6th QEDMO 2009, Problem 4 (the Cauchy identity)

Let n € N. Prove that

n n
n!

Z (Z) (X +E) (Y —k)" " = > (X +Y) (1)

in the polynomial ring Z [ X, Y].
Remark: Here, we denote by N the set {0,1,2,...} (and not the set {1,2,3,...}, as
some authors do).

Solution by Dariy Grinberg

We start with a very useful lemma:

Theorem 1. Let R be a commutative ring with unity. Let N € N. Then,
the equalities

Z (1) (N) =0 for every ¢ € {0,1,..., N — 1} (2)

and

are satisfied in R.

Proof of Theorem 1. We will prove Theorem 1 by induction over N:
Induction base: If N = 0, then (2) is true (since there doesn’t exist any ¢ €
{0,1,..., N — 1} when N = 0) and (3) is true (because if N = 0, then

ki:o(_l)k (‘Z)kN :;(_Dk (2>k0 w@\o;/ 1
and
(1) N —tﬁﬂ\(j!?,: 1,
thus B

N
N
St () =
k=0
). Hence, if N = 0, then Theorem 1 holds. This completes the induction base.
Induction step: Let n € N. Assume that Theorem 1 holds for N = n. In order to
complete the induction step, we must prove that Theorem 1 also holds for N =n + 1.



We have assumed that Theorem 1 holds for N = n. In other words, we have

n

Z (—1)" (Z) k=0 for every ¢ € {0,1,...,n — 1} (4)

k=0
and

i (—1)* (Z) k= (—1)"nl. (5)

Now, every m € N satisfies

S (- B (- (2)e

k=0 k=0

1
(since <n—]i:— ) = (Z) + ( I " 1) by the recurrence equation of the binomial coefﬁcients)

_ ()km+n:: k(kﬁka
- (n>km+zn: )kﬂ((m?)—l)(’f“)m

k=—1
(here we substituted k + 1 for k in the second sum)

S (e S
|

Z k
z Qe £ o) (e
S ey

(~=0%) (}) o
here we replaced the > sign by an )  sign, since the addend for £ = —1 is zero

k=-1 k=0

(as <Z) =0for k= —1)

()k’%Z( )()(k+)

=~

k,m

n

I
/\

k=0
n+1 n
here we replaced the > sign by an »_ sign, since the addend for k = n + 1 is zero
k=0 k=0

(as (Z) =0fork=n+1)



n m—1
k=0 =0
since the binomial formula yields
m m m=1 /m m m_1l /m
Erim=2 ()= 5 m) ¥
——

=1

m=1 /m
and thus k™ — (k+ 1) = — > (€>k4
=0

n m—1 m—1 n
B R EOE 0
k=0 =0 =0 k=0
If me€{0,1,...,n}, then this yields

o ("1 )= E () é(_”k ()¢ =5 (D)oo

k=0 /=0 /=0

k
A
~
=0 by (4), since 0</<m—1
and me{0,1,...,n}
yield £€{0,1,...,n—1}

So we have proved that

n+1 n+ 1
Z(—l)k ( ! )kzm:O for every m € {0,1,...,n}.
k=0

In other words,

n+1 TL+1
Z (—1)" ( k: )k‘Z =0 for every £ € {0,1,...,n}.

In other words, (2) holds for N =n+1 (since N —1=n for N =n+1).

Also, (6) (applied to m =n + 1) yields
n+1 (n+1)— n
+1 n+1 n
_E (" | —1)* k*
yov (e =% (U)o

k=0

1



In other words,

s (e 2 () B ()

~
=0 by (4), since
e€{0,1,....n—1}

(=0 t=n =0
=0
" n+1) — AN n+1) — k(N
> (e (- z e ()
=n =0 —~— lﬂ—O - |

=(-D"*t =(n+1)!

In other words, (3) holds for N =n + 1.

Hence, we have proved that both (2) and (3) hold for N = n + 1. In other words,
Theorem 1 holds for N = n + 1. This completes the induction step.

Thus, the induction proof of Theorem 1 is complete.

Corollary 2. Let R be a commutative ring with unity. Let N € N. Let
U € R. Then, the equalities

Z (—1)* (]]j) (U—-k'=0 for every £ € {0,1,....,N —1} (7)
and N
> (=1 (],f) (U~k)" =N (8)

are satisfied in R.




Proof of Corollary 2. Every m € N satisfies

2 (=

(since U—-k)"=((-k)+U
= Z (—

If me {0,1,..., N — 1}, then this yields

k= /=0

So we have proved that

S vt (V)@=

k=0
In other words,

Thus, (7) is proven.

Besides, (9) (applied to m = N) yields

kNO 0t () w-n - fj (7) ¢

_ ]:z:; (]Z) (—1)*

N
[Nt Z (—1)*
k=0

OEC) e

NO o (V) w-wr =3 () -y

~
=0 by (2), since
0e{0,1,...N—1}

Y UN- 40+Z( )

v ()

=

1(7)
ST DN

Jorrezge

( 7U01k:0

(]

(~
Il
o

~

22

:(—1)N7V! by (3)

o (V) -3 ()2 (7)
=i(?>

AGI

=

N

Uty (-

(.

(—k)" U™t
~——

—(-1)‘k*

U m=¢ by the binomial formula)

U’Hi (—1)F (JZ) k.

)

~

=0 by (2), since 0<¢<m
and me{0,1,...,N—1}
yield £€{0,1,...,.N—1}

for every m € {0, 1, ...,

for every ¢ € {0,1,.... N

) UN—fkf;(—
(i) Kt +g;v (JZ) (- uN-t ké (—=1)*

AR SICEIL

N -1},

~1}.

()
()

(1)

N N

=((=D)-(=1)~

=1N=1



and thus (8) is proven. This completes the proof of Corollary 2.
Now comes a technical lemma:

Lemma 3. Let n € N. Let R be a commutative ring with unity. For every
triple (k,i,j) € Z® satisfying 0 < k <n,0<i<kand 0<j<n-—k, let
ai;; be an element of R. Then,

n k n—k n t n—t
Ak, = § E E A(p—t+i)—kit—i-
k=0 i=0 j=0 t=0 i=0 k=0

Proof of Lemma 3. We have

kg = E E E k,ij = E Aki5-

N

n n—

M-

k=0 =0 7=0 keZ; i€Z; JEZ; (Ki,j)EZ3;
~ ~— 0<k<n 0<i<k 0<j<n—k 0<k<n;
= > =3 = % 0<i<k;

kEZ; 1EZ; €Z; 0<j<n—k

0<k<n 0<i<k o<i<n—k
But

{(k,i,j)€Z3 | nggnandogigkandogjgn—k}
={(k,i,j)€Z’ | 0<i+j<nand0<i<it+jand0<n—(i+j)+i—k<n—(i+j)}

(because for every triple (k,1,7) € Z?, the assertions
0<k<nand0<i<kand 0<j<n-—k)
and
(0<i+j<nand0<i<i4jand0<n—(i+j)+i—k<n—(i+j))

are equivalent!).

n fact,
o if
(0<k<nand0<i<kand0<j<n-—k),
then
0<i+j<nand0<i<i+jand0<n—(i+j)+i—k<n—(i+7))
(since if
0<k<nand0<i<kand0<j<n-—k),
then
0<i+y (since 0 <4 and 0 < j);
i+j<n (sincei <kand j<n—kyleldi+j<k+(n—k) =n);
0 <7z
1<i+j (since 0 < j);
L . in i+ 9) —1 =7 <n-—k rewrl
osnwennion (oS R L)
n—(i+j)+i—k<n-—(i+}j) (since ¢ < k yields ¢ — k < 0)



);

e conversely, if

0<i+j<nand0<i<i+jand0<n—(i+j)+i—k<n-—(i+7j)),

then
(0<k<nand0<i<kand0<j<n-—k)
(since if
0<i+j<nand0<i<i+jand0<n—(i+j)+i—k<n-—(i+j)),
then
0< sincen— (i+j)+i—k <n—(i+j) rewrites as i — k <0, so that \
- 1 < k, what, together with 0 <4, yields 0 < k ’

since 7 < 7+ j rewrites as 0 < j, what, together with
k<n 0<n—(i+j)+i—k=n—j—k,yields
0<j+(n—j—k)=n—k

0<q4;

1<k (as proven above) ;

0<yj (as proven above) ;

i<n—k (since 0 <n—(i+j)+i—k=mn—j—Fkrewrites as j <n — k)



Hence,

(ki) €L?; (kyi,)EL?; =g (14 7)i (ki) EL?;
0<k<n; 0<i+j<n; (i) =i 0<i+tji<n;
0<i<k; 0<i<itj; 0<i<itj;
0<j<n—k 0<n—(i+j)+i—k<n—(i+j) 0<n—(i+j)+i—k<n—(i+j)
1EZL JEZ; kEZ;
0<i+j<n; 0<n—(i+j)+i—k<n—(i+j)
0<i<itj
= g E g Qe it—i (here we substituted ¢ for ¢ + j in the second sum)
i€l teZ; k€eZ;
0<t<n; 0<n—t+i—k<n—t
0<i<t
= g Qi t—i = E g g Q5 t—i
(t(’)z7<kt)<623; Ot OS2t 0<n t]fi-EiZ7k<n ¢ oot —(nothick)it—i
Stsn; == RSt RS R ST =(n—t+i)—(n—t+i—
0<i<t, since k=(n—t+i)—(n—t+i—k)
0<n—t+i—k<n—t
= E g E A(p—t4i)—(n—t+i—k)it—i — E g E A(p—t4i)—kit—i
teZ; 1€Z; keZ; teZ; 1€Z; keZ;
0<t<n 0<i<t 0<n—t+i—k<n—t 0<t<n 0<i<t 0<k<n—t
N~ N~ ——
n t n—t
=X =y =%
t=0 i=0 k=0
(here we substituted k for n — ¢ + i — k in the third sum)
n t n—t
= E A(p—t+i)—kit—i-
t=0 i=0 k=0
Hence,
n k n—k n t n—t
E Q4.5 E A5 = A(p—t4i)—ki,t—i
k=0 i=0 j=0 (k,i,5)€23; t=0 i=0 k=0
0<k<n;
0<i<k
0<j<n—k

and thus Lemma 3 is proven.

Now let us solve the problem: For every triple (k,i,7) € Z? satisfying 0 < k < n,

0<i<kand 0<j<n—k, define an

o)

k

)

n

k

n
1

element a;;; € K [X,Y] by

—k

. ) (1) P it Xy,
J

Then, for every triple (k,i,j) € Z3 satisfying 0 <k <n,0<i<kand 0<j<n-—k,



O s

(n - k> (_1)(7146)*1‘ En—i—i Xy
—_——

—~— —~— %7/—/ =(—1)(n=9)—k
n! k! (n—k)'
“Kl(n—k)! il (k—9)! i ((n—k)—j)
(n —k)!
3 ((n =) = k)!
B n! k! (n—k)! n—j)—k pn—i—j \rivrj
_\k!(n—k)!'i!(k—z')!'j!((n—j)—k)i'(_l)( XY
1 oal (n—i—j)
T(n—i— )il ((n— ) — k) (k—1)!
1 n! n—1i—7)! S S
S g gmfﬁ—w%—wg (PR
(n—‘;—j)!

((n=3) =B ((n —i = j) — ((n = j) = k)
L
()
1 n! n—i—31 n—)—k jn—i—j it
“mig i (2 ) e,

Hence, for every triple (¢,i, k) € Z3 satisfying 0 <t <mn,0<i<tand 0 <k <n —t,
we have

A(n—t4i)—k,i,t—i

_ 1 ol ( n—i—(t—1) )
(n—i—(t—d) ilt—ai! \(n—(t—1)—(n—t+i)—k)/)

N

. (_1)(n—(t—i))—((n—t+i)—k) (n—t+1)— k)n—i—(t—z‘) xiyt-i

N

-~ -~

=(—1)", since :((nftfri)fk)”_t, since
(n—(t—1))—((n—t+i)—k)=k n—i—(t—i)=n—t
1 n! n—t k . n— PR
CENEIED ( k ) (=D ((n—t+0) = R)" XYL (10)



Now,

(st S0 S ve S (e

i=0 Jj=0

n

k=

k
since the binomial formula yields (X + k)F = 3 (k) Xkt and

i=0 \?

Y — k)" " g (=1)"h= <n ; k) Y f(n—k)=j

Z) ' (k) ' (n i k) R A AP &
t J . .

I
1

k=0 i=0 j=0 ( —gE=)+((n=K)=j)
—n—i—]

n k n—k n k n k’ n k n—k
_ - (n=k)=j pn—i—j yvivj _
=225 () () (1)) e ey <SS

k=0 =0 7=0 ~— _ =0 =0 j=

:ak,i,j

n t n—t
= Qn—t+8)—kit—i (by Lemma 3)

t=0 =0 k=0

S Rl n net 1)k Jyr Tt Xyt by (10
= . . (= A AL 4

SYS e () v e - p (by (10)

t=0 =0 k=0

n t n—t

1 n! k n—t . ¢ L
= —1 —t — )XYyt
e oV (M) - b
t=0 =0 k=0

~ Vv
=(n—t)! by (8) (applied to U=n—t+i and N=n—t),
since n>t yields n—teN

1 n!
—t'XYtZ Ytz
(n—t) il(t—1)! (n Zzz‘t—z
t=0 =0

t=0 =0

On the other hand,

n! t nn!t t iy t—1 iy t—1
OFENCTRAAES o DORN VRS oD opr et

=3 Xiyt—i t!
=0 1 ="
by the binomial formula i (t Z)'

I
x| 3
S
=~
| Rl
=

=

~

|

I
S
N
=

=

~

|

Hence,

so that (1) is proven. Thus, the problem is solved.

Remark. As a consequence of the problem, we can prove a result due to Abel:

10



Theorem 4. Let n € N. Then,

n

> (Z)X X+ vk =X +Y) (11)

k=0

in the quotient field of the polynomial ring Z [X, Y.

Proof of Theorem 4. We have

> <n k 1) (X — et = S D ey (12)

(by (1), applied to n — 1 instead of n).

By the universal property of the polynomial ring, there exists a Z-algebra homo-
morphism Z [X,Y] — Z[X,Y] which maps X to X +1 and Y to Y — 1. Applying this
homomorphism to both sides of the equation (12), we obtain

1

2 (n i 1) (X 4+ 1)+ k)" (Y =1) = k) D7k = i (n - D' (x + Dy 1),

t=0

(13)

11



n

k)k(XJrk:)kl(Y—k;)"k: Y (k

k=1

)k: (X +E) (v —k)*

k=0 k=1

here we replaced the > sign by an ) sign, since the addend
(askzﬁforkzo)

k-1 n—k
—1
k=1 =(X+1)+(k—1) =(Y-1)—(k-1)

=((Y71)7(k,1))n—k
=((Y=1)—(k—1))(»~ D= (=1

for £ = 0 is zero

n n! n! n!
k:)k:k!-(n—kz)!k:(k-(k—l)!)-(n—k)!k:(kz—l)!-(n—k)!
n-(n—-1 (n—1)! B (n—1)! B
(k—l)!-(n—k)!_(k—l)!~(n—k)!n_(k—l)!~((n—1)—(k—1))!n_(

: n n—1
[ since (k)k = (k B 1)n, because
| |
n

Dn (D = 1) (= 1) k= )

!

PR ((X+1)+(Y1)) -y X4+ Y)

TV
=X+Y

12

(14)

|

n—1
k—1

)



(X +k) (X + k:)k_lj_k X+ R | -t

)
JJESITS
)
)

I
e
Il 3
=)
/N ~ Q TN —

=(X+k)*
- Z ((X PR k(X4 k)’“) v — k)"
k=0
" /n n— " /n _ e
= ) (X+E) Y-k > (k>k(X+k)k Yy — k)"
=0 k=0 y
n n' M n—1 TL' 7
:Eo —'(X+Y)i by (1) :EO —|(X+Y)t by (14)
" nl . Il . Il , nl n ! .
- TEAY) Y (XYY =Y (XY S (X Y)Y (X4 Y)
=0 , t=0 t=0 G t=0
n—1 n' M n‘
= —|(X+Y)i+—‘(x+y)"
t=0 n:
n! n n
_.

This proves Theorem 4.
Here is a kind of generalization of the problem:

Definition. Let m € N\ {0}. Let n € N. Let (a4, as, ..., a,,) € Z™. Then,
we define an element oy, 4, 4,, Of the quotient field of the polynomial ring
Z [Xl, XQ, ceey Xm] by

.....

n! - kita;
ST DR vl § R
j:

(k1,k2,....km)EN™;
ki+ko+..+km=n

Theorem 5. Let m € N\ {0}. Let n € N. Then,

“nlfm4n—t—2
ao,o,_..,ong( _ )<n+<X1+X2+...+Xm>>t (1)
A,—/ t=0 .

m zeroes

in the polynomial ring Z [ X7, Xs, ..., X, ].

Before we come to a proof of Theorem 5, a lemma:

13



Lemma 6. Let n € N. Let u € N\ {0}. Let (a,as,...,a,41) € Z*. In
the polynomial ring Z [ X1, Xs, ..., X,,, X,,11], we have

aa17a‘27“'7a‘#+1

-1 k
n' - k a; = k a k} _ a
= Y s S () 6 s e
(k1 kz, k)Nt L2 R Gy =0 \ P
k’1+k’2+...+k’u=n
Proof of Lemma 6. Clearly,
n pt1
_ ' kj+a;
ot 2 Fulkol.. & H!H(X TR
(k1 ko, kg1 ) ENPFL KT =1

k1+k2+...+ku+1=n

n ptl
N ' kj+a;
BD DR D v ol | LTl
CEN (K ko, kyp1) ENFTL pl oy

k1+k‘2+...+k‘u+1=n;
kitkot.. 4k, 1=L

p+1

|
> > #HXW)H%

Foe!
{eN (kl,kg, ’kﬂ+1 GN“+1
ki+ka+..4kyp1=n;
k1+k2+...+ku71=f;
£<n; ky<n—£

(since for any ¢ € N and for any (ki, ka, ..., k1) € NPT the assertions
(k’l +ko+ ...+ kﬂ+1 =mnand k; + ko + ... + /{Z‘ufl = g)
and

(k1 + ko4 ...+ k1 =nand ky +ko+ ...+ ko1 =Cand { <nand k, <n—1{)

14



are equivalent?). Thus,

pt1

|
ay s, apsr = Z Z # H X+ k)t

Foe

CeN (ki kg, kyuy1) NPT
k14ko+...4kyqp1=n;
ki4ko+... 4k 1=4;

£<n; ky<n—£
n' pt1
=2 X > X Tl o] (X + k)™
CEN; (ki ko, oky—1)ENFTL Ky €N kut1€N; N Jj=1
f_n ki+ko+...+k,_1=¢ kp<n—lki+ko+.. . +kyr1=n n' ~ ~~ -~
= = H (X;+kj)*ates
Ttk Kyt e e 1!
'(Xu+ku)k“+a“( pt1 k1) Fut1tout
CEN; (ky,ka,....ku—1)ENtTL; Ky €EN; kuy1€N;
Zgn k1+ko+.. +ku 1=¢ ku<n 0 ki+ko+t.. -‘rk“u+1 n
n! n
. ki4a; k,+a ky+1tau+1
A LT G+ R (X k) (X + K)o
. sy —1-c RyRopy+1- -
N J ]—].
n! (n—0)!
]{71”{32!...]{3“,1! . (n — 6)' k“!k“+1!
pn—1

n! kj+a;
_ X . k)T
Z Z klle!...kM_ll-(n—E)!I,I( 5+ ki)
J=1

LeN; (k1 ,ka,....ky—1)ENHTL;
<0y oyt 1=

. _ ) )
Z (XH + kﬂ)k,fi‘ i Z (n ) (Xu+1 + ku+1)k#+l+ a1

k!
k. €N; k1 €N; plptl
k‘ugn—f k1+k2+.‘.+ku+1=n
pn—1

n! kj+a;
_ X . k)T
Z Z k:llkz!...ku_ll-(n—é)!lI( 5+ ki)
J=1

CEN; (k1,ka,....ky—1)ENHTL
<0 kgt 1=

a -4 ' a
S k) B K e

| |
K, EN; Eut1€N; kulkya!
ky<n—¢ Lt+ky+kyr1=n
since ky + ko + ... + k1 = ( yields
ki+ke+ . +kp=F+k+.  +k )tk +h=0+k,+kiq

2Because if (ky + ko + ... + kyyi=nand ki1 +ko+ ...+ k1 =0), then ({ <nandk, <n-—1Y)
(since (k1 +ko+...+kypr=nand ki +ka+...+k,_1 =0 yields ¢ < n (since n —{ =
(ki +ko+ ..+ kyp1) — (ki + ko4 ...+ ky1) = ky +kyp1 € N)and k, < n—{ (sincen—{¢ =
—~ —~—
€N eN
(k‘1 +ko+ ...+ ku+1) — (k‘l +ko+ ...+ k}t—l) = k‘u + ku-i-l > k‘u))
~——

>0, since
ku+1€N

15



§ n! .
n Z X 4 YRt
kl'k’gl...ku_l' . (n — E)l H( it J)

CEN; (ki kg, ky—1)ENr—L ’ T =1
<n ki+ko+.. Ak, —1=L

—0)! -

S Xt ko O (X () — ) O
k,EN; k,u' ((n - g) - k#)
ky<n—¢

since £ + k,, + k41 = n is equivalent to k,41 = (n — ) — k,, and therefore

n—10)! “ n—10)! “
]E; 1k )| (X/Hrl + k#+1)ku+1+ = IE? 1 )‘ (X/Hrl + kl”rl) Bt
kut1€N; pvpls kut+1€N; pvp1s
Ckptkut1=n kuy1=(n—0)—k,,
(TL - g)' (n—0)—ku+a
= X —0)—k et
ku! ((n _ 6) — k#)' ( pt1 + (Tl ) H)

(since k, <n —{yields (n—¢)—k, € N)
pn—1

E : § n kj+a;
X . k)T
kllkg!...kul!-(n—f)!g( it k)

LEN; (Kq,ka,....kp—1)ENHTL
Z<” kitko+.. 4k _1=L

au (n—f)' n—~0)—pta,t1
| ZN Xat o)™ pl((n—10) —p)! (K + (0 = ) = p) 000
peEN; N

p<n—{ <7’Lt £>
o

(here we have renamed k, as p in the third sum)

pn—1

2 : § n! kj+a;
X . k)T
kllkg!...k#_l!-(n_g)!]l:[l( i+ k)

LEN; (Kq,ka,....kp—1)ENHTL
Z<” kitko+..+ky_1=L

y Cia
> (np )(Xu+p)p+““ (Xp1 + (n = £) — p)ln=O7Praun

pEN;
p<n—{L
D " TLx, + 5
= ‘ (X + )t
11,1 |. _ |
I (k)i k1.k2....k,r1. (n €).j:1

CSI by kg ot Kyt +(n—b)=n

) _o—
> (n p ) (X + )" (X1 + (n— ) — p) =7 Han

PEN;
p<n—£L
(since ky + ko + ... + k,—1 = { is equivalent to ky + ky + ... + k-1 + (n — ) =n)
pn—1

n! "
= Z Z ko k! k) 1_[1 (X5 + k:j>k;+
i

k’ €eN; (k1 ko,..., ku 1)€N“ 1
k#<” kitko+..+ku1+ku=n

k —pta
‘ Z (:) (Xu + p)p+au (Xpt1 + Ky — P)ku o

PEN;
p<ky

(here we substituted k, for n — ¢ in the first sum)
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pn—1

n! ki+a;
_ X k JT A
> kl!kQ!...ku_ll-k:M!H( i k)
J=1

(k1,2 ey 1,k ) ENF;
ki+ko+...+ky1+ku=n;
ku<n

k u ptans
Z < N) (Xu+0)p+“<Xu+1+k’u_P)k“ ptau+
ot N

| pol

n! o k “ ptan s
= Z ml_[()fa'Jr/"%)k]Jr 7. Z (p“) (X, + p)’ T (X g + Ky — p)fnmrroms
kol k!

(k1,k2,....,k, ) ENF; pEN;
ki+ko+...+ky=n; p<ky
ku<n ~~~

ku

=

- k

n! p—1 . w k . o

=2 ey lko! . k| l_Il(Xj+kj) +2;(;) (X4 )" (Xpg1 + by — p) e
(1 ) €N i= p

kitko+...4ky=n;
ku<n

n! hl s Iy “ otau
= > [RTEI] [T+ k)t > ( “) (X4 )77 (X1 + iy — p)Pertons
IRUHE

(k1 k2. k) ENH o \P
k1+k2++ku:n

B

(since for any (ki, ko, ..., k,) € N the assertions (k; + ks + ... +k, =n and k, <n)
and ki + ko + ... + k, = n are equivalent®). This proves Lemma 6.

Proof of Theorem 5. We will prove Theorem 5 by induction over m:

Induction base: If m = 1, then (15) is true (since if m = 1, then

n! - kej+0
QQ,0,..,0 = > WH(Xj+’fj)

(kl,kQ,...,km)ENm;
ki+ko+...+km=n

= 2. k:%" H (X + k)" = Y (Xai+n)"=(Xi+n)

m zeroes

ki=n =1, since ~ ~~ ki=n
k1=n yields ki!=n! :(X1+]<;1)’“1+0
=(X1+k1)F1
=(X14+n)",

since k1=n

3Because if ki + ko + ... + k, =n, then k, < n (since (ki, ks, ..., k,) € N* yields k; > 0 for every
i€{1,2,...,u}).
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" nl m+n—1t—2
> = ( > n+ (X1 4+ Xo+ .+ Xp)

v~ =X3

n

n! n—t—1 " n! n—t—1 "
i ( - ) (n+X)'+> g ( ot ) (s X
—_—

=0 : = =1, since t=n :(nJer)n’
=0, since n—t>n—t—1>0 yizslds e (n —n — 1) since t=n
B n—n
since t=n
Ut P n—n-—1 n - n
=D 50+ Xy +y 1 ( o )-(n+X1) =0+ 1-1-(n+Xy)
t=0 , t=n \ , \t:n P
=0 B (—1) . 11 (4 X1)" = (n+X1)"
=\ o )"

= (n+X1)n = (Xl —l—n)”,

what yields (15)). Hence, if m = 1, then Theorem 5 holds. This completes the
induction base.

Induction step: Let p € N\ {0}. Assume that Theorem 5 holds for m = u. In
order to complete the induction step, we must prove that Theorem 5 also holds for
m = pu+ 1.

We have assumed that Theorem 5 holds for m = p. In other words, we have

t! n—t
=0

" nl +n—1t—2
ap.0,..0= E —(“ )(n+(X1+X2+...+XM))t (16)
N——

1 zeroes

in the polynomial ring Z[X;, X5, ..., X,,] for every n € N.
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Now, let n € N. In the polynomial ring Z [X;, Xo, ..., X,,, X,,+1], we have

ap 0, ....0
N——
pn+1 zeroes
"

n! pol k
L mﬂ (X 4 k)™ Z( ) (X + )" (Xppa + Ky — p) 0"
p=0

(kl ko, k‘u)GN“
ki+ka+...+ku=n

by Lemma 6, applied to (ai,as,...,a,41) = | 0,0,...,0
——
p+1 zeroes
n! hl b k
= > mH(Xj+kj) 'Z<:)(XH+P)9(XH+1+@—P)”p-
(k1,k2,....k, ) ENH; B j=1 p=0
k1+k2+‘..+ku:n
(17)
Fix some k,, € N. In the polynomial ring Z [X, Y], we have
K be o
(X Y — p)r = FY(X + k) (Y = k)kF
S () ecroror o= () mtor-n
p= k=0
(here we have renamed p as k in the sum)
Ky
Z t—“ (X +Y) (by (1), applied to k, instead of n) . (18)

t=0

By the universal property of the polynomial ring, there exists a Z-algebra homomor-
phism Z [X,Y] — Z[X1, Xo, ..., X, X,i+1] which maps X to X, and Y to X, 41 + k..
Applying this homomorphism to both sides of the equation (18), we obtain

k k

~ (k _ k!
Z (PM) <Xu+p)p(Xﬂ+1+k#_p)kM p:Zt_l:<Xu+Xu+l+ku)t
p:O t=0 ’
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in the polynomial ring Z[X, X, ..., X,,, X,.+1]. Hence, (17) becomes

@0,0,...,0
——
pn+1 zeroes
| pol W
. mn. k. n t
= > mH(XjJrkj)]' 7 (X + Xy + Ky
(k1 ko, k) €Nt 120 R Gy —0
ki+ka+...+ku=n ~
=X
teN;
<k,
p—1 k.
n' k. k#' t
= Z Tl (X + k)™ - Z ?(X;NLX;HH']%)
(k1,k2,. k) ENH: LR P 50 -0
kl—‘rkg—‘r...—‘rk”:n :tZN
=X > e
BN (kg .. by 1 )ENET, bk
k1+k2+...+k#=n
k€N (ky,ko,...,ky—1)ENHTL;
k1+k‘2+...+k‘p’,1:n7k“
(since k1+ko+...+ku=n is
equivalent to k1+ko+...+ky—1=n—k,)
pn—1
= P’ X+ k) (X, +X k)"
_Z Z Z/ﬁle k'7. (Xj + kj) '(u+ put+1 + u)
kﬂeN (kl,k’Q, ,u 1)EN'U' 1 tEN7 \ 'J J=1
k1+ka+.. -‘rk‘u 1=n— k t<kp n!
_k1!k2!...k: 4!t

- Z Z Z Ty Vool . 4l H (X ‘l'k T (Xt Xy +k5u)t

k€N (k1,ka,... . kpu—1)ENtTL; tEN;
ki +ho-te. k1 =n—k,, t<ku

Z Z Z ke Vo). Ky |H (Xj + k)" - (X +Xu+1+t)

teN (k1,ka,....k;—1)ENATL; ku €N
ki+ko+..+ky_1=n— tk <t n|

TV P — e ——
= > kllk?Q']{?M'
(kl:k27~--’ku—1yku»t)€NM+1§
k‘1+k‘2+...+ku_1=n7t;

k<t
= > >
(kl,kz,...,k“)GN“ teN;
kl—‘rkg—‘r...—‘rku,l:n—t;

k<t

(here we have renamed k, and ¢ as ¢t and k, in the sums)

k
I pn—1 H

n: k.
— Z Z WH(XJ—i‘kj)J Xu+Xu+1+ t

(1 2 ) €N k1+ka+ tiﬁ; 1=n—t; = =(nthy) =tk 1)
otk _1=n—t;
ku <t

N J/
-~

= >
teZ;
t>0;
k1 +k2+...+k‘u,1 =n—t;
k<t
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1 pol

n. k. k
= > > mH(XjJrkj)J'(Xu+Xu+1+(n+ku)—("+ku_t))”
(kt oo o) N tez, kel kb <
t>0;
kit+ko+..+ky_1=n—t;
k<t
n! nl % k
= > > mH(Xj+kj)J'(Xu+Xu+1+(”+ku)—(n+ku_t))”
1 o) N tez, 1ol kb 5
0<n+ky,—t<n;

k1+k2+..‘+ku=n+k#7t
(since for every triple t € Z and every (ki, ko, ..., k,) € N¥, the assertions
(t>0and ky + ko + ...+ ko1 =n—tand k, <t)

and
O0<n+k,—t<nandky+ke+..+k,=n+k,—1t)
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are equivalent?). Thus,

@0,0,...,0
———
pn+1 zeroes
n! h
. k. k
= > > mH(Xﬂij)]'(Xu+Xu+1+(”+ku)—(n+k’u—t))”
(k1,ka,... .k, ) ENF tez; B =1
0<n+k,—t<n;
k1+k2+...+kuzn+ku—t
Ey
n! ht
. k
(k1,k2;. .k ) ENF Oi%%m S——— j=1 =X+ X r1+n—t+k,
kathotthu=t Nl t!
5 e > t! kﬂkg!.../{:ﬂ!
teZ; (k1,k2,....ku)ENH;
0<t<n ky+ko+t...+-k,=t
(here we substituted n + k, —t for ¢ in the second sum)
4In fact,
o if
(t>0and ky +ky+ ...+ k1 =n—tand k, <t),
then
O0<n+k,—t<nandki+ko+..+k,=n+k,—1)
(since if
(t>0and k1 +ko+...+ k1 =n—tand k, <1),
then
0<n+k,—t since n+k, —t = (n—1t) +hky= ki + ko +4+ku1+ ky €N
:k1+k)2+u.+k}#71 eN eN eN eN
n+k,—t<n (since k, < tyieldsn+k, —t<n+t—t=n);
k1+k2++k# :n+k#7t
sincen+k, —t = (n—1) ‘hky=kit+ko+. ki1 +ki=ki+k+.. +k,
——
=ki+ko+.. 4k, 1
);
e conversely, if
O0<n+k,—t<nandki+ko+..+k,=n+k,—1),
then
(tZO&Ild k1+k2+...+k/,‘_1 =n—tand k“ St),
(since if
O0<n+k,—t<nand ki +ko+..+k,=n+k,—1),
then
t>0 (since n + k, —t < n yields n+ k, <n+t, thus k, <t, thus ¢t >k, > 0 (since k, € N));

k1—|—k2—|—...+ku_1=n—t

since (n—t)+k,=n+k,—t=k +ka+..+k,=(F1+kot...+kyu1)+Fku, \.
thusn —t =k +ka+ ... + k1 ’

IN

(as proven above)
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£ pol

n! .
Z Z o mn (X + k)" - (X + X1+ — L+ k)

teZ; (k1,ka2,....k.)ENH;
0<t<n k1+k2+ k=t
~——

-1

n! t! r N )
z; 2. kl!kgl...k:uljnl( k)Y (X + X )

(k1,k2,..., M)GN‘“
k1+ko+...+ku=t

" nl t! e
t=0 " (kpkay k) ENt; L 2.
ker+ho+ ...k =t
(19)
On the other hand, in the polynomial ring Z [ X3, X, ..., X,,], we have
> - |k H (X; + k)" - (X, + k)™
(kl,kg ,,,,, kH)EN“ 12
k1+ko+...+k,=n ~~ d
= [1 (% +ky)* J—H(X k)i
=
n' s kj+0
= > mn (X + k)7 =a00,..,0
(k1 ke ) ENR; 12T G o
Ky kot ky=n g
w4+n—1t—2
:Z . ( o )(n+(X1+X2+...+XM))t (by (16))
= p
"l fptn—p—2
AN P n+ (X1 +Xo+ ..+ X,)
p' n — p ~ ~\~ MJ
p=0 =(X1+ X2+ A+ X 1)+ X,
(here we renamed ¢ as p in the sum)
“nlp+n—p—2
IZH(M n_Z >(n+(X1+X2+-~-+Xu1>+Xu)p' (20)

Let 7 € Z. By the universal property of the polynomial ring, there exists a Z-algebra
homomorphism Z [X;, Xo, ..., X,] — Z [ X1, Xa, ..., X, X,,41] which maps X; to X; (for
every i € {1,2,...,u— 1}) and X, to X, + X,.41 + 7. Applying this homomorphism to
both sides of the equation (20), we obtain

n pol

(kl,kQ ,,,,, kM)EN”‘
ki+ka+...+ku=n

_ Z <Iu+n_g 2) (n+ (X +Xo+ .+ X, 0) + (X + X +7))7 (21)
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Now, (19) becomes

a0,0,...0
——
pn+1 zeroes
"l IR ks k
=30 Y e GG+ k)Y (Kt X =t 4 k)
=0 T (kykoyk)eNm L2 Gy

k‘l-‘rkg-l—...-‘rkuit

=y —
=0 p! t—p
by (21), applied to ¢ and n—t instead of n and 7

J/

-

(t+H(X1+Xo+.. +X 1) H( X+ Xup1+(n—t)))”

n t
n! t! +t—p—2
- + Z_I(M t_z ) f—i‘(X1—|—X2+...—|—XH71)+(XH+Xu+1+(n—t))
t=0 p=0 :n+(X1+X2+---+}2H_1)+(XM+X#+1)
P
n t
n! t(p+t—p—2
- 1 _'<” t_p ) n+ (Xi+ X+ o+ X)) + (X + Xy
t=0 " p=0 P - ~
—X1+X2+...+X‘U‘+1
"l o=t (At —p—2
=2 2y - (n+ X1+ Xo+ ..+ Xpp1))”
t=0 ~  p=0 p
n t
n! ! +t—p—2
t=0 p=0 > p
nl
o
n t
n'fpu+t—p—2
:ZZ—;(M t_p )(n+(X1+X2+...—|—XH+1))p
t=0 p=0 p: P
—
=2 X
p=0t=p
S o (X )
p=0 t=p " P
Sl g~ (ptt—p—2
= - s P m+ (X1 +Xo+ ..+ X)) (22)
p=0 !t:p t_p
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But for every p € N, we have

z”: (u+t—p—2) _Z”: (((,u+t—p—2)+1> B (,u+t—p—2))
— t—p — t—p (t—p)—1
as the recurrence of the binomial coefficients yields

()= () ()

s (u+§:2—2) _ ((u+t;f;2)+1) - (N(:_—t;)p__12)

_z”: ptt—p—1\ pHt—p—2
N t—p t—p—1

t=p
:Zn:(ﬂ+t—p—1) _Zn:(u—i—(t—l)—p—l)
t=p t—p t—p t—=1)—p
B i<u+t—p—1> - ”Z‘f (M—i—t—p—l)
= t—p = t—p

nl(ﬂ"‘t_p_].) (u—l—n—p—l) (u+(p—1)—p—1> nl(u—i—t—p—l)
= + = +y
= t—p n—p (p—=1)—p = t—p
(here we substituted ¢ for ¢ — 1 in the second sum)
n n—1
+t— 1 tn—p—1 1) —p-1 t—p—1
_ )+<u n—p ) B <u+(p )= p )+Z<u+ p )
n—p (p—1)—p — t—p
(u n—p —1> (,u—i—(p—l)—p—l)_(u+n—p—1>_((u+1)+n—p—2)
N (p=)=p ) n—p n—p '

-~

=0, since (p—1)—p=—1<0

Thus, (22) becomes

" n +1)+n—p—2
@0,0,...,0 = Z_,((Iu ) ’ > (n+ (X1 +Xo+ ..+ X))
A , p!

— n—p
p+1 zeroes p—O
" nl +1)+n—-t—2

=0
(here we renamed p as ¢ in the sum)

In other words, Theorem 5 holds for m = pu + 1. This completes the induction step.
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Thus, the induction proof of Theorem 5 is complete.
Theorem 4 also generalizes:

Theorem 7. Let m € N\ {0}. Let n € N. Then,

XiXowXpmor-a_q 1 1=+ X1+ Xo+ ..+ X)) (23)
—_————

m—1 times

in the quotient field of the polynomial ring Z [ X1, X, ..., X,,].

Proof of Theorem 7. We will prove Theorem 7 by induction over m:
Induction base: If m = 1, then (23) is true (since if m = 1, then
a1 1. —19=% (since m =1 yields m — 1 = 0)
m—1 times

. n' i kj+0
= > Tellegl o] Hl (X + kj)
]:

(k1,k2,... lom ) ENT?;
ki+ka+...+km=n

= kn_ll' [TCG+R)" = 3 (G+m)" = (X0 +n)"

ki1=n =1, since h ~~ d ki=n
k1=n yields k1!=n! :(X1+/{;1)k1+0
=(X1+k1)"1
=(X1+n)",

since k1=n
and X7 X5...X,,,_1 =1 (since m = 1 yields m — 1 = 0) yield

Xle...Xm_l . Oé_L _1’ ey _170 =1- (Xl + n)n = (Xl + n)n
N————

m—1 times
n

=[n+ X =+ (Xi+Xo+ ...+ Xn)",
~—~
=X1+Xo+..+Xm

what yields (23)). Hence, if m = 1, then Theorem 7 holds. This completes the
induction base.

Induction step: Let p € N\ {0}. Assume that Theorem 7 holds for m = u. In
order to complete the induction step, we must prove that Theorem 7 also holds for
m = pu+ 1.

We have assumed that Theorem 7 holds for m = p. In other words, we have

X1Xo... X, g (n+ (X1 +Xo+ ...+ X,)" (24)

pn—1 times

in the quotient field of the polynomial ring Z [ X1, Xs, ..., X,,| for every n € N.
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Now, let n € N. In the quotient field of the polynomial ring Z [ X1, X, ..., X,,, X,t1],
we have

a1 1. —10

p times
' = 1 k:H
o +(— (=1 kp—p+0
= mHXHf Z( )Xﬁp)’” DXy + k= )"
(k1 ka,.... k) ENF; p=0
k1tko+..4+ku=n
by Lemma 6, applied to (ai,as,...,a,41) = | =1,-1,...,—1,0
—_————
p times
n! h k i k k
- —1 -1 -
— Y e e () o e
(K1,ka,.... k) ENH; B j=1 =0

k1+k2++ku:n
(25)

Fix some k, € N. In the quotient field of the polynomial ring Z [X, Y], we have

Ky ku

S (")xecrorto- =30 () et o - e

p=0 k=0
(here we have renamed p as k in the sum)
= (X +Y)k (by (11), applied to k, instead of n). (26)

This is actually an identity in the polynomial ring Z [X, Y] (and not just in its quo-
k _ _

tient field), since ( “)X (X +p)" (Y = p)* P e Z[X,Y] for every p € {0,1, ..., k,}
p

(because (’Z“) €Z[X,)Y], X (X+p) ' €Z[X,Y] ®and (Y —p)" " e Z[X, Y]

and (X +Y)™ e Z[X,Y].

By the universal property of the polynomial ring, there exists a Z-algebra homomor-
phism Z [X,Y] — Z[X1, Xo, ..., X, X,i+1] which maps X to X, and Y to X, 11 + k..
Applying this homomorphism to both sides of the equation (26), we obtain

ku

k _
5 ()X Gt K b= 97 = (X4 X+ )™ (2)
p=0

5 Proof of the relation X (X + p)’~ " € Z[X,Y].
We have either p = 0 or p > 1 (since p € {0,1,...,k,}). In both of these cases, we have
X (X +p)"~ ! € Z|X,Y], because:

o if p=0,then X (X +p)" '=X(X+0)" ' =XX"1=1€Z[X,Y];

e ifp>1,then X (X+p)’ 'eZ[X,Y]
~ ~——

EZ[X,Y] EZ[X,Y]

Thus, X (X +p)’~" € Z[X,Y] holds for every p € {0,1, ok}, qed.
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in the polynomial ring Z [ X1, Xs, ..., X,,, X,,11]. Hence, in the polynomial ring Z [ X1, Xs, ..., X, X,.41],
we have

XiXo Xpyray 1, —10

n! hl ki—1 i k -1 k., —
= XXX, - Y e X+ ) -Z< “> (Xy + )" (Xpg1 + Ky — p)™ "
| | K K
Nh;_/il (koo ku)EN“; k?l.kg....k?u. =1 —0 P
=11 X;=11 X;-X,, Fitket..tku=n
j=1 j=1
(by (25))
pn—1 n! n—1 . ku L i
. jfl -1 r
ol | eI VA DR wTsinl § (SR -Z(;)(mep (Ko + hiy = p) 7
Jj=1 (k1,k2,... k) ENFy Ki=1 p=0

kithko+..+ku=n
ku

— Z ]{?1']{?2 ]{7 ‘HX H X +l{} kj—1 Z( ) X +p>ﬂ 1(X,u+1+klu_p)ku_p

(kl,kg ..... kH)GN“
k1+k‘2+...+ku—n ~~ 7/ ~ ,

,H_l kj—1 =( M+Xu+l+ku)k“ by (27)
_jl;ll( J(X k)T
= > kﬂkz k! H (XJ (% + k) 71) (X X+ h) (28)

(k’l,kg,...,ku)EN'u‘
k1+k2++ky n

On the other hand, in the quotient field of the polynomial ring Z [X, X, ..., X,],
we have

a1 -1, —10

p—1 times
n! o kj-‘r{ 071 lfg : =
= X [T +k) L0 BT
(1 koo ) EN LT 2T j=1
k1+k‘2+...+ku=n ~~ -
kj+{ 0,1 lf.g s ku+{ 0’1 lf.%u s
—H(X+k) L LTS B xk —L < p
=1
Z n! /i_[l k) +{ 0’1 lf.f] .:<“; kw{ 0’1 lf.{’fL :<’u;
= — || (Xj + &) T RIS (X, 4 k) —L < H
(k1 k... ) ENH kilkol.. k! N . h M :
k1+k‘2+...+ku—n (X +k ) J :(‘X.ﬂ"’_ku) ut0
since j<p since pu=p
n!
=2 WHSX k)P (X k)™
o T k)T (Kt
n! hl
= Y o ) (k)™ (29)
Ckalkoll k! L
(kl,kg,...,ku)GN”, 7j=1

k1+k2+...+k‘u=n
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and thus

X Xpo Xy - 1, —10

p—1 times
n! p—l L k
=X X X ) e [ )Y (k)™
Aﬁ . ceee . n
b=l (k1,k2,....kpu) ENF; 1:h2 o
=11 X; ki+kot...+k=n
Jj=1

p—1 | p—1

. kj—1 k
=116 % LT k) (K k)
]:

Jj=1 (k1,k2,....k ) ENF;
k‘l+k‘2+...+k‘u=n

| pn—1 pn—1

n. kj—1 Eu
= > ml_[lXjH(Xj+kj) (X + k)
J:

(k:hk‘z,...,ku)GN“; Jj=1
k1+k2+n~+kﬂ.:n ~ -~ <
1

ki—1
(Xj(xj+kj) J )

||':1§|

Jj=1

1 pol
— Z —kllkr:!:..k“! H (Xj (X; + k‘j)kj—1> (X, + k'u)k‘u )
j=1

(k1,k2ye. e k) ENF;
ki+ka+...+ku=n

Hence, (24) becomes

l p=l
> m 11 <Xj (X + kj)kj_l) (X, A+ k)
j=1

(kl,kz,...,ku)GN“;
k1+k2+...+kM=n

=|n+(Xi+Xo+ ... +X,)
:(X1+X2+V+Xy—1)+Xp,
=n+(Xi+Xo+ ...+ X,01) +X,)". (30)
This is actually an identity in the polynomial ring Z [ X, X, ..., X,,] (and not just in its
| p—1
quotient field), since L I1 <Xj (X; + k:j)kj_1> (X, + k)™ € Z[Xy, X, ..., X
kilkol. k! iy
|
for every (ki, ko, ...,k,) € N such that ky + ko + ... + k, = n (because v €
kilko! . k!

Z[X1, Xo, s X)) 6 X5 (X + k)5 € Z[X0, Xy, .., X)) forevery j € {1,2, .., u—1} 7

and (XN + ku)kﬂ €7 [Xl,XQ, ’Xﬂ]) and (n + (Xl + XQ + ...+ Xufl) + Xu>n S/ [Xl,XQ,

n!
kilko!.. k!
" Proof of the relation X; (X; + kj)kj_1 € Z[Xy,Xs,...,X,] for every j € {1,2,...,pu — 1}.

6 €z

since

Fix some j € {1,2,...,u — 1}.
We have either k; = 0 or k; > 1 (since k; € N). In both of these cases, we have X; (X; + kj)kj_l €
Z[X1,Xs,...,X,], because:

o if k; =0, then X; (X; + k)" " = X; (X; +0)°7' = X;X; ' =1 € Z[X1, X2, .., Xl
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By the universal property of the polynomial ring, there exists a Z-algebra homo-
morphism Z [ X1, Xo, ..., X,,| = Z [ X1, Xs, ..., X, X,;41] which maps X; to X; (for every
ie{l,2,...,p—1}) and X, to X, + X, 41. Applying this homomorphism to both sides
of the equation (30), we obtain

Z ikl k:'H( (X + k) )'(XM+XM+1+1€“)’%

(k1,k2,....ku)ENH;
k1 +k2+...+ku—n

=+ Xi+Xo+ ..+ X,1) + (X, + Xu1)"- (31)
Thus, in the polynomial ring Z [ X, X, ..., X}, X,.41], we have

XX Xpyray 1, —10
~—_—————

© times

= > k1|k2 k, lH( (X5 + k)™ )'<X”+X”“+k“>kM (by (28))

(kl,kg ,,,,, k#)EN”
k1 +k2+...+ku—n

= [n+ (X + X+t X)) + (X + X) (by (31))
:X1+X;&:-.+Xu+1
= (TL + (Xl —+ X2 + ...+ X/Hrl))n.

In other words, Theorem 7 holds for m = p + 1. This completes the induction step.
Thus, the induction proof of Theorem 7 is complete.
Finally, notice how Theorem 1 yields an important fact:

Theorem 8. Let R be a commutative ring with unity. Let N € N. Let
P € R[X] be a polynomial such that deg P < N. Then,

i (—1)" (]Z)P(k;) = 0.

k=0

Proof of Theorem 8. Since P € R[X] is a polynomial such that deg P < N, there

N-1 N-1
exist elements ag, aj, ..., ay_1 of Rsuch that P (X) = Y a, X% Thus, P (k) = Y a/k’
=0 =0

for every k € Z. Hence,

=0 by (2), since
0e{0,1,...,N—1}

e if k; > 1, then X; (X; + k) e Z[X1, Xa, oy X
~ D —
€Z[X1,X2,.. ., X, €Z[X1,X 2,0, X 1]

Thus, X; (X; + kj)k"fl € Z[X1,Xs,...,X,] holds for every j € {1,2,...,pu — 1}, qed.

30



and Theorem 8 is proven.

Remarks on authorship:

The identity (1) is known as the Cauchy identity and appears in [1], section 1.5.

Theorem 4 is the so-called Abel’s generalized binomial formula and appears in [1],
section 1.5, and in [2] as Theorem 5 in section 3.1.

Theorems 5 and 7 are the so-called first and second Hurwitz identities and appear
in [1], section 1.6.
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