including the zero vector 0, which is homogeneous
of every degree).

Recall that the family (sp),cp, is a graded basis of the graded k-module S.
In other words, for each d € N, the family (s3),cp,, A|=q is a basis of the k-
submodule Sgeg—y 0f S. Hence, for each d € IN, we have

Sdeg=d = (the k-linear span of the family (s)),. P | M:d)
= ) ksy. (25)

/\Epk,'
Al=d

The polynomial f has degree < N. Hence, we can write f in the form
N-1

f = Y fs for some fy, f1,...,fn—1 € P, where each f; is a homogeneous
d=0

polynomial of degree d. Consider these fo, f1,..., fn—1. These N polynomi-
als fo, f1,..., fn—1 are the first N homogeneous components of f, and thus are
symmetric (since f is symmetric); in other words, fo, f1,..., fN—1 are elements
of S. Thus, for each d € {0,1,...,N — 1}, the polynomial f; is an element of S
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and is homogeneous of degree d (as we already know). In other words, for each
de{0,1,...,N—1}, we have

fi € Sdeg=a- (26)
Now,
N-1 N-1 N-1
fzz fa 62 Sdeg:dzz stA:st/\:stK
d=0 sv d=0 =~ d=0 A€P; AEP; KEP;
©deg—d = L ks A|=d IAl<N [K|<N
(by 26)) AEP; ———
|A|=d = Y
(by @5)) AED;
|A|<N

(here, we have renamed the summation index A as x in the sum). In other words,

there exists a family (cx),cp,; «|<n Of elements of k such that f =} cysy. This
’ KEP;
|K‘<IE\]

proves Lemma [5.12 O

Lemma 5.13. For each u € P, the element Sy € S/1 belongs to the k-
submodule of §/1I spanned by the family (s3),cp, -

Proof of Lemma Let M be the k-submodule of §/I spanned by the family
(1) rep, - We thus must prove that s, € M for each p € .

We shall prove this by strong induction on |y|. Thus, we fix some N € IN, and
we assume (as induction hypothesis) that

s5ceEM for each x € Py satisfying |x| < N. (27)

Now, let i € P be such that |u| = N. We then must show that 5, € M.
If u € Py, then this is obvious (since 5, then belongs to the family that spans
M). Thus, for the rest of this proof, we WLOG assume that y & Py ,. Hence,

Lemma (applied to A = p) yields

s; = (some symmetric polynomial of degree < |u|) mod I.

In other words, there exists some symmetric polynomial f € S of degree < ||
such that s, = f mod I. Consider this f.
The polynomial f is a symmetric polynomial of degree < |u|. In other words,

f is a symmetric polynomial of degree < N (since |u| = N). Hence, Lemma
shows that there exists a family (cx),cp,. x|<n Of elements of k such that
= ). cxS¢. Consider this family. From f = ) cxsx, we obtain
KEP; KEP;
k| <N k| <N
f=Y casc= ) o 5% €)Y aMCM (since M is a k-module).
KEP; KEP; eM KEP;
|| <N [K[<N" " (by 7)) [k|<N
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But from s, = fmod I, we obtain 5, = f € M. This completes our induction
step. Thus, we have proven by strong induction that 5, € M for each y € Py.
This proves Lemma O

Proof of Theorem [2.7] (sketched). Proposition [2.1)yields that (x"),en, o,<i for each i 15
a spanning set of the S-module P.

Recall Definition It is well-known that (s),cp, is a basis of the k-module
S. Hence, (5)),cp, is a spanning set of the k-module S/I. Thus, (53),c P, 18
also a spanning set of the k-module §/I (because Lemma shows that every
element of the first spanning set belongs to the span of the second). It remains
to prove that this spanning set is also a basis.

In order to do so, we consider the family (s;x%), P 0€NE; as< for each i 11 the
k-module P/]. This family spans P/] (by Lemma [5.2), because the family
(51)rep,, spans S/1 whereas the family (x*) spans P over S

has

a€INK; a;<i for each i

(and because [P = ]). Moreover, this family (sx%), P, aeNK: a<i for cach i
s 7 1

()

=nn—-1)---(n—k+1),

size

| Pl - H(x e N¥ | «a; < i for each i}
e

n ki

k

which is exactly the size of the basis (x%) CINE: a<n—k-+i for each i Of the k-module

P /] (this is a basis by Theorem. Thus, this family (s)x%) , P weINF: ;< for each i
must be a basis of the k-module P/] (by Lemma [5.3), and hence is k-linearly
independent. Thus, its subfamily (5}),cp,  is also k-linearly independent.

The canonical k-linear map S/I — 77/’] (obtained as a quotient of the inclu-
sion § — P) is injective (because it sends the spanning set (53),cp  0f S/I to

the k-linearly independent family (sy),. p,, N P/]). Hence, the k-linear inde-
pendency of the family (5)),. p,, In P/] yields the k-linear independency of
the family (5)), p,, in S/1. Thus, the family (52) 1 p,, In &/1is a basis of S/1
(since it is k-linearly independent and spans S/I). This proves Theorem O

6. Symmetry of the multiplicative structure
constants

Convention 6.1. For the rest of Section [6| we assume that a;, a5, ..., a; belong
to k.

If m € S, then the notation 7 shall always mean the projection of m € S
onto the quotient §/I (and not the projection of m € P onto the quotient
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I P/D.

Definition 6.2. (a) Let w be the partition (n — k,n —k, ..., n — k) with k entries
equal to n — k. (This is the largest partition in Py ,.)

(b) Let I be the ideal of S generated by the k differences (). For each
# € Py, let coeff, : S/I — k be the k-linear map that sends 5, to 1 while
sending all other 5) (with A € P ,) to 0. (This is well-defined by Theorem
Actually, (coeffy)y ep, is the dual basis to the basis (51),cp, , of /1)

(c) If A is any partition and if p is a positive integer, then A, shall always
denote the p-th entry of A. Thus, A = (A1, A2, A3, . ..) for every partition A.

(d) For every partition v = (vq,1,...,Vk) € P, we let vV denote the parti-
tion (n —k — v, n —k—v_1,...,n —k —v1) € P,. This partition v" is called
the complement of v.

We can now make a more substantial claim:
| Theorem 6.3. Each v € P, and f € S/I satisfy coeff,, (5, f) = coeff,v (f).

The proof of this theorem requires some preliminary work.

We first recall some basic notations from [GriRei20, Chapter 2]. If A and u
are two partitions, then we say that y C A if and only if each positive integer p
satisfies 1y < Ap. A skew partition means a pair (A, i) of two partitions satisfying
# C A; such a pair is denoted by A/u. We refer to [GriRei20|, §2.7] for the
definition of a vertical i-strip (where i € IN).

Let A be the ring of symmetric functions in infinitely many indeterminates
X1,X2,x3,... over k. If f € A is a symmetric function, then f (xq,xp,...,x¢) is a
symmetric polynomial in S; the map

A—)S, f'—>f(x1,x2,...,xk)

is a surjective k-algebra homomorphism. We shall use boldfaced notations for
symmetric functions in A in order to distinguish them from symmetric polyno-
mials in S. In particular:

* For any i € Z, we let h; be the i-th complete homogeneous symmetric
function in A. (This is called #; in [GriRei20, Definition 2.2.1].)

e For any i € Z, we let e; be the i-th elementary symmetric function in A.
(This is called e; in [GriRei20, Definition 2.2.1].)

¢ For any partition A, we let e, be the corresponding elementary symmetric
function in A. (This is called e, in [GriRei20, Definition 2.2.1].)

¢ For any partition A, we let s, be the corresponding Schur function in A.
(This is called s, in [GriRei20, Definition 2.2.1].)
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* For any partitions A and y, we let s)/, be the corresponding skew Schur
function in A. (This is called s,/ in [GriRei20, §2.3]. Note thats,,, =0
unless 1 C A))

Also, we shall use the skewing operators as defined (e.g.) in [GriRei20, §2.8].
We recall their main properties:

e For each f € A, the skewing operator f' is a k-linear map A — A. It

depends k-linearly on f (that is, we have (af + pg)" = af + pgt for any

a,fckand f, g € A).
¢ For any partitions A and y, we have
(sy)L(s,\) = S)/p (28)
(This is [GriRei20, (2.8.2)].)
¢ For any f,g € A, we have
(fg) " =g of". (29)
(This is [GriRei20| Proposition 2.8.2(ii)], applied to A = A.)
e We have 1+ = id.

For each partition A, let Al denote the conjugate partition of A; see [GriRei20),
Definition 2.2.8] for its definition.
Recall the second Jacobi-Trudi identity ([GriRei20, (2.4.17)]):

Proposition 6.4. Let A = (A1, Ay, ..., Ap) and u = (y1, p2, . .., He) be two parti-
tions. Then,

Corollary 6.5. Let A = (A1, A2,...,Ay) be a partition. Then,

Proof of Corollary [6.5] This follows from Proposition [6.4} applied to y = & (since
ot = @ and thus S\t/at = S)t/o :SAt). ]

We also recall one of the Pieri rules ([GriRei20, (2.7.2)]):
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Proposition 6.6. Let A be a partition, and let i € IN. Then,

§)\€; — Z Su-

u is a partition;
u/Ais a vertical i-strip

From this, we can easily derive the following:
Corollary 6.7. Let A be a partition, and let i € IN. Then,

)Esy = ) Sy

u is a partition;
A/ is a vertical i-strip

(e

Corollary [6.7]is also proven in [GriRei20), (2.8.4)].
The next proposition is the claim of [GriRei20, Exercise 2.9.1(b)]:

Proposition 6.8. Let A be a partition. Let m € Z be such that m > A;. Then,

] 1
2 (CD i (e0) 7 52 = 5(ma,0005,.)-
ieIN

We shall use this to derive the following corollary:

Corollary 6.9. Let A be a partition with at most k parts. Let A be the partition
(/\2,/\3, /\4, . ) Then,

k-1 )
S\ = Z (—1)11‘1/\1_,_1' Z Su-
i=0 u is a partition;

A/ is a vertical i-strip

Proof of Corollary[6.9} The partition A is obtained from A by removing the first
part. Hence, this partition A has at most k — 1 parts (since A has at most k parts).
Thus, if i € IN satisfies i > k, then

there exists no partition u such that A/u is a vertical i-strip. (30)
We have A = (A3, A3,A4,...), so that (Ay, A3, Ag,...) = A = (A1,A2,A3,...).

Hence, L

(/\1/ /\2/ /\3/ /\4/ .. ) - (/\1/ /\1/ /\2/ /\3/ .. ) .
Also, clearly, A; > M (since Ay > Ay = Xl). Hence, Proposition (applied to A
and A; instead of A and m) yields

[ 1
iEZN (=1)"hari (@) 83 =800, 3, 1 1y,.) = SA
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(since ()Ll,Xl,Xz,Xg,. . ) = ()Ll,)tz,)t3,)t4,. . ) = )L) Therefore,

i L i
sy= ), (=1)'hy; (ei)” sy =) (=1)'hy4i Y Sy
ieIN ' e €N ! u is a partition;
- L Sp A/ is a vertical i-strip

 is a partition;
A/ is a vertical i-strip

(by Corollary
k-1 , )
i i
=2 (=)'hy L spt 2 (=1 oy )y Sy
i=0 u is a partition; i>k u is a partition;
A/ is a vertical i-strip A/ is a vertical i-strip
(by )
k-1 ,
i
= ( -1 ) h)\l +i Z Syu-
i=0 u is a partition;
A/ is a vertical i-strip
This proves Corollary O

Convention 6.10. We WLOG assume that k > 0 for the rest of Section [f] (since
otherwise, Theorem [6.3]is trivial).

Next, we define a filtration on the k-module S/ I:

Definition 6.11. For each p € Z, we let Q, denote the k-submodule of S/
spanned by the s, with A € P, satisfying A, < p.

Thus, 0 =Q_1 C Qo € Q1 € Qy C ---. Theorem[2.7]shows that the k-module
S/1is free with basis (5)) . p,,; hence, S/I = Q,_j (since each A € Py, satisfies
A < n—k). ’

Note that (Qp, Q1,Q>, .. .) is a filtration of the k-module S/ I, but not (in gen-
eral) of the k-algebra S/ 1.

| Lemma 6.12. We have coeff, (Q,,_x_1) = 0.

Proof of Lemma [6.12] The map coeff,, is k-linear; thus, it suffices to prove that
coeff, (55) = 0 for each A € Py, satisfying Ay < n —k —1 (because the k-
module Q,__1 is spanned by the 53 with A € P, satisfying Ay < n —k—1).
So let us fix some A € Py, satisfying Ay < n —k — 1. We must then prove that
coeff, (55) = 0.

We have Ay <n—k—1<n—k= wyg. Thus, Ay # wy, so that A # w.

The definition of the map coeff,, yields coeff, (5)) = (1): i? 2 Z’ =
(since A # w). This completes our proof of Lemma
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n—k+ 1. Let A be the partition (Ap, A3, Ayg,...). Then,

k-1 ,

J— 1 J—
F=Y (Daw Y
i=0 _ pis a partition;

A/ is a vertical i-strip

Proof of Lemma Corollary [6.9] yields

k-1 .
sy =) (=1)'hy 4 Y. Sy-
i=0 u is a partition;

A/ is a vertical i-strip

This is an identity in A. Evaluating both of its sides at the k variables x1, xp, . . .

we obtain
k-1 .
i
sv=), (F) gy L S
i=0 F"’ u is a partition;
“Mn—k4+1+i A/ ui i i—stri
(since Ay —n—k-+1) A/ is a vertical i-strip
k-1 .
i
= (=1) hp k14 Z Su
i=0 _ d1 u is a partition;
=M+ 00T /11 is a vertical i-strip
(by @)
k=1 .
=Y (—1) a4 ) symod I.
i=0 u is a partition;

A/ is a vertical i-strip

Projecting both sides of this equality from S to §/1, we obtain

k—1 , k=1 :
_— i i
sv=) (=1) 4 )3 =, (1) a1y )
i=0 u is a partition; i=0 u is a partition;
A/ is a vertical i-strip A/ is a vertical i-strip

This proves Lemma [6.13]

| Lemma 6.14. Let A be a partition with at most k parts. Assume that A;

n —k+ 1. Then, 5, € Qo.

Lemma 6.13. Let A be a partition with at most k parts. Assume that A1 =

O

Proof of Lemma We shall prove Lemma by strong induction on |A|.
Thus, we fix some N € IN, and we assume (as induction hypothesis) that Lemma
[6.14] is already proven whenever [A| < N. We now must prove Lemma in

the case when |A| = N.
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So let A be as in Lemma and assume that |A| = N. Let A be the partition
(A2, A3, Ay, ...). Then, Lemma yields

k-1 ,
si=) (=) 'ary Y. Sy (31)
i=0 u is a partition;
A/ is a vertical i-strip

But if y is a partition such that A/ is a vertical i-strip, then
5u € Qo- (32)

[Proof of : The partition A has at most k parts; thus, the partition A has at
most k — 1 parts.

Now, let u be a partition such that A/ is a vertical i-strip. Then, u C A, so
that u has at most k — 1 parts (since A has at most k — 1 parts). Thus, yx = 0 < 0.
Also, u has at most k parts (since p has at most k — 1 parts). If y; < n —k, then
this yields that u € Py, and therefore 5, € Qg (since y € Py, and py < 0). Thus,
is proven if y; < n — k. Hence, for the rest of this proof, we WLOG assume
that we don’t have y; < n — k. Hence, 1 > n — k.

But y C A, so that pp < M=2A<AN=n—k+1. Combining this with
U1 >n —k, weobtain yy =n —k+1. Also, u C A, so that

M <Al=Al= M <]AM=N
~—~—
=n—k+1>1>0
Hence, we can apply Lemma to u instead of A (by the induction hypothesis).

We thus obtain 5, € Qo. This completes the proof of (32).]
Now, becomes

k—1 ,
N i N
sn=) (=1) ary Y. 5. € Qo.
i=0 u is a partition; ~
A/ is a vertical i-strip (b§ )

Thus, we have proven Lemma for our A. This completes the induction step;
thus, Lemma is proven. O

Lemma 6.15. Leti € IN and A € Py ,. Then,

) 5, mod Q.
l’lepk,n;
u/Ais a vertical i-strip

€S\

Proof of Lemma If u is a partition such that u/A is a vertical i-strip and
# & P, then
5, = 0mod Q. (33)
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[Proof of (33): Let y be a partition such that 1/ is a vertical i-strip and p & Py ;.
We must prove (33).

If the partition y has more than k parts, then easily followﬂ Hence, for
the rest of this proof, we WLOG assume that the partition y has at most k parts.

Since /A is a vertical strip, we have y; < A+ 1. But Ay < n —k (since
A€ Py). If yyu = n—k+1, then (33) easily followﬁ Hence, for the rest
of this proof, we WLOG assume that 7 # n —k+ 1. Combining this with
U < \/\/1_/-1—1 < n—k+1, we obtain 3 < n—k+1, so that y; < n—k.

<n—k

Hence, u € Py, (since u has at most k parts). This contradicts u & Py ,. Thus,
5, = 0mod Qo (because ex falso quodlibet). Hence, is proven.]

Proposition [6.6] yields

s e = ) Sy.

u is a partition;
u/Ais a vertical i-strip

This is an identity in A. Evaluating both of its sides at the k variables x1, xp, ..., xg,
we obtain
s\e = ) Su-

u is a partition;
u/Ais a vertical i-strip

Projecting both sides of this equality from S to S/ 1, we obtain

SAei = ) Su = ) Su

u is a partition; u is a partition;
u/Ais a vertical i-strip u/ A is a vertical i-strip
= D S ) S
W is a partition; u is a partition; —O\’;Q
u/A is a vertical i-strip; u/A is a vertical i-strip; = Mod 2o
VEPk,n Vépk,n (by )
= Y 5= Y smdq
u is a partition; UEP »;
u/ A is a vertical i-strip; i/ A is a vertical i-strip
VEP kn
Thus, e;s) =56, = Y 5, mod Q. This proves Lemma [6.15, O
ue b ks
u/Ais a vertical i-strip

| Lemma 6.16. Leti € Z and p € Z. Then, ¢;Qp C Qp11-

Proof of Lemma Due to the definition of Qy, it suffices to prove that every
A € Py, satisfying Ay < p satisfies ¢;5) € Qpy1. So let us fix A € Py, satisfying
Ak < p. We must prove that ¢;5) € Qp 1.

1Proof. Assume that the partition y has more than k parts. Thus, (3) (applied to y instead of A)
yields s, = 0. Thus, 5, = 0 = 0mod Q. Thus, holds.

12proof. Assume that 4y = n—k+ 1. Then, Lemma (applied to p instead of A) yields
5, € Qo. Hence, 5, = 0mod Qp. Thus, holds.
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From Ay > 0, weobtain 0 < A, < p <p+1

We WLOG assume that i € IN (since otherwise, we have ¢; = 0 and thus
g5y = 051 =0 € Qpr1)-

If u € Py, is such that /A is a vertical i-strip, then

5y =0mod Qpy1- (34)

[Proof of (34): Let u € Py, be such that /A is a vertical i-strip. We must prove
(34).

Since p/ A is a vertical strip, we have i < Ay +1 < p+1. From u € Py, and
—~—
<p
pr < p+1, we obtain 5, € Q,1. In other words, 5, = 0mod Q, 1. Thus, is
proven.]

Lemma yields
ei5) = ) 5, mod Q.
;uepk,n;
u/Ais a vertical i-strip
Hence,
25y — Y. 5:€ Qo C Qpi1 (since0 < p+1).
H Epk,n;
u/Ais a vertical i-strip
Thus,
;S = Z Su = 0mod Qp+1-
Vepk,n/' o v
1/ is a vertical i-strip =0mod Q1
(by %)
In other words, €;54 € Q1. This completes our proof of Lemma|6.16} O

The next fact that we use from the theory of symmetric functions are some
basic properties of the Littlewood-Richardson coefficients. For any partitions
A, u, v, we let ci,‘/v be the Littlewood-Richardson coefficient as defined in [[GriRei20,
Definition 2.5.8]. Then, we have the following fact (part of [GriRei20, Remark
2.5.9]):

Proposition 6.17. Let A and u be two partitions.
(a) We have
SA/ u= Z CQ,V Sy.

v is a partition

(b) If v is a partition, then c¢j;, = 0 unless v C A.

A
2
(0) If v is a partition, then Cil\ﬂ/ = 0 unless |pu| + |v| = ||
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Next, let Z be the k-submodule of A spanned by the s, with A € P ,. Then,
(SA)rep,, is @ basis of the k-module Z (since (s1), isa partition 1S @ basis of the

k-module A). We thus can define a k-linear map 6 : Z — S/ by setting
d(sy) =5,v for every A € Py ,,.

Notice that a partition A satisfies A € Py, if and only if A C w.

| Lemma 6.18. We have £+ (Z) C Z for each f € A.

Proof of Lemmal[6.18} Since £+ depends k-linearly on f, it suffices to check that
(sy)L (Z) C Z for each partition u. So let us fix a partition y; we then must
prove that (sy)L (2) C Z.

Recall that Z is the k-module spanned by the s, with A € P;,. Hence, in
order to prove that (sy)L (£) C Z, it suffices to check that (sy)L (sp) € Z for

each A € Py ,. So let us fix A € Py ,; we must then prove that (sy)L (sp)) € Z.
From (28), we obtain

(Sy)L (sA) =sa/u = Y. cﬁlvsv (by Proposition (@)

v is a partition

= Y st Y Chy Sy

v is a partition; v is a partition; \6/
- C =
veA not veA (by Proposition (b))
= Y o Sy € Z.
v is a partition; VZ
cA <
V= (because vCA
and A€P , lead to
I/EPk,n)
This completes our proof of Lemma [6.18] O

Lemma 6.19. Leti € Z and f € Z. Then,

5 ((ei)L f) = 6 (f) mod Q.

(Note that ¢ ((ei)L f) is well-defined, since Lemma [6.18| yields (e;)" f € Z.)

Proof of Lemma Both sides of the claim are k-linear in f. Hence, we can
WLOG assume that f = s, for some A € Py, (since (s)),cp, , is a basis of the

k-module Z). Assume this, and consider this A.

We must prove that ¢ ((el-)L f) = ¢;0 (f) mod Qp. If i < 0, then this is obvious
(because if i < 0, then both e; and e; equal 0, and therefore both sides of the
congruence ¢ ((ei)L f) = ;0 (f) mod Qo are equal to 0). Hence, for the rest of
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this proof, we WLOG assume that we don’t have i < 0. Thus, i > 0, so that
i € N.

It is easy to see that if 4 € P,, then we have the following equivalence of
statements:

(A/u is a vertical i-strip) <= (pu"/A" is a vertical i-strip) . (35)

(Indeed, the skew Young diagram of uV/A" is obtained from the skew Young
diagram of A/u by a rotation by 180°.)
From f = s,, we obtain

(e) £ =(e;) )= ) Sy (by Corollary

u is a partition;
A/ is a vertical i-strip

- )y Su
" €Pp kns
A/ is a vertical i-strip

(because if y is a partition such that A/u is a vertical i-strip, then u € P, (since
u C Aand A € P,)). Applying the map J to both sides of this equality, we find

5 ((e)"£) =o y su | = Y 5 (sy)

Auepk,n? ﬂepk,n/' i
A/ is a vertical i-strip A/ is a vertical i-strip =5,V
~ ~ (by the definition of 6)
= L
pe Iy knr
uY /A is a vertical i-strip
(by G3)
= )3 Suv = )3 Sp (36)
‘uepk,n; ,uepk,n;
1Y /AY is a vertical i-strip i/ AV is a vertical i-strip

(here, we have substituted u for u" in the sum, since the map By, — Dy, y —
1" is a bijection).

On the other hand, from f = s), we obtain 6 (f) = 6 (sy) = 5,v (by the
definition of ) and thus

_ o _ by Lemma applied
eo (f) = esy = yeZPk: . sumod Qo ( to AV instead of A '

i/ AV is a vertical i-strip

Comparing this with li we obtain J ((e,')L f) = ;0 (f)mod Q. This proves
Lemma —
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Lemma 6.20. Let p € IN. Let iy,13,...,ip € Z and f € Z. Then,
L —
) ((eileiZ e ei,,) f) =¢;,¢, €0 (f) mod Q1.

Proof of Lemma We proceed by induction on p.
The induction base (the case p = 0) is obvious (since 1+ = id and thus 1*-f = f).
Induction step: Let g € IN. Assume (as the induction hypothesis) that Lemma
holds for p = g. We must now prove that Lemma holds for p = g+ 1.
In other words, we must prove that every iy, 1y, ..., g1 €Z and f € Z satisfy

4
0 ((e,-l €, - el-qﬂ) f) = 6,64, equ(S (f) mod Qq. (37)

So let iy, ia,...,ig41 € Z and f € Z. We must prove .
Lemma (applied to ig41 and g — 1 instead of i and p) yields ¢; Q-1 C

Qq-
The induction hypothesis yields

J_ —
) ((eileiZ . --eiq) f) =26, -eiq(S(f) mod Q1.

Multiplying both sides of this congruence by ¢; 7, we obtain

i
€, 10 ((e,-1 e, - e,-q) f) = i, 6,0 (f) mod Qy (38)

(since 2, Qg1 C Q).

i
Applying Lemma 6.18/to f = e; e;, - - - €, we obtain <e1~1e1~2 e eiq> (2)C Z.

I
Hence, (e;e;, - e,-q) f € Z (since f € 2).
But 1) (applied to f = e; e;, - - - e, and g = e, .,) yields

L 1 L
(eileiz cee equ) = (equ) o <ei1e1~2 cee eiq> .
Hence,

(eileiZ e equ)Lf = ((%H)L ° (eilei2 e eiq>L) f= (equA)L ((eileiz e eiq>L f) '

Applying the map J to both sides of this equality, we find

o ((enenve) 1) =0 (o) ((enenrey) 1))

L i
= equ(S <<ei1ei2 e eiq) f) mod Qg
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i
(by Lemma [6.19} applied to i1 and (eilei2 e eiq> f instead of i and f). Since
Qo € Qq, this yields

1 1
) ((eileiz s equ) f) = equ(S <<ei1ei2 s eiq> f)
=, €6, €0 (f) (by (38))

= 6,6, - -equé (f) mod Qq.

Thus, is proven. This completes the induction step. Thus, Lemma is
proven. O

Lemma 6.21. Let A € P, and f € Z. Then,

) <(s)t)L f) =50 (f)mod Q, 1.

Proof of Lemma Let { =n —k. From A € Py, wehave Ay <n—k = /(.

Consider the conjugate partition A! of A. Then, A' has exactly A; parts. Thus,
Al has < / parts (since Ay < £). Therefore, A' = ((A"),, (A"),,..., (A"),). Hence,
Corollary 6.5/ (applied to A! instead of A) yields

Sy = det ((e()‘t)ii+j>1<i<€, 1<j<18) '

In view of (At)t = A, this rewrites as

4

Sy, = det ((e(/\t)i_i+j)1<i<[, 1<j<€> = Z <_1)‘7He()ﬁ)i_i+0(i) (39)

SISt 1515 oeS, i=1

(where S, denotes the symmetric group of the set {1,2,...,¢}, and where (—1)”
denotes the sign of a permutation ¢ € Sy). Hence,

¢ L / L
(s)" f= (Z (_1)0He(/\t)i—i+a(i)) f=3 (-1) (He(x\t)i—i—w(i)) f.

cES) i=1
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Applying the map J to this equality, we obtain

; 1
0 ((SA)Lf> = ( Y. (-1)7 (Ee()\f)iﬂra(i)) f)

oESy

p 1
=) (-1)76 ( e(At)‘iJrU(i)) f (since ¢ is k-linear)
vES, i=1 '

N

é WV
El_ll E(At)»fithT(i)(s(f) mod Qg,l
i= i

(by Lemma applied
to p={ and ij:(/\t)jf i+ (7))

4

Y. (=17 Tewms), —iso(i)d (f) mod Q1. (40)

O’ESg i=1

On the other hand, is an identity in A. Evaluating both of its sides at the
k variables x1, xo, ..., xx, we obtain

/
si= 2, (=D T Tewn,—iton:
gES) i=1
Hence,
(% 4 (o £
00 () =), (DT Tepn)—ive@d (B = Y (=1 T Tens) —itoqd (F)-
0'655 i=1 (TGS( =1

Thus, rewrites as ¢ ((S/\)J' f) = 5,0 (f)mod Qy_1. In other words, ¢ ((S,\)J_ f> =
56 (f)mod Q1 (since £ = n — k). This proves Lemma [6.21] O

Lemma 6.22. Let A € P, and y € Py ,,. Then,

1, ifA=uY;
coeff,, (5x5,) = {0 if ) 2 Zv .

Proof of Lemma From p € P, we obtain " € P ,,. Hence, s,v € Z and
) (S#v> =5V (by the definition of J)
=5, <since (u")" = y) :
Also, Lemma (applied to f = s,,v) yields

) ((SA)L Syv) =35,0 (Syv> mod Q,,_x_1
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(since s,v € Z). In other words, § <(S/\)J' Sﬂv> —5)0 (Syv> € Q,,_x—1- Hence,

coeffy, ((5 ((S/\)J' Syv> — 550 (Sﬂv)) € coeff, (Q,_x-1) =0

(by Lemma [6.12)). Thus,

coeff,, (5 ((s)\)L Syv>> = coeff, | 516 (Syv> = coeff,, (535;)
=

= coeff,, (535) . (41)

Applying to A and " instead of u and A, we obtain (s))™" Suv = Suv /-
Thus, rewrites as

coeﬂ;)(é (syV/A)) — coeff,, (535,) - (42)

We are in one of the following three cases:

Case 1: We have A = V.

Case 2: We have A C p" butnot A = u".

Case 3: We don’t have A C V.

Let us first consider Case 1. In this case, we have A = u". Thus, Suv/A =
Suv/uv = 1 = sy and thus

) (5;4V/A> =0 (sgy) =557 (by the definition of ¢)
Sw

since ¥ = w).
( )

Therefore, coeff,, (5 <Syv / A)) = coeff, (5») = 1 (by the definition of coeff,).
Comparing this with

1, if A= yv; .
{O, if A #£ uY =1 (smce)\:yv),

1, ifA=pu";

. Hence, Lemma [6.22| is proven in
0, ifA#pu" P

we obtain coeff,, (535,) = {

Case 1.
Let us next consider Case 2. In this case, we have A C " but not A = u".
Hence, |A| < [pV| and A # pV.
Now, every partition v satisfying [A| + |v| = |4V | and v C " must satisfy

v € Py, and coeffy, (6 (sy)) = 0. (43)

[Proof of (43): Let v be a partition satisfying |A| + [v| = |u"| and v C p". We
must prove (43).
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First of all, from v C " and " € P, we obtain v € Dy ,,. It thus remains to
show that coeff,, (J (sy)) = 0.

The definition of ¢ yields 6 (s,) = 5,v (since v € P ,). But |A| + |[v| = |pY|
yields [v| = [u"| —|A| > 0 (since |A| < [p"]).

But every partition k € Py, satisfies |«"| = L(H - kl — |k| = |w| — |x|. Apply-

~—
ing this to ¥ = v, we obtain -
VY] = |w] —\1/,|/< |w)| .
>0

Hence, |vV] # |w|, so that v¥ # w.

1, ifvY =w;
0, ifv 4w
vV # w). In view of 6 (sy) = §,v, this rewrites as coeff, (6 (s,)) = 0. This

completes the proof of (43).]
Proposition (@) (applied to u" and A instead of A and y) yields

But the definition of coeff,, yields coeff,, (5,v) = = 0 (since

\

_ M
Sﬂv/ AT Z C/\,VSV
v is a partition
v %
_ M H
= Y, st )3 Ch Sv
v is a partition; v is a partition; N~~~
\Y V =0
veH notvep (by Proposition (b),

applied to #" and A instead of A and p)
v

= Z CK,I/SV

v is a partition;

vCuY
v v
- T dst ¥ .
v is a partition; v is a partition; N~
Ve vp; by Proposition 6T
|A|4+]v]=|u"] not |A|+|v|=|u"| (by roposmon(c),

applied to ¢V and A instead of A and u)
%

= ) cﬁ/vsv.

v is a partition;
vCuY;
Al+lv]=[p"]

Applying the map ¢ to this equality, we find

\Y

6 <5;4V/A> =0 E cfwsv = Z CKj/Ué (sv)

v is a partition; v is a partition;
vCuY; veuY;
A+ |v|=[p] [A[+|v]=[p"|

since every partition v satisfying v C u¥ and |A| 4 |v| = |u"|
must satisfy v € Py, (by (43)) and thus s, € Z
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Applying the map coeff,, to this equality, we find

V
coeff,, <(5 (syvm>> = coeff,, Y, hé(s)
v is a partition;
vCuY;
[A[+[v]=[p"]

%
= L Gycoeflu (9(s))) =0

v is a partition;

vCp; by {13)
AL+ =In] =
Comparing this with
1, if A = “l/l\/,' . V
{0, i) £ p (since 2 17).
1, ifA=u";
we obtain coeff, (535,) = ¢ ' 1 #or Hence, Lemma [6.22
0, if A#uY

Case 2.

is proven in

Let us finally consider Case 3. In this case, we don’t have A C u". Hence, we

don’t have A = " either. Thus, A # u".
Also, s,v/y = 0 (since we don’t have A C #"). Thus,

coeffy, | & [ s,v/a = coeff,, (6 (0)) = 0.
0

Comparing this with

1, ifA=puY; .
{0, if A #£ uY =0 (smce)\;éyv),

1, ifA=puY;

. Hence, Lemma [6.22
0, if A#u

we obtain coeff,, (5)5,) = {

Case 3.
We have now proven Lemma in all three Cases 1,2 and 3. T

always holds.

is proven in

hus, Lemma
O

Proof of Theorem 6.3} Write f € S/Iinthe form f = Y a,5) witha, € k. (This

)\EPk,n

is possible, since (53),cp, is a basis of the k-module S/1.) Then, the definition

of coeff,v yields coeff,v (f) = a,v.

40



A basis for a quotient of symmetric polynomials (draft) September 27, 2021

On the other hand,

coeff,, | 5y = coeff,, (5 Z ocAﬁ) = Z a ) coeff, | sy5)

Z“ )\GPk,n )\GPk,n

XpS) =5)\Sv

)LGPk,”

= Y a, coeff,, (515)

/\ka,n
1, ifA=1vY;
0, if A #vY
(by Lemma applied to p=v)
Z . 1, ifA=vY; .
= A . \ = fyv
AED 0, ifA#v

(since v € Py ,). Comparing this with coeff,v (f) = a,v, we obtain coeff,, (5,f) =
coeff,v (f). This proves Theorem O

Definition 6.23. For any three partitions «,8,7 € P, let Supy =
coeff,v (5:5p) € k.

These scalars g, g, are thus the structure constants of the k-algebra §/1 in the
basis (53),cp,, (although slightly reindexed). As a consequence of Theorem

we obtain the following S3-property of these structure constants:
Corollary 6.24. We have
upy = 8up = 8payy = 8pra = Syap = &y pa = oeffy (Sa5657)
for any a, B, v € Py .

Proof of Corollary [0.24} Let a, B,y € P, It clearly suffices to prove g,5, =

coeff,, (S,XS 557), since the rest of the claim then follows by analogy.
Theorem [6.3| (applied to v = <y and f = 5,5p) yields

coeffy, (5,5:5) = coef,y (Si5p) = g

(by the definition of g, g,). Thus, g,p, = coeffy, | 55,55 | = coeff, (5.5p57).
——
=SaSpSy

This completes our proof of Corollary O
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7. Complete homogeneous symmetric polynomials

In this section, we shall further explore the projections /; of complete homoge-
neous symmetric polynomials h; onto §/I. This exploration will culminate in a
second proof of Theorem

Convention 7.1. Convention [6.1 remains in place for the whole Section [7]
We shall also use all the notations introduced in Section [6l
If j € IN, then the expression “1/” in a tuple stands for j consecutive entries

equal to 1 (thatis, 1,1,...,1). Thus, (m, V) = | m,1,1,...,1 | forany m € N
— —
j times j times
and j € IN.

7.1. A reduction formula for h,.,

The following result helps us reduce complete homogeneous symmetric polyno-
mials /4, modulo the ideal I:

Proposition 7.2. Let m be a positive integer. Then,

k—1

Hpem = Y_ (—1) A8 (11 mod I.
=0

We shall derive Proposition[7.2]from the following identity between symmetric
functions in A:

Proposition 7.3. Let m be a positive integer. Then,

n

h, pm = Z (—1)j h”—js(m,lf)'
=0

Proof of Proposition Letj e IN.
In [GriRei20, Exercise 2.9.14(b)], it is shown that

b ,
Y (=)' hgyiiep = S(a+1,10) (44)
i=0

for all a,b € IN. Applying this equality to a = m — 1 and b = j, we obtain

j .
Y (=1)'hy e = S (m,1/): (45)
i=0
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Now, forget that we fixed j. We thus have proven for each j € IN.
Also, for any N € IN, we have

Z (—1)i eihj = 5(),]\]
(i,j)eN%;
i+j=N

(where 6y is a Kronecker delta). (This is [GriRei20), (2.4.4)], with n renamed as
N.) Thus, for any N € IN, we have

50,N = Z (—1)ieih]' = Z (—1)ihjel'

(i,j)EN?; (i,j)EN?;
i+j=N i+j=N
— = (_1)1' hy e here, we have substituted (i, N — i)
o N for (i,j) in the sum
=0
_ % (—1) hy_je here, we have renamed the
B N=7%j summation index i as j )

Thus, for any N € IN, we have

N

; (—1)] hN_]'e]' = 5O,N- (46)
]:

For each i € {0,1,...,n}, we have

n . .
Z (_1)]_1 hnfjejfi
j=i

n—i

=Y (—1) h, ;i je (here, we have substituted j for j — 7 in the sum)
j=0

= 00,p—i (by (@6), applied to n — i instead of N)

= i (47)
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Now,

Z (_1)j hn—j S(m,y')

j=0 N~
:,ilo(—l)ihmﬁej—i
(by @)

n noJj , ;
Z h,_ ]Z hypieji= 3 ) (=1, (=1) hypiej;
=0 j=0i=0

N~
=Lt
i=0 j=i
n n . .
—1
S MEIIUSTEI WIS o 0 NS Y
i=0 j=i j=i
n n i
= th—i—z Z Zhn—jej—i = Z hm+i5i,n = hyin = hppm
i=0 j=i i=0
5,
(by @7))
This proves Proposition O
Proof of Proposition For each integer j > k, we have
S(m,lf) = 0. (48)

[Proof of (48): Let j > k be an integer. Then, the partition (m,1/) has j + 1 parts;
thus, this partltlon has more than k parts (since j +1 > j > k). Thus, (applied
to A = (m,1/)) yields S(mi) = = 0. This proves (4 .]

Proposition [7.3] yields

n

hym =) (~1) B8 (i 17):
=0

This is an identity in A. Evaluating both of its sides at the k variables x1, xp, ..., xg,
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we obtain

j=0
k-1 ) n )
— (—1)] h”—js(m,lf) + Z (—1)] hn—j S(m,lf)
j=0 j=k ——"
=(
(by )
k—1 , k-1 _
= (—1)] I’ln_]' S(m,lf) = Z (—1)] ak*]'s(m,lf) mod I.
j=0 ~ j=0
=hy ks (k—j)=k—jmod I
(by (15), applied to k—j
instead of j)
This proves Proposition O

7.2. Lemmas on free modules

Next, we state a basic lemma from commutative algebra:

Lemma 7.4. Let r € IN. Let X and Y be two free k-modules of rank r. Then,
every surjective k-linear map from X to Y is a k-module isomorphism.

Proof of Lemma Let f : X — Y be a surjective k-linear map from X to Y. We
must prove that f is a k-module isomorphism.

There is clearly a k-module isomorphism j : ¥ — X (since X and Y are free
k-modules of the same rank). Consider this j. Then, the composition jo f is
surjective (since j and f are surjective), and thus is a surjective endomorphism of
the finitely generated k-module X. But [GriRei20, Exercise 2.5.18(a)] shows that
any surjective endomorphism of a finitely generated k-module is a k-module
isomorphism. Hence, we conclude that j o f is a k-module isomorphism. Thus,
f is a k-module isomorphism (since j is a k-module isomorphism). This proves

Lemma O

Lemma 7.5. Let Z be a k-module. Let U, X and Y be k-submodules of Z such
that Z = X@ Y and X C U. Let r € IN. Assume that the k-module X has a
basis with r elements, whereas the k-module U can be spanned by r elements.
Then, X = U.

Proof of Lemma Let 7 : Z — X be the canonical projection from the direct
sum Z = X @Y onto its addend X. Let:: X — U be the canonical injection.
Then, the composition

X Loy M i

is just idx (since 7t |x= idx). Hence, the map 7t | is surjective.
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We assumed that the k-module U can be spanned by r elements. Thus, there
is a surjective k-module homomorphism u : k" — U. Consider this u.

Both k-modules k" and X are free of rank r (since X has a basis with r ele-
ments). The composition

K u T
is surjective (since both u and 7 |; are surjective), and thus is a k-module iso-
morphism (by Lemma applied to k" and X instead of X and Y). Hence,

it is injective. Thus, u is injective. Since u is also surjective, we thus conclude
that u is bijective, and therefore a k-module isomorphism. Since both u and the

composition k” — U ﬂ X are k-module isomorphisms, we now conclude
that the map 7 |7 is a k-module isomorphism. Hence, it has an inverse. But

this inverse must be ¢ (since the composition X —— U M X is idx). Thus, ¢

is a k-module isomorphism, too. Thus, in particular, ¢ is surjective. Therefore,
U =1 (X) = X. This proves Lemma 7.5 O

7.3. The symmetric polynomials &,

Definition 7.6. Let / € IN, and let v = (v1,vp,...,1y) € 7" be any /-tuple of
integers. Then, we define the symmetric polynomial &, € S as follows:

Iy = hyhyy - T,

Note that the polynomial &, does not change if we permute the entries of the
(-tuple v. If an {-tuple v of integers contains any negative entries, then h, = 0
(since h; = 0 for any i < 0). Also, if an /-tuple v of integers contains any entry
= 0, then we can remove this entry without changing h, (since hy = 1).

7.4. The submodules L, and H, of S/1I

It is time to define two further filtrations of the k-module S/ (in addition to
the filtration (QP) pezZ from Definition |6.11)):

Definition 7.7. (a) If A is a partition, then ¢ (1) shall denote the length of A;
this is defined as the number of positive entries of A. Note that ¢ (A) < k for
each A € Py ,,.

(b) For each p € Z, we let L, denote the k-submodule of S/ spanned by
the 5, with A € Py, satisfying ¢ (A) < p.

(c) For each p € Z, we let H, denote the k-submodule of S/ spanned by
the h) with A € P, satisfying ¢ (1) < p.
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The only partition A satisfying ¢ (A) < 0 is the empty partition @ = (); it
belongs to P, and satisfies 5, = 1. Hence, Ly is the k-submodule of S/I
spanned by 1. Similarly, Hy is the same k-submodule.

Also, Ly is the k-submodule of §/I spanned by all 55 with A € Py, (because
each A € Py, satisfies £ (A) < k). But the latter k-submodule is S/1I itself (by
Theorem 2.7). Thus, we conclude that Ly is S/ itself. In other words,

L=S/I

Clearly, Lo C Ly € L, € --- and Hyp € H; € Hy C ---. We shall soon see
that the families (Lp)p <z and (Hp)p <z are identical (Proposition [7.11) and are
filtrations of the k-algebra S/I (Proposition|7.15). First let us show a basic fact:

Lemma 7.8. Let p € IN be such that p < k. Letv = (vl,vz,...,vp) € ZP.

Assume that v; < n foreachi € {1,2,...,p}. Then, h, € Hp.

(The condition “p < k” can be removed from this lemma, but we aren’t yet at
the point where this is easy to see. We will show this in Proposition below.)

Proof of Lemma We WLOG assume that v; > v, > -+ > v, (since otherwise,
we can just permute the entries of v to achieve this). Let j be the number of
i€{l,2,...,p} satisfying v; > n — k. Then,

V2V > 2V >n—k2>2Vj1 2 V22 2 Vp.

We WLOG assume that all of the vq,15,.. ., Vp are nonnegative (since other-
wise, we have h, = 0 and thus h, =0 € Hy).
Now,
h_1/i€k foreachi € {1,2,...,j}. (49)

[Proofof: Letie {1,2,...,j}. Then, v; > n —k (sincev; > v > --- > v; >
n — k), but also v; < n (by the assumptions of Lemma . Thus, n —k <v; <mn,
sothat v; € {n—k+1,n—k+2,...,n} and thus v; — (n —k) € {1,2,...,k}.
Hence, (applied to v; — (n — k) instead of j) yields h,, = a,,_(,_)mod I.
Hence, hy, = 4y, —(n—k) € k. This proves .]

Furthermore, (Vjy1,Vj42,...,Vp) is a partition (since vji1 > viyp > --- > v,
and since all of the vy, 1, ..., vy are nonnegative) with at most k entries (indeed,
its number of entries is < p —j < p < k), and all of its entries are < n — k (since
n—k>vj >vjp>--->1p). Hence, (Vjy1,Vj42,...,Vp) belongs to Py .

From (Vj41,Vjt2,...,Vp) € Poyand £ (vjgq, Vi, ..., vp) < p—j < p, we obtain
€ Hy (by the definition of Hp).

(Vj+1/1/j+2/~-/vp)
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Now, the definition of h, yields h, = hy hy, - - - hvp, so that

hy = hy,hy, - - 'hv,, = hy, hy, - - h_v,, — (hvlhvz .. h_v]> <hvj+1hvj+2 .. E)

(.

ek I TV
(by (49)) h ”j+1hvj+2 hup
= er
("j+1r”j+2 ~~~~~ VP)
€ kH, C H,.
This proves Lemma H

Lemma 7.9. Let p € Z. Then, the family (53),cp, . ¢ A)<p 1s a basis of the
k-module Ly. ’

Proof of Lemma Theorem 2.7] yields that (5}),cp, , is a basis of the k-module
§/1. Hence, this family (51),cp, = is k-linearly independent. Thus, its subfam-
ily (1) ep, ,; ¢(r)<p is k-linearly independent as well. Moreover, this subfamily
(M) acp,,; ¢(r)<p Spans the k-module L, (by the definition of L,). Hence, this
subfamily (5;),. P, ((\)<p 18 @ basis of the k-module L. This proves Lemma

79 O
| Lemma 7.10. Let p € {0,1,...,k}. Then, L, = H,.

(This lemma holds more generally for all p € Z, as we shall see in Lemma

below.)

Proof of Lemma Let A € P, be such that £(A) < p. We shall show that
S) € Hp.

Indeed, let S, denote the group of permutations of {1,2,...,p}. For each
o €Sy, let (—1)7 denote the sign of ¢.

For each o € Sp, we have

p
[ 17 -i+00) € Hp. (50)
i=1

[Proof of : Let o € Sp. Then, each i € {1,2,..., p} satisfies

A — i 4+l <n—-k+0+k=n.
i J_to(i) <
<n—k 20 <p<k

(since A€l ,,)

Thus, Lemma [7.8) (applied to (A —1+0(1),A2 =240 (2),...,A, —p+0(p))
and A; — i+ o (i) instead of v and v;) yields

h(/\1—1+a(1),A2—2+U(2),...,Ap—p+¢7(p)) < HP
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(since p < k). In view of
P
h()\l—1+(7(1),/\2—2+U(2),...,)\p—p+(7(p)) - qhmiw(i)'
1=

p
this rewrites as [] hy,_; () € Hp. Thus, is proven. ]
i=1

We have / (A)ig p and thus A = (Aq,Az,...,Ap). Hence, Proposition 5.7] (b)
yields

p
5, = det ((h)‘u_u%)lgugp/ 199) et § [T
€Sy i=1

(by the definition of a determinant). Projecting both sides of this equality onto
S/ 1, we obtain

p P
si= Y (D T 1Mmivery = X (D) Tha—iteq) € Hp
i=1 i=1

TES) TES)
€H,
(by @)

Now, forget that we fixed A. We thus have proven that

5) € Hyp for each A € P, satisfying £ (A) < p.

Therefore, L, C Hj (since Ly is the k-submodule of §/1 spanned by the 5, with
A € Py, satisfying £ (A) < p).
Lemma [7.9] yields that the family (5y),cp, . ¢(1)<p IS @ basis of the k-module

p-

Now, let Lj be the k-submodule of S§/I spanned by the 53 with A € P,
satisfying ¢ (A) > p. Recall (from Theorem that (5)),cp,, is a basis of the
k-module §/I. Hence, S/I = L, ® L;ﬂ (since each A € Py, satisfies either

¢(A) < por£(A) > p but not both). Let r be the number of all A € P,
satisfying £ (A) < p. Then, the k-module H, can be spanned by r elements

(namely, by the 1y with A € Py, satisfying ¢ (1) < p), whereas the k-module L,
has a basis with r elements (namely, the family (5}, Py £ A)<p)- Thus, Lemma
(applied to Z = S§/I, X = Ly, Y = L}, and U = H)) yields L, = H,. This
proves Lemma [7.10} O

| Proposition 7.11. Let p € Z. Then, L, = Hp.

Proof of Proposition If p is negative, then both L, and H,, equal 0 (since there
exists no A € Py, satisfying ¢ (A) < p in this case). Thus, if p is negative, then
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L, = Hp is obviously true. Hence, for the rest of this proof, we WLOG assume
that p is not negative. Thus, p € IN.

If p € {0,1,...,k}, then L, = H, follows from Lemma Hence, for the
rest of this proof, we WLOG assume that p ¢ {0,1,...,k}. Thus, p > k (since
p € IN). Hence, k < p, so that Hy C H) (since Hy € H;y € H, C ---). But
Lemma (applied to k instead of p) yields Ly = Hy.

But recall that Ly = S/I. Thus, S/ = L, = H, C Hp. Thus, Hy, O S/ID Ly.

On the other hand, k < pand thus Ly C L, (since Lo € L1 C Ly C -- ). Hence,
L, 2 Ly = §/1 2 Hp. Combining this with H, O L,, we obtain L, = H,. This
proves Proposition [7.11} O

Corollary 7.12. Let p € Z. Then, the family <E>A B H(A) is a basis of the
€ ks =p

k-module Ly.

Proof of Corollary[7.12] Lemma yields that the family (53),cp, . (1)<, 15 2

basis of the k-module L,. On the other hand, the family (E) AEPL; (V)<
SIS Sp

spans the k-module H), (by the definition of Hy). In other words, the family

hy spans the k-module L, (since Proposition|7.11|yields L, = Hp).

( )Aepk,n; é()\)gﬁ
Since [{A € Py, | £(A) <p}| =|{A € P, | £(A) < p}|, we can therefore ap-

instead of M, (bs),.g

ply Lemmato Ly, S0 aepy, en<p and (E) AP LN <p

and (ay), ;- We thus conclude that (E) AeBLs HA)< is a basis of the k-module
S knr =p
Ly. This proves Corollary O

| Theorem 7.13. The family <E)A is a basis of the k-module S/ 1.
k

N

Proof of Theorem Corollary (applied to p = k) shows that the family

h A) is a basis of the k-module L;. In view of (E) =
)‘Epk,n; é()‘)gk /\epk,n; é(/\)gk

(E)A (since each A € Py, satisfies £ (A) < k) and Ly = S/, this rewrites
k

M

as follows: The family <E>A , is a basis of the k-module §/I. This proves
S kn

Theorem O

Proposition 7.14. Let p € N. Let v = (vy,1p,...,Vp) € ZP. Assume that
vi <nforeachie {1,2,...,p}. Then, hy € Hp.

Proof of Proposition If p < k, then this follows from Lemma Thus, for
the rest of this proof, we WLOG assume that p > k. Hence, k < p, so that
Hy C Hj (since Hy € Hy € Hp C - - -). But Proposition [7.11] (applied to k instead
of p) yields Hy = Ly = S/I. Now, h, € S/I = Hy C Hy,. This proves Proposition
714 O
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We recall that the k-submodules of a given k-algebra A form a monoid under
multiplication: The product XY of two k-submodules X and Y of A is defined as
the k-linear span of all products xy with x € X and y € Y. The neutral element
of this monoid is k - 14. We shall specifically use this monoid in the case when
A=S/I

Proposition 7.15. The family (L,) pe is a filtration of the k-algebra S/I; that

N
is, we have

LyCLiCL, -+, U L,=8/1,
peN
1€ Ly, and
LoLy € Lyyy for every a,b € IN. (51)

Proof of Proposition [7.15) We already know that Ly € Ly € L, C ---. Also, 1 €
Ly (since Ly is the k-submodule of §/I spanned by 1). Also, Ly = S/I, so
that S/I = Ly C Upen Lp. Combining this with U,en Lp © S /1, we obtain
Upen Ly = S/1.

Hence, it remains to prove that L,L, C L, for every a,b € IN. So let us fix
a,b € IN. We must prove that L,L, C L, .

If a4+ b > k, then this is obvious (because if a + b > k, then k < a 4+ b, hence
Ly CLyip (since Lo C Ly C Ly C---), hence L,L, CS/I =Ly C L,;). Hence,
we WLOG assume that a + b < k.

We must prove that L,L, C L, ;. It clearly suffices to show that fg € L, for
each f € L, and g € Ly. So let us fix f € L, and g € L;; we must prove that
f 8 € La+b-

Proposition [7.11] yields that L, = H,. Thus, f € L, = H,, so that f is a k-linear
combination of the iy with A € P, satisfying ¢ (1) < a (because H, is the k-
submodule of §/I spanned by these E). Since the claim we are proving (that is,
fg € L,yp) depends k-linearly on f, we can thus WLOG assume that f is one of
those /). In other words, we can WLOG assume that f = h, for some & € Py
satisfying ¢ (¢) < a. Assume this, and consider this «. For similar reasons, we
WLOG assume that g = @ for some B € Py, satisfying £ () < b. Consider this

B.

Note that each entry of x is < n — k (since & € P ,), and therefore < n. Thus,
we can consider « as an a-tuple of elements of {0,1,...,n} (since ¢ (x) < a).
Likewise, consider 8 as a b-tuple of elements of {0,1,...,n}.

Let v be the concatenation of the a-tuple a with the b-tuple . Thus, 7 is
an (a + b)-tuple of elements of {0,1,...,n} (since « is an a-tuple of elements of
{0,1,...,n} and since B is a b-tuple of elements of {0,1,...,n}), and satisfies
hy = hahg. (But <y is not necessarily a partition.) Moreover, a +b < k (since
a+b < k). Finally, write v in the form v = (v1,72,.-.,Vaxp); then, we have
vi <nforeachiec {1,2,...,a+ b} (because 7 is an (a + b)-tuple of elements of
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{0,1,...,n}). Hence, Lemma(7.8|(applied to p = a+ b, v = v and v; = ;) yields
E € H,.p. But Proposition yields that L,,, = H, .

From f = h, and g = hg, we obtain fg = hahg = haohg = I, (since hohg = h.).
Thus, fg = E € H,,p = L,y (since L, = H,,p). This completes our proof of

Proposition L

| Corollary 7.16. We have (L;)" C L, for each m € IN.

Proof of Corollary This follows by induction on m, using the facts (which
we proved in Proposition [7.15) that 1 € Ly and that L,L, C L,,; for every
a,b € IN. O

7.5. A formula for hook-shaped Schur functions

Lemma 7.17. Let m be a positive integer. Let j € IN. Then,

m
1
S (m,1i) = Zi (=1)" hy_iejy.
1=

Proof of Lemma For each N € N, we have
N
Z (—1)th_pep == 50,1\]. (52)
p=0

(This is just the equality (46), with j renamed as p.)
From m > 0 and j > 0, we obtain m +j > 0, so that éy,,; = 0. The equality
(applied to N = m + j) becomes

m+j

Z%) (_1)p hmﬂ?pep = §O,m+j = 0.
p:
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Thus,
m+j
0= Z (_1)phm+]fpep
p=0
i y : .
= Y (1) e here, we havg substituted j — i
- / for p in the sum
i=—m
= (=1 "hypieji +), (=17 hyyie
i=—m =0 T~
) N g =(=1)/(=1)

m L
= (71)j+lhm,ie]‘+i

(here, we have substituted —i for i
in the sum)

I

~
I
—_

L - .
(=1 " hyiejri+ (1) Y (—1) hypiej
i=0

J

~

m,1

(by (@5))

(=1 hy_ejpi + (—1) S (m,1/)"

=S

I

N
Il
—_

Solving this equality for S (m,17), We obtain

m, 1

1 m . m i1
S(m1) = T (1) hy_iejri = Y (1) hy_jej .
(-1 i3 -1

This proves Lemma O

7.6. The submodules C and R, of S/1I

Next, we introduce some more k-submodules of S/I:

Definition 7.18. (a) Let C be the k-submodule of S/I spanned by the ¢; with
ieN.

(b) For each p € Z, we let R, be the k-submodule of §/I spanned by the h;
with i € IN satisfying i < p.

We recall that e¢; = 0 for every i > k. Thus, ¢; = 0 for every i > k. Hence, the k-
module C is spanned by ey, ey, . . ., ¢ (because all the other among its designated
generators e; are 0). Also, the definition of C yields eg € C, so that 1 = ¢y € C.
Thus, each i € IN satisfies C! = \1’_/Ci C CC! = C'"*1. In other words, C° C

eC
clcczc....

Note that Ry C Ry C R, C ---. Also:
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| Proposition 7.19. We have R, _; = L;.

Proof of Proposition We WLOG assume that k # 0, because the case when
k = 0 is trivial for its own reasonsEl Thus, k > 0, and therefore the partition (i)
belongs to Py, for each i € {0,1,...,n —k}.

Recall that L; was defined as the k-submodule of S/I spanned by the 5 with
A € Py, satisfying £ (A) < 1. But the A € Py, satisfying ¢ (1) < 1 are exactly the
partitions of the form (i) fori € {0,1,...,n —k}. Hence, L; is the k-submodule
of §/I spanned by the 5;;) with i € {0,1,...,n — k}. Since we have s(;) = h; for
eachi € {0,1,...,n —k}, we can rewrite this as follows: L; is the k-submodule
of §/I spanned by the h; with i € {0,1,...,n —k}. In other words, L; is the
k-submodule of S/I spanned by the h; with i € N satisfying i < n — k. But this
is precisely the definition of the k-submodule R, . Hence, L; = R, k. This
proves Proposition O

Itis easy to see that R, = R, 41 = --- = Ry, but the sequence (Ry, Ry, Ry, .. .)
may and may not grow after its n-th term depending on the choice of a1, ay, . . ., ax.
So the family (Rp)p <z is a filtration of some k-submodule of §/I, but it isnt

easy to say which specific k-submodule it is.

| Lemma 7.20. We have Ry C CP for each p € IN.

Proof of Lemma We have
e, e€C foreachi € N (53)

(by the definition of C).

Let p € N. Recall that Ry, is the k-submodule of S/I spanned by the &; with
i € IN satisfying i < p. Hence, in order to prove that R, C CF,it suffices to show
that h; € CP for each i € IN satisfying i < p.

We first claim that

hieC for each i € N. (54)

[Proof of (54): We shall prove by strong induction on i. So we fix j € N,
and we assume (as induction hypothesis) that holds for all i < j. We must
now prove that holds for i = j. In other words, we must prove that h_] e Cl.

If j = 0, then this is obvious (because in this case, we have h_] = h_g =1=1¢€¢
CY%. Thus, we WLOG assume that j # 0. Hence, j is a positive integer. Thus,
Corollary [3.3| (applied to j instead of p) yields

k

I’l] = — Z (—1)t€th]'_t.

t=1

13Proof. Assume that k = 0. Then, S = k and I = 0, whence S/I = k - 1. Both k-submodules
R,_x and L; contain 1 (since 1 = g and since 1 = 55); hence, both of these k-submodules
must be the whole S/ (since S/I = k- 1) and therefore must be equal. So we have proven
R,_x = Ly. In other words, we have proven Proposition under the assumption that
k=0.
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Hence,
h] = — Z (—1) eth]-_t = — Z (—1) t h]'_t
t=1 t=1 g ~~~—
e ec/it
(by G3)) (by the induction
hypothesis, since j—t<j)

k t —t K t ~j j

— _ ] _ _ ] ]

e—-Y (-1) CcC c-Y (-1)ydcc.

tzl :Cj_t+1gcj tzl

(since j—t+1<j and
cocclecic)

In other words, holds for i = j. This completes the induction step. Thus,

is proven.] ‘
Now, let us fix i € N satisfying i < p. Then, C' C CP (since i < p and

COC Cl'CC?C---). But (54) yields ; € C' C CP. B
Now, forget that we fixed i. We thus have shown that i; € C? for eachi €¢ N
satisfying i < p. As we have said, this proves Lemma [7.20} O

I Lemma 7.21. Let m be a positive integer. Let j € IN. Then, (m,17) € R,,,—1C.

Proof of Lemma Lemma yields
. i-1
S(mp) = 2 (=1 hu ey
i=1

This is an equality in A. If we evaluate both of its sides at x1, x, ..., x¢, then we
obtain

m
i—1 i1 —
S(m1i) = Y (1) hyeii =) (—1) @m—i ﬁi
i=1 i=1 V
ERy1 eC
(by the definiﬂgion of R;;,_1, (by the definition of C)
since m—i<m—1)

This proves Lemma O

| Corollary 7.22. Let m be a positive integer. Then, 1, € Ry—1C.
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Proof of Corollary Proposition [7.2] yields

k—1 .
hn—l—m = Z (—1)] ak,]-s(mllj) mod I.
j=0
Thus,
k—1 , k=1 .
Hoym =Y, (1) Ue—jS (m,17) = Y (1) S (m17)
j=0 j=0 ~—~—
€R,;,_1C
(by Lemma 7.21)
k—1 .
S 2 (—1)] ak,]'Rm,1C C R,,_1C.
j=0
This proves Corollary O

Lemma 7.23. Let j € N be such that j < n.
(@) We have h; € L.

(b) Assume that n > k and j # n — k. Then, h_] €Ry_r_1-

Proof of Lemma (a) We are in one of the following two cases:

Case 1: We have j < n — k.

Case 2: We have j > n — k.

Let us first consider Case 1. In this case, we have j < n — k. Recall that R,,_j
was defined as the k-submodule of S/I spanned by the ; with i € IN satisfying
i <n—k. Hence, h; € R,_ (since j € N and j < n — k). Thus, h_] €ER,_ =14
(by Proposition . Thus, Lemma (a) is proven in Case 1.

Let us now consider Case 2. In this case, we have j > n — k. Hence, n —
k<j<mnsothatje {n—k+1,n—-k+2,...,n} and therefore j — (n —k) €
{1,2,...,k}. Hence, (applied to j — (n — k) instead of j) yields h; = a;_(,,_t) mod I.
Hence, h_] =a;_(nx €k

But 0 < n —k and thus hy € R, (by the definition of R,,_;). Hence, 1 =
ho € R,_, so that k C R,_; and thus h_] € k C R,,_x = L; (by Proposition .
Thus, Lemma (a) is proven in Case 2.

We have now proven Lemma (@) in each of the two Cases 1 and 2. Thus,
Lemma (a) is proven.

(b) We are in one of the following two cases:

Case 1: We have j < n — k.

Case 2: We have j > n — k.

Let us first consider Case 1. In this case, we have j < n —k. Thus, j < n —k
(since j # n—k), sothatj < n—k—1. Thus, n—k—1 > j > 0, so that
n—k—1 € IN. Recall that R,,_;_1 is defined as the k-submodule of §/I spanned
by the hj withi € N satisfying i < n —k — 1. Hence, h_] € R,_x_1 (sincej € N
and j < n —k —1). Thus, Lemma (b) is proven in Case 1.
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Let us now consider Case 2. In this case, we have j > n — k. Hence, n —
k<j<mn sothatjec {n—k+1,n—-k+2,...,n} and therefore j — (n — k) €
{1,2,...,k}. Hence, (applied to j — (n — k) instead of j) yields h; = a;_(,,_4) mod I.
Hence, h_] =a; ) €k

But n —k > 0 (since n > k), and thus 1 < n —k, so that 0 < n — k — 1. Hence,
ho € R,_x_1 (by the definition of R,_;_;). Hence, 1 = hy € R,_;_1, so that
k C R, _i_1 and thus h_] € k C R,,_r_1. Thus, Lemma (b) is proven in Case
2.

We have now proven Lemma (b) in each of the two Cases 1 and 2. Thus,
Lemma (b) is proven. O

7.7. Connection to the Q,

I Convention 7.24. We WLOG assume that k > 0 from now on.
Now, let us recall Definition [6.11

| Proposition 7.25. We have Ly 1 = Qo.

Proof of Proposition Recall the following:

* We have defined L;_; as the k-submodule of §/I spanned by the 5, with
A € Py, satisfying £ (A) <k —1.

* We have defined Qp as the k-submodule of S/ spanned by the 5, with
A € Py, satistying A < 0.

Comparing these two definitions, we conclude that Ly_; = Qp (because for
any A € Py, the statement (£ (1) < k — 1) is equivalent to the statement (A, < 0)).
This proves Proposition [7.25 O

I Lemma 7.26. We have (Ll)k_1 C Qo.

Proof of Lemma Corollary yields (L1)*! C Ly_; = Qo (by Proposition
7.25). This proves Lemma [7.26| O

| Lemma 7.27. Let p € Z. Then, CQp C Qpy1-

Proof of Lemma Lemma shows that e;Q, € Qp1 for each i € IN. Thus,
CQp € Qp41 (since the k-module C is spanned by the ¢; with i € IN). This proves
Lemma ]

| Corollary 7.28. Let p € Z and g € IN. Then, C7Q, C Qp4.

Proof of Corollary This follows by induction on 4, where the induction step
uses Lemma [7.271 O
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7.8. Criteria for coeff, <h_v) =0

We shall now show two sufficient criteria for when a p-tuple v € ZF satisfies
coeff,, <h_v) =0.

Theorem 7.29. Let p € IN be such that p < k. Let v = (1/1,1/2,. ) .,vp) € ZPF be
an p-tuple of integers. Let g € {1,2,..., p} be such that

VlZVZZ"'qu>nzvq+1zvq+22"'ZVp

andvq <2n—-k—gq.
Assume also that

v <2n—k+1 foreachi € {1,2,...,p}. (55)

Then, coeff,, (h_v> =0.

Proof of Theorem [7.29} From v; < 2n — k — g, we obtain 2n —k —q > v, > n, so
thatn —k—g > 0. Thus,n —k—g—1€ N.

If any of the entries vq,1, ..., vy of v is negative, then Theorem holds for
easy reason Hence, we WLOG assume that none of the entries vq,15,...,v,
of v is negative. Thus, all of the entries vy, v»,...,v, are nonnegative integers.

From p < k, we obtain p —1 < k—1and thus L, 1 C Ly_; (since Lo C L1 C
Ly, C---). Thus,

Ly 1 CLi1=0Q0 (56)
(by Proposition [7.25).
From n > vg41 > Vg2 > -+ 2 vp, we conclude that v; < n for each j €

{9+1,9+2,...,p}. In other words, v,y; < n for each i € {1,2,...,p —q}.
Hence, Proposition [7.14{ (applied to p — q, (Vg41, V42, ..., Vp) and v, instead of
p, v and v;) yields h(

€ Hy_,;. But Proposition [7.11| (applied to p — ¢

vq+1,vq+2,...,vp)

instead of p) yields L,_, = Hy—4. Thus,

(Vq+1,vq+2,...,l/

Next, we claim that

hy, € L1C foreachi e {1,2,...,9—1}. (58)

4Indeed, in this case we have v; < 0 for some i € {1,2,...,p}, and therefore h,, = 0 for this i,
and therefore

hv — hl/1 hVZ . hvp = (hVI hVZ e hvi—l) hVi (hvi+1 hl/i+2 ce hw) = O/
=0

and therefore coeff,, (E) =0, qed.
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[Proof of (58): Leti € {1,2,...,q—1}. Then, v; > n (since v; > 1, > -+ >
vy > 1), so that v; —n is a positive integer. Thus, Corollary [7.22) (applied to
m = v; — n) yields Ty, v; € Ry,—n1C.

But v; < 2n —k+1 (by (55)), so that v; —n —1 < n — k. Thus, R, 1 € R,
(since Rg € Ry € Ry € ---). Thus, Ry, _,—1 € R, = L1 (by Proposition [7.19).

Hence, h_v, € Ry,_,—1 C C L,C. This proves .]
N——_

CLy
From (58), we obtain
Toyhy, -+ Ty, € (LiC)T™ (LT ¢t L
——
qu,1
(by Corollary

Also, v; > n, so that v, — n is a positive integer. Thus, Corollary (applied
to m = v; — n) yields h_],q € Ry,—n—1C. But vy <2n — k—gandthusv; —n—1<
n—k —q—1. Hence, Ry,—n-1 € Ry—k—g-1 (since Rg € Ry € Ry, C ---). Thus,
th € qu—n—l CC Rnfquflc-

——
anfqufl

Recall that h, = hy hy, - - -hvp. Thus,
h_v = hy,hy, - - 'hv,, = hy,hy, - - h_v,,

— (thth .. .th%) th (th+1th+2 .. 'hvp>
N ~ S/ SN~~~ . ~ vz
_ €R,_4_,_1C
Ly1CT71 n—k—q-1 =Ty 1Py gy
=h €L,
(Vq+1,1/q+2,...,l/p) p—q
(by 7))
q—1 _ 91
:ch —_—— \_\,_
gcn—k—q—l CL +(p—1)
(by Lemma [7.20} (by .)

applied to n—k—qg—1 instead of p)
c ikt ccrlgycQ
= —_ (@-D)+(p—q) = 0 = <0+(n—k-1)
N————
—Cqt+(n—k—q-1)—Ccn—k-1 :Lp71gQ0
(by G6))
(by Corollary applied to n —k — 1 and 0 instead of g and p). In other words,

hy € Q,_k_1. Hence, coeff,, (h_v> € coeff, (Q,_x—1) = 0 (by Lemma 6.12), and
thus coeff, <E) = 0. This proves Theorem [7.29| O

Theorem 7.30. Assume that n > k. Let v = (71,72,...,7) € Zr be a k-tuple
of integers such that v # w.
Assume that

vi<2n—k—i foreachi € {1,2,...,k}. (59)
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I Then, coeff,, (E) =0.

Proof of Theorem We have k # 0 E Thus, k > 0; hence, 7 is well-defined.

If any of the entries 71,2, ..., 7k of 7y is negative, then Theorem holds for
easy reasonﬁ Hence, we WLOG assume that none of the entries 1, v2,..., 7k
of v is negative. Thus, all of the entries 1, Y2, ..., ¥, are nonnegative integers.
In other words, (y1,72,...,7k) € N,

Let v = (v1,v2,...,v;) € ZF be the weakly decreasing permutation of the
k-tuple v = (v1,72,.-., 7). Thus, hy,hy,---hy, = heyhy,---h,. Hence, h, =
hvlhvz o 'th = h'Ylh'Yz T h'Yk = h’Y'

Recall that (vy,vy,...,vk) is a permutation of (71, 72,..., 7). In other words,
there exists a permutation ¢ € Sy such that

<1/Z- = Yo() foreach i € {1,2,.. .,k}) . (60)

Consider this o.

Recall that (14,15, ..., vk) is weakly decreasing. Thus, v; > vp > - -+ > 1. Also,
(vi,v,...,v) € IN* (since (v1,v2,...,Vk) is a permutation of (y1,7v2,...,7k) €
INF).

For eachi € {1,2,...,k}, we have

Vi = Yo(i) (by (60))
<2n—k—o (i (61)

(by (59), applied to o (i) instead of i).

We are in one of the following two cases:

Case 1: We have 11 < n.

Case 2: We have v; > n.

Let us first consider Case 1. In this case, we have v; < n. But recall that
v # w. Hence, there exists at least one g € {1,2,...,k} satisfying v, # n —k E

15proof. Assume the contrary. Thus, k = 0. Now, ¢ € Zk = Z° (since k = 0), whence ¢ = ().
But k = 0 also leads to w = (), and thus v = () = w. But this contradicts v # w. This
contradiction shows that our assumption was false. Qed.

16Indeed, in this case we have ; < 0 for some i € {1,2,...,k}, and therefore h,, = 0 for this i,
and therefore

hv = h%hvz o 'h’Yk = (h"n hvz o 'h%l) h% (h7i+1h71’+2 o 'hvk) =0,
\,-/
=0

and therefore coeff,, (E) =0, qed.

17Proof. Assume the contrary. Thus, v; = n —k foreachi € {1,2,...,k}. Now, letj € {1,2,...,k}

be arbitrary. Then, v, 1(j = n —k (since v; = n —k for each i € {1,2,...,k}). But

(applied to i = o~ (j)) yields Vori(j) = Yo(o1)) = Vit Hence, vj = v,-1() = n— k. Now,
forget that we fixed j. We thus have proven that 7; = n — k for each j € {1,2,...,k}. Hence,
y=(m—kmn—k, ...,n—k)=w. This contradicts v # w. This contradiction shows that our
assumption was false, qed.
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Consider such a g.
Next, we claim that

h_vl. €l foreachi e {1,2,...,k}. (62)

[Proofof: Leti e {1,2,...,k}. Wehave vy > vy > --- > v, thusv; <y <
n. Now, v; < n and v; € IN (since (v1,vp,...,V) € IN¥). Hence, Lemma (a)
(applied to j = v;) yields hy, € Ly. This proves .]

Also, 11 > 1p > -++ > v, thus v, < vy < n. Also, n > k and v; € IN (since
(vi,v2,..., 1) € IN¥) and vy # n — k. Hence, Lemma (b) (applied to j = v,)
yields h_vq € R,_x_1. From n > k, we obtain n —k > 0, so that n —k > 1, and
thusn —k—1¢€ IN.

k
NOW, hy — h]/l hVZ A hyk - 1_[ hyi, SO tha.t
i=1

k k
i o U s [l s

i=1 i=1 i€{1,2,..k}; ?L/ ER\/
. T
i#q (by ) n—k—1

€ T L Ry k-1 C Lr 1 crkt
1.6{1',2,...,](}; CCn7k71 :QO
N i7#q (by Lemma 720} (by Proposition

:(Ll)kilng—l applied to n—k—1 instead of p)

(by Corollary [7.16)
= QuC" 1 =" *1Qy € Qo (nk-1)
(by Corollary applied to n —k —1 and 0 instead of g and p). In other
words, hy, € Q,_k_1. In view of h, = h,, this rewrites as h, € Q,__1. Hence,

coeff,, (hnY) € coeff, (Q,_x_1) = 0 (by Lemma |6.12), and thus coeff,, (E) = 0.

Thus, Theorem is proven in Case 1.

Let us now consider Case 2. In this case, we have 1v; > n. Hence, there exists
atleastoner € {1,2,...,k} such that v, > n (namely, r = 1). Let g be the largest
such r. Thus, v; > n, but each r > g satisfies v, < n. Hence,

VI 2V 2o 2 Vg >N 2 Vgy1 2 Vgyp 200 2 Vg

(since v > 1p > - -+ > ;). Also, vy < 2n — k—gq H Furthermore, shows
that

vi<2n—k—o(i)<2n—k+1
>-1

8Proof. The map ¢ is a permutation, and thus injective. Hence, |0 ({1,2,...,4})| =
I{1,2,...,q}| = g. Thus, ¢({1,2,...,q}) cannot be a subset of {1,2,...,9 —1} (because
this would lead to |0 ({1,2,...,9})] < |{L2,...,4—1}] = g—1 < g, which would
contradict |0 ({1,2,...,9})| = g). In other words, not every i € {1,2,...,q} satisfies
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for each i € {1,2,...,k}. Hence, Theorem (applied to p = k) yields

coeff,, <hv) = 0. In view of hy, = h,, this rewrites as coeff, <h7> = 0. Thus,

Theorem is proven in Case 2.
We have now proven Theorem in both Cases 1 and 2. Hence, Theorem
[7.30] always holds. L

7.9. A criterion for coeff, (5)) =0

Theorem 7.31. Let A be a partition with at most k parts. Assume that A; <
2 (n —k) and A # w. Then, coeff, (5)) = 0.

Proof of Theorem We have n > k @
We have A = (A1, Ay, ..., Ag) (since the partition A has at most k parts). Propo-
sition 5.7 (a) yields

k
sy = det ((hm¢—u+v)1<u<k 1<v<k> = Z (_1)0HhAi—i+0(i)
i=1

- TESK

(by the definition of a determinant). Hence,

K K
si= Y, (D) Thy—ivery = Yo (D Tha—ivon)- (63)
=1 =1

oES 0ESk
Now, we claim that each o € S; satisfies
k
coeffe | [ [ha—itow) | =0 (64)
i=1

[Proof of : Let o € S;. Define a k-tuple v = (v1,72,...,7«) € ZF of integers
by
(vi=Ai—i+o(i) foreachi € {1,2,...,k}). (65)

o(i) € {1,2,...,4—1}. In other words, there exists some i € {1,2,...,q} that satisfies
o (i) ¢{1,2,...,9—1}. Consider such an i.

Fromi € {1,2,...,q9}, we obtain i < g and thus v; > vg (since v1 > vp > -+ > v;). Hence,
vy < vi. From o (i) ¢ {1,2,...,q — 1}, we obtain ¢ (i) > g — 1, so that o (i) > 4. Now,
yields v; <2n —k — ¢ (i) <2n —k —q. Now, v; <v; <2n—k —q, qed.

~~
21
19Proof. Assume the contrary. Thus, n < k and therefore n = k (since n > k). Hence, n — k = 0.
Thus, A < 2(n—k) =0, so that A; = 0 and thus A = & (since A is a partition). But from
H,—/

n—k =0, we also obtain w = & (since w = (n —k,n—k,...,n —k)). Thus, A = @ = w. But
this contradicts A # w. This contradiction shows that our assumption was wrong, qed.
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Then, v # w m Moreover,

vi<2n—k—i foreachi e {1,2,...,k}

Hence, Theorem [7.30| yields coeff,, (E) = 0. In view of

k
hoy, Hh Ai—ito(i
N~ i=1

*h/\ —i+o(i)

(by (65))

hy =hyhy, - hy =

k

‘:l*

I
[y

1

k
this rewrites as coeff,, (H hy i +a(,~)) = 0. Thus, 1) is proven.]
i=1

20Proof. Assume the contrary. Thus, 7 = w.
Leti € {1,2,...,k—1}. From ¢ = w, we obtain v; = w; = n — k. Comparing this with
(65), we find A; — i+ 0 (i) = n — k. The same argument (applied to i + 1 instead of i) yields
Aip1 —(i+1)+0(i+1) =n—k ButA; > Ajq (since A is a partition). Hence,

Al — 0 +o(i+1)>An—(+D)+0o(i+1)=n—k=A—i+0o(i)

A <t

(since A; —i+ o (i) = n — k). If we subtract A; — i from this inequality, we obtain o (i +1) >

o (7). In other words, o (i) < (7(1+1)

Now, forget that we fixed i. We thus have shown that each i € {1,2,...,k — 1} satisfies
o (i) < o (i+1). In other words, we have ¢ (1) < ¢(2) < --- < o (k). Hence, ¢ is a strictly
increasing map from {1,2,...,k} to {1,2,...,k}. But the only such map is id. Thus, o = id.
Hence, for each i € {1,2,...,k}, we have

Yi=A—i+ _o_(i) (by (63))
=id
Z)\i—i+id(i)2/\i—i+i:)\i.

Thus, v = A. Comparing this with 7 = w, we obtain A = w. This contradicts A # w. This
contradiction shows that our assumption was wrong, qed.

21Proof. Leti € {1,2,...,k}. Then, A; > A; (since A is a partition), so that A; < A < 2(n —k).
Now, yields

yi= A —ito(i)<2(n—k)—i+k=2n—k—1,
<2(n—k) <k

ged.
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From (63), we obtain

k
coeff,, (5)) = coeff,, Z (—1)UHhAi—i+a(i)
i=1

o€Sy

k
= Z (—1)UCO€ff(u Hh)\i—i+0(i) =0.
i=1

O’ESk

-

(by (64)

This proves Theorem O

8. Another proof of Theorem [6.3

We can use Theorem to obtain a second proof of Theorem To that end,
we shall use a few more basic facts about Littlewood-Richardson coefficients.
First we introduce a few notations (only for this section):

Convention 8.1. Convention [6.I| remains in place for the whole Section
We shall also use all the notations introduced in Section [l

8.1. Some basics on Littlewood-Richardson coefficients

Definition 8.2. Let a € IN.

(a) We let Par, denote the set of all partitions with size a. (That is, Par, =
{A is a partition | |A| =a}.)

(b) If A and yu are two partitions with size a, then we write A >y if and only
if we have

MAA+ o+ A >+ + -+ foreachi € {1,2,...,a}.

This defines a binary relation > on Par,. This relation is the smaller-or-equal
relation of a partial order on Par,, which is called the dominance order.

Here is another way to describe the dominance order:

Remark 8.3. Let 4 € IN. Let A and p be two partitions with size a. Then, we
have A >y if and only if we have

MAA+ -+ A >+ + -+ for each i > 1. (66)

Proof of Remark[8.3] <=: Assume that we have (66). We must prove that A > .
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For each i € {1,2,...,a}, we have i > 1 and therefore Ay + Ay +---+A; >
1+ p2 + - - + i (by (66). In other words, we have

MAAy 4+ A >+ + -+ foreachi € {1,2,...,a}.

In other words, we have A >y (by the definition of the relation ). This proves
the “<=" direction of Remark [8.3l

—: Assume that A > . We must prove that we have (66).

We have assumed that A > u. In other words, we have

M+Ay 4+ A >+t foreachi e {1,2,...,a} (67)

(by the definition of the relation ).

Now, leti > 1. Our goal is to show that Ay + Ay +---+A; > uy +puo+- - -+ .
If i € {1,2,...,a}, then this follows from . Hence, for the rest of this proof,
we WLOG assume that we don’t have i € {1,2,...,a}. Hence, i > a+ 1 (because
i>1),sothata+1 <i <i+1. ButAisa partition; thus, Ay > Ay > A3 > ---.
Now, recall that A is a partition of size 4; hence, |A| = a. Thus,

00 i+1 0
a=|A=M+A+ A+ =) A=) Ap + )Y A
p=1 p=1 et p=i+2
>Ait1 —_——
(since p<i+1 >0

and Ay>Ap>A3>--)  (since all_/\p are >0)
i+1
> Y A1 = (i+1) A1
p=1

Hence, Ajy1 < i—l—Ll < 1 (sincea < a+1 < i+1). Thus, A;;1 = 0 (since
Aiz1 € N). Furthermore, from A1 > Ay > A3 > ---, we conclude that each
p € {i+1,i+2,i+3,...} satisfies A;;; > A, and thus A, < A;y = 0 and

therefore A, = 0 (since A, € N). Hence, }. A, = )} 0=0. Thus,
p=i+1\/0-/ p=i+1

) i [ i
a=) M=) Ap+ Y} M=) A=t A
p=1 p=1 p=i+1 p=1

=0
The same argument (applied to the partition u instead of A) yields
a=jpr+p2t-+

Comparing these two equalities, we find Ay + Ay + -~ +A; =y +po + - - - + p;.
Hence, M + Ao+ -+ A > uy+ o+ -+ - + .
Now, forget that we fixed i. We thus have shown that

MtAr+- -+ A >+ o+ + for each i > 1.
In other words, (66). This proves the “=>" direction of Remark O
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Definition 8.4. Let i and v be two partitions. Then, we define two new parti-
tions y 4+ v and p U v as follows:

 The partition y + v is defined as (p1 + v1, g2 + v2, yz +v3, . . .).

e The partition pu Uv is defined as the result of sorting the list
<y1, Moo gy V1, V2, - - .,1/5(1,)> in decreasing order.

We shall use the following fact:

Proposition 8.5. Let 2 € IN and b € IN be such that a < b. Let y € Par,,
v € Par,_, and A € Par;, be such that Cﬁ,u #0. Then, u +v> A uUv.

Proposition is precisely [GriRei20, Exercise 2.9.17(c)] (with k and n re-
named as a and b).

| Corollary 8.6. Let A, 4 and v be three partitions such that Ay > u; +v;. Then,
A
¢, =0.
nv

Proof of Corollary Assume the contrary. Thus, Cit\,v # 0.
Let a = |u|; thus, p € Par,. Let b = |A[; thus, A € Pary,.
Proposition (c) shows that Cil\ﬂ/ = 0 unless |u| + |v| = |A|. Hence, |u| +
[v| = |A] (since ¢y, # 0). Thus, [v| = [A| — [u| =b—a. Hence,b—a=|v| >0,
SN

=b =a
so that a < b. Also, from |v| = b — a, we obtain v € Par,_,. Thus, Proposition

B.5yields y +v>AvpuUv.
Butb = |A| > Ay > pu;+v; >0,sothatl € {1,2,...,b}.
Now, from u + v > A, we conclude that

(v +(p+v)+ -+ (ptv); 2+ A+ + A
for eachi € {1,2,...,b}
(by the definition of the relation >, since y + v and A are two partitions of size
b). Applying this to i = 1, we obtain (yx +v); > A; (since 1 € {1,2,...,b}). But
the definition of u 4 v yields (u +v); = p1 +v1 < Ay (since Ay > pq +v7). This

contradicts (y +v); > Aj. This contradiction shows that our assumption was
false. Hence, Corollary [8.6]is proven. O

Next, we recall the Littlewood-Richardson rule itself:

Proposition 8.7. Let A and u be two partitions. Then,

— ©

o is a partition

66



A basis for a quotient of symmetric polynomials (draft) September 27, 2021

Proposition [8.7] is precisely [GriRei20, (2.5.6)] (with A, y and v renamed as p,
A and p).

Corollary 8.8. Let A € P, and i € Py ,,. Then,

_ 0
SASu = Z Caubp:
p is a partition with at most k parts;
01<2(n—k)

Proof of Corollary If p is a partition satisfying p; > 2 (n — k), then
ch . =0. (68)

[Proof of (68): Let p be a partition satisfying p; > 2 (n — k).
We have A € P ,; thus, each part of A is < n — k. Thus, A1 < n — k. Similarly,
w1 <n—k Hence, Ay + 3 <2(n—k) < pj. In other words, p1 > A1 + ;.
N~ N~

<n—k <n—k
Hence, Corollary [8.6| (applied to p, A and y instead of A, u and v) yields Cf)\/ii =0.

This proves (68).]
Proposition [8.7] yields

— ©

o is a partition

This is an equality in A. Evaluating both of its sides at the k indeterminates
X1,%X2,...,X;, we find

_ o
SASu = )3 Crusp

o is a partition

_ 0 %
- Z C)\,ySP + Z C/\,y Sp
0 is a partition; 0 is a partition; -~

p1=2(n—k) p1>2(n—k) (by)

since each partition p satisfies either p; < 2 (n —k)
or p; > 2 (n —k) (but not both)

- Z C‘?\,ysp

o is a partition;

p1=2(n—k)
= D Cupso T D o o
p is a partition with at most k parts; p is a partition with more than k parts; \76/
p1=2(n—k) p1=2(n—k) by @)

- 2 C())\,ysp‘

p is a partition with at most k parts;
p1=2(n—k)

This proves Corollary O
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Next, let us recall another known fact on skew Schur functions:
| Proposition 8.9. Let A be any partition. Then, s, ,\v = s,.

Proof of Proposition From [GriRei20, Exercise 2.9.15(a)] (applied to n — k and
@ instead of m and y), we obtain s),5 = sgv,)\v. In view of @ = w, this
rewrites as s, = S,/)v. Thus, s,,/yv = sy, = s,. This proves Proposition

B.I O

Corollary 8.10. Let A and u be two partitions. Then,

C)L/# =

w )1, ifAel,andpu=A7AY;
0, else '

Proof of Corollary Proposition (@) (applied to w and A instead of A and
u) shows that

Sew/A = Y s (69)

v is a partition

On the other hand, it is easy to see that

1, fA€P,andv=AY;

Sw/A = Z {O

v is a partition

Sy. (70)
else

[Proof of (70): We are in one of the following two cases:

Case 1: We have A € Py ,.

Case 2: We have A & Py ,,.

Let us first consider Case 1. In this case, we have A € Py ,. Thus, A" is well-
defined, and we have (A¥)" = A. Hence, Proposition 8.9 (applied to A" instead
of A) yields

1, ifv =AY
S vV = 8)v = s
w/(AY A z v
% v is a partition 0, else

N J/

{L if A € Pyandv =AY;

0, else
(since A€ Py, holds)

B Y {1, if A € B p,andv=A7Y;

Sy.

v is a partition O' else

In view of (AY)" = A, this rewrites as

Sw/A = 2

v is a partition

{L ifA e P, andv=A7AY;
Sy.

0, else
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Thus, is proven in Case 1.
Now, let us consider Case 2. In this case, we have A ¢ P;,. Hence, A € w

(since A C w holds if and only if A € P ,). Thus, s,,,, = 0. Comparing this with

1, ifA€P,andv =AY

Z ’ s, =0,

0, else

(. S

v is a partition

=0
(since AZPy ;)
we obtain

Sy.

Sw/A = Z

v is a partition

Thus, (70) is proven in Case 2.

We have now proven (70) in each of the two Cases 1 and 2. Thus, always
holds.]

Now, comparing with (69), we obtain

Z CC)‘\),V Sv = Z

v is a partition v is a partition

1, fA€P,andv=AY;
0, else

Sy.

1, ifA€ P, andv =AY
0, else

Since the family (sy), i, partition
the coefficients of s, on both sides of this equality. We thus obtain

is a basis of the k-module A, we can compare

. _{L if A€ P,andj =AY
Chou = .

0, else

This proves Corollary ]

8.2. Another proof of Theorem [6.3]

We are now ready to prove Theorem [6.3| again. More precisely, we shall prove
Lemma (as we know that Theorem [6.3| quickly follows from Lemma [6.22).

Second proof of Lemma If k = 0, then Lemma hold$”) Hence, for the
rest of this proof, we WLOG assume that k # 0. Thus, k > 0. Hence, w; =

22Proof. Assume that k = 0. Then, P, = {9}, so that A € P, = {@} and thus A = @.
Similarly, 4 = @. Therefore, A = " holds. Also, w = &. Moreover, from A = &, we obtain
sy = sg = 1; similarly, s, = 1. Thus, s, s, =1 = sy = sy (since I = w). Hence,
M~
=1 =1
1, ifA=puY;

0, ifA#u =1 (since A = pV

coeffy, (535;) = coeff, (55) = 1. Comparing this with {

1, ifA=pu;

0, ifA£pY Thus, Lemma [6.22| holds. Qed.

holds), we obtain coeff,, (5,5,) = {
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n—k < 2(n—k). Thus, w is a partition p with at most k parts that satisfies
p1 < 2(n—k) (since wy <2 (n—k)).

Corollary [8.8] yields
_ 0
SASu = Y. ¢ 5p-
p is a partition with at most k parts;
p1=2(n—k)
Hence,
SASp = ) Ao = > Crude-
p is a partition with at most k parts; p is a partition with at most k parts;
p1<2(n—k) p1<2(n—k)
Thus,
—\ p JE—
coeffy, (535,) = coeff,, Y. ¢’ ,5p
p is a partition with at most k parts;
p1<2(n—k)
— P -
= Y. o coeff,, (55)
p is a partition with at most k parts;
01<2(n—k)
= ¢, coeffy, (5w) + Y. cﬁ’ ‘ coeff,, (55)
0 is a partition with at most k parts; T
p1<2(n—k); (by Theorem [731]

pFw applied to p instead of A)

here, we have split off the addend for p = w
from the sum, since w is a partition p with
at most k parts that satisfies p; <2 (n — k)

N

= Chu coeffy, (54)

=1
(by the definition of coeff,, )

: _ V.
_ W {1' if A € Py and p = A% (by Corollary [8.10))

M 0, else
1, ifu=AY; _
B {O, if £ AV (since A € Py, holds)
_ {1, if A = pu;
0, ifA#p"

(since # = A" holds if and only if A = y"). Thus, Lemma is proven again.
[

70



A basis for a quotient of symmetric polynomials (draft) September 27, 2021

9. The h-basis and the m-basis

Convention 9.1. For the rest of Section@ we assume that aq,ay, ..., ax belong

to S.

9.1. A lemma on the s-basis

For future use, we shall show a technical lemma, which improves on Lemma

B.I3

Lemma 9.2. Let N € IN. Let f € § be a symmetric polynomial of degree < N.
Then, in S/ I, we have B
fe ) ks

KEPk/”,'
[k|<N

Proof of Lemma We shall prove Lemma [9.2] by strong induction on N. Thus,
we fix some M € IN, and we assume (as the induction hypothesis) that Lemma
holds whenever N < M. We now must prove that Lemma [9.2] holds for
N = M.

Let f € S be a symmetric polynomial of degree < M. Then, in S/I, we shall
show that f € ). ksy.

KEPk,n;
|| <M
Indeed, let U be the k-submodule Y ks, of S/I. Hence, U is the k-
KEP, 15
\K|<kM

submodule of §/1 spanned by the family (5x),cp, . | <m- Hence,
scel for each « € P, satisfying |x| < M. (71)

We are going to show that f € U.
Lemma (applied to N = M) shows that there exists a family (cx).cp,; <M

of elements of k such that f = ) cxsx. Consider this family. Thus,

KEPy;
|| <M
kEP; HEP;
|K|<M |u|<M

(here, we have renamed the summation index x as p).

Now, let u € Py satisfy |i| < M. We shall show that 5, € U.

[Proof: If u € Py, then this follows directly from (applied to ¥ = p).
Hence, for the rest of this proof, we WLOG assume that y ¢ Py ,. Thus, Lemma
(applied to y instead of A) shows that

sy = (some symmetric polynomial of degree < |u|) mod I.
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In other words, there exists a symmetric polynomial ¢ € S of degree < |u| such
that s, = gmod I. Consider this g. We have |i| < M. Hence, Lemma olds
for N = || (by our induction hypothesis). Thus, we can apply Lemma [9.2| to g
and |u| instead of f and N. We thus conclude that

ge Y ks
KePk,n;
e[ <]

But from s, = ¢mod I, we obtain

=8¢ ), kS ), K
KGP}(/”; KGPk/n;
e[ <[ Jie[ <M

(since each k € Py, satisfying |x| < |i| must also satisfy |x| < M (because |x| <
lu| < M), and therefore the sum Y k5, is a subsum of the sum Y ksy).

KEPy KEPy ;
Jc| <l || <M
Hence,
Sy € 2 ks, =U since U is defined as 2 ksy |,
Kepkrn; Kepk/n,'
|| <M x| <M
ged.]

Forget that we fixed . We thus have shown that

speu for each u € P satisfying |u| < M. (73)
Now, yields

f= ) cusu= ) o & € ) cqUcCU

HEP; HEP veu HeP;
lul<M [n|<M oy (73)) ln|<M

(since U is a k-module). In other words, 7 € Y ksc(sincelU = Y Kksy).
KEPy s KEP ,;
|| <M x| <M
Forget that we fixed f. We thus have shown that if f € S is a symmetric

polynomial of degree < M, then f € Y. k5. In other words, Lemma

KEPk,n,'

|| <M
holds for N = M. This completes the induction step. Hence, Lemma is
proven by induction. O
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9.2. The h-basis

In Theorem [7.13| we have shown that the family (E)A , is a basis of the k-
€ kn
module §/1 under the condition that ay, 4, ..., a; € k. We shall soon prove this

again, this time under the weaker condition that a1, ay,...,a; € S. The vehicle of
the proof will be a triangularity property for the change-of-basis matrix between

the bases (E)A and (5,) AeP, of §/1. We refer to [GriRei20, Definition
kn M

11.1.16(c)] for the concepts that we shall be using. The triangularity is defined
with respect to a certain partial order on the set Py ,:

Definition 9.3. We define a binary relation >* on the set P, as follows: For
two partitions A € P, and u € Py ,, we set A >* u if and only if

e either |A| > |y
cor|Al=|pland Ay + Ao+ + A <+ puo+---+piforalli > 1.

It is clear that this relation >* is the greater-or-equal relation of a partial
order on Py . This order will be called the size-then-antidominance order.

Note that the condition “|A| = |p| and Ay + Ao+ -+ A <pr+po+ -+
for all i > 1” in Definition can also be restated as “u > A”, where > means
the dominance relation (defined in Definition[8.2](b)). Indeed, this follows easily
from Remark [8.3| (applied to i and A instead of A and p).

For future reference, we need two simple criteria for the >* relation:

Remark 9.4. Let A € P, and p € Py ;.

@) If |[A| > |u]|, then A >* p.

(b) Let 2 € IN. If both A and y are partitions of size a4 and satisfy > A, then
A >* u. (See Definition [8.2] (b) for the meaning of “>”.

Proof of Remark[9.4 (a) This follows immediately from the definition of the rela-
tion >*.

(b) Assume that both A and u are partitions of size a and satisfy u > A. Now,
both partitions A and p have size 4; in other words, |A| = a and || = a. Hence,
Al=a=[u].

We have p > A. In other words, we have

o+ A > A A A foreachi > 1

(by Remark applied to u and A instead of A and p). In other words, Aq +
Ap+---4+ A < py+pus+---+u; foralli > 1. Hence, we have |[A| = |u| and
MAA+--+ A < pp+pp+--- 4y for all i > 1. Therefore, A >* u (by the
definition of the relation >*). This proves Remark 9.4 (b). O
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Now, we can put the size-then-antidominance order to use. Recall that Theo-
rem [2.7] yields that the family (33),cp, . is a basis of the k-module S/1.

Theorem 9.5. The family (E)A , expands unitriangularly in the family
€ kn
(1) rep, - Here, the word “expands unitriangularly” is understood according

to [GriRei20, Definition 11.1.16(c)], with the poset structure on P ,, being given
by the size-then-antidominance order.

Example 9.6. For this examﬁle, let n = 5 and k = 3. Assume that a;,a, € k.
Then, the expansion of the /1, in the basis (51),cp_ looks as follows:

ha1) = @5 +51,11) +252,1);

h(2p) = a151) +5022);

hoa1) = =425z +2m15(1) +52,1,1) +5022);

h(2,2,1) = —ﬂzT) + [118(1’1) + 2&16 + 5(2,2,1);

h(200) = 8155 — A25(1,1) + 2015(2.1) + 5(22.0)-

These equalities hold for arbitrary a;,a, € S, not only for aj,a; € k; but in
the general case they are not expansions in the basis (5)),, p,, Since ai, a;

themselves can be expanded further.

Our proof of Theorem will use the concept of Kostka numbers. Let us
recall their definition:

Definition 9.7. (a) See [GriRei20, §2.2] for the definition of a column-strict
tableau of shape A (where A is a partition), and also for a definition of cont (T)
where T is such a tableau.

(b) Let A and y be two partitions. Then, the Kostka number K} , is defined to
be the number of all column-strict tableaux T of shape A having cont (T) = p.

This definition of K}, ,, is a particular case of the definition of K, ,, in [GriRei20),
Exercise 2.2.13].
We shall use the following properties of Kostka numbers:
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Lemma 9.8. (a) If a € N, then we have K} ;, = 0 for any partitions A € Par,
and y € Par, that don't satisfy A > p.

(b) If 2 € N, then we have K, = 1 for any A € Par,.

(c) If A and p are two partitions such that [A| # ||, then K , = 0.

(d) For any partition y, we have

h]i - Z K/\,]ls/\/
A€Par

where Par denotes the set of all partitions.
(e) For any 2 € IN and any A € Par,, we have

hA: Z KH,)\SH.

pu€Par,

(f) For any 2 € IN and any A € Par,;, we have

HePy;
u€Par,

Proof of Lemma (a) This is [GriRei20, Exercise 2.2.13(d)], applied to a instead
of n.

(b) This is [GriRei20, Exercise 2.2.13(e)], applied to a instead of n.

(c) Let A and p be two partitions such that |A| # |y|. Let T be a column-strict
tableau of shape A having cont (T) = . We shall derive a contradiction.

Indeed, the tableau T has shape A, and thus has |A| many cells. Hence,

|A| = (the number of cells of T) = (the number of entries of T')
= |cont (T)| = |y (since cont (T) = pu).

This contradicts |A| # |p].

Now, forget that we fixed T. We thus have found a contradiction whenever T
is a column-strict tableau of shape A having cont (T) = u. Hence, there exists no
such tableau. In other words, the number of such tableaux is 0. In other words,
Ky, = 0 (since K} , is defined to be the number of such tableaux). This proves
Lemma 9.8 (c).

(d) This is [GriRei20, Exercise 2.7.10(a)].

(e) Let Par denote the set of all partitions. Then, Lemma 9.8 (d) yields that

h, = Z K81 for any partition p.
A€Par
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Hence, for any partition y, we have

hy = 2 KA,P‘S)‘ = 2 K)L,VS)\—F 2 K)\/P‘ S\
A€Par AEPar; AEPar; \/O/
= Z KA,]ASA+ Z Os) = Z KA,ySA~
A€Par; A€Par; A€Par;
|A|=|p] |A[#|pl |Al=(pl
———
=0

Renaming y and A as A and y in this equality, we obtain the following: For any
partition A, we have

hy= ) Kispu (74)
u€Par;
[ul=|Al
Now, let 2 € N and A € Par,. Then, |A| = a. Now, becomes
h, = Z Kyasy = Z Ky sy (since |A| =a)
ucPar; u€Par;
[l=I1A] p|=a
——
= X
ueParg
— Z KV/ASV'
u€Par,
This proves Lemma [9.§] (e).
(f) Let a € N and A € Par,. Lemma (e) yields hy =} K, sy Thisis
uePar,

an identity in A. Evaluating both of its sides at the k variables x1, xp, ..., x, we
obtain

=) Kpsp= ) Kpst ) Kip S
u€Par, ucPar,; ucPary,; \_/0'/
K has at most k parts # has more than k parts (by @), aEplie dto p

-~

-y — v instead of A)

ucPar,; wpeby;
ueP, uecPar,

= Z Ky,/\Sy + Z KW\O = Z K%,\Sy.
HEP; pePary; HEP;
puePar, u has more than k parts pu€Par,
=0
This proves Lemma [9.8] (£). O

Proof of Theorem Let <* denote the smaller relation of the size-then-antidominance
order on Py ,. Thus, two partitions A and y satisfy u <* A if and only if y # A
and A >* u.
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Our goal is to show that the family (E)A , expands unitriangularly in the
ELlkn
family (53)\cp, - In other words, our goal is to show that each A € Py, satisfies

h) =55+ (a k-linear combination of the elements s, for y € P, satisfying u <* 1)
(75)
(because [GriRei20, Remark 11.1.17(c)] shows that the family (E) N expands

€PR kn

unitriangularly in the family (5y),cp, _ if and only if every A € Py, satisfies ).
So let us prove (75). /

Fix A € Py ,,. Define a € N by a = |A|. Thus, A € Par,. Hence, Lemma [9.8] (f)
yields

hy= ), Kpsp=Ksa+ ), Kuasy (76)
HEP; HED;
pu€Par, ucPar,;
pF#EA

(here, we have split off the addend for u = A, since A € P, C P, and A € Par,).
Now, let M be the k-submodule of §/I spanned by the elements 5, for € P,
satisfying yu <* A. Thus, we have

s eEM for each y € Py, satisfying pu <* A. (77)

Also, 0 € M (since M is a k-submodule of S/I).
We shall next show that

Kyr5: € M for each u € Py satistying y € Par, and y # A.  (78)

[Proof of (78): Let u € Py be such that u € Par, and p # A. We must prove that
K]/,/ ASu € M.
If K;,» = 0, then this follows immediately from K, » 5, = 05, = 0 € M. Hence,

=0
for the rest of this proof, we WLOG assume that K, y # 0.

If y and A would not satisfy > A, then we would have K,y = 0 (by Lemma
(a), applied to p and A instead of A and ), which would contradict K, y # 0.
Hence, 4 and A must satisfy y > A. Both A and p are partitions of size a (since
A € Par, and u € Par,). Thus, |A| =a and |u| = a.

Now, we are in one of the following two cases:

Case 1: We have u € Py ,,.

Case 2: We have yu ¢ P ,,.

Let us first consider Case 1. In this case, we have u € Py ,. Thus, A >* u (by
Remark [9.4] (b)) and thus p <* A (since p # A). Hence, shows that 5, € M.
Thus, KV,A\S_L € K, AM C M (since M is a k-submodule of §/1I). Thus, is

. &M
proven in Case 1.
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Let us next consider Case 2. In this case, we have u ¢ Py,. Hence, Lemma
(applied to p instead of A) shows that

s; = (some symmetric polynomial of degree < |u|) mod I.

In other words, there exists some symmetric polynomial f € S of degree < |u|
such that s, = fmod I. Consider this f. Lemma (9.2 (applied to N = |u|) yields
that in S/ 1, we have

fe Y ks (79)

KEPn;
[l <[pl
Now, let k¥ € P, be such that |x| < |u|. Then, |x| < |u| = a = |A], so that
|A| > |x|. Thus, Remark 9.4 (a) (applied to x instead of y) yields A >* k. Also,
x| # |A| (since |x| < |A|) and thus ¥ # A. Combining this with A >* x, we
obtain ¥ <* A. Hence, (applied to x instead of y) yields 5, € M. Hence,
k 5 C kM C M (since M is a k-module).
e
Forget that we fixed x. We thus have shown that ks, C M for each x € Py,
satisfying || < |u|. Hence, Y ks C Y M C M (since M is a k-module).

KGPk,n; V KEPk,n;

B el <l <Ml <[l B
Thus, (79) becomes f € ). ksx = M. Buts, = fmod I and thus s, = f € M.
KEPk,n;
e[ <[]
Thus, K, o 5, € K, M C M (since M is a k-submodule of S/I). Hence, is
—~—
eM

proven in Case 2.
We have now proven in both Cases 1 and 2. Hence, always holds.]
Now, from (76)), we obtain

hy=Kiasa+ ), Kuasu= K EREpY \K ’A,-g
" H

1EDy \/_1 uePb; o —

yil;aAra; (by Lemma .| (b)) K il;ai”; (by (8))

€5+ Z M Csy+ M.

ueP;

u€Par,;
pF#EA

N——

cM
(since M is a k-module)

In other words, 1) — 5, € M. In other words, 1, — 5 is a k-linear combination
of the elements 5, for u € Py, satisfying y <* A (since M was defined as the
k-submodule of §/I spanned by these elements). In other words,

h) =55+ (a k-linear combination of the elements s, for yu € P, satisfying u <* ).

Thus, is proven. As we already have explained, this completes the proof of
Theorem 9.5 O
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We can now prove Theorem again. Better yet, we can prove the following
more general fact:

Theorem 9.9. The family <E) is a basis of the k-module S/1.

ePk,n

Theorem makes the exact same claim as Theorem but is neverthe-
less more general because we have stated it in a more general context (namely,
aj,ay,...,a € S rather than aq,a, ..., a; € k).

Proof of Theorem [9.9} Consider the finite set Py, as a poset (using the size-then-
antidominance order).

Theorem says that the family (E)A , expands unitriangularly in the
S k.n

family (53),¢ p,, Hence, the family (E) ren, expands invertibly triangularly?

in the family (5y),cp, . Thus, [GriRei20, Corollary 11.1.19(e)] (applied to S/1,

P (1)
k,n’ A /\epk,n

the family <E)A is a basis of the k-module §/1I if and only if the family

EPk,n

and (53),cp,, instead of M, S, (&s)scs and (fs) eg) shows that

(1) rep,, is @ basis of the k-module S/I. Hence, the family (H) ep is a basis
M Elkn
of the k-module S/ (since the family (5y) \cp, , is a basis of the k-module S/1).

Thus, Theorem 9.9]is proven. (And therefore, Theorem is proven again.) [

9.3. The m-basis

Next, we recall another well-known family of symmetric polynomials:

Definition 9.10. For any partition A, we let m, denote the monomial symmet-
ric polynomial in xq, xp, ..., xx corresponding to the partition A. This mono-
mial symmetric polynomial is what is called m) (x1, x2, ..., xx) in [GriRei20,
Chapter 2]. Note that

my, =0 if A has more than k parts. (80)

If A is any partition, then the monomial symmetric polynomial m) = m, (x1,x2, ..., xx)
is symmetric and thus belongs to S.
We now claim the following:

I Theorem 9.11. The family (7)) ,cp,  is a basis of the k-module S/1I.

23See [GriRei20), Definition 11.1.16(b)] for the meaning of this word.
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We shall prove this further below; a different proof has been given in by We-
infeld in [Weinfel9, Corollary 6.2].

Our proof of Theorem will again rely on the concept of unitriangularity
and on a partial order on the set P ,,. The partial order, this time, is not the size-
then-antidominance order, but a simpler one (the “graded dominance order”):

Definition 9.12. We define a binary relation >, on the set P, as follows: For
two partitions A € P, and u € Py ,, we set A >, u if and only if

e A= |puland Ay + A2+ -+ A >y +pp+ -+ p; foralli > 1.

It is clear that this relation >, is the greater-or-equal relation of a partial
order on Py ,,. This order will be called the graded dominance order.

Note that the condition “|A| = |p| and Ay + Ao+ +A; >+ po+ -+
for all i > 1” in Definition can also be restated as “A > p”, where > means
the dominance relation (defined in Definition[8.2](b)). Indeed, this follows easily
from Remark [8.3l

For future reference, we need a simple criterion for the >, relation:

Remark 9.13. Let A € P, and y € Py ;.
Let 2 € IN. If both A and y are partitions of size a and satisfy A >y, then
A >, . (See Definition (b) for the meaning of “>”.

Proof of Remark Assume that both A and y are partitions of size a and satisfy
A > u. Now, both partitions A and y have size 4; in other words, |A| = a and
|u| = a. Hence, |A| = a = |y|.

We have A > p. In other words, we have

MAA+ A >u -+ foreachi > 1

(by Remark [8.3). Hence, we have |A| = |u| and Ay + Ay + -+ A; > pg + o +
-+ y; for all i > 1. Therefore, A >, u (by the definition of the relation >).
This proves Remark O

Now, we can put the graded dominance order to use. Recall that Theorem
yields that the family (5}),cp,  is a basis of the k-module S/1I.

Theorem 9.14. The family (5)), p,, €xpands unitriangularly in the family
(1) \ep, - Here, the word “expands unitriangularly” is understood according

to [GriRei20, Definition 11.1.16(c)], with the poset structure on Py ,, being given
by the graded dominance order.
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Example 9.15. For this example, let n = 5 and k = 3. Then, the expansion of
the 5 in the basis (71,),cp, looks as follows:

S(L1) = My

S(2,1) = 2M(111) + M(21);
5(1,1,1) = M(1,1,1)/

S(22) = M(2,11) T M(22);
5(21,1) = M2,1,1)/
5(22,1) = M(2,2,1)s
5(2,22) = M(22,2)

The coefficients in these expansions are Kostka numbers; the ay,4ay,...,a; do
not appear in them. (This will become clear in the proof of Theorem )

To prove Theorem we shall use the monomial symmetric functions m:

¢ For any partition A, we let m, be the corresponding monomial symmetric
function in A. (This is called m, in [GriRei20, (2.1.1)].)

We shall furthermore use the following property of the dominance order:

Lemma 9.16. Leta € IN. Let A € Par, and yu € Par, be such that A> . Assume
that A € Py, and u € P. Then, u € Py ,,.

Proof of Lemma We have A > . In other words, we have
MAA+ o+ A > +pp+ -+ for eachi > 1

(by Remark [8.3). Applying this to i = 1, we obtain A; > u;. Hence, y; <
A1 < n—k (since A € P,). Thus, all parts of the partition y are < n — k (since
Wi > pp > psz > ---). Hence, p € Py, (since p € P). This proves Lemma
O

Also, we shall again use Kostka numbers, specifically their following proper-
ties:

Lemma 9.17. (a) For any 2 € IN and any A € Par,, we have

S, = Z K)\,me.
uePar,
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(b) For any 4 € N and A € Par,, we have

HEP;
u€Par,

(c) For any a € N and A € Par, satisfying A € P, we have

Sy — Z KM,mH.
Vepk,n;
u€Par,

Proof of Lemma (a) This is [GriRei20, Exercise 2.2.13(c)].

(b) Leta € N and A € Par,. Lemma.17(a) yields sy = ). K, ,my. Thisis
u€Par,

an identity in A. Evaluating both of its sides at the k variables xi, xp, ..., x;, we
obtain

sp= ), Kyumy= )3 Ky pumy + )3 Kiu My
ucPar, uePar,; ucPar,; ~~—~
K has at most k parts # has more than k parts (by (0), a:p%lie dtou

-

= ¥y = Y instead of A)

uePar,; pePy;
ueP, ucPar,

= ), Kyum+ ) K0 =), Kyymy.
UeP; ucPar,; ueby;
puePar, u has more than k parts u€cPar,
=0

This proves Lemma (b).

(c) Let a € N and A € Par, satisfy A € Py ,.

Fix some p € P such that y € Par, and ¢ ¢ P,. Then, we don’t have
A > (since otherwise, Lemma [9.16 would yield that u € Py ,; but this would
contradict u ¢ Py ,). Hence, Lemma 9.8 (a) yields K, , = 0.

Forget that we fixed u. We thus have shown that

Kyu=0 for every u € Py satisfying yu € Par, and p € Pr,,.  (81)
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Now, Lemma (b) yields

sp= ) Kyumy= Y, Kymut ) Ky my
ﬂEPk; ]/lEPk; ﬂEPk; V
u€Par, u€Pary; ucPar,; . =
.uepk,n ,uépk,n (by )
N——
= ¥
Vepk,n;
ucPar,

(since Pk,n QPk)

= Y, Kymu+ Y, Omy= Y Kyumy.

HEP HEPD; HEP y;
uePar, u€Pary; uePar,
yépk,n
A/_/
=0
This proves Lemma (c). O]

Proof of Theorem [9.14, Let <, denote the smaller relation of the graded domi-
nance order on Py ,. Thus, two partitions A and y satisfy y <, A if and only if
w#Aand A >, .

Our goal is to show that the family (53),cp,_ expands unitriangularly in the
family (711;) p,, In other words, our goal is to show that each A € Py , satisfies

5) = 7y + (a k-linear combination of the elements 7, for u € Py, satisfying p <. A)
(82)
(because [GriRei20, Remark 11.1.17(c)] shows that the family (sy), P, expands
unitriangularly in the family (773),cp, if and only if every A € P, satisfies
(82)). So let us prove (82). '
Fix A € P;,. Define a € N by a = |A|. Thus, A € Par,. Hence, Lemma (c)
yields

sa= ), Kyumy=Kyamy+ ) Kyumy (83)
HEPn; HEPn;
ucPar, ucPar,;
p#FA

(here, we have split off the addend for u = A, since A € P, and A € Pary).
Now, let M be the k-submodule of §/I spanned by the elements 71, for u €
Py , satistying u <, A. Thus, we have

my, € M for each u € Py, satisfying u <, A. (84)

Also, 0 € M (since M is a k-submodule of S/I).
We shall next show that

Ky € M for each i € Py, satisfying u € Par, and u # A. (85)

[Proof of (85): Let u € Py, be such that u € Par, and p # A. We must prove
that K;Wm_y € M.
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If Ky, = 0, then this follows immediately from K, ,m, = 0m, = 0 € M.
—~—

=0
Hence, for the rest of this proof, we WLOG assume that Ky # 0.

If A and p would not satisfy A >y, then we would have K, , = 0 (by Lemma
(a)), which would contradict K, , # 0. Hence, A and p must satisfy A > p.
Both A and y are partitions of size a (since A € Par, and y € Par,). Thus, |A| =a
and |p| = a. Thus, A >, u (by Remark 9.13) and thus p <. A (since u # A).
Hence, (84) shows that 71, € M. Thus, K)Wln_f/ € KyyMCM (since M is a

eM
k-submodule of S/I). Thus, is proven.]
Now, from (83), we obtain
S) = KA’)\mA + Z KM,mV = K/\’A my + 2 K)wm_y
HEPp; ~ HEP,; He]\//l_/
€ my + Y M C m, + M.
l"epk,n;
ucPar,;
pF#A
——

M
(since M is a k-module)

In other words, s, — m, € M. In other words, 5, — 71, is a k-linear combination
of the elements m,, for y € Py, satistying u <. A (since M was defined as the
k-submodule of §/I spanned by these elements). In other words,

§) = 7y + (a k-linear combination of the elements 71, for y € Py, satisfying p <. 7).

Thus, is proven. As we already have explained, this completes the proof of
Theorem O

Proof of Theorem [9.11} Consider the finite set Py, as a poset (using the graded
dominance order).

Theorem says that the family (5;),. p,, €Xpands unitriangularly in the
family (1), p, ,- Hence, the family (50) e p,, €Xpands invertibly triangularl
in the family (777;), . Py Thus, [GriRei20, Corollary 11.1.19(e)] (applied to S/ 1,
Pryn, (51) AeP,, and (my) AeP,, instead of M, S, (es),cg and (fs),cg) shows that
the family (5)),, p,, 18 @ basis of the k-module §/1 if and only if the family
(1)) e p,, 18 @ basis of the k-module S/1I. Hence, the family (1)) e p,, is a basis
of the k-module S/ (since the family (5}, p, , 18 a basis of the k-module 5/1).
Thus, Theorem is proven. O

24Gee [GriRei20), Definition 11.1.16(b)] for the meaning of this word.
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9.4. The e-basis

We recall one more classical basis of S:

Definition 9.18. For any partition A, we let ¢) denote the elementary symmet-
ric polynomial in x1, xp, ..., x; corresponding to the partition A. This elemen-
tary symmetric polynomial is what is called e, (x1, x2,...,x;) in [GriRei20,
Chapter 2]. It is explicitly given by

€A = €)11€1,605 " .

Note that

ey =20 if A > k.

If A is any partition, then the elementary symmetric polynomial ey = e, (x1,x2,. ..

is symmetric and thus belongs to S.

It is well-known (and goes back to Gauss) that the k-algebra S is generated
by the algebraically independent elements ey, e, . .., ex. Equivalently, the family
(ext) rep, is a basis of the k-module S (see Definition [5.6|for the meaning of P).
Again, we can obtain a basis of S/ by restricting this family:

I Theorem 9.19. The family (€yr) \cp,  is a basis of the k-module §/1.

This is a result of Weinfeld, proved in [Weinfel9, Theorem 6.2].

9.5. Non-bases

What other known families of symmetric functions give rise to bases of S/1I ?
Here is an example of a family that does not lead to such a basis (at least not in
an obvious way):

Remark 9.20. Let n = 4 and k = 2. Let aj,ap € k. For each partition
A, let p) be the corresponding power sum symmetric polynomial, i.e., the
pa (x1,x2,...,x;) from [GriRei20), Definition 2.2.1]. Then, the family (7)), P,
is not a basis of the k-module §/1 (unless k = 0). '

Proof of Remark Straightforward computations yield the following expan-
sions of the p) in the basis (51),cp  of S/I:
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Thus, p(31) — mPo = 0. Hence, the family (p3),cp  fails to be k-linearly inde-
pendent, and thus cannot be a basis of S/I. This proves Remark O

It is natural to wonder for which pairs (1, k) the family (px),cp,  is a basis of
S /1. The following table (made using SageMath) collects some answers:

| k=1 k=2 k=3 k=4 k=5 k=6 k=7

n=2| yes

n=3| yes yes

n=4| yes no yes

n=>5| yes st st yes

n==6| yes st no no yes

n=7| yes st st st st yes

n=28]| yes st st no st no yes

Here, “yes” means that the family is a basis; “no” means that the family is not

a basis; “st” means that the answer depends on the characteristic of k. Inter-

estingly, the answer never depends on ay, 4y, . . ., ax in the cases tabulated above.

(We have omitted the trivial cases k = 0 and k = n from the table, since S/I = k

in these cases. We note that the “yes”es for k = n — 1 are fairly obvious, since

(PA)rep,, = (E)/\ in this case. The “yes”es for k = 1 hold for the same
’ k

N

reason.)

Question 9.21. Which other patterns in the above table can be explained? Is
there a reason why the “no”s appear for even n’s?

Another non-basis is the family (l’l—)\t) e
S

Remark 9.22. Let n = 3 and k = 2. Let a4, a4, € k. Then, the family (h_/\t>
is not a basis of the k-module S/1 (unless k = 0).

/\EPk,n

Proof of Remark It is easy to see that /1, ;)i — athg = 0 (indeed, this follows
from h(lll)t — ajhge = hy —a; € I). Hence, the family (h_)‘f>)\ , fails to be k-

S kn
linearly independent, and thus cannot be a basis of S/I. This proves Remark

9.22) O

The followng table shows for which pairs (n,k) the family <h_)‘t))\ , is a
€ kn
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basis of S/1. The following table collects some answers:

|k=1 k=2 k=3 k=4 k=5 k=6 k=7

n=2| yes
n=3| yes no
n=4| yes yes no
n=>5| yes st no no
n==6| yes no yes no no
n=7| yes st st no no no
n=281| yes st no yes no no no
The “yes”s in the k = 1 column are easily explained (they are saying that

(1,x, xz,...,x”_k) is a basis of k[x] / (x”_kJr1 —a1)), and so are the “no”s in
the k > n/2 region (indeed, in these cases, h,_y,1 — ajhy = 0 provides a k-
linear dependence relation between the h,:, as in our above proof of Remark
©.22). The “yes”s in the k = n/2 cases follow from Theorem (since the

family (h_)\t>

is a relabeling of the family <E) in these cases).

AEP; , AEP,

| Question 9.23. Which other patterns exist in the above table?

10. Pieri rules for multiplying by h;
Convention 10.1. Convention [6.1| remains in place for the whole Section
We shall also use all the notations introduced in Section [l

In this section, we shall explore formulas for expanding products of the form
sphj in the basis (g)y ep, - We begin with the simplest case - that of j = 1:

10.1. Multiplying by h;

Proposition 10.2. Let A € P;,. Assume that k > 0.
(@ If Ay < n—k, then

sah = Y S

]lEPk,n;
u/ A is a single box

(b) Let A be the partition (Ay, A3, Ag,...). If Ay = n — k, then
k—1 )
G- Y stL (Ve Y s
i=0

.l’tep.k,n; B .uepk,n}
#/A is a single box A/ is a vertical i-strip
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Proof of Proposition We have h; = ey, thus

s)h] =s,e; = Z Sy
u is a partition;
u/Ais a vertical 1-strip
(by Proposition applied to i = 1). Evaluating both sides of this identity at
the k variables x1, xo, ..., x;, we find
sahy = )y = )y Sp
U is a partition; U is a partition;
u/ A is a vertical 1-strip i/ A is a single box

(because a skew diagram /A is a vertical 1-strip if and only if it is a single box).
This becomes

S)J’ll = Z Su

U is a partition;
i/ A is a single box

= )3 Sp+ )3 Sp

u is a partition; u is a partition; ~
u/ A is a single box; u/ A is a single box; (b:3
 has at most k parts u has more than k parts

(applied to y instead of 1))

U is a partition;
u/ A is a single box;
u has at most k parts

(@) Assume that Ay < n — k. Then, each partition y satisfying
(u/A is a single box) A (u has at most k parts) (87)
must satisfy
i e Py (88)

[Proof of (88): Let u be a partition satisfying (87). We must prove that y € Py ;.

We have p; < Ay 41 (since p/A is a single box) and thus 1 < A1 +1<n—k
(since A1 < n — k). Hence, each part of u is < n — k (since y is a partition). Thus,
p € Py, (since p has at most k parts). This proves (88).]

Now, becomes

sahy = )y S = )y Su

u is a partition; UEP ,;
u/ A is a single box; u/ A is a single box
u has at most k parts
(because (88) yields the equality Y = Y of summation
u is a partition; HEDP ;5

u/ A is a single box; u/ A is a single box
 has at most k parts

signs). Projecting both sides of this equality onto S/I, we obtain

sah = Y. Sy = Y. 5.
HEDP u; HEPk s
u/ A is a single box u/ A is a single box
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This proves Proposition (a).

(b) Assume that Ay = n — k. Let v be the partition (A + 1,12, A3,...). Then,
v/A is a single box, which lies in the first row. The definition of v yields v; =
A +1=n—k+1 (since Ay = n — k) and thus v; > n — k; hence, not all parts of
vare <n—k. Thus, v & P .

Clearly, A € P ,. Hence, if i € N, and if  is any partition such that A/y is a
vertical i-strip, then u € Py, (since u C A). Thus, for each i € IN, we have the
following equality of summation signs:

y - y . (89)

W is a partition; UEP 5
A/ is a vertical i-strip A/ is a vertical i-strip

The partition v has at most k parts (since A has at most k parts, and since
k > 0). The definition of v yields v; = Ay +1 = n—k 41 (since Ay = n —k)
and (vp,v3,vy,...) = (A2, A3, Ay, ...) = A. Hence, Lemma (applied to v and
v; instead of A and A;) yields

k—1 , k=1 .
ss=) (-1)'aiy Y. sp=) (1) ary Y Su
i=0 u is a partition; i=0 HEP s
A/ is a vertical i-strip A/ is a vertical i-strip
(90)
(by (B)-
Each partition y satisfying
(u/A is a single box) A (u has at most k parts) A (i # v) (91)
must satisfy
M€ Py (92)

[Proof of (92): Let u be a partition satisfying (91). We must prove that u € Py ;.

We know that u /A is a single box. If we had p; > A4, then this box would lie
in the first row, which would yield that # = v (because v is the partition obtained
from A by adding a box in the first row); but this would contradict u # v. Hence,
we cannot have p; > Aqy. Thus, we have y; < Ay = n — k. Hence, each part of
pis < n —k (since p is a partition). Thus, u € Py, (since p has at most k parts).
This proves (92).]

Conversely, each u € Py, satisfies u # v (because v ¢ Py ,) and has at most k
parts. Combining this with (92), we obtain the following equality of summation

signs:
) = ) . (93)

u is a partition; HEP ,;
u/A is a single box; u/ A is a single box
u has at most k parts;

Il
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Now, becomes
ah= L osi=st L s
u is a partition; u is a partition;
u/ A is a single box; u/ A is a single box;
u has at most k parts u has at most k parts;

Il
here, we have split off the addend for y = v from the sum
(since v/ A is a single box, and since v has at most k parts)

:uepk,n;
i/ A is a single box

Projecting both sides of this equality onto S/I, we obtain

syh1 = sy + Z Sy =5y + Z 5, = Z Si+5y
Vepk,n; Vepk,n; Vepk,n;
u/ A is a single box u/ A is a single box u/ A is a single box
k—1 .
_ — i ‘ —
= ) i+ Z(—l) a1y Y. Su
.ﬂep.k,n; i=0 N Vepk,n;
u/ A is a single box A/ is a vertical i-strip
(by (90)). This proves Proposition (b). O

10.2. Multiplying by h,,_

On the other end of the spectrum is the case of j = n — k; this case also turns out
to have a simple answer:

Proposition 10.3. Let A € Py ,. Assume that k > 0.
(a) We have

k .
— i —
S/\hn*k - S(n—k,)\l,/\z,)\:;,...) - Z (_1) al ; S]l'
=1 He ks
A/ is a vertical i-strip

(b) If A, > 0, then

k .
i —
S\h,_ = — Z (=1) a; Z Sy-
i=1 ]lEPk,n;
A/ is a vertical i-strip

Proof of Proposition We have A € Py, thus Ay < n —k. Hence, n —k > Aj.
Thus, (n —k, A1, Ay, A3, ...) is a partition.
(a) We have
(ei)L sy=0 for every integer i > k. (94)
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[Proof of (94): Let i > k be an integer. The partition A has at most k parts (since
A € Py). In other words, the Young diagram of A contains at most k rows.
Hence, this diagram contains no vertical i-strip (since a vertical i-strip would
involve more than k rows (because i > k)). Thus, there exists no partition y such
that A/u is a vertical i-strip. Hence, Y s; = (empty sum) = 0.

u is a partition;
A/ is a vertical i-strip

But Corollary 6.7] yields (e;)" s, = Y s, = 0. This proves (94).]
u is a partition;
A/ is a vertical i-strip

Recall that ey = 1 and thus (eg)" = 1+ = id. Hence, (eg)" sy =ids) = s,.
But n — k > A1. Hence, Proposition [6.8] (applied to m = n — k) yields

] 1
Y (1) hy gy (€))7 SA = S(ukar ok,

ieIN
Hence,
1 €
S(n—kA1,ApA3,...) = (—=1)"hy iy (e)) " sp
ieN
k . N o ) .

=) (=D'hygyi(e) sa+ ), (=1) hygyi(e) sy

i=0 i=k+1

(by )
k ) N
i

=Y (—1)'h,_pi (&))" sy

i=0

k
0 € 1 L

= (=1) hy_ig(e0) sy + ) (=1) hy_py (€))7 s,

S~ N———— O ~——

S —hy o = - X Su
. iy #
U 1s a partition;
A/ is a vertical i-strip
(by Corollary [6.7)
k .

=h, sy + ) (1) hy gy Y Sy

=1  is a partition;

=sphy, i A/ is a vertical i-strip

k ,
=s)h, + 2 (_1)1 hy, gy Z Su,
i=1 W is a partition;
A/ is a vertical i-strip
so that

k .
sAhy k= S0k s, — 2 (1) hy gy ) Sy
i—1

1 U is a partition;
A/ is a vertical i-strip

This is an equality in A. If we evaluate both of its sides at x1,x2, ..., xt, then we
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obtain
k ,
i
SAln—k = S(n—k Ay Ao s) — 2 (—1) Tn—ksi Y. Su
i=1 —, m" od I u is a partition;
=a; Aui tical i-stri
(by (1) \/ylsavirrlcazsrlpj
= L
ﬂepk,n;

A/ is a vertical i-strip
(because if y is a partition such
that A/ is a vertical i-strip, then ucP,
(since puCA and A€P ,,))

k :
= S(n_kl)\ll/\Zr)\?)/---) - Z (_1)l al Z Sy mOd I.
i=1 IIGP](/”;

A/ is a vertical i-strip

In other words,

k .
s/\hn—k - S(Vl*k,)\l,/\z,)\;;,...) - Z (_1)1 ai Z s}l
=1

yepk,n;
A/ is a vertical i-strip

k .
i _
- S(n_k/)\lr/\Zr)\C‘)rn-) - Z (_1) al Z S‘u.
i=1 Vepk,n;
A/ is a vertical i-strip

~

This proves Proposition (a).
(b) Assume that A, > 0. Hence, the partition (n —k, A1, A3, A3, ...) has more

than k parts (since its (k + 1)-st entry is Ay > 0). Thus, (3) (applied to_(n —k, A1, A0, A3, ..

instead of A) yields s, g, A,0,,.) = 0. Hence, 53,73 73,57y = 0 = 0. Now,
Proposition [10.3] (a) yields

k .

i —

SAMn—k = S(n—k A1 Mg As) — Z (—1) a; Z Sp
~ N~ d i=1 ,’MEPk,n,'
=0 A/ is a vertical i-strip
k .
= — Z (—1)1 aj; Z %
i=1 }lEPk,n,’
A/ is a vertical i-strip
This proves Proposition (b). O

10.3. Multiplying by ;

At last, let us give an explicit expansion for sy/1; in the basis (5,) WP, that holds
forall j € {0,1,...,n — k}. Before we state it, we need a notation:
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Definition 10.4. Let f € A be any symmetric function. Then, f € S/I is
defined to be f, where f € S is the result of evaluating the symmetric function
f € A at the k variables xq,x2,...,x;. Thus, for every partition A, we have

s, = 5,. Likewise, for any m € IN, we have h,, = h,, and €, = ey

Theorem 10.5. Let A € Py ,,. Letj € {0,1,...,n —k}. Then,

- . 4
S)\h]' = Z S]/[ — 2 (—]_)l a; (S(n—k—j-l—l,li*l)) S).
Vepk,n; i=1
u/ A is a horizontal j-strip

Example 10.6. If n =7 and k = 3, then

5(4,3,2)h2

= S(443) T M <5(4,2) +t38321) T S(3,3)> —a (5(4,1) +t80221) T531,1) + 25(3,2))

+ as <5(2,2) + 5(2/1/1) + 5(3,1)) .

It is not hard to reveal Propositions and as particular cases of Theo-
rem (by setting j = 1 or j = n — k, respectively). Likewise, one can see that
Theorem generalizes [BeCiFu99, (22)]. Indeed, [BeCiFu99, (22)] says that if

m=ay=--=ay1=0,thenevery A € P, and j € {0,1,...,n — k} satisfy
_ o . o
sahj = Y. sp— (1) ar )5,
.uepk,n; v

i/ A is a horizontal j-strip

where the second sum runs over all v € Py, satisfying

(Aj—1>wv;forallie {1,2,...,k}) and
(vi>Ajygp—1forallie {1,2,...,k—1}) and
v = Al +j—n

Note, however, that the sums in Theorem contain multiplicities (see the
“25(32)” in Example , unlike those in [BeCiFu99, (22)].

We shall prove Theorem by deriving it from an identity between genuine
symmetric functions (in A, notin S or §/1I):

Theorem 10.7. Let A € Py ,,. Letj € {0,1,...,n — k}. Then,

k

i 1
syh; = )3 Sp — Z (=1) hy gy (S(n,k,j+1,1i_1)> S\
u is a partition; i=1
p<n—k;
i/ A is a horizontal j-strip
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Before we prove this theorem, we need several auxiliary results. First, we
recall one of the Pieri rules ([GriRei20, (2.7.1)]):

Proposition 10.8. Let A be a partition, and let i € IN. Then,

S/\hl’ = Z Su-

u is a partition;
u/ A is a horizontal i-strip

From this, we can easily derive the following:

Corollary 10.9. Let A be a partition, and let i € IN. Then,

(hi)" sy = Y. Sy-

u is a partition;
A/u is a horizontal i-strip

Corollary is also proven in [GriRei20, (2.8.3)].
Next, let us show some further lemmas:

Lemma 10.10. Let A € Py ,. Letj € {0,1,...,n — k}. Let g be a positive integer.
Then,

» - 1
i titi = ;1 ()" i (h”*”g*]'ew—g) S)-
i is a partition; w>

pr=n—k+g;

i/ A is a horizontal j-strip

Proof of Lemma (10.10| (sketched). First, we observe that A1 < n — k (since A € Py ).

Now, every partition p satisfying p; = n — k + ¢ must automatically satisfy
1 > A (because py =n—k+ g >n—k>A).
~—

>0
Let A be the set of all partitions y such that y; = n — k 4+ ¢ and such that
i/ A is a horizontal j-strip. Let B be the set of all partitions v such that A /v is a
horizontal (n — k + g — j)-strip. Thenﬁ

A ={pisapartition | yy=n—k+gand |u|—|A| =]
and py > A > pp > Ay > 3 > Az > -+ }

= {p is a partition | yy =n—k+gand |u|—|A| =]
and Ay > pp > Ay > ps > A3 > g > -0+ }

ZWe are using Definition 6.2 (c) here.
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(since every partition u satisfying y; = n — k + ¢ must automatically satisfy
H1 = Aq) and

B ={visapartition | [A|—|v|]=n—k+g—]
and M 211 > A 21> A3>13 >0 .
Hence, it is easy to check that the map

B — A,
v (n—k+gv,vp,v3,...)

is well-defined (because every v € B satisfies Ay > vy and thusn —k+ g >

~—
>0

n—k > Ay > v1) and is a bijection (its inverse map just sends each y € A to
(M2, M3, Ya, . ..) € B). Thus, we can substitute (n —k + g, v1, v, 3, ...) for u in the
sum ). s,. We thus obtain

HEA
Z Sy = Z S(n—k4gv1,v2,v3,...)" (95)
HeEA vEB
But each v € B satistiesn —k+ ¢ >n—k> Ay > vy and thus
~—
>0
' 1
Z (_1)1 hn*k+g+l (el) Sy = S(Tl—k+g,V1,U2,V3,...) (96)

i€N
(by Proposition [6.8, applied to v and n — k + g instead of A and m). Hence,
becomes

Z Su = Z \s(n—k+g,1/1,v2,1/3,...)1 = Z Z (_1)ihn—k+g+i (ei)J_ Sv

HEA vEB —~- veEBicN
= L (—D)'hy_ppgrie) s
icIN
(by ©6))
] 4L
=Y (=)' hy pygri(er) (Z 51/) : (97)
ieN vEB

But Corollary (appliedtoi =n—k+g—j) yieldﬂ

L
(hnkargfj) SA = Z Sy = Z Sy
u is a partition; UEB
A/ is a horizontal (n—k+g—j)-strip
=L
UEB
(by the definition of B)

=) s (98)

26More precisely: This follows from Corollary (applied toi =n —k+g—j) whenn — k +
g —j € IN. But otherwise, it is obvious for trivial reasons (0 = 0).
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Hence, (97) becomes

Yosu=Y (-D'hypgi(e) | L

HEA ieN veEB

——
:(h”*kﬁ‘s’*]')ls)\
(by ©9))
= Y (—1) hygpgri (&))" ((hn—k+g—1‘)LSA>
icN —~
:<(ei)Lo(hn—k+g—j)L>sA
=) (=) hygigri ((ei)L o (hn—k—s—g—j)J—) s\
ielN ~ ~~ B -~
=(hy_rig-j8i)

(since
. L L
yields (hn_k+g_jei) :(ei)Lo(hn—k-ﬂ-g—]’) )

j 1
- (_1)lhnfk+g+i (hnfk+gfjei) SA

= Z (_1)W7g hy, iw (hnfkﬁgfjew—g)L SA

(here, we have substituted w — g for i in the sum).

Comparing this with

Z (_1)w—g h, o (hnkargfjew—g)L SA

w>1
4
g1
w—
= Z (_1) ghn—k+w hn—k—|—g—j Cw—g SA
w=1 =

=0
(since w—g<0
(since w<g—1<g))

+ Y ()" hy g (i pg jewg)” S2
w>g

(since g is a positive integer)

|
_

g

_ 1 — 1
= (_1)w ghnfk+w (hn—kJrgfjo) Sy + Z (_1)w ghnkarw (hnfk+gfjew—g) S
1 B w>g

,
Il

-~

=0

= Z (_1)w—g h, jiw (h"—k‘i‘g—jew_g)L S\
w>g
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we obtain B
Yosu=) (=1)* Fhy o (hykig jew—yg) s (99)
HEA w>1
In view of
Z — Z (by the definition of A),
HEA u is a partition;
pi=n—k+g;

u/ A is a horizontal j-strip

this rewrites as

w— €
Z Su = Z (—1) g hy, kiw (hn—k+g—jewfg) SA-
u is a partition; w>1
pr=n—k+g;
u/ A is a horizontal j-strip
This proves Lemma [10.10 O

Our next lemma will be a slight generalization of Lemma but first we
extend our definition of S (m,11)’

Convention 10.11. Let m € IN, and let j be a negative integer. Then, we shall
understand the (otherwise undefined) expression S (1)) to mean 0 € A.

We can now generalize Lemma as follows:

Lemma 10.12. Let m be a positive integer. Let j € Z be such that m +;j > 0.
Then,

m
—1
S(mv) = Z% (-1) hy, e

1

Proof of Lemma[10.12} If j € IN, then this follows directly from Lemma
Hence, for the rest of this proof, we WLOG assume that j ¢ IN. Hence, j < 0.
Now, the proof of Lemma is the same as our above proof of Lemma [7.17}
with two changes:

* The inequality m + j > 0 no longer follows from m > 0 and j > 0, but
rather comes straight from the assumptions.

j .
* The equality ) (1) h,.e;_; = S(im,1/) DO longer follows from 1} but
i=0 ’

j .
rather comes from comparing ) (—1)"h,,.ej_; = (empty sum) = 0 with
i=0
S(m,lf) =0.
Thus, Lemma [10.12]is proven. [
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Lemma 10.13. Let j € {0,1,...,n — k}, and let w be a positive integer. Then,

J .
Zi (1" ¥ hypigjew—g = (1) S (n—k+110--1) ~ (=1)" S (n—k—j+119-1)"
g:

Proof of Lemma[10.13] From j € {0,1,...,n—k}, we obtain 0 < j < n—k <
n—k+1.
Wehave n —k+1>k—k+1=1;thus, n —k+ 1is a positive integer. Also,

>k

m—k+1)+|w— j -1 >nm—-k+1)+(w—(n—k)—1) =w > 0 (since
~~

<n—k
w is a positive integer). Hence, Lemma [10.12| (applied ton —k+1and w —j — 1
instead of m and j) yields

n—k+1

i—1
S(n7k+1,1w7j71) - 21 (_1)1 hn—k+1—iewfj71+i
1=

] ._1 n—k+1 1
=Y (-1)" "hy_gaiew—jsit+ Y, (=17 Ry 14
i=1 i=j+1
(100)
(since0 <j<mn—k+1). Also,n—k— j +1>n—k—(n—k)+1=1;thus,
~~
<n—k

n —k — j+1is a positive integer. Furthermore, w —1 € IN (since w is a positive
integer). Hence, Lemma (applied to n —k —j+ 1 and w — 1 instead of m
and j) yields

n—k—j+1

—1
S(n—k—j+1,1w*1) - (=1) hykjir-i®w-14i

Nag

e e

=(-1/(=1)"" =g w14

= Y (DT hy i) w1ie

(here, we have substituted i — j for 7 in the sum)
n—k+1 -
= (=1 Y (=) hy_p1-i€wj-14i-
i=j+1
Multiplying this equality by (—1)j , we find
n—k+1

. -
(_1)]S(n—k—j+1,1w*1) - 2,1 (—1)' hy, ji1-i€w—j 144
i=j+

98



A basis for a quotient of symmetric polynomials (draft) September 27, 2021

Subtracting this equality from (100), we obtain
S(n_k+1,1w7j71) o (_1)] S(n—k—j—‘rl,lwfl)

] - n—k+1 i
=X D" hygiew it ), (D)7 hy e 1y

i=1 i=j+1
n—k+1 -
i
- Y ()" hy ke 14
i=j+1
! i—1
= Z (-1) hy k1€ j—1+i- (101)

On the other hand,

]
Z (_1)w—g hn—k—&-g—jewfg
g=1

j . .
=Y (1)U R e (1)
':1 N o \& -

1 ~\~

-~ -~

(DY) =hy g =Cy—j-1+i

(here, we have substituted j + 1 — 7 for g in the sum)

o] .
= (=17 Y (1) hy k1w 14
=

J/

~.

;

v .
= . — (=1}
—S(nfkqtl,lw*/*l) ( 1) s(n—k—j-&-l,lw*l)

(by (TOTD)
= (=1)"" (S(n—k+1,1w*j*1) - (=1 s(n—k—j—i—l,lw*l))

= (-1)* oy = (D) T (=) s
( 1) S(n—k—|—1,1w J 1) \( ) ( (n_k_]+1’1w 1)

(-1

= (D" s (o) — (DS (k101

This proves Lemma (10.13 O

Proof of Theorem [10.7] We have j € {0,1,...,n —k}, thus 0 < j < n — k. Also, we
have A € Py ,; thus, the partition A has at most k parts and satisfies A1 < n — k.
Let g be an integer such that ¢ > j 4 1. If y is a partition such that p/A is

a horizontal j-strip, then iy < Ay +j<n—-k+ j < n-—k+ g and thus
v N’
<n—k <j+1<g

u1 # n —k+ g. Thus, there exists no partition y such that 41 = n —k+ g and
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such that p/A is a horizontal j-strip. Hence,

Y. s, = (empty sum) = 0. (102)

u is a partition;
wi=n—k+g;
i/ A is a horizontal j-strip

Now, forget that we fixed g. We thus have proven the equality for every
integer ¢ satisfying ¢ > j+ 1.
On the other hand, let g € {1,2,...,j}. Thus, g <j <n —k. If wis an integer
satisfyingw >n+1,then w_ — ¢ > (n+1)—(n—k)=k+1 >k, and thus
T~
>n+1 <n—k
the partition (1“~8) does not satisfy (1¥78) C A (because the partition A has at
most k parts, whereas the partition (1°~8) has w — g > k parts), and therefore
we have

1
1
eog | (50)=(saes)) () =syaes)  (by @)
N
—Saes)

=0 (since we don’t have (1¥78) C A). (103)

Hence, if w is an integer satisfying w > n + 1, then

hn—k—i—g—jewfg Sy, = (ewfghn—k—&—g—j)J_ SA = <(hn—k+g—j)L © (ewfg)J_> (sa)
—— ~ <

:ewfghn—k-&-g—]' :(h,,,,]H,g,')LO(ewfg)L

(by (103))
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Now,

)3 S
 is a partition;
ui=n—k+g;
i/ A is a horizontal j-strip

_ L
=Y (=1D)" ¥ hy i (hy_jyg—jew—g) sa (by Lemma [10.10)
w>1

n
= Z (_1)wfg hn—k+w (hn—k+g—jew—g)J_ SA
w=

1
+ Z (_1)w_ghn—k+w (hn—k—&-g—jew—g)J_SA

(. J/

w>n+1
(by [109)
n
_ 1
=Y (1" ¥ hy ko (hy g jew—g) Sa- (105)
w=1

Now, forget that we fixed g. We thus have proven the equality (105) for each

g€{1,2,...,j}
Proposition (applied to i = j) yields

sihj = ). Su = ). Su + ). Su

u is a partition;  is a partition; u is a partition;
u/ A is a horizontal j-strip n1<n—k; up>n—k;
u/ A is a horizontal j-strip u/ A is a horizontal j-strip
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(since each partition u satisfies either 1 < n —k or y; > n — k). Hence,

S Ahj - 2 Su
u is a partition;
1 <n—k;
i/ A is a horizontal j-strip

= )3 S5 =) )

u is a partition; g>1 u is a partition;

w1 >n—k; wm=n—k+g;
u/ A is a horizontal j-strip

because the partitions y satisfying y1 > n — k are precisely
the partitions u satistying y; = n — k + g for some g > 1,
and moreover the g is uniquely determined by the partition

8

oo
D St )
1 u is a partition; g=j+1
m=n—k+g;
u/ A is a horizontal j-strip

-~

j

J/

L w—g L
=r (-1 hn7k+w(hn7k+g7jew7g) SA
=

u/ A is a horizontal j-strip

)3

u is a partition;
p=n—k+g;
i/ A is a horizontal j-strip

(by (T05))
j n |
w—
- Z Z (=D hy ke (hn—k+g—jew—g) SA
=1w=1
&=
noJ
=X X
w=1g=1
noj |
w—
- Z Z (=D hy ket (hn—k+g—jew*8) SA
w=1g=1
n ]
w—
= Z hn—ker Z (_1) ghn—kJrgf]'ew_g
w=1 g=1
:(71)w_js(n—k+1,1w*f*1) 7(71)w5(n7k—j+1,1w—1)

(by Lemma [10.13)

- w—j w L
= Zlhn—k—i—w (DT 8o 1) = (D" S(iiagoy) $a
w=

n . 1
= 21 hn—k+w (_1)?0—] <S(n_k+111w*j*1)> SA
w=

€

n
- 21 hy, ko (—1)° (S(nfk—jJrl,lw*l))
w=

S).

(by)

SA

(106)
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Next, we claim that
1
<S(n,k+1/1wfj71)> sy =0 foreachw € {1,2,...,n}. (107)

[Proof of (107): Let w € {1,2,...,n}. If w—j—1 is a negative integer, then
s( n—kt1,10-1) = 0 (by Convention [10.11), and thus (107) holds in this case.
Hence, for the rest of this proof of (107), we WLOG assume that w —j — 1 isnot a
negative integer. Thus, w — j — 1 € IN. Now, the partition (n —k+1,197/~!) has
a bigger first entry than the partition A (since its first entryisn —k+1 > n —k >
A1). Thus, we do not have (n —k+1, 1Z”_j_1) C A. Hence, SA/(

nkarl,lw*j*l) = O

1
But yields <S(n_k+111w,j,1)> S\, = sM(n_kJrlllw,j,l) = 0. This proves (107).]
Next, we claim that

1
(S(n—k—j—l—l,lw*l)) sy =0 foreachw € {k+1,k+2,...,n}. (108)

[Proof of :Letwe {k+1,k+2,...,n}. Then, w > k+ 1. Now, the number
of parts of the partition (n —k—j+1,1° Y is 1+ (w—1) =w > k+1 >k,
which is bigger than the number of parts of A (since A has at most k parts).
Hence, we don’t have (n —k —j+1,1%"1) C A. Thus, S0/ (n—k—j110-1) = 0. But

1
yields (S(n—k—j+1,1w—1)> Sy = S/\/(n—k—]'+1,1w—1) = 0. This proves (108).]
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Now, (106) becomes
S /\h]' — Z Sy

U is a partition;
i <n—k;
u/ A is a horizontal j-strip

n . 4
= Zl hn—k+w (_1)w_] (S(n_k+1,1w—j—l)> S\
w=

(by)

n 1
- Zl hnkarw (_1)w <s(n7k,]'+1,1w—1)> S)A
w=

n

L
= = hnkarw (_1)w <S(n,k,]'+1,1w—1)> Sa
w=1

= - <Z hy k0 (1) (S(n—k—j—kl,lz"l))J_ SA

w=1

L
+ Z hnkarw (_1)w (S(n_k_j+1,1w—1)) SA
w:k+1 J

-~

(by)

(since 0 < k < n)
k 1
- - hn—k+w (_1)w (S(n—k—j—l—l,lw*l)) SA
w=1
k 1
=—) (-1)%hy,_jip <S(nfk,j+1,1w_1)> S\

w=1

) 1
(_1)lhnfk+i (S(n—k—j+1,1i—1)> Sa

I
|
™~

~
I
—_

(here, we have renamed the summation index w as i). Hence,

k . 1
1
syhj = )3 su— 3 (=1) hy iy (S(n_k_j+1,1f—1)) S
u is a partition; i=1
pr<n—k;
u/A is a horizontal j-strip
This proves Theorem [10.7] [
Proof of Theorem Theorem [10.7) yields
k , I
1
syhj = Z S — Z (=1) hy i <S(n_k_]'+1/1i71)> S\-
 is a partition; i=1
pr<n—k;

u/ A is a horizontal j-strip
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Both sides of this equality are symmetric functions in A. If we evaluate them at
X1,X2,..., Xk and project the resulting symmetric polynomials onto S/, then we
obtain

k . T
— i T
syhj = 2 Su— Z (=1) @*kti (S(nfkqutl,l"—l)) S\A
 is a partition; i=1 ':\;_
_ msnk o (since |i
i/ A is a horizontal j-strip yields h,,_ k+iE.ai mod I)
k . J_
=— i
= )3 su— ) (1) ai(s(n_k_jﬂ,li,l)) s (109)
u is a partition; i=1

p<n—k;
u/Ais a horizontal j-strip

But every partition p has either at most k parts or more than k parts. Hence,

) S
u is a partition;
p<n—k;
u/ A is a horizontal j-strip

= L S+ L S

U is a partition; u is a partition; \6/
m<n—k;  <n—k; =0
u has at most k parts; u has more than k parts; 1(rl: ;Ce Z‘:;i)(agfg:(: tﬁé‘)
u/ A is a horizontal j-strip u/Ais a horizontal j-strip y =
= B b= )y -
u is a partition; UEP ,;
u1<n—k; u/ A is a horizontal j-strip

u has at most k parts;
u/ A is a horizontal j-strip

. J/
-~

= L
VEP knr
u/ A is a horizontal j-strip
(because the partitions p such that y; <n—k
and such that y has at most k parts
are precisely the partitions p€Py ,,)

Hence, (109) becomes

< 7. — i
sAhj = B Si = 2 (D ai(s(, i jiaar)) S
u is a partition; i=1
w <n—k;
i/ A is a horizontal j-strip

N

= Y o
H €P ks
u/ A is a horizontal j-strip

. 1
_— i
) PP (Sprosjirny) =
s =
u/Aisa horizonntal j-strip

This proves Theorem [10.5 O
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Let us again use the notation ¢ 2 for a Littlewood—-Richardson coefficient (de-

tined as in [GriRei20| Definition 2.5.8], for example). Then, we can restate Theo-
rem [10.5] as follows:

Theorem 10.14. Let A € Py ,,. Let j € {0,1,...,n — k}. Then,
sahj = Z @—Z( aZchk]Hl, D Sus

UEP 5 i=1 vCA
u/ A is a horizontal j-strip

where the last sum ranges over all partitions v satisfying v C A.

Proof of Theorem [10.14] Let u be a partition. Then, yields

(sy)L Sy =S\/u = Z C;):,VSV

v is a partition

= Y st Y Cliv Sy

v is a partition; v is a partition; \/O/
- ! - =
vCA we don’t have vCA (by Proposition 617 (b))
A A
= Z Sy = Z CluuSv- (110)

v is a partition; vCA

vCA
—_———

=¥

vCA

Both sides of this equality are symmetric functions in A. If we evaluate them at
X1,X2,...,Xx and project the resulting symmetric polynomials onto S/, then we
obtain

(sy) SA= Y CpySu (111)

vCA

Now, forget that we fixed y. We thus have proven (111) for each partition p.

Theorem [10.5] yields

- k : T
— T _ _ 1\t 4. )
S/\h]‘ = Z Su Z ( 1) a; (S(n—k—j+1,1’_1)) S\
yePk,n; i=1 —~ "
u/ A is a horizontal j-strip — A ‘ —
VgAc(n—k—j—H,ll*l),vsv
(by (111), applied to y:(n—k—j+1,1i_1))
k
- Z S”_Z( alzcnk]Jrll’l)S
]JGP)(/”; i=1 vCA
u/A is a horizontal j-strip
This proves Theorem [10.14 O

Note that Theorem [10.14{ can also be used to prove Theorem
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10.4. Positivity?

Let us recall some background about the quantum cohomology ring QH" (Gry,)
discussed in [PostniO5]. The structure constants of the Z [g]-algebra QH" (Gry,,)
are polynomials in the indeterminate g, whose coefficients are the famous Gromov-
Witten invariants Ciw. These Gromov-Witten invariants Cﬁw are nonnegative
integers (as follows from their geometric interpretation, but also from the “Quan-
tum Littlewood-Richardson Rule” [BKPT16, Theorem 2]). This appears to gen-
eralize to the general case of S/ I

Conjecture 10.15. Let b; = (—1)”71{71 a; foreachi € {1,2,...,k}. Let A, p and
v be three partitions in Py ,,. Then, (—1)*7#=1" coeff, (575,) is a polynomial
in by, by, ..., by with nonnegative integer coefficients. (See Definition (b)

for the meaning of coeff,.)

We have verified this conjecture for all n < 8 using SageMath.

11. The “rim hook algorithm”

We shall next take aim at a recursive formula for “straightening” a Schur poly-
nomial - i.e., representing an 5,, where y is a partition that does not belong to
Py, as a k-linear combination of “smaller” 5,’s. However, before we can state
this formula, we will have to introduce several new notations.

11.1. Schur polynomials for non-partitions

Recall Definition Thus, the elements of P, are weakly decreasing k-tuples in
IN. For each A € P, a Schur polynomial s, € S is defined. Let us extend this
definition by defining s, for each A € Z*:

Definition 11.1. Let A = (A1, Ay, ..., Af) € Zk. Then, we define a symmetric
polynomial s, € S by

sy = det ((h/\l¢—u+v)1<u<k 1<v<k> . (112)

This new definition does not clash with the previous use of the notation s,
because when A € P, both definitions yield the same result (because of Propo-

sition [5.7] (a)).

This definition is similar to the definition of 5, 4, 4,) in [GriRei20, Exercise
2.9.1 (c¢)], but we are working with symmetric polynomials rather than symmetric
functions here.

Definition does not really open the gates to a new world of symmetric
polynomials; indeed, each s, (with a & Z¥) defined in Definition is either
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0 or can be rewritten in the form +s, for some A € P,. Here is a more precise
statement of this:

Proposition 11.2. Let « € ZF. Define a k-tuple 8 = (B1, B2, - - ., Br) by
Bi=a;j+k—i foreachi e {1,2,...,k}).

(a) If B has at least one negative entry, then s, = 0.

(b) If B has two equal entries, then s, = 0.

(c) Assume that B has no negative entries and no two equal entries. Let
0 € Sk be the permutation such that ;1) > Bs2) > -+ > Box). (Such a
permutation ¢ exists and is unique, since  has no two equal entries.) Define
a k-tuple A = (A, Ay, ..., Ay) € ZF by

(Ai=Bow —k+i  foreachie {1,2,...,k}).

Then, A € Py and s, = (—1)7 s;.

Proof of Proposition For each u € {1,2,...,k}, we have B, = a,, + k — u (by
the definition of ;) and thus

Bu —k=(ay+k—u)—k=wn,—u (113)
~—
=uy+k—u

The definition of s, yields

se = det Moy —uto
——
:hﬁu*kva
(since yields a,—u=p,—k) 1<u<k, 1<v<k
— det ((hﬁu,m)ls”sk/ @Sk) . (114)

(b) Assume that § has two equal entries. In other words, there are two
distinct elements i and j of {1,2,...,k} such that B; = B;. Consider these i
and j. The i-th and j-th rows of the matrix (hg, k40), —u<k 1<o<k are equal
(since B; = ;). Hence, this matrix has two equal rows. Thus, its determinant

is 0. In other words, det ((hﬁu,kﬂ,) > = 0. Now, (114) becomes

1<u<k, 1<v<k

s¢ = det ((hﬁu_kﬂ)lgugk, 1§v§k> = 0. This proves Proposition [11.2] (b).

(a) Assume that B has at least one negative entry. In other words, there
exists some i € {1,2,...,k} such that B; < 0. Consider this i. For each
v € {1,2,...,k}, we have B; —k+ v < Bi—k+k = B; < 0 and thus

<k
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hg,—k+o = 0. Hence, all entries of the i-th row of the matrix (7, k10) <, <; 1<y<s

are 0. Hence, this matrix has a zero row. Thus, its determinant is 0. In
other words, det ((hﬁu_kﬂ,)

= 0. Now, the equality (114) becomes

s¢ = det ((hl;u_kﬂ)lgugk, 1§v§k) = 0. This proves Proposition |11.2| (a).

(c) It is well-known that if we permute the rows of a k x k-matrix using a
permutation 7, then the determinant of the matrix gets multiplied by (—1)".
In other words, every k X k-matrix (bu,0);<, <k 1<p<f and every T € S satisfy

det ((bT(”)’v)1<u<k 1<v<k) = (—1)" det ((bu,v)1<u<k 1<v<k>' Applying this to

(buo)1<u<k 1<o<k = <hl3rk+v)1gugk, 1<o<k and T = 0, we obtain

det ((hﬁawk“)gugk, 1§v§k> = (=1)" det ((hﬁ”*k“)1<u<k 1<v<k> '

Multiplying both sides of this equality by (—1)7, we find

(—1)‘7 det ((hﬁ”<”)k+v>1§u§k, 1§U§k) = (—])‘7 (—1)‘7det ((h/%u*kﬂ))lgugk, 1§v§k>
—((-1)7)=1

— det ((hﬁu_m)lgugk, 1§v§k) . (115)

Foreach u € {1,2,...,k}, we have A, = ;B(T(u) — k + u (by the definition of A,)
and thus

Au— 1= By — k. (116)
Now, (114) becomes

so = det ((hﬁu—k+v)1§u§k, 1§v§k>

— (—1)‘7det hﬁa(u)—’H-U (by ‘)
T/_/
=My —u+o

(since (116) yields ,Bg(w—k:)\u—u) 1<u<k, 1<v<k

= (—1) det ((hAu—u+v)1gugk, 1§v§k) = (=1)s,.

-~

:S

(by (112))

It remains to prove that A € Py.
Leti € {1,2,. . k= 1}. Then, ;50(1'). > ﬁg(i+1) (since ﬁa(l) > .,30(2) > e >
Box)) and thus B,y > Beiy1) +1 (since By(;y) and By (1) are integers). The
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definition of A; 1 yields A; 11 = By(iy1) — k + (i +1). The definition of A; yields

Ai= Boty —k+i=Boirytl—k+i=pByip1)—k+({+1) =2
~—

=Bo(iv1)t1

Now, forget that we fixed i. We thus have proven that A; > A;;; for each i €
{1,2,...,k—1}. In other words, Ay > Ay > -+ > Ay

Leti € {1,2,...,k}. Then, 1 <i < k and thus k > 1, so that A, is well-defined.
Furthermore, from i < k, we obtain A; > Ay (since A; > Ay > --- > A;). But the
definition of Ay yields Ay = By ) —k+k = B,y = 0 (since all entries of § are
nonnegative (since B has no negative entries)). Thus, A; > Ay > 0.

Now, forget that we fixed i. We thus have proven that A; > 0 for each i €
{1,2,...,k}. In other words, A, Ay, ..., Ax are nonnegative integers (since they
are clearly integers). Hence, (A1, A2,...,Af) € IN. Combining this with A; >
Ay > -+ > A, we obtain (A1, Ay, ..., Ay) € Pr. Hence, A = (A1, Ay, ..., Ar) € Py
This completes the proof of Proposition (0). O

Let us next recall the bialternant formula for Schur polynomials. We need a
few definitions first:

Definition 11.3. (a) Let p denote the k-tuple (k — 1,k —2,...,0) € NF.

(b) We regard Z* as a Z-module in the obvious way: Addition is de-
fine entrywise (i.e., we set « + B = (a1 + 1,42+ B2, ..., &+ Px) for any
a = (ag,ay,...,0¢) € ZF and any B = (B1,B2,...,Br) € ZF). This also de-
fines subtraction on Zk (which, too, works entrywise). We let 0 denote the

k-tuple (0, o,..., 0) e INF C Zk. this is the zero vector of ZFk.
——

k entries

Definition 11.4. Let & = (a1, a,...,a;) € INK. Then, we define the alternant

ay € P by
_ %
I = det ((xi )1<i<k, 1<j<k) '

The two definitions we have just made match the notations in [GriRei20, §2.6],
except that we are using k instead of n for the number of indeterminates.
Note that the element 4, of P is the Vandermonde determinant

k—j _ N .
det ((xi >1§i§k, 1§j§k> = 1§z‘1;[j§k (xz x]), it is a regular element of P (that is,
a non-zero-divisor).

We recall the bialternant formula for Schur polynomials ([GriRei20, Corollary
2.6.7]):
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| Proposition 11.5. For any A € Py, we have sy = a,,/a, in P.

Let us extend this fact to arbitrary A € ZF satisfying A + p € IN¥ (and rename
A as a):

Proposition 11.6. Let & € Z* be such that « +p € IN*. Then, s, = Aytp/ap in
P.

Proof of Proposition We have p = (k—1,k—2,...,0). Thus,
pi =k—i foreachi € {1,2,...,k}. (117)

Define a k-tuple B = (B1,B2,--.,Bx) as in Proposition Thus, for each i €
{1,2,...,k}, we have

Bi=ai+ k—i =aj+pi=(a+p).
=pi
(by (T17))

In other words, B = a + p. Hence, B = a + p € IN. Thus, the k-tuple 8 has no
negative entries.
Moreover, from « + p = B, we obtain

— g — Bi B
gyp = apg = det ((xi )1<z’<k, 1<j<k) (by the definition of ag)

_ Po
= det ((xu )1<u<k 1<U<k> (118)

(here, we have renamed the indices i and j as u and v). Now, we are in one of
the following two cases:

Case 1: The k-tuple B has two equal entries.

Case 2: The k-tuple B has no two equal entries.

Let us first consider Case 1. In this case, the k-tuple B has two equal en-
tries. In other words, there are two distinct elements i and j of {1,2,...,k} such
that §; = B;. Consider these i and j. The i-th and j-th columns of the matrix

ﬁv) i B . '
x are equal (since B; = ;). Hence, this matrix has two equal
( " )1<u<k, 1<o<k qual ( Bi = Bj) q

columns. Thus, its determinant is 0. In other words, det <<x5”> )
1<u<k, 1<v<k

pr— ﬁv) pu— pr—
0. Now, (118) becomes Aotp det ((xu ek 1ok 0. Hence, aa+p/ap

0/a, = 0. Comparing this with s, = 0 (which follows from Proposition[11.2] (b)),
we obtain s, = a,,/4a,. Thus, Proposition is proven in Case 1.

Let us next consider Case 2. In this case, the k-tuple B has no two equal
entries. Thus, there is a unique permutation ¢ € Sy that sorts this k-tuple into
strictly decreasing order. In other words, there is a unique permutation ¢ € Sy
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such that ;1) > By2) > -+ > Bo(r)- Consider this 0. Define a k-tuple A =
(A, Az, ..., Ax) € ZF by

(AiZ,Ba(i)—k‘H foreachiE{l,Z,...,k}).

Then, Proposition (c) yields A € Py and s, = (—1)7 s;.

It is well-known that if we permute the columns of a k x k-matrix using a
permutation 7, then the determinant of the matrix gets multiplied by (—1)".
In other words, every k x k-matrix (bup)i<, < 1<o<k and every T € S; satisfy

— T . :
det ((b”ff(”))1<u<k 1<v<k) = (—1) det ((bu,v)1<u<k 1<v<k>' Applying this to

and T = o, we obtain

.Ba(v) — (_1\9 ﬁy
det ((x” )1<u<k 1<v<k) = (=1)" det <(x” >1§u§k, 1§v§k) ' (119)

But each v € {1,2,...,k} satisfies

(A+p)y= Ao t P, = (ﬁa<v)—k+v>+(k—v)
::Ba(v)karU =k—v
(by the definition of A,)  (by (LI7))
= ;Ba(v)' (120)

Now, the definition of a Ap yields

Ap);
ayyp = det <xl( p)’) = det xy‘ﬂ’)”
1<i<k, 1<j<k —

- _Po)

u
by 20/ 1<y<k, 1<v<k

(here, we have renamed the indices i and j as u and v)

= det ((xﬁv(v>> )
1<u<k, 1<v<k

- (_1)Udet <<xﬁv>1<u<k 1<v<k) (by )

(. J/
~

=Ax+p

(by (18))

= (—1)0-61,1_“).
But A € Py. Hence, Proposition yields
sy= aryp /ap=(=1)"anyp/ap.
——

:(*1)‘Tﬂa+p
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Hence,
_(_1\O _(_1\T (_1\" _
s = (—1) SA (—=1)" (=1)" axsp/ap = anyp/ap.
:(—1)(7aa+p/ﬂp :((_1)(7)2:1

Thus, Proposition is proven in Case 2.
We have now proven Proposition in both Cases 1 and 2. Thus, Proposition
is proven. O

11.2. The uncancelled Pieri rule

Having defined s, for all A € Z* (rather than merely for partitions), we can state
a nonstandard version of the Pieri rule for products of the form s)h;, which will
turn out rather useful:

Theorem 11.7. Let A € ZF be such that A + p € IN¥. Let m € IN. Then,

Sahm =) Sat
VGNk;
[v|=m

Example 11.8. For this example, let k = 3 and A = (—2,2,1). Then, A +p =
(—=2,2,1)+(2,1,0) = (0,3,1). It is easy to see (using Proposition [11.2](c)) that
Sy = S(l)'

Furthermore, set m = 2. Then, the v € IN satisfying |v| = m are the six
3-tuples

(2,0,0), (0,2,0), (0,0,2), (1,1,0), (1,0,1), (0,1,1).

Hence, Theorem yields

—22,1) hy = Z 5(—2,21)+

velNk;
[v]=m

= S5(—221)+(200) T S(=22,1)+(020) T  5(=2,21)+(0,002)
N ——— ~———— e ———
=5(02,1)="5(1,1,1) =8(- 241)_5(3) =5(-22,3)=0
(by Proposition _ 112](c))  (by Proposition{11.2/(c))  (by Proposition (b))

T S(—221)+(1,1,0) T S(—221)+(1,01) T S(=221)+(0,1,1)
—_———— —_—— —— —_————
=s(_13,1)=0 =5(-1,2,2) 1,1,1 =5(-2,32)=S 21
(by Proposition b)) (by Proposition ()  (by Proposition [I1.2] (c))
—S11) T 53) F0+0+5011) +5021) = Se1) +50):

In view of s(_551) = (1), this rewrites as s(1)li2 = 5(3,1) + 5(3), which is exactly
what the usual Pieri rule would yield. Note that the expression we obtained
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from Theorem involves both vanishing addends (here, s(_551)1(002)
and S(_55 1)4(1,1,0)) and mutually cancelling addends (here, s(_5 5 1)+ (2,0,0) an

S(—22,1)4(1,0,1)) this is why I call it the “uncancelled Pieri rule”.

We note that the idea of such an “uncancelled Pieri rule” as our Theorem
is not new (similar things appeared in [LakThoO7, §2] and [Iamvak13]]), but we
have not seen it stated in this exact form anywhere in the literature. Thus, let us
give a proof:

Proof of Theorem_ Define B € IN* by B = A + p. (This is well-defined, since
A+p € NFK)
From (1)), we obtain

k
=), &L =) I« (121)

jaf=m =02 o =m
:H x?i
i=1
For each permutation ¢ € Si, we have
hy = hy, ( o(1)r Xo(2) - xa(k)) (since the polynomial /4, is symmetric)
K o
H Xo(i) (122)

ae]Nk i=
|oc|=m

(here, we have substituted Xg(1)r Xo(2)7 - - - Xo(k) for x1,x7,...,xx in the equality

(121)).
But Proposition (applied to & = A) yields s, = a,,/4a, in P. Thus,
ApS) = A)r1p = g (since A 4+ p = B)

ﬁ] . o .
X >1<l<k’ 1<;<k> (by the definition of aﬁ)

since the determinant of a matrix equals
the determinant of its transpose

k
=Y (-] i (by the definition of a determinant) .
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Multiplying both sides of this equality with h,,, we find

o £ Bi 4 : pi
apsphm = (Z (-1) H%(i)) hm = Z (=1) (ng(i)> \h"ﬁ/

o€Sk i=1 TESy k
= L 1%
aeNFK; =1
|a|=m
(by (22)
k k
_ o Bi &;
=) (1) (H’%(i)) )3 Hxa(i)
oESE i=1 aeNk; i=1
lac|=m
o K Bi k «;
= Z Z (_1) Hxal(i) Hxal(i)
weINK; 7ES) i=1 i=1
la|=m B ‘ﬁ’ N
=11 (<%0
o K Bi . w;
= Z Z (_1) H <xcrl(i)xal(i)>
a€INK; 0E S =l N——
|a|=m _ Bita _ (Btw);
o) o)
(since B;+a;=(B+na);)
k
(B+a);
=2 L (D) []x,
DcGNk;UESk =1 U(l)
la|=m
L (B)
=L ) (—1)”fo(i)“f (123)
VENk;UESk i=1
lv|=m

(here, we have renamed the summation index « as v).

On the other hand, let v € IN*. Then, (A +v) +p = (A+p)+_v € N
— =~

cINk €Nk
Thus, Proposition (applied to &« = A +v) yields sy4y = a(y4y) 4/ in P.
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Thus,
ApSAtv = A(A4v)+p = Ap+v since (A+v)+p=A+p+v=F+v
——
=p
= det (xfﬁw)j ) (by the definition of ag., )
1<i<k, 1<j<k

— (B+v);
= det ((x]. >1<i<k, 1<j<k)

since the determinant of a matrix equals
the determinant of its transpose

k
= Y (-1 [Tl (124)
U'ESk =1

(by the definition of a determinant).
Now, forget that we fixed v. We thus have proven (124) for each v € IN¥,
Now, (123)) becomes

k
apsahm = Y. Y. (_1)01—[:)(((7/?;;1/)1-: Y apSaiy =ap Y. Satu-

veNk; 0S5y i=1 veNF; velNkK;
[v|=m RS lv|=m [v|=m
(by (124))

We can cancel a, from this equality (since a, is a regular element of P), and thus
obtain

SAhm = Z SA+v-
VENk;
lv|=m

This proves Theorem [11.7] O

11.3. The “rim hook algorithm”

For the rest of this section, we assume that k > 0.
We need one more weird definition:

Definition 11.9. Let V be the set of all k-tuples (—n, 7, 13,..., ) € 7k satis-

tying
(i € {0,1} foreachi € {2,3,...,k}). (125)
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Example 11.10. If n = 6 and k = 3, then

V = {(—6,0,0),(—6,0,1),(—6,1,0),(—6,1,1)}. (126)

| Proposition 11.11. Let T € V. Then, — |t| € {n —k+1,n —k+2,...,n}.
Proof of Proposition |[11.11, We have T € V. Thus, T has the form
T=(-n7T,17,...,T) € 7k

for some 1,13, ..., T satisfying (125) (by the definition of V). Consider these
T,T3,..., T We have T = (—n, Ty, 13, . . ., T¢) and thus

k
Tl=(-m)+n+B+ - +75=(-n)+) T
i=2

Therefore,

k k k
SCEE (CURS 3L ETES VANCIRET R of
i=2 i=2 e i=2
< ~
(since (125) —k—1
yields 1;€{0,1})

=n—(k—1)=n—k+1.

Combining this with

k k
—|t|l=n—- T <n-— 0=mn
(since (125) -0

yields 7;€{0,1})

we obtain n —k+1 < —|t| < n. Thus, —|t| € {(n—k+1,n—k+2,...,n}
(since — |T| is an integer). This proves Proposition 11.11 ]

We are now ready to state the main theorem of this section: a generalization
of the “rim hook algorithm” from [BeCiFu99, §2, Main Lemmal]:

Theorem 11.12. Assume that a1, 4, ..., a; belong to k.
Let u € P be such that y; > n — k. Then,

k .
=2 (D L s
j=1 TEV;
—|t|=n—k+j
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Example 11.13. For this example, set n = 6 and k = 3 and p = (5,4,1). Then,
Theorem [11.12) yields

5(54,1)
k o
=Y. (-1)"a; Y SEanec
j=1 TEV;
—|T|=n—k+j

(=1)°7! MS(541)+(-61,1) T (—1)°2ay <S(5,4,1)+(76,0,1) + S(5,4,1)+(—6,1,0)>
+(-1)°7° 35(54,1)+(—6,0,0) (by (126))

= a1 S(541)+(-61,1) —@2 S(541)+(—601) T 5(54,1)+(—6,1,0)

S ——— —_——— —_——
=5(-152) =5(-142) =5(-151)
=5(41,1) =5(3,1,1) bv P ?’0 [1.2](b)

(by Proposition [11.2)(c)) (by Proposition [11.2(c)) (by Proposition )

43 5(54,1)+(—6,00)
=S(-141)
(by Proposii%n (b))
= A15(4,1,1) — 425(3,1,1)-

Note that this is not yet an expansion of 5, in the basis (53),, e Indeed, we

still have a term 547 1) on the right hand side which has (4,1,1) ¢ P,. But
this term can, in turn, be rewritten using Theorem (11.12} and so on until we
end up with an expansion of 5, in the basis (53) \cp, , namely

S(54,1) = —@28(31,1) T ﬂ%s(m) — A1a25(1) + A1435().

As we saw in this example, when we apply Theorem some of the 5,1 ¢
addends on the right hand side may be 0 (by Proposition (b)). Once these
addends are removed, the remaining addends can be rewritten in the form +£5s;
for some A € Py satisfying |A| < || (using Proposition (c)). The resulting
sum is multiplicity-free — in the sense that no 5, occurs more than once in it.
(This is not difficult to check, but would take us too far afield.) However, this
sum is (in general) not an expansion of 5, in the basis (5)), p,, yet, because
it often contains terms 5, with A ¢ Py ,. If we keep applying Theorem
multiple times until we reach an expansion of 5, in the basis (5y) o then this

latter expansion may contain multiplicities: For example, for n = 6 and k = 3,
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we have

5(4,4,3) = —1123(3,3) + LZ35(3’2) + 11%5(3) - 21111126 + a%%

We owe the reader an explanation of why we call Theorem a “rim hook
algorithm”. It owes this name to the fact that it generalizes the “rim hook al-
gorithm” for quantum cohomology [BeCiFu99, §2, Main Lemma] (which can be
obtained from it with some work by setting a; = 0 for all i < k). Nevertheless, it
does not visibly involve any rim hooks itself. I am, in fact, unaware of a way to
restate it in the language of Young diagrams; the operation y — y +tfort € V
resembles both the removal of an n-rim hook (since it lowers the first entry by
n) and the addition of a vertical strip (since it increases each of the remaining
entries by 0 or 1), but it cannot be directly stated as one of these operations
followed by the other.

We shall prove Theorem by deriving it from an identity in S:

Theorem 11.14. Let u € P, be such that y; > n — k. Then,
k i
sp=2 (D hks Y, S
j=1

TEV;
~[rl=n-k+j

Our proof of this identity, in turn, will rely on the following combinatorial
lemmas:

Lemma 11.15. Let j € {2,3,...,k}. Let A be the vector
(0,0,...,0,1,0,0,...,0) € ZK, where 1 is the j-th entry.

@ If T € V satisfies 7; = 0, then T+ A € Vand (T +A); = 1.

(b) If T € V satisfies 7; = 1, then T — A € Vand (1 — A); = 0.

(c) If v € IN* satisfies vj #0,thenv —A € INK.

(d) If v € N, then v+ A € N*.

Proof of Lemma[11.15] We have j € {2,3,...,k}, thus j # 1.
We have A = (0,0,...,0,1,0,0,...,0) € N*. Thus, A; = 1 and

(A =0 foreachi € {1,2,...,k} satisfying i # j). (127)

Applying (127) to i = 1, we obtain A; = 0 (since 1 # j).

(@) Let T € V be such that 7; = 0.

We have T € V. According to the definition of V, this means that T is a k-tuple
(—n,7,1,...,T) € 7k satisfying 1} In other words, T € Z¥ and 7y = —n
and

(i € {0,1} foreachi € {2,3,...,k}). (128)
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Define a k-tuple c € Z¥by ¢ = T+ A. Thus, 03 = (T+A); =71+ A =

=0

T = —n.

Furthermore, from ¢ = 7 + A, we obtain ¢; = (T + A)]- = 17 + 4B =1¢

—~
=0 =1

{0,1}.

Next, we have 0; € {0,1} for eachi € {2,3,...,k} Altogether, we thus
have shown that ¢ € Z¥ and ¢q = —n and

(0; € {0,1} foreachic€ {2,3,...,k}). (129)

In other words, ¢ is a k-tuple (—n,02,03,...,0;) € ZF satisfying (129). In other
words, o € V (by the definition of V). Thus, T+ A = ¢ € V. So we have proven
that T+ A € Vand (7 + A); = 1. Thus, Lemma |11.15| (a) is proven.

(b) The proof of Lemma [11.15| (b) is analogous to the above proof of Lemma
11.15[(a), and is left to the reader.
(c) Let v € N be such that vj # 0. We must prove that v — A € INK.

We have v; € IN (since v € IN¥). Hence, from vj # 0, we conclude that v; > 1.
Thus, v;—1 € IN. Also, the entries v, 1y, .. Ve, Vis1, Vi, -, Vg of v belong to
N (since v € IN¥).

Recall that A is the vector (0,0,...,0,1,0,0,...,0) € 7k, where 1 is the j-th
entry. Hence,

v—A=v-1(0,0,...,0,1,0,0,...,0)
= (1/1,1/2,...,1/]'_1,1/]' — 1,1/]'_|_1,1/]'_|_2,...,1/k) € Nk

(since Vi — 1 € IN and since the entries v, 15, . . ., Vi1, Vig1, Viga, -« - Vk of v belong

to IN). This proves Lemma [11.15((c).
(d) Let v € Nk, Also, A € N¥. Thus, v + A € IN*. This proves Lemma

€Nk €Nk

(d). O

Lemma 11.16. Let v € 7k, Then,

I o R K

1V yenk; 0, ify#0
lv|=—|7l;
V+T=7Y

(Recall that 0 denotes the vector | 0,0,...,0 | € Zk.)
——

k zeroes

27Proof. Leti € {2,3,...,k}. We must prove o; € {0,1}.
If i = j, then this follows from ¢; € {0,1}. Hence, for the rest of this proof, we WLOG

assume that i # j. Thus, (127) yields A; = 0. Now, from ¢ = T+ A, we obtain 0; = (T + A); =

T+ A =17 €{0,1} (by (128)). Qed.
N~
=0
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Proof of Lemma[T1.16) Let Q be the set of all pairs (7,v) € V x INF satisfying

lv| = — |7| and v 4+ T = 7. We have the following equality of summation signs:
X Y = L =) (130)
TeV  yeNk; (T,v)eV xINK; (tv)eQ
lvl=—It]; vl=—Itl;
V+T=Y v+T="y
(since Q is the set of all pairs (7,v) € V x INF satisfying |v| = — |[t| and v + T =
)-

We are in one of the following three cases:

Case 1: We have (7y2,73,...,7) # (0,0,...,0).

Case 2: We have (7y2,73,...,7) = (0,0,...,0) and 91 # 0.

Case 3: We have (v2,7v3,...,v¢) = (0,0,...,0) and 91 = 0.

Let us first consider Case 1. In this case, we have (72,73, ..., 7%) # (0,0,...,0).
In other words, there exists a j € {2,3,...,k} such that 7; # 0. Consider such a
. . 1, ify=0;

j- Clearly, 7y # 0 (since 7; # 0). Hence, {0’ fy L0 0

Let A be the vector (0,0,...,0,1,0,0,...,0) € ZK, where 1 is the j-th entry.
Clearly, A € N¥ and |A| = 1.

Let Qo be the set of all (7,v) € Q satisfying 7; = 0. (Recall that 7; denotes
the j-th entry of the k-tuple T € V C ZF.) Let Q; be the set of all (1,v) € Q
satisfying 7; = 1. Each (t,v) € Q satisfies (T,v) € V X INF (by the definition of
Q) and thus T € V and thus 7; € {0,1} (by (129), applied to i = j). In other
words, each (7,v) € Q satisfies either 7; = 0 or 7; = 1 (but not both at the same
time). In other words, each (7,v) € Q belongs to either Qg or Q; (but not both
at the same time).

For each (1,v) € Qp, we have (T +A,v—A) € Q1 ¥ Thus, the map

Qo — Q1, (t,v) =~ (T+A,v—A) (131)

2BProof. Let (,v) € Qp. According to the definition of Qp, this means that (7,v) € Q and 7, = 0.

We have (7,v) € Q. According to the definition of Q, this means that (7,v) € V x INF and
lv|=—|t]and v+ T = 7.
From (7,v) € V x IN¥, we obtain T € V and v € N,
From v + 7 = 1, we obtain (U—I—T)]- = 7. Hence, 7; = (V—l—T)]- =vj+ 1 =v;. Thus,
—~—

=0
vj = vj # 0. Thus, Lemma [11.15) (c) yields v — A € IN¥. Also, Lemma [11.15| (a) yields that
T+A € Vand (T+A); = 1. Also, any two k-tuples a € INF and B € INF satisfy |a + B| =
#] + |8l and a— B| = |«| = |Bl. Thus, [t+A| = |t +|5] and [v—A = Ju| —|A] =

——1

— |t =A== (|t|+|A]) = —|t+A|. Also, (v —A)+ (T+A) =v+T=1.
~———
=|T+4)|
Fromt+A€Vandv—AcNFand [v—A| = —|t+A|and (v—A) + (T +A) =, we

obtain (T+A,v—A) € Q (by the definition of Q). Combining this with (7 + A)j =1, we
obtain (T + A,v — A) € Q; (by the definition of Q1), qed.
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is well-defined.
For each (1,v) € Q;, we have (1 — A,v+A) € Qo | Thus, the map

Q1 — Qo, (t,v) = (T— A, v+A) (132)

is well-defined.

The two maps and are mutually inverse (this is clear from their
definitions), and thus are bijections. Hence, in particular, the map is a
bijection.

Also, each T € ZF satisfies

T+ A| =T+ |A| (since v+ B| = |a| +|B| foralla € Z¥and B € zk)
=1
=|7|+1
and thus
(_1)n+|T+A| _ (_1)I’l+|‘(|+1 _ (_1)1’l+|1’| ) (133)

Now, recall that Qp and Q; are two subsets of Q such that each (7,v) € Q
belongs to either Qp or Q; (but not both at the same time). In other words, Q
and Q; are two disjoint subsets of Q whose union is the whole set Q. Hence, we

2 Proof. Let (T,v) € Q1. According to the definition of Qj, this means that (7,v) € Q and 7 = 1.
We have (7,v) € Q. According to the definition of Q, this means that (7,v) € V x INF and
lv|=—|t]and v+ T = 1.
From (7,v) € V x IN*, we obtain T € V and v € N
Lemma (d) yields v+ A € NF. Also, Lemma (b) yields that T — A € V and
(T—A)j = 0. Also, any two k-tuples « € NF and B € INF satisfy |a+ B| = |a| + |B| and

@ =Bl = laf = [B]. Thus, |7 —A[ = [t = [A] and [v+A] = |v| +[A] = —[t]+[A] =
~—
==t
— (|| =1A]) = = |t = A|. Also, v+ A) +(T—A)=v+T="1.
N——
=[T—A|
From7—A€Vandv+Ae€NFand [v+A| = —|t—A|and (v+A) + (T —A) = 7, we

obtain (7 —A,v+A) € Q (by the definition of Q). Combining this with (7 — A)
obtain (T — A, v+ A) € Qq (by the definition of Qp), ged.

]-:0,we
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can split the sum ¥ (—1)""1" as follows:
(tv)€Q

Z (_1)n+\r\: Z (_1)n+\r\+ 2 (_1)n+|r\
(t,v)eQ (T,v)EQo ET,V)GQl

— Z (71)n+|T+A‘

(tv)eQq
(here, we have substituted (T+A,V—A) for (T,v)
in the sum, since the map (131) is a bijection)

_ Z ( )n+\r\+ Z n+|T+A\

J/

(tv)€Qo (Tv) EQO ——(—1)Hl
by @)
+ +
_ Z ( )n \T\+ 2 (_ (_1)71 |T|>
(Tv)eQo (tv)€Qo
S D VL DS L
(T,v)€Qp (Tv)€Qo
Now, (130) yields
1, ify=0;
o S (T S
TeVv VE]Nk,' (T/V)GQ ! 7#

1, ify=0; : .
(since 1 v = 0). Thus, Lemma|11.16is proven in Case 1.
0, ify#0

Let us now consider Case 2. In this case, we have (72, 73,...,7) = (0,0,...,0)
1, ify=0;
0, ify#0

and 1 # 0. From 71 # 0, we obtain v # 0 and thus =0.
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Now, Q =& m But yields
Y ) (1) = Y. (=1)"*T = (empty sum) (since Q = @)

TeV yeNk; (tv)eQ

vl=—|tl;
v4+T=7
0= 1, ify=0;
7)o, ify#0
1, ify=0; : .
(since 1 v = 0). Thus, Lemma|11.16is proven in Case 2.
0, ify#0

Let us finally consider Case 3. In this case, we have (2, v3,...,7x) = (0,0,...,0)

30Proof. Let (1,v) € Q. We shall derive a contradiction.
Indeed, we have (7,v) € Q. According to the definition of Q, this means that (7,v) €
VxNFand |[v| = —|t|and v+ T = 7.
From (7,v) € V x IN¥, we obtain T € V and v € IN*.
We have T € V. According to_the definition of V, this means that 7 is a k-tuple

(—n,7,7,...,T%) € 7k satisfying (125). In other words, T € Z¥ and 71 = —n and the
condition (125) holds.

Now, fix j € {2,3,...,k}. Then, T € {0,1} (by , applied to i = j). Hence, 7; > 0.
Also, v; € N (since v € IN¥), so that v; > 0. But (v2,73,---,7) = (0,0,...,0), and thus
vj = 0 (since j € {2,3,...,k}). But vy = v+ 7, and thus 7; = (v+1); = vj + 7. Hence,

vi+ 1T =7 =0,s0 that vi=—17 <0 Combining this with vi > 0, we obtain vi = 0.
>0
Hence, Vi = —Tj rewrites as 0 = —Tj, SO that T = 0.
Now, forget that we fixed j. Thus, we have shown that each j € {2,3,...,k} satisfies
v;=0 (134)
and
7 = 0. (135)
Now,

k k
|T|:T1+T2+...+Tkzz~[j:~[1+z Tj =17 =-n,
j=1 j=2

~—
(bY>

so that — |t| = n. Furthermore,

k k
|1/|:V1+V2+"'—|—szzvj:1/1+z vi =,
j=1 =

2 ~~
(bY>

so that vy = |v| = — |T| =n.
Now, from v = v+ 17, we obtain 71 = (v+7); = v1 + ©m = n+(—n) = 0. This
~
=n =—n

contradicts 1 # 0.
Now, forget that we fixed (7,v). We thus have found a contradiction for each (7,v) € Q.

Thus, there exists no (7,v) € Q. In other words, Q = @.
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and 7; = 0. Combining these two equalities, we obtain ; = 0 for all i &
1, ify=0; 1
0, ify#0 '
Now, define two k-tuples 19 € Z* and vy € ZF by

{1,2,...,k}. In other words, v = 0. Hence,

= (—n,0,0,...,0) and vo = (n,0,0,...,0).

Clearly, Ty € V (by the definition of V) and vy € N¥ and |19| = —n and |vy| = n
and vp+ 19 = 0.

From 19 € V and vy € IN¥, we obtain (1p,19) € V x N, Also, |vp| = — ||
(since |vg| + || =n+ (—n) =0) and vy + 19 = 0 = <. Thus, we have shown

>

that (t,v9) € V x N¥ and |vg| = — || and vg + T = 9. In other words,
(0, v0) € Q (by the definition of Q). In other words, {(w, 1)} C Q.

On the other hand, Q C {(t,v0)} Combining this with {(1, 1)} € Q,
we obtain Q = {(7, ) }-

3 Proof. Let (t,v) € Q. We shall prove that (t,v) = (19, vp)-

Most of the following argument is copypasted from the previous footnote.

We have (7,v) € Q. According to the definition of Q, this means that (7,v) € V x N and
lv|=—|t|and v+ T = 1.

From (7,v) € V x IN¥, we obtain T € V and v € INF.

We have T € V. According to_the definition of V, this means that 7 is a k-tuple
(—1, 7, 73,...,T) € zk satisfying . In other words, T € ZF and 17 = —n and the
condition holds.

Now, fix j € {2,3,...,k}. Then, 7; € {0,1} (by (125), applied to i = j). Hence, 7; > 0.
Also, vj € N (since v € IN¥), so that vj > 0. But (v2,73,---,7%) = (0,0,...,0), and thus
7j = 0 (since j € {2,3,...,k}). But v = v+ 7, and thus 7; = (v+7); = vj; + 7. Hence,

vi+T = = 0, so that vp=— T < 0. Combining this with vi > 0, we obtain vj = 0.
~—
>0
Hence, Vi =—Tj rewrites as 0 = —Tj, SO that T = 0.
Now, forget that we fixed j. Thus, we have shown that each j € {2,3,...,k} satisfies
7; = 0. In other words, (7, 713,...,%) = (0,0,...,0). Combining this with 7 = —n, we

obtain T = (—#,0,0,...,0) = 1.
Fromv+7 =9, weobtainv=7—_ 7T =7 — 1 = 1p (since vg + 79 = ). Combining this
=T
with T = 19, we obtain (7,v) = (10, %) € {(10,%0)}-
Now, forget that we fixed (7,v). We thus have proven that (7,v) € {(7,v9)} for each
(t,v) € Q. In other words, Q C {(m,10)}.
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But (130) yields
YoX (= (= (el (since Q = {(w,v0)})
€V yeNk; (tv)eQ
lv|=—|l;
v+T="7
= (-1)° sincen+ || =n+(—n)=0
—~—
=—n
_ 1 ifr=0;
7)o, ify#0
1, ify=0; . .
(since {0 %f 7 40 = 1). Thus, Lemma|11.16|is proven in Case 3.
R
We have now proven Lemma|11.16/in each of the three Cases 1, 2 and 3. Hence,
Lemma [11.16| always holds. O

Proof of Theorem [11.14, Each t € V satisfies — |t| € {n —k+1,n—k+2,...,n}
(by Proposition|11.11). Thus, we have the following equality of summation signs:

k

Y-y -y % (136)

TeV i=n—k+1 TEV; j=1 TEV;
—|T|=i —|T|=n—k+j

(here, we have substituted n — k + j for i in the outer sum). Now,

k .
Z (_1)k_] hn—k+j Z Su+t

j=1 TEV;
el ke
k i
=) X (=1)" Ny—k+j Su+t
=1 TeV; — ——"
—|t|=n—k+j =(-1)"*I" =h_q
N——~———" (since k—j=n+|T] (since n—k+j=—|t]
= gv (because —|t|=n—k+j)) (because —|t|=n—k+j))
T
(by (136))
+|T
=Y 0" sy (137)
eV
But each T € V satisfies
h—\T\S]H-T = Z Su+(v+1)- (138)
velNFK;
[v|=—I7]

[Proof of : Let T € V. According to the definition of V, this means that T
is a k-tuple (—n, 1, T3, - .., ) € ZF satisfying (125). In other words, T € Z¥ and
71 = —n and the relation (125) holds.
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Proposition 11.11)yields — |t| € {n —k+1,n —k+2,...,n} CN.
Also, p € P, C INK; hence,

ui >0 foreachi e {1,2,...,k}. (139)
Also, p1 = k — 1 (by the definition of p) and p € IN¥ (likewise). Now,

(h+7+p) Jo+ 3t o (n—k)+(—n) +( )

>n—k =1 =k-1

Thus, (4 + T+ p); > 0 (since (u + T + p), is an integer). In other words, (y + T+ p); €
IN. Furthermore, for each i € {2,3,...,k}, we have

(h+t+p)i=  wi + 1' + o €N
elN € €N
(since ueNK) (since (since pcINF)

yields 7;€{0,1} CIN)

This also holds for i = 1 (since (u + T + p); € IN). Thus, we have (x + 7+ p); €
N for each i € {1,2,...,k}. In other words, y + T+ p € IN*. Hence, Theorem
(applied to A = p + T and m = — |7]) yields

Su+h || = Z Su+t+v = Z Su+(v+1)-
veNk; — veNk;
vl=—|7] 7D Jyj=—1]
Thus,
hopesper = Sparhope = ), Sprao)
velNFK;
v|=—I7l
This proves (138).]
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Now, (137)) becomes

k
i
(—1) ]hnkarj Z Su+t
j=1 TV,
—|T|=n—k+j

_ n+|t
=Y ()" h s
TeV ——
= L Sut+r)

velNk;

lv|=—It]

(by (T38))

o n+|t| _ n+|t|
=3 (-1 )3 Sp+(vtt) = Y. (1) )Y Sp+(v+1)
TEV veNFK; eV VE€ZF yeNk  S—~—
lv|=—]7| lv|=—t[;
\\/—/ V—Q—T:’}/
=X L
vezZk veNk;
v|=—Izl;
v+T=7Y

=Su+y
(since v+T1=")

:Z(—l)nﬂﬂ Z Z Suty = Z Z Z (—1)“'7' Su+y

eV ’)/GZk VENk; ’)/GZk TeVv VENk,'
lv|=—]t]; lv|=—]t];
v+T="7 v+T="7

B 1, ify=0;

0, ify#0

(by Lemma [11.16)

1, ify=0; 1, if0=0; 1, ify=0;
= : Spty = . Su+o + : Sp+y
WEZZ,( {0, ify£0 " {o, if 0 # 0 . %sz;\{o, ify£0 "
-1 770 =0
(since 0=0) (since y#£0)

(here, we have split off the addend for y = 0 from the sum)
This proves Theorem [11.14
Proof of Theorem|11.12} Theorem [11.14]yields

k . k ,
Su = Z (_1)k_] hn—k+j Z Su+t = Z (—1)k_] a; Z Su+7mod I.

j=1 —— TeV; j=1 TeV;
=ajmod | —|t|=n—k+j —|T|=n—k+j
(by (15))
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Thus, in S/ I, we have

k , k ,
=2 (D L se=2 D)y L s
=1 TeV; j=1 TeV;
—|T|=n—k+j —|T|=n—k+j

This proves Theorem [11.12 O

12. Deforming symmetric functions

12.1. The basis theorem

Convention 12.1. Let R be any commutative ring. Let (a1,ay,...,a,) be any
list of elements of R. Then, (ay,ay,...,ap), shall denote the ideal of R gener-
ated by these elements aq,ay,...,a,. When it is clear from the context what R
is, we will simply write <a1, an, .. .,ap> for this ideal (thus omitting the men-
tion of R); for example, when we write “R/ <a1,a2,. . .,ap>”, we will always
mean R/ (a1, az,...,0p)p.

We have so far studied a quotient §/1I of the ring & of symmetric polynomials
in k variables x1, x2, ..., x,. But § itself is a quotient of a larger ring — the ring A
of symmetric functions in infinitely many variables. More precisely,

S = A/ (€ky1, €42 €43, -- )

(and the canonical k-algebra isomorphism & — A/ (ex.1,€x12,€k13,...) sends
e, e,e3...toeq,6e,...,6,,0,0,0,...). Hence, at least when aq,ay,...,a; € k, we
have

S/T= N/ ((hygp1 —a,hy g0 —az,... hy —ag) + (exr1, €2, €43,...)) .

If ai,ay,...,a, are themselves elements of S, then we need to lift them to ele-
ments aj, ay,...,a; of A in order for such an isomorphism to hold.

This suggests a further generalization: What if we replace ey1, €x;2, €13, ...
by exy1 — by, e o —ba, exi3 — bs, ... for some by, by, bs,... € A ? Let us take a
look at this generalization:

Definition 12.2. Throughout Section |12, we shall use the following notations:
Let A be the ring of symmetric functions in infinitely many indeterminates
x1,%2,%3,... over k. (See [GriRei20, Chapter 2] for more about this ring A.)
Let e;; and hy, be the elementary symmetric functions and the complete ho-
mogeneous symmetric functions in A. For each partition A, let s be the Schur
function in A corresponding to A.
For eachi € {1,2,...,k}, let a; be an element of A with degree < n —k + 1.
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For eachi € {1,2,3,...}, let b; be an element of A with degree < k + 1.
Let K be the ideal

(hy_gy1 —ar, hy g0 —ag,...,hy —ag) + (exy 1 — by, e —bo, e 3 —bs,...)

of A. For each f € A, we let f denote the projection of f onto the quotient
A/K.

I Theorem 12.3. The k-module A/K is a free k-module with basis (5)),¢p, -

12.2. Spanning

Proving Theorem will take us a while. We start with some easy observa-
tions:

e Foreachie€ {1,2,...,k}, we have
a; = (some symmetric function of degree < n —k+1). (140)
(This follows from the definition of a;.)
e Foreachie€ {1,2,3,...}, we have
b; = (some symmetric function of degree < k+1). (141)
(This follows from the definition of b;.)

e Foreachie€ {1,2,3,...}, we have

€ti — b; € K (142)

(because of how K was defined). In other words, for each i € {1,2,3,...},
we have

er; = b;mod K. (143)

Substituting j — k for i in this statement, we obtain the following: For each
je{k+1,k+2k+3,...}, wehave

ej =b; ymodK. (144)

e Foreachie€ {1,2,...,k}, we have
hy ryi—a €K (145)

(because of how K was defined). In other words, for each i € {1,2,...,k},

we have
h, x.; =a;modK. (146)

Substituting j — (n — k) for i in this statement, we obtain the following: For
eachje{n—k+1,n—k+2,...,n}, we have

hj=a; (, jymodK. (147)
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Let Par denote the set of all partitions.
For each m € Z, we let Ageg<;y denote the k-submodule of A that consists of

all symmetric functions f € A of degree < m. Thus, (Adegﬁm)melN is a filtration
of the k-algebra A. In particular, 1 € Ageg<o and

AdegSiAdegSj - Adeg§i+j for all l,] € IN. (148)

Also, Ageg<m is the k-submodule 0 of A whenever m € Z is negative; thus, in
particular, Ageg< 1 = 0.
We state an analogue of Lemma [5.10}

Lemma 12.4. Let A = (A1, Ay, ..., Ay) be any partition. Leti € {1,2,...,¢} and
j€A{1,2,...,¢}. Then:

(a) The (i, j)-th cofactor of the matrix (hy,—y12);<, <y 1<p<, IS @ homoge-
neous element of A of degree |A| — (A; —i+ ). -

(b) The (i,j)-th cofactor of the matrix (ej,—u+v)1<, < 1<,<¢ 15 @ homoge-
neous element of A of degree |A| — (A; —i+j). -

Proof of Lemma Each of the two parts of Lemma is proven in the same
way as Lemma with the obvious modifications to the argument (viz., re-
placing S by A, and replacing h,, by h,, or by e;,). O

Next, we claim a lemma that will yield one half of Theorem (namely, that
the family (sy),cp, , spans the k-module A/K):

Lemma 12.5. Let A be a partition such that A € P ,,. Then,

s) = (some symmetric function of degree < |A|) mod K.

We will not prove Lemma immediately; instead, let us show a weakening
of it first:

Lemma 12.6. Let A be a partition such that A ¢ Py. Then,

sy = (some symmetric function of degree < |A|) mod K.

Proof of Lemma (sketched). We have A ¢ Py. Hence, the partition A has more
than k parts.

Define a partition # by u = Al. Hence, 1 is the number of parts of A. Thus,
we have y; > k (since A has more than k parts), so that y; > k + 1. Moreover,
1| = |A| (since u = AY).

Write the partition y in the form p = (1, 2,..., py). Foreachj € {1,2,...,¢},
we have y1—1+\j/ > —14+1 = > k+1and thus 1 —1+j €

>1
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{k+1,k+2,k+3,...} and therefore

€1—1+j
=by, 14k (by (144), applied to yq — 1 + j instead of j)

= | some symmetric function of degree < k+ (y1 —1+4j—k)

=1+
(by (141), applied toi = u; —1+j —k)
= (some symmetric function of degree < y1 — 1+ j) modK. (149)

From i = A!, we obtain ! = (Af)' = A. But Corollary 6.5 (applied to # and
y; instead of A and A;) yields

V4
=) eu-1+; Cj, (150)
=1

where C; denotes the (1, j)-th cofactor of the £ x £-matrix (€, —u+0)1<,<p 1<p<s-
(Here, the last equality sign follows from (19), applied to R = A and A =
(eyu_u_t'_z;)lgugel (<o @nd Ay = €y, —yip and i = 1)

For each j € {1,2,...,(}, the element C; is the (1, j)-th cofactor of the matrix
(€4, —ut0)1<y<q, 1<0<¢ (bY its definition), and thus is a homogeneous element of

A of degree |u| — (41 — 1+ ) (by Lemma (b), applied to 1 and y instead of
i and A). Hence,

Cj = (some symmetric function of degree < |u|— (u1 —1+7)) (151)

for each j € {1,2,...,¢}. Therefore, (150) becomes

4
Syt = Z e]/,1,1+]'
——
=(some symmetric function of degree <1 —1+j) mod K
(by (149))

Cj

~
=(some symmetric function of degree <|u|—(p1—1+j))

(by (I51)

k
= )  (some symmetric function of degree < u; —1+ )
j=1

- (some symmetric function of degree < |u|— (y1 —1+7))

= (some symmetric function of degree < |u|) mod K.
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In view of u! = A and |u| = |A|, this rewrites as
s) = (some symmetric function of degree < |A|) mod K.
This proves Lemma [12.6] O
Our next lemma is an analogue of Lemma

Lemma 12.7. Let i be an integer such that i > n — k. Then,

h; = (some symmetric function of degree < i) mod K.

Proof of Lemma (sketched). We shall prove Lemma by strong induction
on i. Thus, we assume (as the induction hypothesis) that

h; = (some symmetric function of degree < j) mod K (152)

foreveryje {n—k+1,n—k+2,...,i—1}.

If i < n, then (applied to j = i) yields h; = a;_(,_yy mod K (since i €
{n—k+1,n—k+2,...,n}), which clearly proves Lemma (since (k) 18
a symmetric function of degree < i . Thus, for the rest of this proof, we
WLOG assume that i > n. Hence, each t € {1,2,...,k} satisfies

i—-te{n—k+1,n—k+2,...,i—1}(since i —_ t >n—kandi—_t <
>n <k >1
i — 1) and therefore
h;_; = (some symmetric function of degree < i —t)mod K (153)
(by (152), applied to j =i —t).
On the other hand, each t € {k+1,k+2,k+ 3, ...} satisfies
e; = (some symmetric function of degree < f) mod K. (154)

[Proof of (154): Let t € {k+1,k+2,k+3,...}. Thus, t > k. Hence, the par-
tition (1t) has more than k parts (since it has ¢ parts), and therefore we have
(1) ¢ P. Hence, Lemma (applied to A = (1)) yields

51ty = (some symmetric function of degree < [1‘|) mod K.
In view of sy = e; and |1f| = t, this rewrites as
e; = (some symmetric function of degree < f) mod K.

This proves (154).]
32by
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Now, we claim that each t € {1,2,...,i} satisfies

h;_;e; = (some symmetric function of degree < i) mod K. (155)

[Proof of [I55): Let t € {1,2,...,i}. We are in one of the following two cases:

Case 1: We have t < k.

Case 2: We have t > k.

Let us first consider Case 1. In this case, we have t < k. Hence, t € {1,2,...,k}.
Thus,

h;_ €t
~—~—
=(some symmetric function of degree <i—t) mod K

(by (153))

= (some symmetric function of degree <i—t)-e;
= (some symmetric function of degree < i) mod K

(since e; is a symmetric function of degree t). Hence, (155) is proven in Case 1.
Let us next consider Case 2. In this case, we have t > k. Hence, t €
{k+1,k+2,k+3,...}. Thus,

h; et
~—~—
=(some symmetric function of degree <t) mod K

(by 59
= h;_; - (some symmetric function of degree < t)

= (some symmetric function of degree < i) mod K

(since h;_; is a symmetric function of degree i — t). Thus, (155) is proven in Case
2.
We have now proven (155) in both Cases 1 and 2. Thus, (155) always holds.]
On the other hand, i > n —k > 0 (since n > k), so that i # 0. Now, (46)
(applied to N = i) yields

1

) (-1 h;_je; =6p; =0 (since i # 0).
j=0
Hence,
i , i
0= Z (—1)] hi,]'e]' = Z (—1)thi,tet
j=0 t=0

(here, we have renamed the summation index j as t)

i
= (—1)0 h; o e + Z (—1)thi,tet
T o 7

(here, we have split off the addend for t = 0 from the sum)

i
= hi + 2 <—1)t hi_tet.
t=1
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Hence,
J t
hj=—Y (-1) h; e
=(some symmetric function of degree <i) mod K
(by (155))
i
=-) (—1)" (some symmetric function of degree < i)
t=1
= (some symmetric function of degree < i) mod K.
This completes the induction step. Thus, Lemma is proven. O

Recall the first Jacobi-Trudi identity ([GriRei20, (2.4.16)]):

Proposition 12.8. Let A = (A, Ay, ..., Ap) and p = (y1, H2,...,4¢) be two
partitions. Then,

Next, we are ready to prove Lemma [12.5;
Proof of Lemma (sketched). We must prove that

s) = (some symmetric function of degree < |A|) mod K.

If A ¢ Py, then this follows from Lemma Thus, for the rest of this proof, we
WLOG assume that A € P.

From A € Py and A ¢ Py ,, we conclude that not all parts of the partition A are
< n — k. Thus, the first entry A; of A is > n —k (since Ay > Ay > A3 > --+).
But A = (A1,Ay,...,Ag) (since A € P). Thus, Proposition [12.8| (applied to ¢ = k,
u =@ and y; = 0) yields

= det ((hAu—u+v)1§u§k, 1§v§k>

here, we have renamed the indices i and j
as u and v in the matrix

k
=) hy 14-Cp (156)
=1

where C; denotes the (1, j)-th cofactor of the k x k-matrix (hy, —u10); <<k 1<o<k

A= (hAufquv)gugk, 1<ockand ayp =hy, 4, andi=1)
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For eachj € {1,2,...,k}, wehave Ay —1+j> A1 —1+1=A; > n—kand
therefore

hy, 14
= (some symmetric function of degree < A; —1+ j)mod K (157)

(by Lemma applied toi = A; —14).
For each j € {1,2,...,k}, the polynomial C; is the (1, j)-th cofactor of the
matrix (hy, —ui0)1<,<r 1<o<x (Dy its definition), and thus is a homogeneous ele-

ment of A of degree |A| — (A1 —1+) (by Lemma (a), applied to ¢ = k and
i =1). Hence,

C; = (some symmetric function of degree < [A| — (A1 —1+7)) (158)

foreachj e {1,2,...,k}.
Therefore, (156) becomes

k

S\/o = ), hy, 14
]':1 N’
=(some symmetric function of degree <A;—1+j) mod K

(by (157)
Ci
~—

=(some symmetric function of degree <|A|—(A1—1+j))

(by (158))

k
= ) (some symmetric function of degree < A; —1+ )

j=1
- (some symmetric function of degree < |A| — (A1 —1+7))
= (some symmetric function of degree < |A|) mod K.

In view of s, /5 = s,, this rewrites as
s) = (some symmetric function of degree < |A|) mod K.
This proves Lemma [12.5 O

Lemma 12.9. Let N € IN. Let f € A be a symmetric function of degree
< N. Then, there exists a family (cy) x|<n Of elements of k such that
f = ) CkSx.

xEPar;
|k|<N

x€Par;

Proof of Lemma For each d € IN, we let Ageg—g be the d-th graded part of
the graded k-module A. This is the k-submodule of A consisting of all ho-
mogeneous elements of A of degree d (including the zero vector 0, which is
homogeneous of every degree).
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Recall that the family (s)),cp,, is @ graded basis of the graded k-module A.
In other words, for each d € N, the family (sy))cpar, |1|—q is @ basis of the k-

submodule Ageg—g of A. Hence, for each d € IN, we have

Ndeg=d = <the k-linear span of the family (s,) AcPar; | A\:d>

= Y ks, (159)
A€Par;
|A|=d

The symmetric function f has degree < N. Hence, we can write f in the

N-1
form f = Y f; for some fo, f1,...,fnN-1 € A, where each f; is a homoge-
d=0

neous symmetric function of degree d. Consider these fy, f1,..., fy—1. For
each d € {0,1,...,N — 1}, the symmetric function f; is an element of A and
is homogeneous of degree d (as we already know). In other words, for each
de {0,1,...,N —1}, we have

fa € Ngeg—a- (160)
Now,
N-1 N—-1 N-1
f=Y fi €Y Adg-a =Y, ) ksp= ) ksy= ) ks
d=0 v d=0 ~—~— d=0 A€Par; A€Par; xePar;
ENdeg=d = ¥ ks, IA|=d IA|<N k|<N
(by (160)) A€Par; ———
|A|=d = r
(by ([159)) A€Par;
[A|<N

(here, we have renamed the summation index A as x in the sum). In other words,

there exists a family (cx),cpay, [<n Of elements of k such that f =} ces«.
’ cPar;
TK|<aIf]

This proves Lemma [12.9] O

Lemma 12.10. For each y € Par, the element 5, € A/K belongs to the k-
submodule of A/K spanned by the family (sy),cp, -

Proof of Lemma(12.10, Let M be the k-submodule of A/K spanned by the family
(8X)rep,,- We thus must prove that 5, € M for each y € Par.

We shall prove this by strong induction on |y|. Thus, we fix some N € IN, and
we assume (as induction hypothesis) that

sceM for each x € Par satisfying |x| < N. (161)

Now, let € Par be such that |i| = N. We then must show that 5, € M.
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If u € Py, then this is obvious (since 5, then belongs to the family that spans
M). Thus, for the rest of this proof, we WLOG assume that ¢ Py ,. Hence,

Lemma (applied to A = p) yields

s, = (some symmetric function of degree < |u|) mod K.

In other words, there exists some symmetric function f € A of degree < |u| such
that s, = f mod K. Consider this f.

But f is a symmetric function of degree < |u|. In other words, f is a symmetric
function of degree < N (since |u| = N). Hence, Lemma shows that there
exists a family (cy) y of elements of k such that f =} cxs,. Consider

x€Par; |x|<
x€Par;
[k|<N
this family. From f = ) cxS,, we obtain
x€Par;
|k|<N

f=Y oasc= ) o & € )Y aMCM (since M is a k-module).
x€Par; x€Par; GMV x€Par;
[k|<N |k|<N (by (16T)) k| <N

But from s, = fmod K, we obtain s, = f € M. This completes our induction
step. Thus, we have proven by strong induction that s, € M for each u € Par.

This proves Lemma (12.10 H
I Corollary 12.11. The family (5}),cp, , spans the k-module A/K.

Proof of Corollary [12.11} It is well-known that (s, ) , cp,, i a basis of the k-module
A. Hence, (S)),cp,, is a spanning set of the k-module A/K. Thus, (5x),cp,,

is also a spanning set of the k-module A/K (because Lemma [12.10| shows that
every element of the first spanning set belongs to the span of the second). This

proves Corollary [12.11 O
With Corollary [12.11}, we have proven “one half” of Theorem m

12.3. A lemma on filtrations

Next, we recall the definition of a filtration of a k-module:

Definition 12.12. Let V be a k-module. A k-module filtration of V means a
sequence (Vi),,cpn of k-submodules of V such that |J V,, = V and Vj C

meN
nwcwc.. ..

For example, (Adeg<m), . 18 @ k-module filtration of A.

The filtered k-modules are the objects of a category, whose morphisms are
k-linear maps respecting the filtration. Here is how they are defined:
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Definition 12.13. Let V and W be two k-modules. Let f : V — W be a k-
module homomorphism. Let (Vy;),,cn be a k-module filtration of V, and let
(W) nen be @ k-module filtration of W.

We say that the map f respects the filtrations (Viy),,cpny and (Wir) ey if it sat-
isfies (f (Vin) € Wy, for every m € IN). Sometimes we abbreviate “the map f
respects the filtrations (Vi,),,~o and (Wy),,~,” to “the map f respects the fil-
tration”, as long as the filtrations (Vy),,cpn and (Wi),,cn are clear from the
context.

The following elementary fact about filtrations of k-modules will be crucial to
us:

Proposition 12.14. Let V be a k-module. Let (V},),,cp be a k-module filtration
of V. Let f : V — V be a k-module homomorphism which satisfies

(f (Vin) € Vi for every m € N),

where V_; denotes the k-submodule 0 of V. Then:
(@) The k-module homomorphism id —f is an isomorphism.

(b) Each of the maps id —f and (id —f) " respects the filtration.

Proposition [12.14]is classical; a proof can be found in [Grinbell, Proposition
1.99] (see the detailed version of [Grinbell] for a detailed proof). Let us restate
this proposition in a form adapted for our use:

Proposition 12.15. Let V be a k-module. Let (V},),,cp be a k-module filtration
of V. Let g : V — V be a k-module homomorphism which satisfies

(g(v) ev+Vy for every m € N and each v € V), (162)

where V_q denotes the k-submodule 0 of V. Then:
(a) The k-module homomorphism g is an isomorphism.
(b) Each of the maps ¢ and ¢! respects the filtration.

Proof of Proposition (12.15| Let f : V. — V be the k-module homomorphism id —g.
Then, f = id —g, so that g = id —f. Now, for each m € IN, we have f (V},) C
V,u_1 (since each v € V,, satisfies

f (v)=(id=g)(v) =id(v) g (v) =v—g(v)

< S~
=id —-g =0
=— (@-v) €-Vuq
—_—
Emel
(since g(v)€v+Vy,_1
(by (T62))
C Vo1 (since Vj,,_1 is a k-module)
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). Hence, Proposition (a) yields that the k-module homomorphism id — f
is an isomorphism. In other words, the k-module homomorphism g is an iso-
morphism (since ¢ = id —f). This proves Proposition (a).

(b) Proposition (b) yields that each of the maps id —f and (id —f )7t
respects the filtration. In other words, each of the maps ¢ and ¢! respects the
filtration (since ¢ = id — f). This proves Proposition (b). O

We next move back to symmetric functions. Recall that (Adegﬁm)melN is a k-
module filtration of A. Whenever we say that a map ¢ : A — A “respects the
tiltration”, we shall be referring to this filtration.

Lemma 12.16. Let N € IN. Let f € A be a symmetric function of degree
< N. Then, there exists a family (cy) y of elements of k such that
f = ) Cxex.

x€Par;
|k|<N

x€Par; |x|<

Proof of Lemma|12.16] This can be proved using the same argument that we used
to prove Lemma as long as we replace every Schur function s, by the
corresponding e;,. O

Recall one of our notations defined long time ago: For any partition A, we let
e, be the corresponding elementary symmetric function in A. (This is called e,
in [GriRei20, Definition 2.2.1].)

Lemma 12.17. Let ¢ : A — A be a k-algebra homomorphism. Assume that
¢ (e;) € e + Ngeg<i—1 foreachi € {1,2,3,...}. (163)

Then:

(a) We have ¢ (v) € v + Ageg<u—1 for each m € IN and v € Ageg<y- (Here,
Ageg<—1 denotes the k-submodule 0 of A.)

(b) The map ¢ : A — A is a k-algebra isomorphism.

(c) Each of the maps ¢ and ¢! respects the filtration.

Proof of Lemma We shall use the notation ¢ (A) defined in Definition
(a).

Let us first prove a few auxiliary claims:
Claim 1: Let l,] € {—1, 0,1,.. } Then, AdegSiAdeggj - Adeg§i+j-

[Proof of Claim 1: If one of i and j is —1, then Claim 1 holds for obvious reasons
(since Ageg<—1 = 0 and thus Ageg<iAdeg<j = 0 in this case). Hence, for the rest
of this proof, we WLOG assume that none of i and j is —1. Hence, i and j belong
to IN (since i,j € {—1,0,1,...}). Thus, yields Ageg<iMdeg<i S Adeg<i+j-
This proves Claim 1.]
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Claim 2: Let a,f € IN. Let a € Ageg<q and b € Ageg<p. Let u €
0+ Ndeg<a—1 and 0 € b+ Ageg<p1. Then, uv € ab + Ageg<arp-1-

[Proof of Claim 2: For every m € IN, we have Ageg<m—1 C Adeg<m (indeed, this
is clear from the definitions of Ageg</;—1 and Ageg<m). Thus, Ageg<a—1 € Adeg<a
and Adeggﬁ—l C Adeggﬁ‘

We have u € a + Ageg<s—1- In other words, u = a + x for some x € Ageg<a—1-
Consider this x.

We have v € b+ Ageg<p—1- In other words, v = b +y for some y € Ageg<p1-
Consider this y.

We have v € \b// +Adeg§,371 C Adegﬁ,B + AdegS‘B - Adeggﬁ (since Adeggﬁ

N——

€Adeg<p CAdeg<p
is a k-module).

Now,

X _ v € AdeggaflAdegng C Adegﬁ([x—l)—i—,@
€Adeggafl GAdegS/S

(by Claim 1, applied toi = a — 1 and j = p)

= Adeg<a+p-1 (since (a —1)+B=a+p—1).
Furthermore,
NG € Adeg<aNdeg<p-1 & Adeggzx+(/3_1)

eAdegS’X eAdegSﬁ,1

(by Claim 1, appliedtoi =aand j = —1)

= Adeg<a+p-1 (sincea+ (B—1)=a+p—1).
Now,
M ov=(a+x)v=a _v_+xv=a(b+y)+xv
=a-+x :b_H/

=ab+ ay + X0 € ab + {\degga—i—ﬁ—l + Adeggzx—i—ﬁ—l/

6Adeg§zx+ﬂ71 eAdeg§a+ﬁ71

gAdegSaJrﬁfl
(since Ageg<a+p-1 is a k-module)

Cab+ Adeggzx—l—,B—l-
This proves Claim 2.]
Claim 3: We have ¢ (e)) € ey + Ageg<||—1 for each partition A.

[Proof of Claim 3: We shall prove Claim 3 by induction on ¢ (A).
Induction base: Claim 3 is clearly true when ¢ (A) = 0 @ This completes the
induction base.

3Proof. Let A be a partition such that £ (A) = 0. We must show that ¢ (e;) € e + Adeg<|r|-1-
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Induction step: Let r be a positive integer. Assume (as the induction hypothesis)
that Claim 3 is true whenever ¢ (A) = r — 1. We must prove that Claim 3 is true
whenever £ (A) = r.

So let A be a partition such that £(A) = r. We must prove that ¢ (e)) €
e, + Adeggw—l'

We have ¢(A) = r. Thus, the entries Ay, Ay, ..., A, of A are positive, while
A1 = Appp = A3 = --- =0. Hence, A = (A, A, ..., Ay).

We have 1 € {1,2,...,r} (since r is positive). Hence, A; is positive (since
A1, A, ..., Ay are positive).

Let A be the partition (A, A3, Ayg,...). Then, A= (A2, Az, Ay, . ..) = (A, As, oo Ay)
(since Ayi1 = Aryp = Apyz = --+ = 0), so that £ (A) = r — 1 (since A1, Ay, ..., A,
are positive). Hence, our induction hypothesis shows that Claim 3 holds for A
instead of A. In other words, we have ¢ (ey) € e+ Adeg§|X|—1'

But from A = (A1, Az,...,A;) and A = (Ag, A3,..., A;), we see easily that |A| =
A1+ |A|. Furthermore, A; € {1,2,3,...} (since A; is positive). Hence, 1i
(applied to i = Ay) yields ¢ (e),) € ex, + Adeg<r,—1-

The symmetric function e,, is homogeneous of degree A1. Thus, ey, € Ageg<,-

The symmetric function ey is homogeneous of degree [A|. Thus, ey € Ay, A
We have now shown that ey, € Ageg<p, and ey € Adeg<|X| and ¢ (eAl) €
en, + Adeg<p,—1and @ (e) € ey + Adeg§|X|—1' Thus, Claim 2 (applied to &« = A4,

B=|A

,a=-ey,b=ey, u=¢(e,)and v = ¢ (ey)) yields that

¢ (en,) @ (ex) € enex+ Agegr, 7|1

= ey ey + Ageg<|a|-1 (164)

(since Ay + |A| = |A).
But A = (A2, A3, Ay, . ..); thus, the definition of ey yields

ey =eye\.e), . (165)
But the definition of e, yields

ey =eyeyner - =ey (eyerey, - ), = e, ey. (166)

[

Vv
—e+

A
(by (T65))

We have A = @ (since £(A) = 0) and thus e, = ez = 1. Hence, ¢(e)) = ¢ (1) =1
(since ¢ is a k-algebra homomorphism). Thus, ¢ (ey) — ey =1—1=0€ Ageg<||-1 (since
—— = =
=1 =1
Agdeg<|r|-11s a k-module), so that ¢ (er) € ey + Ageg<|r|-1- This is precisely what we needed
to show; qed.
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Applying the map ¢ to both sides of this equality, we obtain

¢ (er) = ¢ (exex) = ¢ (er,) ¢ (ex) (since ¢ is a k-algebra homomorphism)
€ eyey +Ageg<|A|-1 (by (164))
=e,
(by (T66))

=e)\+ Adegg\/\|—1'

Now, forget that we fixed A. We thus have proven that ¢ (e;) € ej + Ageg<|r|-1
for each partition A satisfying ¢ (A) = r. In other words, Claim 3 is true when-
ever £ (A) = r. This completes the induction step. Thus, Claim 3 is proven.]

We also notice that

Adegg—l g Adeggo g Adeggl g Adeg§2 g o (167)

(by the definition of the Ageg<m)-
(@) Let m € N. Let v € Ageg<n- We must prove that ¢ (v) € v+ Adeg<m—1-
We know that v is a symmetric function of degree < m (since v € Ageg<m)-
Thus, v is a symmetric function of degree < m + 1. Hence, Lemma (applied
to N =m+1and f = v) yields that there exists a family (c) , of
elements of k such that

k€Par; || <m-+

v= ) cex (168)
xE€Par;
x| <m+1

Consider this (cx)epar; x| <m+1-
For every « € Par satisfying |x| < m + 1, we have

% (eK) € ex+ Adeggm—l- (169)

[Proof of (169): Let x € Par be such that |x| < m + 1. From || < m 41, we
obtain x| —1 < m and thus || —1 < m — 1 (since || — 1 and m are integers).
Hence, Adeg§|1c|—1 - Adeggmfl (bY )

But Claim 3 (applied to A = «) yields ¢ (ex) € ex+ Ageg<ix—1 S €+

&w

gAdeggm—l

Adeg<m—1- This proves (169).]
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Now, applying the map ¢ to both sides of the equality (168), we obtain

p(v)=¢ Y ae| = ) o ¢lex) (since the map ¢ is k-linear)
x€Par; xePar; N
‘K|<m+1 |K|<m—|—1 6eK'i_Adegmfl
(by (169))
S Z Cx (eK + Adeggm—l) = Z (CKeK + CKAdeggm—l)
xk€Par; ~~ d xEPar;
|x|<m+1  =Cxex+CxAdeg<m—1 || <m+1
= 2 Cxex + Z CKAdeggm—l Co+ Adeggm—l-
xEPar; KEPar;
[e|<m+1 || <m+1
=0 CAgn
(by ({68) =acgen1

(since Ageg<p—1 is a k-module)

This proves Lemma (a).

(b) The map ¢ : A — A is a k-algebra homomorphism, thus a k-module
homomorphism. Lemma (a) shows that ¢ (v) € v+ Ageg<m—1 for each
m € N and v € Ageg<m, Where Ageg< 1 denotes the k-submodule 0 of A.
Hence, Proposition (@) (applied to V. = A, Viy = Ageg<m and g = ¢)
yields that the k-module homomorphism ¢ is an isomorphism. Hence, this
homomorphism ¢ is bijective and thus a k-algebra isomorphism (since it is a
k-algebra homomorphism). This proves Lemma (b).

(c) The map ¢ : A — A is a k-algebra homomorphism, thus a k-module
homomorphism. Lemma (a) shows that ¢ (v) € v+ Ageg<m—1 for each
m € N and v € Ageg<m, Where Ageg< 1 denotes the k-submodule 0 of A.
Hence, Proposition (b) (applied to V. = A, Viy = Ageg<m and g = ¢) yields
that each of the maps ¢ and ¢! respects the filtration. This proves Lemma
(o). O

12.4. Linear independence

Proof of Theorem Corollary shows that the family (5}),cp,_ spans the
k-module A /K. We need to prove that it is a basis of A/K. ’

Let us first recall that A/ (exi1, k12, €k13,--.) = S. More precisely, there
is a canonical surjective k-algebra homomorphism 7 : A — S which is given
by substituting 0 for each of the variables xj1, Xx42, Xk+3, . . .; the kernel of this
homomorphism is precisely the ideal (ex,1, €x12,€x:3,...) of A. This homomor-
phism sends each h,, € A to the polynomial 1, € S defined in (T).

It is well-known that the commutative k-algebra A is freely generated by its

elements e, ey, e3,.... Hence, we can define an k-algebra homomorphism ¢ :
A — A by letting
¢ (e) =e foreachi € {1,2,...,k}; (170)
p(ej) =e —Db; foreachie€ {k+1,k+2,k+3,...}. (171)
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Consider this ¢. Then, we have ¢ (e;) € e; + Ageg<i—1 for each i € {1,2,3,...}
Hence, Lemma (a) shows that we have

@ (v) € U+ Adeg<m—1 for each m € N and v € Ageg<m- (172)

(Here, Ageg<—1 denotes the k-submodule 0 of A.) Furthermore, Lemma
(b) shows that the map ¢ : A — A is a k-algebra isomorphism. In other words,
¢ is an automorphism of the k-algebra A. Finally, Lemma (c) shows that
each of the maps ¢ and ¢! respects the filtration.

The map ¢ is a k-algebra automorphism of A and sends the elements

€k+1,€k+2, €43, - - to €11 — by, exip — by ez —bs, ...,

respectively (according to (171)). Hence, it sends the ideal (ey 1, €x12, €xi3,---)
of A to the ideal (ex,1 — b1, ex12 — by, e 3 — b3, ...) of A. In other words,

@ ({€kt1,€x12 €k13,-..)) = (€ky1 — b1, e — b, e 3 —bs,...). (173)
Foreachi € {1,2,...,k}, define ¢; € A by
¢i=¢ (@ (hy_kri) —hy_jsi+a5). (174)

This is well-defined, since ¢ is an isomorphism. For each i € {1,2,...,k}, we
have

¢ (hygpi—¢i) =@ () — ¢ (ci)

=¢(hy_gyi)—hy_pyita;
(by @79

(since ¢ is a k-algebra homomorphism)
= ¢ (hy_tyi) = (@ (hy_gi) —hy_jii+a;) =h, 1y —a;.

3Proof. Leti € {1,2,3,...}. We must prove that ¢ (e;) € e; + Ageg<i—1-
If i € {1,2,...,k}, then this is obvious (since the definition of ¢ yields ¢ (e;) = e; =
e + 0 € e; + Ageg<;—1 In this case). Hence, for the rest of this proof, we WLOG

eAdeggFl
assume that we don’t have i € {1,2,...,k}. Hence,

i€{1,2,3,. . 3\{1,2..k} ={k+1,k+2,k+3,...}.

Thus, the definition of ¢ yields ¢ (e;) = e; — b; ;. But (141) (applied to i — k instead of i)
yields that

b, x = | some symmetric function of degree < k + (i — k)
=i
= (some symmetric function of degree < 1)
= (some symmetric function of degree <i—1) € Ageg<i—1-

Thus, ¢ (e;)) =e;— b; ;€ e — Ageg<i- 1 = € + Ndeg<i—1 (SinCe Ageg<; 1 is a k-module).
~—
€Adeg<i—1
Qed.
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In other words, the map ¢ sends the elements h,, ;.1 — ¢y, h, 50 —cp,..., hy —
¢k to the elements h,, ;.1 —aj, h, ;o —ay,..., h, — a, respectively. Thus, it
sends the ideal (h, ;.1 — ¢, h, xp —cp,..., hy, — k) of A to the ideal
(hy_rr1—ay,h, yi0—ap...,h, —ag) of A (since ¢ is a k-algebra automor-
phism). In other words,

¢ ((hy_gy1 — e, hy_jio — 2, hy —¢p))
= (hy_ry1—ap,hy g0 —az... hy —ay). (175)

Recall that ¢ is a k-algebra homomorphism; thus,

¢ ((hy—gp1 — e, hy_jo — o, hy — ) + (@1, €540, €443, -+ )
=9 (<hl’l—k—|—1 - Cl/hn—k+2 — Q... /hn - Ck>) + @ (<ek—|—1/ €k+2, €k+3/ - - >)4

N~ ~~

=(h,_rp1—ar,h,_go—az... hy—ay) =(exr1—b1eo—byer 3-bs,...)
(by (I75)) (by [73))
= (hy_gy1 —ap,hy o —ay,..., hy —ag) + (g1 — by, en — by e 3 —bs,...)
_K (176)

(by the definition of K).
For eachi € {1,2,...,k}, let us consider the projection ¢; of ¢; € A onto S. Let
I. denote the ideal of S generated by the k differences
hn—k—l—l —Cy, hn—k+2 — €2 iy — Ck-

Moreover, for each i € {1,2,...,k}, the element ¢; is a symmetric function
of degree < n —k+1i El Hence, for each i € {1,2,...,k}, the projection ¢;

¥Proof. Leti € {1,2,...,k}. Thus, h, ,; is a homogeneous symmetric function of degree
n—k+ i.. Hence, h; yi; € Ageg<nk+i- Thus, (172) (applied to m = n—k+iand v =
h, kyi) yields ¢ (hy ki) € hy ki + Adeg<n—k+i-1- In other words, ¢ (h, ;) —h, ¢y €
Adeggnfkﬂ'fl-
Also, (140) yields
a; = (some symmetric function of degree < n —k+1)
= (some symmetric function of degree <n—k+i—1) € Ageg<n—k+i-1-

Hence,

@ (hygyi) —hy gy + a € Ndeg<n—k+i—1 T Ndeg<n—k+i—1 & Ndeg<n—k+i-1

ENdeg<n—k+i-1 EAdeg<n—k+i-1

(since Ageg<n—k+i—1 is @ k-module). But the map ¢~ ! respects the filtration; in other words,

we have ¢! (Adeggm) C Ageg<m for each m € N. Applying thistom =n—k+i—1, we
obtain (p‘l (Adeggn—k+i—1) C Adeg<n—k+i—1- Now, 1) becomes

i=¢ " | @(hy_ppi) —hypyita | €9 (Adeggn—k+i—1) C Adeg<n—k+i-1-

E€Adeg<n—k+i-1
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of ¢; € A onto § is a symmetric polynomial of degree < n —k + i (because
projecting a symmetric function from A onto S cannot raise the degree). Thus,
Theorem (applied to ¢; and I, instead of a; and I) yields that the k-module
S/ is free with basis (5;),. p - Hence, this k-module S/ is free and has a
basis of size | P ,|. /

But ¢ is a k-algebra automorphism of A. Thus, we have a k-module isomor-
phism

A/ (<hn,k+1 - Cl/hn7k+2 — Q... Ihn - Ck> + <ek+1/ €k+2, €k+3/ - - >)
=A@ (M1 — e hy o — o,y — ) 4 (€r1, €p40, €143, - )

(by:)
= A/K.

Hence, we have the following chain of k-module isomorphisms:

A/K=A/ ((hy_gp1 — e, hy g0 — 2.0 hy — o) + (€1, €42, €643, 2))

= (A/ (ekt1, €2/ €k13,--.)) / <hn—k+1 —c,hy jo—c . hy —

-

=S

where h,, .1 —c1,h, .0 — ¢, ..., h; — ¢ denote
the projections of hy, ;1 —c¢1, hy, 10 —c2,..., hy — ¢
onto A/ (€41, €x12, €43, - - -)
=S/ (hy 41— hy k00— by —¢) =S/ L.

N J/

=1,
(by the definition of I)
Hence, the k-module A/K is free and has a basis of size |P,| (since the k-
module S/ is free and has a basis of size |Py ,|).
Now, recall that the family (5}),cp,  spans the k-module A/K. Hence, Lemma

shows that this family must be a basis of A/K (since it has the same size as
a basis of A/K). This proves Theorem [12.3| O
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