Project: Annihilating polynomials
of Hopf algebra endomorphisms

Darij Grinberg
December 31, 2024

This is an overview of some interrelated questions I'm interested in answering
or seeing answered. All of them concern connected graded Hopf algebras over a
commutative ring k. I will use standard notations for Hopf algebras ([GriRei20),
Chapter 1]). In particular:

* We fix a commutative ring k. All tensor products, algebras, Hom spaces, etc.
will be over k.

* The comultiplication, the counit and the antipode of a Hopf algebra are de-
noted by A, € and S. Sometimes, for disambiguation, we denote them by A,
ep and Sy, where H is the relevant Hopf algebra.

i

¢ “Graded” (as in “graded k-modules”, “graded k-bialgebras, etc.”) will always
mean “IN-graded”. We do not twist our tensor products by the grading (i.e.,
we do not do any superalgebra here).

* The n-th graded component of a graded k-module V will be called V;,. If
n < 0, then this is the zero submodule 0.

e Welet N ={0,1,2,...}.

The overarching thread of the first two questions is to find polynomials that
annihilate certain operators defined on any connected graded Hopf algebra. The
third question is an attempt to make questions like this brute-forceable (for any
given degree).

1. Specific operators

1.1. Annihilating polynomials for id —S?
In [AguLaul4, Proposition 7], Aguiar and Lauve showed that

(id —52)” (Hy) = 0
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whenever H is a connected graded Hopf algebra over a field and n is a positive
integer. Later, Aguiar [Aguiarl7, Lemma 12.50] strengthened this equality to

n—1
<(id +S)o (id _52) ) (Hy) =0 for each n > 0.

For specific combinatorially interesting Hopf algebras, even stronger results hold;
in particular,

5 n—1
(id -S > (Hy,) =0 holds for each n > 1

when H is the Malvenuto-Reutenauer Hopf algebra (see [AguLaul4, Example 8]).

In [Grinbe21], I generalize this all to connected filtered (rather than graded) Hopf
algebras over commutative rings (rather than fields), and even further. Here I am
not interested in the filtered case, so let me only state my results for graded Hopf
algebras ([Grinbe21, §2.4])

Corollary 1.1. Let H be a connected graded k-Hopf algebra with antipode S.
Then, for any positive integer 1, we have

(id —52>”_1 (Hy) C Prim H (1)

and
((id +S)o <id —52)”_1) (Hy) =0 )

and
(id—s?)" (H.) =0. 3)

Corollary 1.2. Let H be a connected graded k-Hopf algebra with antipode S.
Let p be a positive integer such that all i € {2,3, ..., p} satisfy

<id —52) (H;) = 0. (4)
Then:
(a) For any integer u > p, we have
(id —s?) ""(Hy) C PrimH (5)
and -
<(id +5)0 (id—5?) p) (Hey) = 0. ©)

IfVisa graded k-module, and if n € IN, then V<, denotes the k-submodule Vo & V1 @ --- &V,
of V.
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(b) For any integer u > p, we have

(id —52)”_p T Hew) = 0. @)

Corollary 1.3. Let H be a connected graded k-Hopf algebra with antipode S.
Assume that
ab = ba for every a,b € Hj. (8)

Then:
(a) We have

(id —sz) (Hp) = 0.
(b) For any integer u > 2, we have
u—2
(id —52) (H<,) C Prim H 9)

and
((id +5) o (id —52) H) (H<y) = 0. (10)

(c) For any integer u > 1, we have

(id —52>”1 (H<y) = 0. (11)

1.2. The random-to-top operator

Now, fix a connected graded Hopf algebra H over the commutative ring k.

For each n € N, let p, : H — H be the projection onto the n-th graded com-
ponent H, of H (viewed as an endomorphism of H). Note that pg (x) = € (x) - 1y
for each x € H, since H is connected. Also, each element of H; is primitive (again
since H is connected).

Let f : H — H denote the map p; xid, where the asterisk “x” means convolution

of linear maps (so that we have f (x) = Y p1 (x(1)> x(yy for any x € H, using
(x)

Sweedler notation). The map f can be viewed as a generalized random-to-top or

top-to-random shuffling operator: Indeed, the latter two operators are obtained by

specializing H to be either the tensor algebra or the shuffle algebra of a k-module.
We claim the following

?In the following, the ] sign means a product with respect to composition (not convolution). Also,
the expression “f — k” for an integer k always means the map f —k-id € End H.
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Theorem 1.4. (a) We have f = 0 on Hy, and we have f = id on Hj.
(b) For each n > 2, we have

\
w

n

Il
=

For example, Theorem [1.4] (b) entails that
(f=2)of*=0 on Hy, and
(f=3)o(f~1)?*cf*=0 on H, and
(f=4)o(f~2 e (f~1?cfP=0  onH.

(f=mo(f=(m=2)[T(f=0"""=0  onH.

Theorem should be compared with the classical fact (see, e.g., [Grinbels8,

n
Theorem 3] and references therein) that (f —n) o [] (f —i) = 0 on the n-th graded

i=0

component of a tensor algebra. When passing to a general connected graded Hopf

algebra, we have only been able to salvage this equality “up to exponents”.

To prove Theorem I will introduce some notations:

e Weset [p] :={1,2,...,p} forany p € IN.

e Given two integers k and ¢, we define a (k, ¢)-primitive product to be a product
ayay - - - ap of finitely many homogeneous primitive elements of H such that
deg (a1) + deg (a3) + - - - +deg (ap) = k and such that there are precisely ¢

many i € [p] satisfying deg (a;) = 1.

For example, if a,b,c,d are four homogeneous primitive elements of H such
that dega = 2 and degb = 1 and degc = 3 and degd = 1, then abcd is a

(7,2)-primitive product.

* Given two integers k and ¢, we let P, be the k-linear span of all (k,{)-

primitive products in H. This is a k-submodule of Hy.

Note that
Poo = span {1y} = Hy.

Furthermore,
Py=0 whenever ¢ > k.

Moreover, since k — (k — 1) = 1, we have
P11 =0 for any k € Z.

Also, obviously,
Pep=0 whenever ¢ < 0.
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e If U and V are two k-submodules of H, then UV shall mean the k-linear span
of all products uv withu € Uand v € V.

We will prove Theorem [1.4/ by constructing a filtration of H;, and a sequence of
maps 80,81, - - -, §n—2,8n (sic!) that map larger to smaller parts in this filtration:

Theorem 1.5. Let n € IN. For each k € IN, we define the k-linear map

k
gk::(f—k)o. (f—i):H— H.

1

|
N

Il
o

For each k € IN, we set
Ri:= Y PooHy i
leN
this is clearly a k-submodule of HyH, _ C H,.
For each k € IN, we set

Qk := R+ Rep1 + Reo +--- = Y _Ry;
>k

again, this is a k-submodule of H,,.
The following holds:
(@) We have gx (Qx) € Qg1 for each k € N.
(b) We have Q,,_1 = Q.
(c) We have Q,,.1 = 0.

Proof of Theorem [1.5| (sketched). This is mostly an aide-memoire for myself
We shall use Sweedler notation. First, observe that the map p; is an (€, ¢€)-
derivation - i.e., that we have

p1(ab) = e (a)p1 (b) + e () pr (a) (12)
for all a,b € H. (This is straightforward to check.) Using this fact, it is easy to see
that

f(ab) =) m (5(1)> aby + f (a) b (13)

(t)

3Note to self: In the final version, use the notation b — a for ¥ p; (b(l)) ab ). This should simplify
()
the argument below, possibly even getting rid of Sweedler notation altogether.
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forall a,b € H. (Indeed, if a,b € H, then

f ((Zb) = (pl *id) (ab) = Z P1 <a(1)b(1)) a(z)b(z)
(a)(b) —
=¢(aq) )pa (b)) +€ (b)) pa (o))
(by (12))

(¢ (a) 11 (b)) +€ (b)) 1 (a1)) ) Ay by
)

so that is proven.)
Using (and induction on p), we can easily prove the following: If aq, a5, ..., 4,
are finitely many primitive elements of H, then

P
f(alaz...ap):Zpl(ai).alaz...ﬁ\i...ar] (14)
i=1

(where the hat over the 4; means “omit 4; from this product”). Using this equality
and again, we can conclude the following: If aj,4,...,a, are finitely many
primitive elements of H, and if b € H is arbitrary, then

f (a1a2 . -Llpb) = gpl <b(1)> ajan - - -ﬂpb(z)
b

+Y P (@) agy G ayh (15)

(where the hat over the 4; means “omit a; from this product”). Hence, in particular,
if aq,ay,...,a, are finitely many homogeneous primitive elements of H, and if b €
H is arbitrary, then

f(maz---apb) = (Z)Zpl (b(1)> a1z - - apb(o)
b

+ Z a;-ajay - -~ a;- - - apb. (16)
i€pl;
deg(a;)=1
Next, we claim the following: For each k, ¢ € Z, we have

(f =€) (PeeHy—x) € Peyao+1Hy—k—1 + (Pey—1 + Per—2) Hy—k (17)
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[Proof of (I7): Let k,£ € Z. We must prove (17). We know that P H,_ is the
k-linear span of all products of the form aqa; - - -ayb, where b € H,,_; and where
ai,ay,...,ap are finitely many homogeneous primitive elements of H such that
deg (a1) + deg (az) + - - - + deg (a,) = k and such that there are precisely ¢ many
i € [p] satistying deg (a;) = 1. Thus, it will suffice to show that

(f =€) (a1a2- - - apb) € Peyrs1Hu—k—1 + (Peo—1 + Piy—2) Hux (18)

for any such b and such ay,ay, ... ,Ap.
So let us fix such b and such ay,4y,...,4p, and try to prove . From (16), we
see that

f (511112 SR llpb) = 2}71 (b(1)> aidap - - - llpb(z)
(b)

+ Z ai.alaz...a\i...apb,

i€lpl;
deg(a;)=1

This sum has ¢ addends

SO tha@

(f =€) (a2 - - apb)

:ZPl (b(1)> a1a2~~~apb(2)+ 2 \(ﬂi'alaZ"'ﬂTi"'ﬂpb—ﬂlﬂz“'ﬂpb)
(®) i€[p); — ~
:421 ayag--+aj_q [”i/“j]”j+1ﬂj+2"'lf,'--~apb
]:

deg(a;)=1

(by a standard manipulation with commutators)
i—1

= % P1 (b(1)> ayay - - .apb(Z) + Z 1511112 el [ai,a]} Qi1 ;- - - aph

~ - i€lpl; j= N~
€lrr10+1Hp—k—1 deg(a;)=1 €(Pree—1+Per—2)Hyi
(since pq (b<1>) is a homogeneous (since al,az,...,aj_l,[ai,aj],aj+1,a]-+2,...,¢?i,...,ap
primitive element of degree 1) are homogeneous primitive elements,

and since deg[ai,aj] >1)
€ Pryrov1Hy k-1 + (Pe—1+ Poe—2) Hy g
This proves and therefore (17).]
Now, it is not hard to check all parts of Theorem

(a) Using (17), it is easy to see that f (Rx) € Rx+ Rgy1 € Qi for each k € IN.
Hence, it follows easily that

f(Qk) € Ok for each k € IN. (19)

Fix k € N. Then, yields f(Qxs1) € Qxs1. Hence, Qi1 is not just a k-
module, but also a k [f]-module (where f acts in the obvious way).

“We use the notation [x,y] for the commutator xy — yx of two elements x,y € H.
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Next, we claim that each integer ¢ > —1 satisfies

/
(H (f — i)) (PeeHp—k) € Qkp1- (20)

i=0

Indeed, easily follows by strong induction on ¢ (using P,_; = 0 for the
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case ¢ = —1, and using for the induction stepEb. Thus, each integer ¢ €
{—1,0,...,k — 2} satisfies
Sk (PeeHu—k) € Qrs1 (21)

k-2 4
(since gx = (f —k)o [T (f —i) can be written as a composition u o [] (f — i) for
i=0 i=0

Here is the induction step: Let £ > 0. Assume (as the induction hypothesis) that

i=0

Z/
(H (f - i)) (PoHy—k) C Qi1

for every ¢/ < {. Hence, in particular,
g

The latter of these two relations quickly entails

[uny

(f - i)) (Pe—1Hu—x) € Qis1 and

~ =
N O

(f - i)) (Pre—2Hp—r) € Qrs1 (if€>1).

0

1
(H ) (Pre—2Hp—r) € Qrs1

i=0

(-1
(in fact, this is obvious if ¢ < 2, and otherwise follows from [ [T (f — 1)) (Peo—2Hy—k) =
i=0

(-2
(f—(-1)) ((H (f—i)> (Pk,ZZan)> C (f—(0—=1))(Qxs1) € Qi1 (since Qpyq is a

i=0

CQk+1

k [f]-module)). Now,

o)

-1
( ) ((f =€) (PoHyx))

CPei,p41Hu—k1+(Por—1+Per—2 ) Hyk
(by (17))

(-1
c ( (f = i)) Pry1,041Hp—g—1 + (Pg—1 + Pro—2) Hug

i=0

CRk+1CQk+1 =Peo1Hy +Peo—2Hy

/-1 -1 {— l
S TTU-1) Q) H (Pre—1Hn ) (Pre—2Hn )

i=0 i=0 l:O

CQkt1 CQk+1 CQkt1
(since Qg1 is a k[f]-module) (as shown above) (as shown above)

C Qks1+ Qr1 + Qkg1 € Qi1

This completes the induction step.
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some u € k[f], and since Q1 is a k [f]-module).
Moreover,

Sk (PexHu—r) € Qs (22)

(this is proved rather similarly to , but additionally using the fact that P ;_; =
0).
Now,

Re =Y PoeHy i

{eIN
k
= 2 P oHy—k (since Pry = 0 whenever ¢ > k)
(=0
k—2
=) PoHy i+ Pry—1 Hy—x + PeiHy i
k—2
=) PoHy i+ PyHy— .
(=0

Applying the linear map g to both sides of this equality, we obtain

k—2

Sk (Ri) = Y 8k (PerHu—k) + 8k (PejHu—r) € Qi1
=0

(by and (22)). On the other hand, g (Qk+1) € Q41 (since Qg1 is a k[f]-
module, whereas g € k [f]). Combining these two facts, we obtain g (Qx) € Qi1
(since Qg = Ry + Qk1)- This proves Theorem [1.5] (a).

(b) We have P, 1 ¢H,_(,_1) C Py 41 foreach ¢ € Z, since H,_(,_1) = Hj consists
of homogeneous primitive elements of degree 1. Thus, R,,_; C R, follows from the
definitions of R,,_1 and R,,. This entails the claim of Theorem (b).

(c) Each k > n satisfies Ry = )}, Py H,_y = 0. Thus, Q,11 = 0. This proves

LeN ‘VO-’
(sincg k>n)

Theorem [1.5] (c). N

Proof of Theorem [1.4] (sketched). (a) Easy and left to the reader.
(b) Let n > 2. Define the maps gx and the k-submodules Ry and Qi as in
Theorem Then, it is easy to see (by counting factors) that

3
I
w

. n—2
(f=n)o(f=(m=2)2c[T(f =" =g olﬂ)gk

i

I
S

(note that all maps in this equality commute, since they all belong to the commu-
tative ring k [f]). Hence, it remains to show that

n—2
gno|[gk=0 on H,. (23)
k=0
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To do so, we observe that 15 € Py, so that H, C PyoH, = PypoH,—0 € Rp € Q.
Therefore,

n—2
<8n © H 8k> (Hn)
k=0
n—2
C (gn o] 8k> (Qo)
k=0

=g | Sna2|8n=s3|&n-al|l |S2|& 20 (Qo)
——
CQ
(by Theorem [1.5] (a))
ConlSn—2|8n-3|8n-al|l | g1 (Q1)
cQ

CQ
(by Theorem [1.5](a))

N

Sn | §n—2 | 8n-3|8n-a| - &(Qzl

—~—

CQs
(by Theorem [1.5] (a))

n(Qn-1) = g1 (Qun) (by Theorem [1.5] (b))
nl (by Theorem [1.5](a))
(by Theorem [1.5](c)) .

This proves and thus Theorem [T.4] (b). O

N 1N 1N
SN X

Question 1.6. Can the exponents in Theorem (b) be improved (i.e., made
smaller)?

It is easy to see that they cannot be improved for n = 2 (consider the free algebra
with three generators x,y1,z1 of degrees 2,1,1, respectively, with A (x) = x® 1+
1®x+y; ®y2). Some more complicated computations (using the Hopf algebra
H from the proof of Theorem below) show that they cannot be improved for
n = 3 and for n = 4 either. I don’t know about higher values of #, but I wouldn’t
be surprised if the exponents are optimal.

It sounds like a good idea to test this on well-known combinatorial Hopf algebras
such as FQSym and WQSym (and in fact, the f for H = FQSym was studied in
[Pang19, §3.4.1] and [Pang18, Theorem 6.6?]). However, they are too well-behaved
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to be of much use in this question. Indeed, if H = FQSym or H = WQSym, then

(f —n)o II (f —i) = 0 on H,. More generally:
i=0
Theorem 1.7. Assume that every two elements of H; commute. Then, each n €
IN satisfies

(f—n)OH(f—i)IO on H,,.

Note that this entails that f is diagonalizable (assuming that every two elements
of H; commute) when k is a field of characteristic 0.

Here is a way of proving Theorem We define minor variations of primitive
elements and (k, ¢)-primitive products:

* We consider the Lie subalgebra of H generated by H; (via the commutator).
Its elements are k-linear combinations of nested commutators of elements of
H; (including the depth-1 commutators, which are just the elements of H;
themselves). The elements of this Lie subalgebra will be called ultraprimitive
elements of H. It is well-known (and easy to check) that all ultraprimitive
elements of H are primitive.

If every two elements of H; commute, then the ultraprimitive elements of H
are precisely the elements of H;.

e Given two integers k and ¢, we define a (k, ¢)-ultraprimitive product to be a
product aqa; - - - a, of finitely many homogeneous ultraprimitive elements of
H such that deg (a1) 4 deg (a2) + - - - +deg (4,) = k and such that there are
precisely ¢ many i € [p] satisfying deg (a;) = 1.

* Given two integers k and ¢, we let P, be the k-linear span of all (k,¢)-
ultraprimitive products in H. This is a k submodule of Hy.
Note that if every two elements of H; commute, then P/ , = 0 whenever k # ¢
(because all nonzero ultraprimitive elements have degree 1 in this case).

Now, the following analogue of Theorem [1.5 holds:

Theorem 1.8. Let n € IN. For each k € IN, we set

/. / .
Rk «— Z Pk,an*k’
leN

this is clearly a k-submodule of HyH,,  C H,.
For each k € IN, we set

Q=R+ R+ R+ = ZRQ?
>k
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again, this is a k-submodule of H,,.

The following holds:

(a) If every two elements of H; commute, then (f — k) (Q}) € Q; . for each
k € IN.

(b) We have Q/, Qn.

(c) We have Q’

n+1 —

Proof of Theorem [1.8] (sketched). (a) Similar to the proof of Theorem [1.5] (a). More
precisely: Use an argument analogous to the proof of to prove the equality

(f = O (PeHn—k) € Py pprHu—1 + (P + Piy—2) Huk (24)
for each k, ¢ € Z. Applying this to ¢ = k, we obtain
(f = k) (PexHn—t) € PesaprrHok—1+ (Peg—1 + Peg—a) Hur (25)

However, if every two elements of H; commute, then we have P} , = 0 whenever
k # ¢, and thus we can simplify (25) to

(f = k) (PexHn—x) S Piiy s Hok1-

This rewrites further as (f — k) (Q;) € Q}_4, since we have Q = P Hy« (again
because we have Pk = 0 whenever k # /) and Q; = P, g1 Hn—k—1 (similarly).
Thus, Theorem [1.8| (a) is proved.

(b), (¢) Similar to the proof of Theorem O
Proof of Theorem [1.7] (sketched). This follows easily from Theorem (similarly to
how we proved Theorem [1.4] using Theorem [L.5). O

We remark the following;:

Theorem 1.9. Assume that every two elements of H; commute. Then, each x € H
and k € IN satisfy

(where we use Sweedler notation).

This theorem (which is not hard to prove by induction on k) can be used to prove
Theorem [1.7] again.

Question 1.10. What happens if we generalize f = p; xid to fy = pyxid ? Is
fx still annihilated by a reasonably nice polynomial on each Hj, (in analogy to
Theorem [1.4)?
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Here is a partial answer for n = 4 and k = 2. If a € Hy, then
f2 (a) = sz (a(1)> a(2) € HyH,.
()

Hence, f> (Hy) C HyH;. Furthermore, for any 4,b € H, we have

fo(ab) = ¥ p2 (abe) ) abe
(@)10)

= (%Pz (b)) aby+ X p1 (o) 1 (b)) aby + Lp2 () )b
Thus, if a,b € H,, then

fa(ab) =Y p» (b(1)> aboy+ Y, m (%)) 1 (b(l)) ao)bo)+Y P2 (ﬂ(n) ap)b
®) (a),(b) (a)

(. / S

~" ~

:\l;u eHi4 =a
€ ba + Hj + ab, (26)
so that
(fo—2)(ab) € ab—ba +H; C [Hy, Hy] + Hj.
=la,b]€[Hy, Hy]
Thus, (f» —2) (HyHy) C [Hp, Hp] + Hf‘. Furthermore, if a,b € H,, then

f2([a,b]) € Hy
(by applying to b and a instead of 2 and b, and subtracting the result from the
original ). Thus, f> ([Hz, H2]) C Hf. Finally, on H{, the map f, acts as the sum
of all (2,2)-shuffles, so its eigenvalues are (a subset of) 0,2,6 (this is a particular

case of Proposition below). Thus, (f2 (f2 —2) (f» —6)) (H}) = 0. Combining
this all, we see that

(fa(f2=2)(f2=6))cf20(fa—=2)0f2=0.
The last part of this argument (the part after falling down into Hj) is easy to
generalize, and the result is known:

Proposition 1.11. Let n € IN. In the group ring Z [S,], let shy denote the sum of

all permutations ¢ € &, that satisfy 0 (1) <o (2) < --- <o (k)and o (k+1) <

o(k+2) < --- <o (n). For each partition A = (A1,A2,...,A,) of n (with all i

satisfying A; > 0), we define the index of A to be the number of all subsets T of

[q] that satisfy Y A; = k. (Roughly speaking, the index of A is thus the number
ieT

of ways to choose a subsequence of A that sums to k.) Let G (1, k) denote the set
of the indices of all partitions of n. Then,

H (Shk —l) = 0.

ieG(nk)
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This is a particular case of [Pangl8, Theorem 3.5] (since shy acting on a tensor
algebra is exactly the fi of that tensor algebra), but it also follows from [Schock04,
(4.2) and Theorem 4.1].

| Question 1.12. Can we prove Proposition again using our filtrations?
The next question is surprisingly doable (apparently easier than Question [1.10):

Question 1.13. Is there an analogue of Theorem for fx ? For instance, is f
diagonalizable (in characteristic 0) under the assumption that every two elements
of Hi + H, + - - - + Hy, commute?

This has a positive and rather explicit answer:

For each g € Z, we let [g] denote the set {1,2,...,4}. (This set is empty when
7<0)

Fix a positive integer k.

We define an (n,k)-snail to be a tuple (a1, ay,...,a,) (with arbitrary g € N) of
homogeneous elements of H such that

0 < deg (a;) for each i € [g]

and
deg (a;) <k for each i € [q — 1]

and
deg (a1) + deg (a2) + - - - + deg (ag) = n.
(Note that deg (a4) can be any positive integer if g > 0.)

The index of an (n,k)-snail (al,az, e, aq) is defined as the number of all subsets
T of [q] satisfying Y. deg(a;) = k. (For example, if k = 1, then the index of
ieT

any (n,k)-snail (a1, a,...,a,) is either ¢ — 1 or g, since the only subsets T C [q]
satisfying ) deg (a;) = 1 are {1},{2},...,{g9 — 1} and possibly {g}.)
ieT

Intuitively, you can think of the index of an (7, k)-snail (al,az,. . .,aq) as the
number of all ways to assemble a degree-k product by striking some factors from
the product aqa; - - - ay.

We say that an integer i € Z is (n, k)-friendly if there is an (n, k)-snail (a1, a, ..., a4)
whose index is i.

Let F (n, k) denote the set of all (n, k)-friendly integers.

Clearly, this set F (n,k) is finite (since the number of all possible degree profiles
of (n,k)-snails is finite). Now I claim:

Theorem 1.14. Let k be a positive integer. Assume that every two elements of
Hi + Hp + - - - + Hy commute. Let fi = py xid. Let n be a positive integer. Then,

[T (i—i)=0 on H,.

i€F(nk)




APHAE project, version December 31, 2024 page 16

Example 1.15. Let us see what this says for n = 4 and k = 2. In this case, the
(n, k)-snails have the following forms:

a1) with dega; = 4; this has index 0.

a1,a;) with dega; = 1 and dega, = 3; this has index 0.

a1,a2) with dega; = 2 and dega, = 2; this has index 2.

a1,az,a3) with dega; = 1 and dega, = 2 and degasz = 1; this has index 2.

(
(
(

* (a1,ap,a3) with dega; =1 and dega, = 1 and degas = 2; this has index 2.
(
(a1,a3,a3) with dega; = 2 and degay = 1 and degasz = 1; this has index 2.
(

ai1,ay,a3,a4) with dega; = 1 and degay = 1 and degaz = 1 and degay =
1; this has index 6.

Thus, F (n,k) = {0,2,6} here. Hence, Theorem yields

f2(f2=2)(f2—6)=0 on Hy.

We notice that Theorem [1.7| can easily be obtained by applying Theorem to
k=1 (since F (n,1) ={0,1,...,n—2,n}).

Proof of Theorem (sketched). Very rough outline so far:

For each i € Z, we define V; to be the k-linear span of the products of all (1, k)-
snails with index > i. Thus, Vy = H,, since each h € H, is the product of the
(n,k)-snail (h) whose index is > 0. On the other hand, V; = 0 for all sufficiently
large i. Furthermore, V; = V; 4 for any i € IN that is not (n, k)-friendly.

Now, we claim that

(fr — i) (V;) € Viyq for each i € IN. (27)

[Proof of (27): Here is just the main idea.
Let i € IN. The typical generator of V; is a product aja; - - - a; of an (n, k)-snail
(a1,a2,...,a4) with index > i. Consider this (1, k)-snail. We have

fk ([11&2 Tt aq)

= (prxid) (am1a2- - - aq)

i ( )pk <(“1)(1) (”2)(1)”‘(%)(1)) (@1) ) (42) ) -+~ () 3
(a1),(a2),...,(aq

= X Y wi (@) p (@) pi (@) )

Jitittig=k (al)r(uZ)""/(a'i)

(a1) () (a2) 2) -~ (ag) (3
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(since py (wuz---ug) = L pj (u1) pj, (u2) - -~ pj, (ug) forany uy, ua, ..., ug
jitiat+ig=k

in any graded algebra).
The addends on the right hand side of this equality are again products of (1, k)-
snailﬂ We must prove that

¢ (a) their indices are > i, and

¢ (b) when their indices are i, the original snail (al, an, .. .,aq) must itself have
index i, and furthermore these addends all equal a14; - - - a; and there are i
many of them.

This is not particularly hard, but annoying and finicky. Each addend on the right
hand side is a product of the form

P <(”1)(1)> Pi» <(“2)(1)> " Pl ((“q)a)) (a1) ) (a2) () - - (”q)(z)-

After we remove the degree-0 factors from this product, we are left with a product
of < 2q factors. For each way of assembling a degree-k product from the original
a1a; - - - ag product, there is a way to do so from the new product (just replace each

am by p;,, ((am) (1)> (4m) (2))- Moreover, there is at least one new way of assembling

a degree-k product, namely by taking p;, ((al)(1)> P, <(u2)(1)> e pj, ((ﬂq)(1)>- This
way is indeed new, unless each of the g indices j; equals either 0 or dega So
the index of our addend is greater or equal to the index of (al,az, .. .,aq), and is
strictly greater unless each of the g indices j; equals either 0 or degas. This proves
part (a), and more or less proves part (b). All that remains to be done for part (b)
is showing that if each j; equals either 0 or degas, then

Pj <(”1)(1)> Pj, ((ﬂz)(1)> P, <(ﬂq)(1)> (ﬂl)(z) (ﬂ2)(2) T (“q)(z)
=may - - - ay.

This is easy: All but perhaps the last factor (a,) @) in the product belong to H; +
Hj + - - - 4+ Hj, and thus commute with each other.] [

®Here we are using the fact that Pi, ((aq) (1)) is homogeneous of degree j; < ji +jo+ -+ +j; = k.
"Why? Well, assume that some s satisfies js # 0 and js # degas. We must show that the product

P ((”1>(1)) P ((”2)(1)) “ Py ((“q)(l))

equals none of the [] p;, ((ut)(l)) (a1) () products (as formal product, not just as elements of
teT

H). But this is easy: This product contains the non-constant factor p;, ((as)(l)), but does not
contain the non-constant factor (as) ,); however, any product of the form [] p;, ((at)(1)> (at) (2
teT

must contain either none or both of these two factors.
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Some thoughts on Question What follows is handwaving that probably makes no sense.
I am just storing it here so I don’t forget it.
Again, argue by

fi (abed) =) ) fu (a(l))fv (b(1>)fw (C(1>)fx (d<1>>a<z>b(z>c(z)d<2>-

utv+w+x=k (a), (b), (c), (d)

Thus, factors of degree > k get cut into pieces. Other factors get either cut or moved
around. Either at least one factor gets cut, or all factors get moved (i.e., the factors get
permuted). Thus, we obtain a filtration of H,, by the number of factors. Better, we obtain a
“poset filtration” by the partitions of n (partially ordered by length). For each composition
a = (n1,00,...,0p) of n, we let

Wy := HyHy, -+ Ho, € Hy.

For each partition A of n, we let
V/\ = Z Wa

ac€Comp,;
A=sorta

where Comp, is the set of all compositions of # and where sort & means the result of sorting
a in weakly decreasing order. Then, W, C Wy whenever a is a refinement of 8. Moreover, fi

preserves V>, := V) + )}V, and in fact acts by permutation of factors on V>, /V-,.
ucPary;
Lu)>L(A)
This permutation action is some sort of Schocker sum like the shy in Proposition [1.11]
Better yet, we can replace f; by any p,. (see below) and the map still preserves the

filtration and acts on each factor as a quotient of an Z [S,]-element. O

Another question, less fitting into this project but related (possibly the above
results can be of some use):

Question 1.16. Can we find Ker f if k has characteristic 0 ? This would generalize
[Grinbel6, Theorem 7.15].

To be fair, there are two ways to generalize [Grinbel6, Theorem 7.15], and it is
not clear which one is better. Indeed, if H is the tensor algebra of a k-module
L, then the map t' from [Grinbel6| §7] can be viewed as either f = p; xid or
(p1 ®id) o A; the two operators have the same kernel since the multiplication map
H® H — H is injective on each single H; ® H;. More generally, I believe I can show
that Ker f = Ker ((p1 ®id) o A) whenever H is cocommutative and chark = 0.
However, if H is not cocommutative (e.g., the shuffle algebra) or if chark # 0, then
this is generally false.

2. A Hopf algebra of natural Hopf algebra
endomorphisms

This section is obsolete! A more up-to-date version can be found in [Grinbe24].
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Let us now take a step back and look at both the Aguiar-Lauve (id —5?) " (Hy) =
0 result and Theorem [1.4] from a bird’s eye view: Both of them are statements of
the form “A universally defined linear map on any connected graded Hopf algebra
is 0 on the n-th homogeneous component”. In the Aguiar-Lauve case, this map is

n .
(id —Sz)n, while in Theorem [1.4]itis (f —n)o (f — (n — 2))2 oIl (f— i)”fl*l (for
i=0
n > 2). Many other such maps can be identified, such as the Adams operators
id** (thanks, Amy, for reminding me about them), or composition powers Sk of the
antipode, or various compositions or convolutions of projections po, p1, p2,- - -
This makes the following question rather natural:

I Question 2.1. Is there a mechanical way to prove such statements?

Let me try to concretize this, following the lead of Patras and Reutenauer [PatReu98],
which have studied the case of a connected graded cocommutative Hopf algebra.

2.1. The maps p,, for a graded bialgebra H

Consider a graded bialgebra H over a commutative ring k. The k-module Endg, H
of graded k-module endomorphisms of H is itself a k-algebra in two different
ways: It has an “internal multiplication” that corresponds to composition of en-
domorphisms, and an “external multiplication” that corresponds to convolution of
endomorphisms. We consider the k-submodule E (H) of Endg, H that consists only
of those f € Endg, H that annihilate all but finitely many graded components of H
(that is, that satisfy f (H,) = 0 for all sufficiently high n). This submodule E (H)
is itself graded, with the n-th graded component being canonically isomorphic to
Endy (Hy). This submodule E (H) is preserved under both internal and external
multiplication.

Unlike Hazewinkel in [Hazewi04], we shall however not consider E (H) for a
specific H, but we shall use it as inspiration to study the functorial endomorphisms
of H defined for all connected graded Hopf algebras. Such endomorphisms include

¢ the projections po, p1,p2,- - -

¢ their convolutions P( = Pip X Piy * kP with iq,ip,...,15 > 0;

i1,2,.0k)

* the compositions p, o pg o - - - o py of such convolutions.

However, we can define a broader class of such endomorphisms. To do so, we
need some notations:

Definition 2.2. Let H be any k-module. Then, we let the group &; act on H®*
from the left by permuting tensorands, according to the rule

o- (hl Rhy® - ®hk) = ]’lo,_1(1) ®h0—1(2) Q- ®h¢7—1(k)
forall o € Sy and hl,hz,...,hk € H.
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Definition 2.3. Let H be a k-bialgebra. For any k € N, we let ml : H®k — H and
Al : H — H®* be the iterated multiplication and iterated comultiplication maps
(denoted m*~1) and A—1) in [GriRei20]). Note that m/¥ sends each pure tensor
a1 ®ap @ - -+ @ ax to the product ajap - - - a, whereas AlFl sends each element
X € Hto (Z)x(l) R x(2) ® -+ - @ x(k) (using Sweedler notation).

X

Definition 2.4. (a) A weak composition means a finite tuple of nonnegative inte-
gers.

(b) If & = (a1, ap,...,a¢) is a weak composition, then its size |a| is defined to
be the number aq +ap + - - - + a; € IN.

Definition 2.5. Let H be a graded k-module.

For any weak composition &« = (a1, ay,...,ax), we define the projection map
P, : H®® — H%F to be the tensor product pu ® pa, ® -+ @ pa. (Thus, if
we regard H®F as an IN-graded k-module, then P, is its projection on its
(a1, &2, ..., ax)-degree component.)

Definition 2.6. Let H be a graded k-bialgebra.
For any weak composition &« = (aq,ay,...,a) and any permutation o € &,
we define a map py s : H — H as follows:

* We can define it by the formula
Pao (x) = gml (x(a(l))) Pas (x(a(z))) o Pay, (x(a(k))>
X

for every x € H, where we are using the Sweedler notation }_ x(;) ® x(2) ®
(x)
-+ ® x(y) for the iterated coproduct A (x) € H®K,

* More formally, we can define it as follows:
Pa,or = mlkl o Pyoo o A[k], (28)

where the 0! really means the action of ¢! € &} on H®¥ (as in Definition

27).

This map pa, is a graded k-module endomorphism of H that sends H, to
H), and sends each other Hy to 0. Thus, p,,¢ lies in the |a|-th graded component
of E (H).

If H is commutative or cocommutative, then we can bring pa,¢ to the form pg for
some weak composition p; indeed, we have

Paoc = Poa if H is commutative,
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where 0 - (a1, ap,...,0;) == (04(74(1),%_1(2), .. .,“U—l(k)), and we have
Paoc = Pa if H is cocommutative.

However, in general, when H is neither commutative nor cocommutative, we can-
not “simplify” pyc.

Furthermore, when H is connected, each p,, for a weak composition a and a
permutation ¢ can be rewritten in the form pg . for a composition (not just weak
composition) B and a permutation 7. (Indeed, since H is connected, we can remove

all po (x(i)> factors from the product in the definition of p,..) See Proposition [2.16

below for an explicit statement of this claim.
It is easy to see that any convolution of two maps of the form p,  is again a map
of such form:

Proposition 2.7. Let &« = (a1, ay,...,a;) be a weak composition, and let o € &;
be a permutation.

Let B = (B1,B2, ..., Br) be a weak composition, and let T € &, be a permuta-
tion.

Then,

Pa,oc * PBx = Papo®ts (29)
where af is the concatenation of a« and B (that is, the weak composition

(x1,a2,...,a, B1,B2, ..., B¢)), whereas o & T is the image of (¢, T) under the ob-
vious map Gy X &y — Syyy.

It is more interesting to compute the composition of two maps of the form p, ;.
It turns out that this is again a k-linear combination of maps of such form, and the
explicit formula is similar to Solomon’s Mackey formula for the descent algebra
(o1, even more closely related, [Reuten93, Theorem 9.2 and §9.5.1]):

Theorem 2.8. Let &« = (a1, ap,...,a;) be a weak composition, and let o € S be
a permutation.

Let B = (B1,B2, ---,B¢) be a weak composition, and let T € & be a permuta-
tion.

Then,

O pr—
Pa,o pﬁ,T Z ) p(71,1/71,2/--~/Yk,é)/T[‘ﬂ'
7:,j€N for all i€[k] and je[¢];
Yir+Yiate+7vi=w; for all i€ [k];
Y1,j+Y2,+ -+ vk, =PBj for all je[/]

where 7 [0] € &y is the permutation that sends each ¢ (i — 1) 4+ j (with i € [k]
and j € [{]) tok (T (j) —1) + 0o (i).
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Example 2.9. For example, let us try to compute p ;) s, © P(cd),s,» Where s1 €
S, is the transposition that swaps 1 with 2. We have (using sumfree Sweedler
notation)

(p(a,b),sl o P(c,d),sl> (x)

= P(ab)s: (p(c,d),sl (x)>
&

=pe(x))pa(xq))

= Plap)s (Pc (X<z>) Pd (x<1>))

SAUGCOLIC) N EA(CICACH)N

= Pa <(Pc (@) ) (e ("m))(z)) s ((’76 (7)) (e <x<”))<l>>
= L P (Pcz ((xw) (2)) P (<x<l>> <z>))

di1+dr=d

Py (Pcl ((X<z>)(1)) Py (<x<”><l>))

(since Aop, = ( Z Pe;, ® pCZ) o A and likewise for pd>

c1+cr=c
: ;;;;Z; p " <( e >><z>) P (<x(”><z>) P (<x<z))<1>> P ((x(”)m)
c+dr=a;
c1+d1=b

. 0, ifi+j#a
since pq (pi (y) pj (2)) = o
( PP E) =\ )y ), it =a
N c1+C22 c Pex <x > Pdy ( ) Per <x(3)> Pa, <x(1)> B cﬁ-czz—c; p(Cz,dz,Cl,d1),<T (X) ’
dy+dy=d; di+dy=d;
co+dr=a; cot+dr=a;
C1+d1:b C1+d1:b

where 0 € G, is the permutation that sends 1,2, 3,4 to 4,2, 3, 1, respectively. This
is again a sum of p,,’s, with ¢ («) varying between 2 and 4 (keep in mind that
some of ¢1,¢3,d1,d> can be 0, in which case we need to remove them from our
compositions).

Proof of Theorem [2.8| (sketched). The formal definition (28) yields
Paoc = ml o Pyooto AlK and (30)

P = m[g] o) P,B o T_l o) Am. (31)
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We shall next state some rules for “commuting” the operators in these equalities
past each other.

Let { € Gy be the permutation that sends each k (j —1) +i (with i € [k] and
j€[f]) tol(i—1)+j. This is called the Zolotarev shuffle (and appears, e.g., as v 'u
in [Rousse94]).

From [GriRei20| Exercise 1.4.22(c)] (applied to k — 1 and ¢ — 1 instead of k and ¥),
we obtain

Ll (A[k])‘@é — Al ol (32)

gek ©

where m%]®k is the map defined just as m!Yl but for the algebra H?* instead of H.

However, it is easy to see (and should be known) that

mll = (m[él)@)kog. (33)

Hok —

Indeed, this can be checked on pure tensors, using the combinatorial observation
that

C(h1®@ma®- - ®@hyi
®hy1 @hpp @+ @hyy
® BN
®hp1 @hyp @ @hy)
=h1 @)@ - @hy,
QM2 @@ @hyp
®...
Qh Q@ - Qhyy (34)

for all matrices (h;,;), el jelf) € H*** (sorry for the idiotic indexing
Using (33), we can rewrite as

(m1) ™ o g0 (M) = A ol (35)

8Let me sketch a proof of because it is far too easy to get such things wrong.
Define two maps A and p from [k] x [¢] to [k{] by setting

A, j):=k(j—1)+ie€ [k(] and p(i,j):=L0(i—1)+]€ [k

for all (i,]) € [k] x [¢]. These maps A and p are bijections.

Let (hf/i)ie[k}, e € H**! be a matrix. Set 8(ij) := hyi for all (i,) € [k] x [¢]. Then,

8r-1(1) ®g)\71(2) Q- ®g)\*1(ké) =h1Qh®--- ®h1,k
®hyg @hyp @« @hyy
-
®hg,1 ®hg,2 SR ®h2,k
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On the other hand, IN¥ is the set of all weak compositions of length k. The
symmetric group & acts on the right on this set IN* by permuting the entries: For

any (71,72, --.,7) € NFand 7 € &, we have

(YU 72 W)= (’Ynu)/%r(z), > -,”rn(k)) :
This action has the property that
Pyom=rmoPyn
for any 7w € & and ¢ € IN¥. (This is easy to check.) Hence,
moPy =P 107

for any 71 € & and ¢ € INF.
The map m!f : H®! — H is graded; thus, each i € N satisfies

(il,l'z,...,l'g)ENé}
i1 tip - Aip=i

By tensoring together k such equalities, we obtain
@k
P’)’ o (m[ﬂ)

- > (m1) "o p
: . (71,1,71,2,-~-,’Yk,5)
7i, ;€N for all i€[k] and je[(];

Vi1 izt +7ie="i for all i€ [k]

and

8p-1(1) ®gp71(2) Q.- ®gp71(kg) =h1Qh;® - ® hg,l
(%9 h1,2 &® hz,z (SURERNY hgrz
Q-
X hl,k X h2,k Q- & h(,k.

Hence, we must show that

4 (g)flu) Q8r-12) ® - ®8/rl(ke)) =8p1(1) ¥ 8&p1(2) @ D &p-1(ke)-

Since

4 (8)\71(1) Q&r-12) ® & 8)\*1(14)) =81(z11) @ 8a1(g12) @ D81 (g1 ke )

this is equivalent to showing that

r-1(1(1)) B 8a-1(g1(2) @ D81 (g1 (ko)) T 8p1(1) D 8p1(2) @7 D 8p-1(ke):

(36)

(37)

(38)

Thus, we need to check that A~ (71 (9)) = p~! (g) for each g € [k/]. In other words, we need

to check that A™1 o {1 = p~!. In other words, we need to check that { o A = p. However, this
is easy: The definition of { yields { (k(j —1) +1i) = £ (i — 1) 4 j for all i, j; but this rewrites as

C(AG,])=p(,j) So is proven.
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for any v = (71,72, ...,7) € NK. A dual argument shows that

(AV]) o oP,

_ P Al 39
- Z ) (71,1/71,2/~~-/7k,€) © ( ) ( )
i, ;€N for all i€[k] and je[¢];

Yiatviat+7ie="7i for all i€ k]

for any v = (91,72,.-.,7) € INF. Switching the roles of k and ¢ in this equality,
we obtain the following: For any y = (Y1, 72,---,70) € INK, we have

(A[k})(@z oP,

B Z p o (A[k]> ®/
‘ . (’71,1,71,2,--~/N,k)
;€N for all i€[/] and jE[k];

Yig+vyio - +vip="i for all ic[{]

_ 5 p o (a) o
, . (61,102,100 )
0;;€N for all i€[{] and je[k];

81,i+02,i+++++0k,;="; for all i€ (]
(here, we have renamed the 7; ; as (Sj,i)

_ 5 p o ( A[k])“
: ‘ (611,021,180
d;j€N for all je[¢] and i€[k];

81,j+8p,j+++3) j="; for all je[(]

(here, we have renamed the indices i and j as j and i)

- y b o (AK) (40)
- (51,1/52,11'-~/5k,€)
6;,;€N for all i€ [k] and je[€];
81,j402 j++++0 j=7; for all j[(]

(here, we have just rewritten the “6;; € IN for all j € [{] and i € [k]” under the
summation sign as “6;; € N for all i € [k] and j € [(]").
Any two weak compositions 7y and ¢ of length k¢ satisfy

P,oPs = Py, iy =0; (41)
0, ify#§6.
It is easy to see that
®k ®k
T o <m[€]> = (m[£]> o < (42)

for each m € &, where %! denotes the permutation in &y, that sends each
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((i—1)+j (withi € [kl and j € []) to £(m (i) —1)+j [l Dually, it is easy

to see that
(A1) o = o (al) (43)

for each m € &;, where 1% denotes the permutation in &y, that sends each
k(j—1)+i(withie [k]and j € [¢]) to k(rt(j) — 1) +1i.

9 Actually, this equality has nothing to do with mll. More generally, any permutation 7 € &, and
any k-linear map f : H®! — H satisfy

7T0f®k — f®k o 7.[><f.

Applying this to f = ml‘l, we obtain .
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Now, and yield
Pa,oc © PBx

=m0 Pyoo o Al o ] oPgoT
o’

N —
— (ml)*ogo (A1)

(by (33))

:mmomoalo@mgwog

N J/
-~

= (i) oo 1)
(by (42))
l
o (a4) " o g
~—_————

01,402,440y j=p; for all je[]
(by @)

0;,;€N for all i€ [k] and je[¢];

81,j+063,j+ 40, j=PB; for all je[(] =

L 61 1,9 5 ©
9; ;€N for all i€ [k] and je[¢]; ( L1521kt

Lo Al

P, o

(mm>®k

~—

)y
7;,;€N for all i€[k] and je[(];

Yi1tYipt+ v e= for all ie [k]

(51,1,52/1,...,(5;(,5

o (o) ogor

J/

-~

= (1) o (k)

(by @3))

i, ;€N for all i€[k] and je[(]; 8;,;€N for all i [k] and je[/];

Yin —‘r’)’i/z—‘r'--—l—’)’i,g:ai for all lE[k] 51,j+§2,j+"'+§k,j:ﬁj for all ]6[6]

ml o (m[@)@i o P(71,1,71,2,-~-,7k,z) o ((7_1) !

N

k]

e} ?OP(

(51,1,52,1,‘..,(51(,@

(by (8))
) o <A[k})®€ o1 1 oalll

-

(by 9,
since (51,1,(52/1,...,5](,[) -€71
:(151,1/51,2,--~,5k,z))

mm ®koP(

71,1f71,2~--f7k,é)
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7;j€N for all ic[k] and je[¢]; 9;,;€N for all i€ k] and je[(];
Vi1 tYipt Y =0 for all iE[k] ‘51,]'+(52,]'+"'+(5k,j:ﬁ]' for all ]E[ﬂ

mk o p o (0‘1) XEOP
(YL07127k0) A (51,1/51,2/~~/5k,l)l

o )o(afl)“

:p((s (1150120 4
(by (38).
since ((51 1012+ ,5k£) (‘7 ) >
(511/512, Ok ¢ )‘TXZ
= (o181 2+t )

ofo (Tl)kx o Ak

7i,;€N for all i€ [k] and j€[¢]; 0; ;€N for all i€[k] and je[(];
Vil —‘r’)/l'/z—f—-'-—i-’)/i,g:ai for all lG[k] 51,j+52,j+"'+5k,j:ﬁj for all ]E[f}

[kl]
me=o ?(71,1,71,2/--7%,5) © P(éa(l),lléa(l),zv"/‘Sa(k),f)1
P(’Yl,l/Yl,erv’Yk,/f)’ if ;= So(i),j for all , j;
0, otherwise
(by (1))
x kx
o ((7_1> ofo (T_1> o Alkl]
=(t[o]) ™"

7i,;€N for all i€ [k] and j€[¢]; d; ;€N for all i€[k] and je[(];
Vi1 tYipt+ Y= for all 16[[(] 51,j+52,j+"'+5k,j:ﬁ]' for all ]E[a
oalkt) o § Py 1717 = oty for allirj;
0, otherwise

o(tle]) ol
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— ) mlk o

7i,;€N for all i€[k] and j€[{];
Yiit+Yiz+ o +7ie=; for all i€ [k];
'Ygfl(1),]'—"7071(2),]""""""Ygfl(k)/]':ﬁj for all je[/]

here, we have discarded all the addends that do not

-1 ke
(71,1,71,2/~-/7k,z) © (T [U]) o AlM

satisfy ('yi,]- = 0y(1),j for all i, ]> , because these addends

are 0; the remaining entries have been combined

into a single sum, with §; ; rewritten as 1) ;

Z ) m © (71,1,71,2,---,%,4) © (T [0]) oA
7 ;€N for all i€[k] and jE[{]; g g
Yir+riate+7vie=a; for all i?[k}; :p(71,1,71,2,---,71(,/)rT[fT]
T2+ =P; for all je[(] (by @8))

here, we have rewritten the “y,1(1); + Vo102); T + Vo 100),”
under the summation sign as “y1; + Y2, + - + k"

: , p(71,1,71,2/~-~/Yk,z),T[U]'
;€N for all i€[k] and je[(];

Yiatvipte+rie=w; for all i€[k];
71,72+ +vkj=B; for all je[(]

This proves Theorem O

Note that both Theorem 2.8| and Proposition 2.7 work for arbitrary graded (not
necessarily connected) bialgebras.

Using Theorem 2.8 and (29), we can expand any nested convolution-and-composition
of pao’s as a k-linear combination of single p,’s. This allows us to mechnically
prove equalities for p,’s that involve only convolution, composition and k-linear
combination and that are supposed to be valid for any connected graded Hopf al-
gebra H. The reason why this works is the following “generic linear independence”
theorem:

Theorem 2.10. (a) There is a connected graded Hopf algebra H such that the
family
(Pac) keN;
« is a composition of length k;
ey
(of endomorphisms of H) is k-linearly independent.
(b) Let n € IN. Then, there is a connected graded Hopf algebra H such that
the family

(Pac) keN;
« is a composition of length k and size <n;
ceBy
(of endomorphisms of H) is k-linearly independent, and such that each H, is a

free k-module with a finite basis.
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Proof of Theorem (sketched). (b) Let H be the free k-algebra with generators
Xi j with i,j € Z satisfying 1 <i <j <n.

We also set
Xek = 1H foreach k € {1,2,...,n}.

We make the k-algebra H graded by declaring each x;; to be homogeneous of
degree j —i. We define a comultiplication A : H — H ® H on H to be the k-algebra
homomorphism that satisfies
J
Axif) =) xif @ xp for each i,j € Z satisfying 1 <i < j < n.
k=i

We define a counit € : H — k in the obvious way to preserve the grading (so
that € (x;j) = 0 whenever i < j). It is easy to see that H is a connected graded
k-bialgebra, thus a connected graded Hopf algebra.

(You can think of H either as a noncommutative version of a reduced incidence
algebra of the chain poset with n elements, or as a noncommutative variant of the
subalgebra of the Schur algebra corresponding to the upper-triangular matrices
with equal numbers on the diagonal. But we won’t need all this intuition.)

It is easy to see that

A(k_l) (xi,j) = Z Xuguy @ Xuguy @ - Q Xy uy
i=ug<uy < <Sup=j
for any i < j and any k € IN. Thus, for any weak composition & = (a1, a, ..., ax)
and any ¢ € &y and any 1 <i < j < n satisfying j — i = |«|, we have

Pao (xi,]') = Xitg(1)—1,4e(1) Xlo2)—1Ma(2) * " Xo(k)—1/Ma(k)”

where (ug < uj < --- < uy) is the unique weakly increasing sequence of integers
satisfying 1o = i and u = j and Ug(i) = Uo(i)—1 = &i foralli € {1,2,...,k}. Hence,
for any choice of 1 <i < j < n, the images pu o (xi,j) as « runs over all compositions
of j —i and ¢ runs over all permutations of [¢(«)] are distinct monomials and
therefore are k-linearly independent. This yields the k-linear independence of the
family

(Paer) keN;
« is a composition of length k and size m;
ey

for any given m € {0,1,...,n —1}. Since each p,, lies in Endy <H|a‘>, we thus
obtain the k-linear independence of the entire family
(Pae) keN;

« is a composition of length k and size <n;
red k

n—1
since the sum Y Endy (H,,) is a direct sum). This proves Theorem [2.10| (b).
p

m=
(a) As for part (b), but remove “< n” everywhere. O
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Theorem suggests that we should consider the algebra of p,.’s as some
twisted (Hopf-monoid-like?) version of NSym, and the twist appears rather simple
since all addends on the right hand side have the same permutation 7 [¢|. However,
one should keep in mind that some of the 7Yij can be 0, in which case some entries
have to be “collapsed” to normalize the right hand side.

How all-encompassing are our p,'s? Do they span all the natural endomor-
phisms?

Question 2.11. Let ¢ be a natural graded k-module endomorphism on the cate-
gory of connected graded k-Hopf algebras. (That is, for each connected graded
Hopf algebra H, we have a graded k-module endomorphism gp, and each
graded Hopf algebra morphism ¢ : H — H’ gives a commutative diagram.)
Is it true that g is an infinite k-linear combination of p, ’s?

We observe one more property of p,¢’s:

Proposition 2.12. Let H and G be two graded bialgebras. Let a be a weak com-
position of length k, and let ¢ € &y be a permutation. Then,

(Pao for HR G) = Y. (pp,e for H) ® (py,e for G)

B,y weak compositions;
entrywise sum B+ y=ua

as endomorphisms of H ® G.

Proof. Straightforward. O

2.2. A combinatorial Hopf algebra of “formal p,.’'s

Next, let us try to find a combinatorial algebra in which the p,’s themselves live.
This requires us to make some implicit things explicit and introduce some more
notation:

where « is a composition of length k (for some k € IN) and ¢ is a permutation in

‘ Definition 2.13. A mopiscotion (please find a better name for this!) is a pair («, ),
Sy

Definition 2.14. A weak mopiscotion is a pair («, c), where « is a weak composition
of length k (for some k € IN) and ¢ is a permutation in &y.

Definition 2.15. Let («,0) be a weak mopiscotion, with &« = (aq,ap,...,ax) and
o € & Let (j1 <j2 <---<jp) be the list of all elements i of {1,2,...,k} sat-
isfying a; # 0, in increasing order. Let T € &), be the standardization of the
list (¢ (j1),0(j2),.-.,0(jn)). (See [GriRei20| Definition 5.3.3] for the meaning of
“standardization”.) Let a'd denote the composition (zle, Qjpyoens oc]-h) (which con-

sists of all nonzero entries of &). Then, we define («, U)red to be the mopiscotion
( lxred’ T) .
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For example,
((3,0,1,2,0), [4,5,1,3,2] )red =((3,1,2), [3,1,2]),

where the square brackets indicate a permutation written in one-line notation.

Clearly, if («,0) is a mopiscotion, then (&, 7)™ = (a, o).

The following is easy to see:

Proposition 2.16. Let H be a connected graded bialgebra. Let («,0) be a weak
mopiscotion, and let (B, T) = (&, )™, Then,

Pao = PB1-

Definition 2.17. Let PNSym be the free k-module with basis

(F w,0 ) (a,0) is a mopiscotion®
For any weak mopiscotion («,0), we set

Fa/g = F,B,T/
where (B,7) = (a,0)™.

Define two multiplications on PNSym: one “external multiplication” (which
mirrors convolution of p,¢’s as expressed in Proposition [2.7) given by

Foo- Fﬁ,r = thﬁ,a@r;

and another “internal multiplication” (which mirrors composition of p,.’s as
expressed in Theorem given by

%k =
Fa’g' Fﬁ,T ' ) F(%,l,%,z,-w’m)/T[‘T ]
7;,;EN for all i€[k] and je[(];
Yig+yiz+e+ie=a; for all i€ [k];
Y1,j+72+ - +vk,j=P; for all je[(]

(where « € NF and B € INY). Also, we define a comultiplication A : PNSym —
PNSym ® PNSym on PNSym by

A(PMT): Z P,B,(T®Pfy,0

B,y weak compositions;
entrywise sum f+y=u«

(mirroring the formula from Proposition [2.12).
We also equip the k-module PNSym with a grading by letting each F,, be
homogeneous of degree |«|.

If I have not made any mistakes, then:
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Theorem 2.18. The k-module PNSym becomes a connected graded Hopf algebra
when equipped with the external multiplication -, and a (non-graded) non-unital
bialgebra when equipped with the internal multiplication *. In particular, both
multiplications are associative.

There are two ways to prove this. I shall very briefly outline both:

First proof idea for Theorem Most claims can be derived from properties of the
operators p, ., using the H from Theorem (a) as a faithful representation.

For an example, let us prove that the internal multiplication * on PNSym is
associative.

Let H be any connected graded k-bialgebra. Let evy : PNSym — End H be the
k-linear map that sends any F, to the operator p,, € End H for any mopiscotion
(a, o). Note that

evy (Fuo) = Pao (44)
is true not only for all mopiscotions (&, ), but also for all weak mopiscotions («, o)
(because if («, 0) is any weak mopiscotion, and if (8,7) = (&, )™, then p,, = P
and F,, = Fﬁ/T).

Now, let H be the connected graded Hopf algebra H from Theorem (a).
Then, Theorem (a) says that the family (paq) is k-linearly
independent. Hence, the linear map evy is injective.

The formula for F,, * Fﬁ,r that we used to define the internal multiplication *
is very similar to the formula for p,q o pg in Theorem In view of , this
entails that

«,0) is a mopiscotion

€vg (sz,a * F/S,T) = Pa,c ©Ppr = €VH (Fa,a) cevy (P,B,T)
for any two mopiscotions («,0) and (B, T). By bilinearity, this entails that

evi (f+8) = (evh f) o (evh g)
for any f,g € PNSym. Thus, the injective k-linear map evy : PNSym — End H
embeds the k-module PNSym with its binary operation * into the algebra End H
with its binary operation o. Since the latter operation o is associative, it thus follows
that the former operation x* is associative as well.

Similarly, we can show that the operation - on PNSym is associative and unital
with the unity 1 = F; & (although this is pretty obvious).

It is very easy to see that the cooperation A is coassociative and counital. It is
also clear that both the multiplication - and the comultiplication A on PNSym are
graded.

The next difficulty is to prove that A is a k-algebra homomorphism, i.e., that
A(fg) =A(f) A(g) forall f,g € PNSym (where the “-” on the right hand side is
the extension of the external multiplication - to PNSym @ PNSym). Here, we can
argue as above, using the fact (a consequence of Theorem that

evgeH (f) = (evg®evy) (A(f)) € End (H® H)
for every f € PNSym
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to make sense of A), and using the fact that the map
evy ® evy : PNSym ® PNSym — End H ® End H — End (H ® H)

is injective (this is not hard to show using the argument used in the proof of Theo-
rem [2.10).

What we have shown so far yields that PNSym (equipped with - and A) is a con-
nected graded k-bialgebra. Thus, PNSym is a Hopf algebra (since any connected
graded k-bialgebra is a Hopf algebra).

It remains to show that PNSym (equipped with * and A) is a non-unital k-
bialgebra. Having already verified that * is associative, we only need to show that
A(fxg) = A(f)*A(g) for all f,g € PNSym. But this is similar to the proof of
A(fg) = A(f) - A(g) above. Thus, the proof of Theorem is complete. O

Second proof idea for Theorem There is also a more direct combinatorial approach
to this theorem. First, we shall define two smaller bialgebras NNSym and Perm,
and then present PNSym as a quotient of their tensor product NNSym ® Perm.
Here are some details:
We define NNSym to be the free k-module with basis (Cy), is 2 weak composition-
We equip this k-module NNSym with an “external multiplication” defined by

Cu- Cp = Cap

(where af is the concatenation of a and ), and an “internal multiplication” defined
by
C,X * Cﬁ =
7, ;€N for all i€[k] and je[/];
Yig it +vi=a; for all i€[k];
Y1,j+72,j++vkj=B; for all je[(]

C(’Y],lr'Yl,L--vr)/k,Z)

(where & € N¥and g € IN), and a comultiplication A : NNSym — NNSym ® NNSym
defined by

A(Cy) = Y. Cp @ C, for any a € IN*.
‘B,’YENk;
entrywise sum fS+y=u
It is not too hard to show that NNSym thus becomes a graded (but not connected!)
k-bialgebra when equipped with the external multiplication -, and a (non-graded)
non-unital bialgebra when equipped with the internal multiplication *. (Indeed,
this NNSym is a mild variation on the Hopf algebra NSym of noncommutative
symmetric functions, which is studied (e.g.) in [GKLLRT94] or [GriRei20, §5.4]; the
only difference is that compositions have been replaced by weak compositions.)

We define & to be the disjoint union || &y of all symmetric groups &y for all
keN
k € IN. We define Perm to be the free k-module with basis (Py),cs. We equip this

k-module Perm with an “external multiplication” defined by

PU’PT:PU@T/
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and an “internal multiplication” defined by
Py % Py = Py,
and a comultiplication A : Perm — Perm ® Perm defined by
A (Py) = Pr ® P

It is not too hard to show that Perm becomes a k-bialgebra when equipped with
either of the two multiplications (but not a graded one). Indeed, in both cases, it
becomes the monoid algebra of an appropriate monoid on the set Perm. (Checking
the associativity of the internal multiplication is a neat exercise in combinatorial
Yang—Baxter matrices.)

Now, let PNNSym be the tensor product NNSym ® Perm. We equip this ten-
sor product PNNSym with an “external multiplication” (obtained by tensoring the
external multiplications of NNSym and of Perm), an “internal multiplication” (sim-
ilarly) and a comultiplication (similarly). We furthermore set

I?DW := Cp ® P, € PNNSym for any weak mopiscotion («,0).

Then, (l?tw> is a basis of the k-module PNNSym, and our

(a,0) is a weak mopiscotion
operations -, * and A on PNNSym satisfy the same relations for this basis as the

analogous operations on PNSym do for the basis (P(X,g)(“’a) is a mopiscotion (W€ just

have to replace each “F” by “F”). It is thus easy to show that PNNSym is a graded
(but not connected) k-bialgebra when equipped with -, and a (non-graded) non-
unital k-bialgebra when equipped with *. (Here we use the facts that the tensor
product of two bialgebras is a bialgebra, and that the tensor product of two non-
unital bialgebras is a non-unital bialgebra.)

As we said, PNNSym is almost the PNSym that we care about. But PNNSym
does not satisfy the rule

Fa,a = F/S,T for (,Br T) = (‘X' 0,>red

that is fundamental to the definition of PNSym. Hence, PNSym is not quite
PNNSym but rather a quotient of PNNSym. To be specific, we define a k-submodule
;eq of PNNSym by

lrea = spany (Fue = Fye | (B,7) = (,0)"")
= spany (f,w — 1?/3,7 | (B, T)red = (a, U)r9d> )

It is not too hard to show that this .4 is an ideal of PNNSym with respect to both
-and * and a coideal with respect to A. Hence, the quotient PNNSym / I;4 inherits
all operations of PNNSym, thus becoming a graded bialgebra under - and A and a
non-unital bialgebra under * and A. Moreover, the graded bialgebra PNNSym /L4

is connected (since (&, 7)™ = (@, @) whenever |a| = 0), and thus is a Hopf algebra.

This completes the proof of Theorem again. O
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Theorem 2.19. Let PNSym(Z) be the non-unital algebra PNSym with multiplica-

tion *. Then, every connected graded bialgebra H becomes a PNSym(Z)-module,
with F, , acting as py,¢-

Proof idea. This follows from Theorem O

There is also an analogue of the “splitting formula” ([GKLLRT94, Proposition
5.2]) for PNSym, connecting the two products (internal and external) with the co-
multiplication:

Theorem 2.20. Let f,¢,h € PNSym. Write A (1) as A (h) = ) h) @ hyy) (using
(1)
Sweedler notation). Then,

(fg) xh= % (f*hu)) (8*’1(2)) :

(To be more precise, the analogue of [GKLLRT94, Proposition 5.2] would be the
generalization of this formula to iterated coproducts A"l (1), but this generalization
follows from Theorem by a straightforward induction on r.)

Proof idea for Theorem Fairly easy using Definition (An important first
step is to show that the formulas for F,s - Fgr and F, s * Fgr hold not only for
mopiscotions (&, 0) and (B, T) but also for weak mopiscotions («,0) and (B,7).) U

| Question 2.21. What is the combinatorial meaning of PNSym ?
I Question 2.22. Is there a cancellation-free formula for the antipode of PNSym ?

Question 2.23. Does PNSym embed into any kind of noncommutative formal
power series?

Remark 2.24. An analogue of PNSym(Z) for Hopf monoids is the Janus algebra
of Aguiar and Mahajan [AguMah20, §11.3]. Is there a way to translate results?
Could PNSym be the result of transforming NSym into a Hopf monoid using
one of Aguiar’s functors, and then transforming it back into an algebra using
another? My impression is that this procedure could give us the permutations ¢
in the Fy ,’s.

Note that there is a canonical bijection between mopiscotions and set composi-
tions into intervals. Specifically, if («, ) is a mopiscotion with |a| = n, then we can
consider the set composition of the set {1,2,...,n} into the intervals whose lengths
are the parts of « and whose order is determined by ¢. (Unfortunately, there are
some choices involved here, and I'm not sure which is the right one.) This might
be helpful for embedding PNSym in some Hopf algebra of set compositions, such
as (the dual of) WQSym.
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